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Theoretical analysis of Hanbury Brown and Twiss interferometry at soft-x-ray free-electron lasers
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In this work, we provide theoretical background for the analysis of second-order correlation functions in
experiments performed at soft x-ray free-electron lasers (XFELs). Typically, soft x-ray beamlines at XFELs are
equipped with variable line spacing (VLS) monochromators. We examine the beam propagation through such
VLS monochromator especially taking into account the interplay between the finite monochromator resolution
and the width of the exit slits. We then provide a general analysis of the second-order correlation intensities
in spectral and spatial domains. Finally, we connect these functions with the statistical properties of the beam
incoming to the monochromator unit in the limit of Gaussian Schell model pulses.
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I. INTRODUCTION

X-ray free-electron lasers (XFELs) in the soft and hard
x-ray range are modern large-scale facilities that provide
unique femtosecond ultrabright pulses of x-ray beams [1–7].
Besides the unique timing structure, XFELs are sources with
a high degree of spatial coherence [8–11]. The best way to
analyze the statistical properties of XFELs is to perform a
second-order intensity correlation analysis. In their pioneer-
ing experiment Hanbury Brown and Twiss (HBT) [12,13]
measured intensities arriving from Sirius at two spatially
separated telescopes and then correlated the corresponding
signals. Such measurements can be performed both in spatial
or time-frequency domains. They allowed the determination
of bunching-antibunching effects in optics [14] and led to the
foundation of quantum optics by Glauber [15].

A series of HBT experiments were performed recently at
soft and hard XFELs [16–22]. These experiments are espe-
cially spectacular at soft XFEL sources equipped by variable
line spacing (VLS) monochromators [1,4,6]. This is due to the
fact, that opening or closing the exit slits of the monochro-
mator provides the knob to vary the spectral width of the
x-ray radiation passing through these slits. Such measure-
ments provide a way to estimate the average pulse duration
in the specific conditions of XFEL operation [16–18,21,22]
and provide important information on the beam statistics [19].
This may be especially important for experiments exploiting
time resolution of the XFELs or utilizing their coherence
properties, and may yield important feedback to accelerator
scientists.

In this work, we present a theoretical analysis of the propa-
gation of x-ray pulses through the VLS monochromator and
then further to the pixelated detector, where spatial HBT
measurements are, typically, performed. The position of this
detector is usually considered in such a way that there will be
sufficient resolution to resolve individual spatial modes of the
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incoming x-ray pulses. We especially consider the interplay
between the monochromator resolution and the size of the exit
slits of the monochromator. Importantly, we demonstrate the
relationship between the beam statistics determined in HBT
interferometry and the statistical properties of the x-ray beam
incoming to the VLS monochromator. In the end, we provide
results for the Gaussian Schell model pulses describing the
statistical properties of the XFELs.

We start in the next section with the basic analysis of x-ray
propagation through the VLS monochromator.

II. PROPAGATION OF THE X-RAY BEAMS THROUGH
THE VLS GRATING

We consider the incoming field in the form

E ′
in(r, t ) = Ein(r, t )eik0r−iω0t , (1)

where k0 = k0s0, k0 = ω0/c, s0 is the direction of the incom-
ing momentum vector, ω0 is the carrier frequency, and c is the
speed of light. In Eq. (1) we assume that the incoming am-
plitude Ein(r, t ) is a slowly varying function of its arguments.
We can go to a spatial-frequency domain for the incoming
amplitude Ein(r, t ) by performing Fourier transform (FT):

Ein(r, t ) = 1

2π

∫ ∞

−∞
Ein(r, ω)e−iωt dω. (2)

If we now substitute Eq. (2) in Eq. (1), we see that the
total frequency ωt is defined as ωt = ω0 + ω. The amplitudes
Ein(r, ω) are narrow bounded in the frequency domain. As
such, the region where these amplitudes are nonzero in Eq. (2)
obeys the inequality |ω| � ω0.

We will now propagate each frequency Ein(r, ω) sepa-
rately through the beamline and, in the end, we will determine
E f (r, ω) which is the final amplitude in the spatial-frequency
domain. By performing FT we obtain in the space-time do-
main

E f (r, t ) = 1

2π

∫ ∞

−∞
E f (r, ω)e−iωt dω . (3)
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FIG. 1. (a) Scattering from the VLS grating is shown. Different
spectral components of the incoming beam are focused at the focal
distance f forming the zeroth, first, and nth orders of grating reflec-
tions. The coordinate systems for the grating and for the scattered
beams are also shown. (b) Scattering from the VLS grating is sub-
stituted by the scattering on a grating with the constant period d0

followed by a virtual lens with the focusing distance f .

Now calculating the intensity,

I f (r, t ) = | E f (r, t )|2

= 1

(2π )2

∫∫ ∞

−∞
E∗

f (r, ω) E f (r, ω′)eiωt−iω′t dωdω′, (4)

and integrating this expression over time gives∫ ∞
−∞ exp[i(ω−ω′)t]dt = (2π )δ(ω−ω′). Finally, we obtain for

the integrated intensity at the position r [23],

I f (r) =
∫ ∞

−∞
|E f (r, t )|2dt = 1

2π

∫ ∞

−∞
|E f (r, ω)|2dω. (5)

Expression (5) states the fact that the energy of the beam
in time and frequency domains is conserved.

