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Subradiance in dilute atomic ensembles: Role of pairs and multiple scattering
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We study numerically the slow (subradiant) decay of the fluorescence of motionless atoms after a weak pulsed
excitation. We show that, in the linear-optics regime and for an excitation detuned by several natural linewidths,
the slow decay rate can be dominated by close pairs of atoms (dimers) forming superradiant and subradiant
states. However, for a large-enough resonant optical depth and at later time, the dynamics is dominated by
collective many-body effects. In this regime, we study the polarization and the spectrum of the emitted light, as
well as the spatial distribution of excitation inside the sample, as a function of time during the decay dynamics.
The behavior of these observables is consistent with what would be expected for radiation trapping of nearly
resonant light. This finding sheds light on subradiance in dilute samples by providing an interpretation based
on the light behavior of the system (multiple scattering) which is complementary to the more commonly used

picture of the collective atomic Dicke state.
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I. INTRODUCTION

Collective effects in light-atom interactions are at the focus
of intense research, in particular for the potential applications
to quantum optics and photonics [1]. In this context, subra-
diance, corresponding to the reduced spontaneous emission
of some collective modes [2—4], has received considerable
attention, with several experimental demonstrations [5-9].
The long subradiant lifetimes may be used for storage and
retrieval of quantum information [9-13] and other photonic
devices, for instance, single-atomic-layer mirrors [8] and
nanolasers [14].

Often, the term ‘“‘subradiance” is used in a narrow sense
as being due to only the near-field dipole-dipole interaction
between atoms, like in the two-atom case (N = 2) [15,16].
However, long-lived modes, as well as short-lived ones, also
exist in macroscopic samples at low density, when the far-
field part dominates the interaction. Since the short-lived
modes are called superradiant [17-24], it is consistent to call
the long-lived ones subradiant. This collective subradiance
(N > 1) in a broad sense has been predicted and observed
recently in dilute samples [4,5]. These terms are natural in
the framework of a coupled-dipole picture, in which the light
degrees of freedom are traced out and atoms interact with
each other through the dipole-dipole interaction. Then the
system properties can be described with eigenmodes and
complex eigenvalues [25,26], which allows one to classify
the collective atomic states into two categories: superradiant
and subradiant modes having decay rates larger and smaller
than the single-atom one, respectively. Subradiance is thus a
generic term for all long-lived modes.
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However, it may also be desirable, for a better understand-
ing, to develop other interpretations of super- and subradiance,
which would rely on “optical pictures,” in which one would
describe the electromagnetic field interacting with the atoms
modeled as point-dipole scatterers and/or macroscopic ef-
fective quantities such as the refractive index. We recently
provided such a description for superradiance in dilute sam-
ples in the linear-optics regime [27]. Here we address the
nature of the subradiant modes. Long lifetimes of light in
an atomic sample can be due to different mechanisms, e.g.,
trapping due to refractive index boundaries or gradient [28,29]
and radiation trapping due to incoherent multiple scattering
[30], with eventually mesoscopic corrections such as recur-
rent scattering, weak and strong localization effects [31], etc.
Therefore, the problem is complicated in general.

In this article we restrict our study to the following case:
The system is driven with a weak-intensity laser (linear-
optics regime) and with a plane wave; the sample is three
dimensional, statistically homogeneous, and dilute (the aver-
age interparticle distance is larger than the inverse of the wave
number); and atoms are motionless and located at random
positions. Moreover, the slow decay is studied after averaging
over many realizations of the positional disorder. We show
that, in this regime of parameters, there are two main contribu-
tions to the slow decay at late time: recurrent scattering within
diatomic clusters and radiation trapping. This is inferred from
the computation, using the coupled-dipole model, of the tem-
poral dynamics of the fluorescence, as done in several earlier
works, but also using observables not studied in this context:
the spatial distribution of atomic excitation and the spectrum
and polarization of the fluorescence. Our findings provide a
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better understanding of the physics of subradiance in dilute
disordered systems.

The paper is organized as follows. In the next section we
present the coupled-dipole model and the parameters we use.
In Sec. III we present our numerical results on the decay
dynamics of the fluorescence, including spatial, spectral, and
polarization properties. In Sec. IV we summarize and discuss
our findings and remaining open questions.

I1. BASIC ASSUMPTIONS AND APPROACH

A. Coupled-dipole model

We consider an ensemble consisting of N > 1 identical
atoms with a nondegenerate ground state of angular momen-
tum J, = 0. The excited state is J. = 1. The lifetimes of all
three of its Zeeman sublevels (m = —1, 0, 1) are the same and
equal to 7, = 1/y. We describe the evolution of the atomic
states by the coupled-dipole (CD) model, which is traditional
for this class of problems. This model was first proposed by
Foldy [32] and then discussed in detail by Lax [33]. Later a
similar approach was used in the context of different types
of collective effects such as multiple and recurrent scattering,
collective spontaneous decay, and Anderson localization of
light [4,5,22,25,26,34-43].

In this work we use a version of the CD model formulated
in the framework of the sequential quantum approach devel-
oped in [44]. Without repeating the derivation, let us note only
its main features. We analyze the properties of a closed system
consisting of all atoms and an electromagnetic field, including
a vacuum reservoir. We look for the wave function v of
this system in the form of an expansion over the eigenfunc-
tions y; of the Hamiltonian of noninteracting atoms and light
¥ =), by Considering the case of weak excitation and
restricting ourselves to the states of the atomic-field system
containing no more than one photon, for the amplitudes b, of
onefold excited atomic states ¢, = |g---e- - g), we have the
following set of equations:

b, . 4 2, iy
= (is, — —)be - YN b (1
(’ 2 3 ; M

ot 2

Here the index e denotes the excited atom in the state v, =
lg---e---g), as well as the specific populated Zeeman sub-
level.

The first term on the right-hand side of Eq. (1) describes the
natural evolution of independent atomic dipoles. The second
one corresponds to the driving by the external laser field. The
Rabi frequency of the field at the point where atom e is located
is €2,. Its detuning §, may be different for different transi-
tions g <> e. The last term in Eq. (1) describes the pairwise
dipole-dipole interaction and is consequently responsible for
all polyatomic collective effects in the system. It reads

2 ki

x {%[1 — ikry; — (krij)*]
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Here we assume that in the states e and ¢’ atoms i and j are
excited; r;; =r; —r;, 1;j = |[r; — r;|, do is the matrix ele-
ment of the dipole moment operator for the transition g — e,
k = wy/c is the wave number associated with the transition,
and c is the speed of light in vacuum. The superscripts w or v
denote projections of vectors on one of the axes u, v = x, y,
and z of the reference frame.

The system (1) is solved numerically many times for var-
ious random spatial configurations of motionless atoms. To
do so we divide the entire temporal evolution into two stages:
the stage of excitation of the ensemble by the external laser
and the stage of free decay of the excitation, accompanied by
fluorescence. The initial state for the first stage is chosen to be
completely unexcited when all atoms are in the ground state.
In all calculations, the excitation is turned on at t = —20007,,
and ends att = 0. By this time, quasiequilibrium excitation of
the ensemble is established, described by a set of amplitudes
b.(t = 0). These values are chosen as the initial condition
for the second stage, at which we solved (1) with the laser
switched off (2, = 0).

From the computed values of b.(¢), we can find the am-
plitudes of all other states that determine the wave function
Y of the joint atom-field system for a given configuration
(for more details see [44]). Knowing the wave function, we
can determine all the properties of both the atomic subsystem
and the radiation. For example, the intensity I,(£2,¢) of the
polarization component of the light o, emitted by the cloud in
a unit solid angle around an arbitrary direction given by the
wave vector k (2 = 6, ¢), can be defined as follows [45]:

2
L(R,1) = % Y (uidg)B. () exp(—ikry)| . (3)

i,m

Here u, is the unit polarization vector of the secondary radi-
ation. It is also possible to compute the radiated field E, (r, t)
and take the squared modulus of its Fourier transform to get
the spectrum of the fluorescence, in a given time window.
The computed observables are averaged by the Monte Carlo
method over the random spatial distribution of atoms.

B. Parameters of the system

Calculations of the dynamics of fluorescence by the CD
method can be carried out for an arbitrary inhomogeneous
spatial distribution of atoms and for an arbitrary shape of
the atomic cloud. In our case, the shape and distribution
have only a quantitative influence, without changing the basic
physics of the investigated effects. For this reason, in this work
we consider the geometrically simplest case of an average
homogeneous ensemble of cubic shape. Although the sharp
boundaries might create specific modes [28], this choice sim-
plifies the analysis of the spatial distribution of excited atoms
and its change with time. In addition, for a simple geometry
with relatively sharp boundaries of the atomic ensemble and
a uniform spatial distribution of atoms (on average), it is
possible to compare the numerical results with the predictions
of the diffusion theory of radiative transfer.