We will now consider the scattering of the incoming field
in the form of Eqs. (1) and (2) on a VLS grating in reflec-
tion geometry as depicted in Fig. 1(a) and will independently
propagate each amplitude Ein(r, ω) through this grating. It is
well known that VLS gratings are characterized by changing
the groove spacing according to

d (y) = d0 + d1y + d2y2 + . . . , (6)

where d0 is the spacing at the pole of the grating located at
the coordinate y = 0 and d1 and d2 are the parameters for the
variation of the line spacing with the coordinate y. It is also
known (see, for example, [24]) that, if in the expansion (6)
only the first two terms are kept, such grating will focus the
incoming beam at the focal distance

f =
[

λd1

d2
0 sin2θ f

]−1

, (7)

where θ f is the exit scattering angle [see Fig. 1(a)]. It is clear
that such VLS grating may be substituted by a plane grating
with a spacing d0 followed by the “virtual” lens with the focal
distance given by the expression (7) [see Fig. 1(b)]. In the
following, we will consider this geometry for the description
of scattering on the VLS grating.

For the scattered field Egr (r, ω) from such a VLS grating,
one can write

Egr (r, ω) = E0

∫
Rgr (r′)Tf (r′)Pf (r − r′)Ein(r′, ω)eik0r′

dr′,

(8)
where E0 is the amplitude of the field in which we will fur-
ther incorporate all nonessential preintegral factors. Here and
below we assume that integration is performed from minus to
plus infinity, where it is not specifically indicated. In Eq. (8)
Rgr (r) is the reflection function of the grating and Tf (r) is
the transmission function of the “virtual” lens given by the
following expression,

Tf (r) = exp

[
−i

k

2 f
r2

]
, (9)

and

Pf (r − r′) =
(−ik0

2π f

)
exp

[
i

k

2 f
(r − r′)2

]
(10)

is the propagator, written in the paraxial approximation for the
focal distance f .

We will consider now that the plane grating is located
in the origin of the coordinate system as shown in Fig. 1.
We consider the grooves along the x′ axis. In this geometry
Rgr (r′) = Rgr (y′). We will also assume that the virtual lens
in Eq. (9) is focusing only in one y direction [as shown in
Fig. 1(b)], Tf (r′) = Tf (y′), and that the observation plane is
located at the focal plane of this lens. In this case in Eq. (8),
we have for the product Tf (y′)Pf (r − r′)exp(ik0sy

0r′) the fol-
lowing expression,

Tf (y′)Pf (r − r′)eik0r′

=
(−ik0

2π f

)1/2

exp

[
i

(
k

2 f

)
y2 − iqyy′

]
Pf (x − x′), (11)

where qy = ksy − k0sy
0, sy is the y component sy = y/ f of the

unit vector s towards the observation point, and Pf (x−x′) is
the propagator in the x direction. In Eq. (11) we considered
that the x component of the unit vector sx

0 = 0 [see Fig. 1(a)].
Substituting all this in expression (8), we obtain

Egr (x, qy, ω)

= E0

∫∫
Rgr (y′)Pf (x − x′)Ein(x′, y′, ω)e−iqyy′

dx′dy′.

(12)

In this equation, we can perform integration over x′ that
would lead to the following expression for the scattered am-
plitude,

Egr (x, qy, ω) = E0

∫
Rgr (y′)Ein(x, y′, ω)e−iqyy′

dy′, (13)
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where

Ein(x, y′, ω) =
∫

Pf (x − x′)Ein(x′, y′, ω)dx′ . (14)

We can now introduce the finite size grating function as

Rgr (y′) =
N/2∑

n=−N/2

rgr (y′ − yn) = RN (y′)
∞∑

n=−∞
rgr (y′ − yn)

= RN (y′)
∞∑

hn=−∞
rgr (hn)eihny′

, (15)

where N is the number of grating periods, rgr (y) is the
reflection function of one period, and yn = d0n, and n =
0,±1,±2 · · · . In Eq. (15) RN (y) is a finite window of the size
of the grating, that can be represented as

RN (y′) = rect

(
y′

DN

)
, (16)

where DN = d0N and rect(y) is the rectangular function de-
fined as

rect(y) =
{

1, |y| � 1/2
0, |y| > 1/2 . (17)

In Eq. (15) we used also the decomposition of the infinite
periodic function over reciprocal space with hn = (2π/d0)n,
and introduced the FT of the reflection function of one grating
period as

rgr (hn) = 1

d

∫ d/2

−d/2
rgr (y)e−ihnydy. (18)

Substituting now Eq. (15) in Eq. (13) and changing the
order of summation and integration we obtain

Egr (x, qy, ω) = E0

∞∑
hn=−∞

rgr (hn)
∫

RN (y′)Ein(x, y′, ω)

× e−i(qy−hn )y′
dy′. (19)

Assuming now that the incoming amplitude is constant
over the grating in the vertical direction, Ein(x, y′, ω) ∼=
Ein(x, ω), we obtain from Eq. (19)

Egr (x, ω) = E0

∞∑
hn=−∞

rgr (hn) Ein(x, ω)
∫

RN (y′)