The density of atoms n in all calculations is the same:
n = 0.01k3. Such a choice makes it possible to approximately
simulate the dilute atomic ensembles that are dealt with in
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experiments. The excitation pulse is assumed to be rectan-
gular; its carrier frequency w is detuned from the transition
frequency wy of a free atom by a detuning 6§ = w — wy.
The pulse duration is y7 = 2000, which makes it possi-
ble to excite atoms in a rather narrow spectral range near
the laser frequency. The laser radiation is assumed to be
circularly polarized.

At a fixed density of atoms, a series of calculations was
performed for different sizes L of the atomic cloud and dif-
ferent detunings §. When choosing the detunings, we limited
ourselves to the case when the optical thickness of the medium
at the excitation frequency does not exceed a value on the
order of 1. For the considered density and for the largest cloud
containing 10* atoms, it corresponds to |§| > 2y. We also
note that all the following results were obtained for negative
detunings. We have checked that the qualitative conclusions
remain valid even with positive detunings, with only slight
quantitative changes.

III. RESULTS

A. Decay dynamics of the fluorescence intensity

First, we compute the total relative intensity 1(z)/1(0) of
the fluorescence emitted in all directions and in all polariza-
tion channels. From that we compute the instant trapping time
7(t), which is defined as the inverse of the instantaneous decay
rate T(¢t) = 1/I'(¢), where

I'(t) = —d In[I(¢)]/dt. 4)

It was found in previous studies on subradiance [5,46]
that the subradiant lifetime depends linearly on the resonant
optical thickness by = nogL (0p = 6 /k* is the resonance
cross section of a single atom). Here our calculations re-
veal a more complex behavior of the fluorescence dynamics
and its instantaneous decay. For each detuning § there is a
certain characteristic size of the atomic ensemble L (or by),
below which 1(¢)/1(0) and t(¢) practically do not change
with by.

Figure 1 demonstrates such a behavior for § = —4y. The
curves correspond to different sizes (labeled in the figure),
corresponding to different by from 1.1 to 13.2 and different
numbers of atoms from N =2 to N = 3430. Up to kL =70
the curves I(¢)/1(0) and t(¢) for different sizes of the en-
semble practically do not differ within the accuracy of the
calculations. In a significant range of time, they also do not
differ much from the curves obtained for a diatomic en-
semble N = 2 (green solid line, kL = 5.848). In the range
from yt >~ 50 to yt >~ 150, the relative difference in the rel-
ative intensity between the results for the smallest number
of atoms and the largest one does not exceed 5%. In the
middle of this time interval, it is significantly less, on the
order of 1%.

We attribute this behavior to the impact of pairs of close
atoms (dimers) building subradiant states. To support this
interpretation, we compute the level shifts A, and the decay
rate I, of the excited states of such diatomic quasimolecules,
which depend on the distance r between the atoms. For the
considered case of J. = 1, there are six states, two pairs of
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FIG. 1. Fluorescence dynamics of atomic ensembles of various
sizes for (a) the total normalized radiation intensity in all directions
and polarizations /(¢)/1(0) and (b) the instant trapping time 7 ().
The density of atoms is n = 0.01k%, the duration of excitation is
yT = 2000, and the detuning is 6 = —4y. The number of realiza-
tions changes from 10* (kL = 20) to 5000 (kL = 70). The smallest
size (green solid line) corresponds to N = 2 atoms (4 x 10° realiza-
tions in that case). The horizontal black solid line in (b) corresponds
to the computed lifetime of subradiant dimers that are resonant
with the excitation.

which are identical, with
A, 3e[ pcos(kr) cos(kr) n sin(kr)
y 4 kr (kr)} kry? )1
rr | 3e| psin(kr) n sin(kr)  cos(kr)
y 2 kr (kr)? kr)r )|’
where € = :l:l,p() = 0, qo = —2, pP+1 = 1, and q+1 = 1.
Among these states there are long-lived subradiant states.
The energy shift corresponding to the detuning A, = —4y is
achieved at kr ~ 0.549. At such a distance, the lifetime of the
long-lived states is approximately equal to 1/T, & 16.867,.
The horizontal line in Fig. 1(b) shows this value. It corre-
sponds well to the observed lifetime in a large range of time
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FIG. 2. Same as in Fig. 1 with larger sample sizes L. The number
of realizations changes from 5000 (kL = 70) to 300 (kL = 100).

and we have checked for several detunings that this corre-
spondence works well. Long excitation by monochromatic
light with this detuning is most likely to excite diatomic
clusters with this distance between atoms, while other col-
lective states are off-resonance. These clusters thus provide
the main contribution to the fluorescence in a quite large
time interval. At very late times, when these long-lived states
have decayed, the main contribution to fluorescence comes
from longer-lived states and we observe an increase in the
instant trapping time. Note that these pairs, whose influence
on light transport in atomic gases was first discussed in [47],
were voluntarily removed in Refs. [5,46,48] by drawing the
random atomic positions with an exclusion volume (see the
discussion in Sec. IV).

With a further increase of by, the situation changes (see
Fig. 2). After some time, the decay dynamics of the fluores-
cence begins to depend on the size of the atomic ensemble.
For the parameters under consideration, such changes are
observed for y¢ > 50. For the sizes kL > 80, one can clearly
see an increase of t(¢), with a tendency towards stationary
values, which depend on the size of the ensemble.

The difference in the behavior of the curves at long times
in Figs. 1 and 2 shows that different mechanisms are at play.
As discussed previously, for detuned excitation, moderate b,
and moderate time delay, diatomic subradiance dominates.
We argue in the following that, in the opposite regime of large
by and late time, slow diffusion of light due to incoherent
multiple scattering, or radiation trapping, is the main contri-
bution to the slow decay of the fluorescence [30].

Radiation trapping can only occur when the light mean
free path is much shorter than the medium size, which is not
the case for light detuned by several natural linewidths such
as the incident field that we consider. However, even when
the system is driven off-resonance, some resonant light is
always present during the decay dynamics. This can be under-
stood by the fact that the switching on and off of the driving
field introduces some spectral broadening. Alternatively, in
the coupled-dipole collective-mode picture, the presence of
resonant light during the decay is due to the fact that, after
the driving field is switched off, the weakly excited collective
states decay at their own frequency, which is close to the nat-
ural atomic resonance. This generation of resonant light has
been overlooked in previous papers discussing subradiance in
dilute sample [4,5,48], which discarded a multiple-scattering
interpretation of collective subradiance.

Radiation trapping introduces a new characteris-
tic timescale, which is the lifetime of the longest
diffusive mode

3b?
Tiff = —— Tats )]
(%4

where o depends on the shape of the atomic clouds [30]. For
homogeneous (on average) cubic ensembles, « = 3 [49]. This
formula is valid only in the diffusive regime, i.e., when b >
1. Also, the optical depth b here differs slightly from by by
some addition &' (b = by + b') depending on the light mean
free path. This difference is due to the extrapolation length
for the boundary conditions of the radiative diffusion equation
(see Fig. 4 and for more detail see, for example, [31]).

It is possible to determine the parameters (size and detun-
ing) for which radiation trapping begins to play a noticeable
role by comparing this diffusive lifetime with the lifetime of
long-lived states of diatomic quasimolecules t, = 1/I",, the
transition frequency of which coincides with the frequency
of the exciting pulse A, = §. These are the quasimolecules
that are efficiently excited. When tgisf > 7., the main mecha-
nism of subradiance should become radiation trapping after
a certain time delay. Note, however, that after the decay
of the slowest diffusion mode, the situation changes. Di-
atomic subradiance due to off-resonantly excited pairs, with
smaller r, becomes dominant again. However, for large op-
tical depths, this occurs at very late time after the end of
the excitation, when the fluorescence signal becomes too
small to be experimentally relevant.

The comparison between i and t,, and consequently the
respective roles of radiation trapping and diatomic subradi-
ance on the fluorescence decay, depends not only on the size,
but also on the frequency of the exciting light. The closer the
frequency is to wy, the more efficiently the diffuse mode is
excited, the smaller 7, is, and the smaller the relative role of
diatomic clusters. This is well illustrated in Fig. 3, computed
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FIG. 3. Instant trapping time 7(¢) for different detunings § of
the exciting radiation. The system size is kL = 100 (by ~ 19) and
the number of realizations is 300. At late time radiation trapping
dominates, while at intermediate time and at large detuning, the
decay rate due to diatomic clusters is clearly visible.

with by &~ 19 corresponding to T4 & 367, (neglecting the
extrapolation length): As the detuning § increases, the time
to reach the stationary decay rate (due to radiation trapping)
also increases. The curves also show a tendency to reach an
intermediate stationary value due to diatomic clusters, in the
range around yt ~ 50, which is more pronounced at large
detuning (see the curve corresponding to 6 = —5y).