× e−i(qy−hn )y′
dy′. (20)

Performing now the integration∫
RN (y′)e−i(qy−hn )y′

dy′

=
[
(qy − hn)

DN

2

]−1

sin
[
(qy − hn)

DN

2

]
= sinc[αn], (21)

where

αn = (qy − hn)
DN

2
, (22)

we finally obtain for the amplitude of the field scattered from
the grating

Egr (x, ω) = E0

∞∑
hn=−∞

rgr (hn) sinc [αn]Ein(x, ω) . (23)

Now, considering scattering into one of the grating orders
n, we get for the scattered amplitude

Egr (x, ω) = E0rgr (hn) sinc [αn]Ein(x, ω) . (24)

We will now determine the argument αn of the sinc func-
tion that can be presented as

αn = (qy − hn)
DN

2
= (

ksy − k0sy
0 − hn

)DN

2

= (k cos θ f − k0 cos θi − hn)
DN

2
. (25)

The maximum of the sinc function is at αn = 0 that gives
for the central frequency ω0 (we remind the reader that k0 =
ω0/c) the following condition (that is the grating equation,
well known from optics [25])

k0
(
cos θn

f − cos θi
) = hn, (26)

where θi and θn
f are the incidence and scattered angles from

the VLS grating as shown in Fig. 1(a). Now, taking into
account that k = (ω0 + ω)/c and θ f = θn

f + θ , where ω � ω0

and θ � θn
f , we substitute these relations in Eq. (25) and,

neglecting small terms of the second order, we obtain for the
parameter αn,

αn = cos θn
f

[( ω

ω0

)
− θ tan θn

f

] (k0DN )

2
. (27)

Condition αn = 0 in Eq. (25) should also be valid for the
other frequencies and corresponding angles, and we obtain
from this equation

k cos θ f − k0 cos θi = hn. (28)

Performing similar expansion as before, k = (ω0 + ω′)/c
and θ f = θn

f + θ , where we introduced frequency ω′ in the
observation plane, we obtain(

ω′

ω0

)
= θ tan θn

f . (29)

Substituting this result in Eq. (27) we, finally, obtain for the
parameter αn,

αn = cos θn
f

(
ω − ω′

ω0

)
(k0DN )

2
. (30)

To determine an expression for the intensity in the obser-
vation plane, we substitute the scattered amplitude value in
Eq. (24) to Eq. (5) and obtain

Igr (x, ω′) = |E0|2|rgr (hn)|2
∫

R(ω′ − ω)|Ein(x, ω)|2dω,

(31)
where we introduced the function R(ω′–ω) as

R(ω′ − ω) = sinc2[αn]. (32)

We will show now that this function is, in fact, a resolution
function of the monochromator unit. Indeed, if we consider
that the incoming field is monochromatic, with a fixed fre-
quency ω0, we can write the incoming field as Ein(x, ω) →
(2π )δ(ω − ω0)Ein(x). Substituting this expression in Eq. (31)
gives

Igr (x, ω′) = |E0|2|rgr (hn)|2 R(ω′ − ω0)|Ein(x)|2, (33)

023508-3



IVAN A. VARTANYANTS AND RUSLAN KHUBBUTDINOV PHYSICAL REVIEW A 104, 023508 (2021)

that shows that the function R(ω′ − ω0) gives the broadening
of the monochromatic frequency ω0 and may be treated as a
resolution function. The full width at half maximum (FWHM)
of the resolution function R(ω′–ω) defines, typically, the res-
olution of the VLS grating. The resolution function of the
monochromator is often considered to be a Gaussian function,

R(ω) = exp

(
− ω2

2σ 2
r

)
, (34)

where σr is the root mean square (rms) value of the resolution
function with its FWHM equal to 2

√
2 ln 2σr 	 2.355σr .

In a typical experiment at an XFEL in order to obtain spec-
tral characteristics of the pulse the measured two-dimensional
intensity distribution Igr (x, ω) is integrated over the x axis thus
providing the one-dimensional spectrum Igr (ω). Performing
such integration in Eq. (31) and also taking into account
Eq. (14) we obtain for the spectrum

Igr (ω) =
∫

Igr (x, ω)dx = |E0|2|rgr (hn)|2

×
∫∫

R(ω − ω′)|Ein(x′, ω′)|2dω′dx′, (35)

In this derivation, we considered the following property of
the propagator [26]:∫

P∗
f (x − x′)Pf (x − x′′)dx = δ(x′ − x′′) . (36)

Equation (35) provides an expression for the measurements
of the single pulse spectrum at the XFEL experiment by the
VLS grating spectrometer expressed through the incoming
beam intensity |Ein(x′, ω′)|2.

In the next section, we determine which kind of infor-
mation may be obtained by performing HBT analysis in the
spectral domain and relate it to the statistical properties of the
beam incoming to the monochromator unit.

III. SECOND-ORDER CORRELATIONS IN THE
FREQUENCY DOMAIN

We can now evaluate the second-order correlation func-
tions in the frequency domain according to its definition as

g(2)(ω1, ω2) = 〈Igr (ω1)Igr (ω2)〉
〈Igr (ω1)〉〈Igr (ω2)〉 , (37)

where intensities Igr (ω) are defined in Eq. (35). Substituting
these intensities in Eq. (37), we obtain

g(2)(ω1, ω2) =
∫

R(ω1 − ω′)R(ω2 − ω′′)〈|Ein(x′, ω′)|2|Ein(x′′, ω′′)|2〉dx′dx′′dω′dω′′∫
R(ω1 − ω′)〈|Ein(x′, ω′)|2〉dω′dx′ ∫ R(ω2 − ω′)〈|Ein(x′, ω′)|2〉dω′dx′ . (38)

Assuming Gaussian statistics for the incoming field, we have (see, for example, [27])

〈|Ein(x′, ω′)|2|Ein(x′′, ω′′)|2〉 = 〈|Ein(x′, ω′)|2〉〈|Ein(x′′, ω′′)|2〉 + |〈E∗
in(x′, ω′)Ein(x′′, ω′′)〉|2

= Sin(x′, ω′)Sin(x′′, ω′′) + |Win(x′, x′′, ω′, ω′′)|2, (39)

where we have introduced the spectral density as

Sin(x, ω) = 〈|Ein(x, ω)|2〉 (40)

and cross-spectral density as

Win(x′, x′′, ω′, ω′′) = 〈E∗
in(x′, ω′)Ein(x′′, ω′′)〉 . (41)

Substituting Eq. (39) in Eq. (38) we obtain

g(2)(ω1, ω2) = 1 +
∫

R(ω1 − ω′)R(ω2 − ω′′)|Win(x′, x′′, ω′, ω′′)|2dx′dx′′dω′dω′′∫
R(ω1 − ω′)Sin(x′, ω′)dx′dω′ ∫ R(ω2 − ω′)Sin(x′, ω′)dx′dω′ . (42)

Assuming now cross-spectral purity of the incoming x-ray
beam [27,28], we have

Win(x′, x′′, ω′, ω′′) = Win(ω′, ω′′)Win(x′, x′′) (43)

and

Sin(x′, ω′) = Sin(ω′)Sin(x′) . (44)

Substituting these expressions in Eq. (42), we, finally, ob-
tain

g(2)(ω1, ω2) = 1 + ςingin(ω1, ω2), (45)

where

ςin =
∫∫ |Win(x′, x′′)|2dx′dx′′[∫

Sin(x)dx
]2 (46)

and

gin(ω1, ω2)

=
∫∫

R(ω1 − ω′)R(ω2 − ω′′)|Win(ω′, ω′′)|2dω′dω′′∫
R(ω1 − ω′)Sin(ω′)dω′ ∫ R(ω2 − ω′)Sin(ω′)dω′ . (47)

By that, we expressed the second-order correlation func-
tion g(2)(ω1, ω2) measured in the frequency domain through

023508-4



THEORETICAL ANALYSIS OF HANBURY BROWN AND … PHYSICAL REVIEW A 104, 023508 (2021)

the statistical properties of the x-ray radiation incoming to
the monochromator unit. We immediately see that the contrast
ςin defined in Eq. (46) is determined by the degree of spatial
coherence of the incoming x-ray beam [29].

We have to recall here that the spectral density in spa-
tial Win(x1, x2) and frequency Win(ω1, ω2) domains is defined
through its first-order correlation functions as

Win(x1, x2) = [Sin(x1)]1/2[Sin(x2)]1/2g(1)
in (x1, x2),

Win(ω1, ω2) = [Sin(ω1)]1/2[Sin(ω2)]1/2 g(1)
in (ω1, ω2), (48)

where the first-order correlation functions g(1)
in (x1, x2) and

g(1)
in (ω1, ω2) are defined as

g(1)
in (x1, x2) = 〈E∗

in(x1)Ein(x2)〉√
〈|Ein(x1)|2〉

√
〈|Ein(x2)|2〉

,

g(1)
in (ω1, ω2) = 〈E∗

in(ω1)Ein(ω2)〉√
〈|Ein(ω1)|2〉

√
〈|Ein(ω2)|2〉

. (49)

We can now further analyze an expression for the correla-
tion function gin(ω1, ω2) in Eq. (47). We note that resolution
of the monochromator is typically much narrower than
the bandwidth of the incoming radiation. Assuming perfect
monochromator resolution or substituting resolution function
by a delta function R(ω1 − ω′) → δ(ω1 − ω′), we obtain for
the correlation function gin(ω1, ω2) in Eq. (47),

gin(ω1, ω2) = |Win(ω1, ω2)|2
Sin(ω1)Sin(ω2)

= ∣∣g(1)
in (ω1, ω2)

∣∣2
, (50)

and we obtain for the second-order correlation function in
Eq. (45) the following expression (that is similar to the known
Siegert relation in the time domain [30]),

g(2)(ω1, ω2) = 1 + ςin

∣∣g(1)
in (ω1, ω2)

∣∣2
. (51)

By this expression the g(2) function in the spectral domain
is expressed through the square modulus of the first-order cor-
relation function of the incoming beam. As we have seen from
our analysis, this expression is valid only if one can assume an
ideal resolution of the monochromator. It is interesting to note
also, that for a chaotic source the second-order correlation
function in the spectral domain at maximum is g(2)

max = 1 + ςin

[as soon as g(1)
max(ω1, ω2) = 1 at ω1 = ω2 = ω]. We have seen

that the contrast ςin is directly related to the degree of spatial
coherence of the incoming beam [see Eq. (45)] as g(2)

max � 2,
and will be equal to 2 only for the fully coherent beam in
the spectral domain. We will see in the following how these
results will be modified when the final resolution of the VLS
monochromator will be taken into account.