In the following sections we present further arguments in
favor of a diffusive interpretation of the slow decay at late
time, by looking at other observables, namely, the spatial
distribution of excitation, the spectrum, and the polarization
of the fluorescence.

B. Spatial distribution of excitation

From the CD model we can analyze the spatial distribution
of the excitation, which is encoded in |b,|?, and its change
with time. This distribution is shown in Fig. 4 for two time
delays after the end of the pulse.

At some intermediate stage of the slow fluorescence decay
[yt = 30, Fig. 4(a)], the distribution of atomic excitation is
practically homogeneous on average, although it exhibits rel-
atively strong fluctuations, due to the limited number (300) of
ensembles used for averaging and the relatively small number
of pairs. When these excited states decay, the main contribu-
tion begins to be made by the longer-lived diffusion mode,
whose shape can be computed from the diffusion equation: It
is characterized by a half-sine distribution over the ensemble
[yt = 180, Fig. 4(b)]. At the boundaries of the cloud, the
excitation is not zero. It vanishes at some distance on the order
of the mean free path from the boundary of the cloud (extrapo-
lation length). That is why the time . [Eq. (5)] is determined
not by the optical thickness by but by a slightly larger value
b. Until the slowest diffusion mode decays, the distribution
form does not change; only the absolute value of the excitation
density decreases. There are also some localized spikes, which
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FIG. 4. Cut of the spatial distribution of excited atoms for two
time delays after the switching off of the excitation: (a) y¢ = 30 and
(b) yt = 180. The parameters are kL = 100 and § = —4y and the
number of realizations is 300. The width of the cut is 0.5/k.

Excited state population (arb. units)

we associate with excited diatomic clusters (they each appear
for only one particular realization of the disorder).

The transition from long-lived extended modes to longer-
lived diffusive modes is consistent with the analysis of
Ref. [50], in which the relative population of the collective
modes was studied as a function of the detuning of the driving
field. It has been shown that the diffusive modes are very
weakly populated when the system is driven out of resonance.
That is why they are visible only after a long decay time, with
correspondingly a very low relative fluorescence intensity.
Note that the spatial profile of the driving beam also has an
impact on which modes are preferentially populated [48].

C. Fluorescence spectrum

The change of the decay mechanism with time can also be
verified by analyzing the spectrum of the secondary radiation,
which is determined by a short-term Fourier transform [51]
with a rectangular window of duration y Ar = 30.
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FIG. 5. Fluorescence spectrum for two time delays after the
switching off of the excitation: (a) yt = 20 and (b) yt = 180. The
parameters are kL = 100 and § = —4y.

Figure 5(a) shows the spectrum of the radiation scattered
at an angle 6 = /4 for the case when the middle of the
time window corresponds to yt = 20 after the end of the
excitation. At this stage, we observe a Lorentzian line at the
excitation frequency 6 = —4y, as well as a distorted broad
line near the free-atom resonance. This shape of the spectrum
shows that the nonresonant driving field effectively excites
diatomic quasimolecules, which are relatively few in a dilute
medium, and with a low probability excites numerous collec-
tive states with frequencies close to the transition frequency
of free atoms.

At later time the relative contribution of radiation at the ex-
citation frequency decreases [yt = 180, Fig. 5(b)]. The main
contribution to the radiation then comes from the collective
states unshifted in frequency. This shows that at late time, the
emitted radiation is mainly at the atomic resonance and thus
can undergo multiple scattering in the optically thick medium.

D. Fluorescence polarization

Another interesting property of the slow-decaying fluo-
rescence is its polarization. In Fig. 6 we show the time
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FIG. 6. (a) Normalized intensities of two orthogonal circularly
polarized components of the radiation emitted at an angle 6 = m /4.
The incident radiation is left circularly polarized and the other pa-
rameters are kL = 100 and § = —4y. (b) Corresponding degree of
circular polarization.

dependence of the decaying intensities in two orthogonal po-
larization channels. We observe that at very short time, during
the superradiant decay, light is polarized, which is consistent
with a single-scattering interpretation of superradiance, such
as the one given in [27]. Then when multiple scattering starts
to occur, the degree of polarization decreases. At intermediate
time though, light remains partially polarized, which is consis-
tent with radiation by diatomic clusters. Finally, at later time
(yt Z 150), light is completely depolarized, with equal in-
tensities in the two polarization channels, which is consistent
with multiply scattered light. This observation, also reported
in [52], supports the interpretation that late-time subradiance
is due to radiation trapping.