In the next section, we will analyze which kind of informa-
tion may be obtained by performing the HBT interferometry
in the spatial domain and will relate it to the statistical prop-
erties of the beam incoming to the VLS monochromator.

IV. SECOND-ORDER CORRELATIONS IN THE
SPATIAL DOMAIN

The HBT experiments in the spatial domain at the soft
x-ray beamlines at the XFEL facilities are performed on a
pixelated detector positioned far from the focal plane of the

FIG. 2. Schematic layout of the HBT experiment performed at
the XFEL facility. The incoming beam is scattered on the VLS
grating. The exit slits are positioned at the focal plane of the VLS
grating at the grating order n. The second-order spatial correlation
measurements are performed by the pixelated detector positioned
far from the monochromator unit to resolve spatial modes of the
incoming x-ray pulses. The coordinate systems for the incoming
beam, the grating, and detector are shown.

beamline. Such arrangement provides sufficient resolution to
separate spatial modes of the individual XFEL pulses of the
incoming x-ray beam at the detector position.

We introduce now a two-dimensional (2D) detector with
the coordinates xD, yD at which single pulse intensities
ID(xD, yD) from the XFEL are measured for further correlation
analysis (see Fig. 2). As soon as we measure the intensities,
they are connected with the amplitudes of the incoming field
in the spatial-frequency domain as [see Eq. (5)]

ID(xD, yD) = 1

2π

∫ ∞

−∞
|ED(xD, yD, ω)|2dω. (52)

Each of these intensities is typically integrated in the ver-
tical (dispersion) direction to provide a one-dimensional (1D)
distribution of the intensity,

ID(xD) = 1

2π

∫∫ ∞

−∞
|ED(xD, yD, ω)|2dωdyD. (53)

The basic idea of HBT interferometry is the correlation of
intensities at different spatial positions, or, in other words,
measurements of the second-order correlation functions. In
such measurements, the normalized second-order correlation
function can be defined as

g(2)(xD
1 , xD

2

) =
〈
ID

(
xD

1

)
ID

(
xD

2

)〉
〈
ID

(
xD

1

)〉〈
ID

(
xD

2

)〉 , (54)

where averaging, denoted by brackets 〈· · · 〉, is performed over
a large ensemble of different realizations of the wave field.
In the HBT experiment for the nonstationary source, such as
XFELs, averaging may be performed over different pulses,
with the assumption that all pulses are realizations of the same
statistical process.

Now, we will express the intensities ID(xD), as given in
Eq. (53), through the amplitudes of the wave field incoming
to the monochromator unit and then will correlate these inten-
sities according to Eq. (54). The x-ray field amplitudes are the
result of propagation over the free space from the exit slits of
the monochromator equipped by the VLS grating. Such slits
are located in the focal plane of the VLS grating and the field
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amplitudes ED(xD, yD, ω) may be presented as

ED(xD, yD, ω)

=
∫∫

PL(xD − x′)PL(yD − y′)Esl (x
′, y′, ω)dx′dy′, (55)

where PL(xD − x′) is the propagator [see Eq. (10)], the dis-
tance L is defined in Fig. 2 as the distance from the exit slits
of the monochromator to the detector plane, Esl (x, y) is the
amplitude of the field passing through the exit slits, and x′, y′
are the coordinates in the slits plane.

The amplitude of the field after the exit slits Esl (r, ω) may
be obtained by multiplying the amplitude of the field scattered
from the VLS grating to a fixed order Egr (x, ω) [see Eq. (24)]
by the transmission function of the slits, Tsl (ω),

Esl (x
′, y′, ω) = Tsl (ω)Egr (x, ω) = E0rgr (hn)Tsl (ω)sinc[αn]

×
∫

Pf (x′ − x1)Ein(x1, ω)dx1, (56)

where we took into account an expression (14) for the incom-
ing amplitude Ein(x, ω). In Eq. (56), the transmission function
of the slits Tsl (ω) is defined as a finite window in the spectral
domain of the size of the spectral bandpass Dsl

ω as

Tsl (ω) = rect

[
ω

Dsl
ω

]
, (57)

where rect(x) is the rectangular function defined in Eq. (17).
Substituting now Eqs. (55) and (56) in Eq. (53) we obtain for
the intensity on the detector,

ID(xD) = |E0|2|rgr (hn)|2

×
∫∫∫ ∞

−∞
P∗

f +L (xD − x1)Pf +L (xD − x2)T̃sl (ω)

× E∗
in(x1, ω)Ein(x2, ω)dx1dx2dω, (58)

where we introduced a function T̃sl (ω) that is defined as

T̃sl (ω) =
∫

T 2
sl (ω′)R(ω − ω′)dω′. (59)

In deriving Eq. (58) we used the following properties of the
propagator (see, for example, [26]),∫

PL2 (x′ − x)PL1 (x − x′′)dx = PL1+L2 (x′ − x′′), (60)

as well as Eq. (36). According to Eq. (59), the square of
the exit slit transmission function T 2

sl (ω′) defined in Eq. (57)
is convoluted with the resolution function R(ω) given in
Eq. (34). For the function T 2

sl (ω) in Eq. (59) the following
relationship is valid, T 2

sl (ω) = Tsl (ω), due to its definition in
Eq. (57).

We substitute now Eq. (58) for the intensity ID(xD) in
Eq. (54) for the g(2) function and assume that the incoming
x-ray radiation obeys Gaussian statistics. In this case (see, for
example, [27]),

〈E∗
in(x1, ω1)Ein(x2, ω1)E∗

in(x3, ω2)Ein(x4, ω2)〉
= 〈E∗

in(x1, ω1)Ein(x2, ω1)〉〈E∗
in(x3, ω2)Ein(x4, ω2)〉

+ 〈E∗
in(x1, ω1)Ein(x4, ω2)〉〈E∗

in(x3, ω2)Ein(x2, ω1)〉.
(61)

We further introduce the spectral density function and
cross-spectral density function in the spatial-frequency do-
main as given in Eqs. (40) and (41) and, further, assume
cross-spectral purity of the incoming x-ray radiation as in
Eqs. (43) and (44) [27,28]. After long, but straightforward,
calculations one can, finally, obtain for the g(2) function,

g(2)(xD
1 , xD

2

) = 1 + ςin(Dω )
∣∣gin

(
xD

1 , xD
2

)∣∣2
. (62)

In this expression, the contrast function ςin(Dω ), which
depends on the radiation bandwidth Dω is defined as

ζin(Dω ) =
∫∫

T̃sl (ω1)T̃sl (ω2)|Win(ω1, ω2)|2dω1dω2[∫
T̃sl (ω)Sin(ω)dω

]2 , (63)

and a correlation function gin(xD
1 , xD

2 ) is determined by

gin
(
xD

1 , xD
2

)
=

∫∫
P∗

f +L

(
xD

1 − x1
)
Pf +L

(
xD

2 − x2
)
Win(x1, x2)dx1dx2[

SD
(
xD

1

)]1/2[
SD

(
xD

2

)]1/2 ,

(64)

where

SD
(
xD

i

) =
∫∫

P∗
f +L

(
xD

i − x1
)
Pf +L

(
xD

i − x2
)

×Win(x1, x2)dx1dx2, (65)

and i = 1, 2.
By that, we expressed the second-order correlation func-

tion measured at the far detector [Eq. (62)] through the
statistical properties of x-ray radiation incoming to the VLS
monochromator. We will show in the following that by chang-
ing the exit slits opening Dω the contrast function ςin(Dω )
also changes according to Eq. (63). This, finally, allows us
to determine the pulse duration of the incoming x-ray pulses.

In the next section, we will represent the incoming x-ray
pulses by the Gaussian Schell model.

V. GAUSSIAN SCHELL MODEL X-RAY PULSES

After receiving these general results in both the frequency
and spatial domains we will consider now a special type of
incoming pulsed beams in the form of the Gaussian Schell
model (GSM) pulses. In this case, the cross-spectral density
in the spatial-frequency domain can be written as [29,31,32]

Win(x1, x2; ω1, ω2) = W0W (x1, x2)W (ω1, ω2), (66)

where the spatial dependence is defined by the function

W (x1, x2) = exp

[
−x2

1 + x2
2

4σ 2
I

− (x2 − x1)2

2l2
c

]
, (67)

where σI is the rms size and lc is the spatial coherence of the
incoming beam. The frequency dependence is defined by

W (ω1, ω2) = exp

[
−ω2

1 + ω2
2

4�2
− (ω2 − ω1)2

2�2
c

]
, (68)
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where � is the rms spectral width of radiation, �c is the
spectral coherence, and we assumed that the frequency is
counted from the corresponding grating order. The parameters
� and �c can also be expressed through the rms values of the
pulse duration σT and coherence time τc of the pulse in front
of the monochromator unit [31,32],

�2 = 1

τ 2
c

+ 1

4σ 2
T

, �c = τc

σT
�. (69)

For the self-amplified spontaneous emission (SASE)
pulses at XFELs for most of the cases the coherence time τc in
front of the monochromator unit is much shorter than the pulse
duration σT (τc � σT ). Taking this into account we have, from
Eq. (69),

� ≈ 1

τc
, �c ≈ 1

σT
. (70)

In this limit, we would have for the spectral density

Sin(ω) = S0exp

[
−τ 2

c ω2

2

]
, (71)

and for the first-order correlation function,

g(1)
in (ω2 − ω1) = exp

[
−σ 2

T (ω2 − ω1)2

2

]
. (72)

Here, we would like to note that if one can neglect the
monochromator resolution then Eq. (51) will be valid. With
a combination of Eq. (72) this allows us to determine the
average pulse duration through analysis of the g(2) function
as a function of ω in the spectral domain.

Next, we will see which results may be obtained if we take
into account the finite energy resolution of the monochro-
mator unit. We will consider spectral and spatial domains
separately in the following.