IV. DISCUSSION

In this work we have discussed the nature of subradiance
in dilute samples. Indeed, different optical phenomena can be
responsible for long-lived collective modes.
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We found that, if the system is driven off-resonance, sub-
radiance between pairs of very close atoms may have a
significant contribution, even though the density of the sample
is low on average. This is because the pairs build collective
modes with a large energy shift that can compensate for the
laser detuning such that the corresponding modes are par-
ticularly well coupled to the driving field. This regime is
characterized by a decay rate mainly related to the detuning
and hardly affected by the parameters of the sample. However,
this is valid within the idealized conditions of this work, which
neglects atomic motion and other mechanical effects such as
collisions. It is plausible that in real experimental conditions,
the influence of these pairs is suppressed by thermal motions
or by the attractive force induced by the near-field interac-
tion and the subsequent inelastic collision and light emission
[53,54]. That is why previous works used an exclusion volume
to remove the pairs [5,46,48,52]. This is consistent with the
fact that experimental results never exhibit lifetimes that are
independent of by, as shown in Fig. 1. Nevertheless, further
numerical studies, using moving atoms [55,56] and possibly
including collective forces [57], would be desirable to con-
clude on the possible role of pairs in experiments.

When pair subradiance does not dominate (for larger reso-
nant optical depth or later time), we have found that the slow
decay was consistent with radiation trapping for the following
properties: emitted polarization, emitted spectrum, and inten-
sity distribution inside the sample. This multiple-scattering
interpretation of collective subradiance was discarded in some
previous works [4,5,48] because it counterintuitively also hap-
pens when the system is driven off-resonance. However, we
have shown here that some resonant light is always generated
at the switching off; therefore, multiple scattering is a valid
interpretation for the long-lived modes.

Nevertheless, one effect that does not fully support the
radiation-trapping interpretation is the scaling of subradiant
lifetimes with the optical depth, which has been repeatedly

found to be linear [4,5,46,48,52,55], while diffusion theory
predicts a quadratic scaling [Eq. (5)]. This fact is still not well
understood. In experiments, atomic motion is known to break
the quadratic dependence because of the Doppler-induced
frequency redistribution [30,58,59]. In the CD simulations at
zero temperature, the quadratic dependence should be reached
for long-enough time and large-enough optical thickness, if
diffusion theory is valid. We have not been able to observe
this quadratic scaling so far.

This might be due to the computational limitations of the
CD model: Having large-enough by to reach the diffusive
regime without introducing high-density effects [52] needs
atom numbers that are out of reach, or at least very difficult
to handle. To illustrate those difficulties we show in Fig. 7
the instant trapping time t* when the fluorescence intensity
is 107% from the initial one, a value compatible with ex-
perimental observations, as a function of by, up to by ~ 19
(N = 10000). For detuned excitation, there is a range of by
for which the decay time remains practically constant. This
constant value increases with the detuning. In this range of
parameters, the dominant contribution to the fluorescence is
made by diatomic clusters. At larger optical depth, the effect
of radiation trapping is visible and the decay time increases.
However, we do not reach the regime where a quadratic scal-
ing would be clearly visible. We have checked that similar
results are obtained if the fluorescence level is chosen at 1073,

Another possible reason for not seeing the quadratic scal-
ing might be the breakdown of a diffusion approach, which
practically neglects all wave effects. Therefore, it cannot be
excluded that the richer physics included in the CD model
and in experiments changes the behavior of the long-lived
modes. This could be tested by a careful comparison be-
tween the results provided by the CD model and by a
random walk model, as previously used for describing radi-
ation trapping [30,48,58—60]. However, the two models have
different computational limitations such that a direct com-
parison is challenging for dynamical problems (it has been
done for steady-state scattering in [61,62]). It is thus left for
future work.

Finally, we note that the numerical methods developed to
study the polarization and spectrum from the CD approach can
also be used in other contexts, such as highly sensitive laser
polarization optical analysis of the properties of ensembles of
impurities in perfect optical crystals [63].
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