VI. SPECTRAL DOMAIN IN THE FRAME OF GSM

Now we can perform integration in Eqs. (46) and (47)
assuming that the incoming beam obeys the Gaussian Schell
model. Substituting in these equations expressions (66)–(68)
for the incoming cross-spectral density function we obtain for
the contrast

ςin =
[
1 + 4

(σI

lc

)2]−1/2

, (73)

and for the correlation function [33],

gin(ω2 − ω1) =
α exp

[− 1
αβ�2

c
(ω2 − ω1)2

]
(αβ )1/2 , (74)

where

α = 1 +
(σr

�

)2
, β = 1 +

(σr

�

)2
[

1 + 4

(
�

�c

)2]
. (75)

Now, in the limit of Eq. (70) we have

gin(ω2 − ω1) =
αexp

[− σ 2
T

αβ
(ω2 − ω1)2

]
(αβ )1/2 , (76)

where

α = 1 + (σrτc)2, β = 1 + (σrτc)2
[
1 + 4

(σT

τc

)2]
. (77)

Below, we will analyze this expression. First, we immedi-
ately see that if the monochromator has a perfect resolution
σr = 0, then both α and β are equal to 1 and gin(ω2 − ω1) =
|g(1)

in (ω2 − ω1)|2, where g(1)
in (ω2 − ω1) is defined by Eq. (72).

We note that this result coincides with our previous result of
Eqs. (50) and (51).

Next, we want to note that for typical SASE beams the
product σrτc � 1. In this case, we have for the coefficients
in Eq. (77) α≈1 and β ≈ 1 + 4(σrσT )2. Substituting this in
Eq. (76) we obtain, for gin(ω2–ω1),

gin(ω2 − ω1) =
exp

[− σ 2
T

1+4σ 2
r σ 2

T
(ω2 − ω1)2

]
(
1 + 4σ 2

r σ 2
T

)1/2 . (78)

We see from this expression that when we take into account
the finite resolution of the monochromator σr , the function
gin(ω2–ω1) does not reach unity even at ω1 = ω2. Its maxi-
mum value at the same frequency values is equal to

gin(0) = 1(
1 + 4σ 2

r σ 2
T

)1/2 . (79)

Substituting this value of gin(ω2–ω1) in the expression for
the g(2) function (45), and assuming that the resolution of the
VLS monochromator is known, we may determine the pulse
duration σT as

σT = 1

2σr

[
ς2

in(
g(2)

in (ω,ω) − 1
)2 − 1

]1/2

. (80)

Finally, HBT analysis in the spectral domain with the as-
sumption that XFEL pulses obey the GSM provides the way
to determine the pulse duration.

VII. SPATIAL DOMAIN IN THE FRAME OF GSM

A. Contrast function

Now we will focus on the evaluation of the contrast func-
tion ζin(Dω ) in Eq. (63) and show how an average pulse du-
ration of XFEL pulses may be determined by evaluating this
contrast function. Expressing the cross-spectral density in the

023508-7



IVAN A. VARTANYANTS AND RUSLAN KHUBBUTDINOV PHYSICAL REVIEW A 104, 023508 (2021)

frequency domain through its first-order correlation function [see Eq. (48)] we obtain, for the contrast function in Eq. (63),

ζin(Dω ) =
∫∫ ∞

−∞ T̃sl (ω1)T̃sl (ω2)Sin(ω1)Sin(ω2)
∣∣g(1)

in (ω1, ω2)
∣∣2

dω1dω2[∫ ∞
−∞ T̃sl (ω)Sin(ω)dω

]2 . (81)

First, we assume that the spectral first-order correlation
function is uniform or of the Schell type. This means that it de-
pends only on the difference of frequencies as g(1)

in (ω1, ω2) =
g(1)

in (ω2 − ω1). In this case, after changing the variables, we
have, for the nominator of the contrast function ζ2(Dω ) in
Eq. (81) (see, for example, [28]),∫∫ ∞

−∞
T̃sl (ω1)T̃sl (ω2)Sin(ω1)S(ω2)

∣∣g(1)
in (ω2 − ω1)

∣∣2
dω1dω2

=
∫ ∞

−∞
F (ω)

∣∣g(1)
in (ω)

∣∣2
dω, (82)

where F(ω) is the autocorrelation function,

F (ω) =
∫ ∞

−∞
˜̃Tsl (ω

′) ˜̃Tsl (ω
′ + ω)dω′, (83)

and

˜̃Tsl (ω) = Sin(ω)T̃sl (ω). (84)

Substituting these results in Eq. (81) we obtain, for the
contrast function ζin(Dω ),

ζin(Dω ) =
∫ ∞
−∞ F (ω)

∣∣g(1)
in (ω)

∣∣2
dω[∫ ∞

−∞
˜̃Tsl (ω)dω

]2 . (85)

This is quite a general expression assuming only unifor-
mity of the spectral first-order correlation function.

The next approximation can be made by the assump-
tion that the bandwidth of x-ray radiation incoming to the
monochromator unit is much wider than the transmitted one
by the exit slits Dsl

ω � �. In this case, we can also assume that
Sin(ω) is constant in the integration region in Eq. (83), and can
substitute ˜̃Tsl (ω) by T̃sl (ω) in this equation.

By substituting Eq. (72) in Eq. (85) and varying the band-
width of x-ray radiation by opening and closing the exit slits,
a typical dependence of the contrast function can be obtained.
Fitting this curve to the experimentally determined values of
the contrast will give us the rms value of the pulse duration σT

and hence the average pulse duration T = 2.355σT .
We will now consider two limits for the evaluation of the

contrast function ζin(Dω ). In the first limit, the opening of the
slits will be much larger than the resolution function width
Dsl

ω  σres; in the second limit, the opposite will be assumed,
Dsl

ω � σres. In the first limit, the function T̃sl (ω) in Eq. (59)
may be, with a good approximation, substituted by the rect-
angular function T̃sl (ω) ∼= T 2

sl (ω) = Tsl (ω) = rect[ω/Dsl
ω ]. In

this case, we have, for the autocorrelation function F(ω) in
Eq. (83) (see, for example, [28]),

F (ω) =
∫ ∞

−∞
Tsl (ω

′)Tsl (ω
′ + ω)dω′ =

{
1 − ∣∣ ω

Dsl
ω

∣∣, ω � Dsl
ω

0, ω > Dsl
ω

.

(86)

Substituting this result, as well as the first-order correlation
function from Eq. (72), in expression (85) for the contrast
function ζin(Dω ), we obtain

ζin(Dω ) =
∫ Dsl

ω

−Dsl
ω

[
1 − ∣∣ω/Dsl

ω

∣∣]e−σ 2
T ω2

dω[
Dsl

ω

]2 . (87)

Performing the integration, we obtain in this limit (see, for
example, [16]),

ζin(Dω ) =
√

π

Dsl
ωσT

erf
(
Dsl

ωσT
) + 1(

Dsl
ωσT

)2

[
e−(Dsl

ω σT )
2 − 1

]
,

(88)
where erf(x) is an error function.

According to the definition of the coherence time for
rectangular slits [27,28] τc = 2π/Dsl

ω and we obtain in
the limit τc/σT � 1 for the contrast function ζin(Dω ) ∼
[1/(2

√
π )](τc/σT ) = [1/(2

√
π )](1/Mt ), where Mt is the

number of temporal modes.
In the other limit, Dsl

ω � σr , according to Eq. (59), the
function T̃sl (ω) can be represented by the resolution func-
tion R(ω). Substituting an expression (34) for the resolution
function R(ω) into Eqs. (83) and (85), one can show that the
contrast function ζin(Dω ) in this limit has the following form:

ζin(Dω ) = 1√
1 + 2(σrσT )2

. (89)

In this case of a Gaussian spectrum, coherence time is well
approximated by [27,28] τc = √

π/σr and substituting it in
expression (89) gives

ζin(Dω ) = 1√
1 + 2π (σT /τc)2

. (90)

In the limit of τc/σT  1 we obtain for the contrast
function ζin(Dω ) ∼= 1−π (σT /τc)2. Expressions (89) and (90)
indicate that in the case of a limited resolution of the
monochromator the contrast function is always below 1. If the
resolution of the monochromator is known, in the conditions
Dsl

ω � σr , we can get an estimate of the pulse duration from
Eq. (89) as

σT = 1

σr

√
1 − ζ 2

in(Dω )

2ζ 2
in(Dω )

. (91)

This equation provides an alternative (to spectral domain)
way to determine the pulse duration of XFEL pulses in the
conditions of the GSM.

B. Spatial correlations

We now express the spatial part of the second-order corre-
lation function given in Eq. (64) with an assumption that the
incoming field is of the Gaussian Schell model type. We will
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assume also that measurements are performed in the far field
and the propagators in Eqs. (64) and (65) may be expressed
by simple exponential functions:

Pf +L (xD − x) ∝ e−iqDx, qD = k
xD

( f + L)
. (92)

Substitution of these relations for the propagator in
Eqs. (64) and (65) gives, for the correlation function,

gin
(
qD

1 , qD
2

) =
∫∫

exp
[
iqD

1 x1 − iqD
2 x2

]
Win(x1, x2)dx1dx2[

SD
(
qD

1

)]1/2[
SD

(
qD

2

)]1/2 ,

(93)
and for SD(qD

i ),

SD
(
qD

i

) =
∫

exp
[
iqD

i x1 − iqD
i x2

]
Win(x1, x2)dx1dx2. (94)

Performing direct integration in Eqs. (93) and (94) with the
cross-spectral density function given in Eqs. (66) and (67) (see
the Appendix for details) we obtain

gin
(
qD

1 , qD
2

) = e−β(qD
2 −qD

1 )2

, (95)

where parameter β is equal to

β = 2σ 4
I

l2
c + 4σ 2

I

. (96)

Finally, we have for the second-order correlation function
in Eq. (62) in the far field and for the GSM pulses for the
incoming x-ray radiation the following expression,

g(2)(xD
1 , xD

2

) = 1 + ςin(Dω )e−2β(qD
2 −qD

1 )2

, (97)

where the contrast function ςin(Dω ) is defined by the expres-
sion (85).

VIII. SUMMARY AND OUTLOOK

In summary, we provided here a theoretical description of
x-ray propagation through the VLS monochromator in a typ-
ical HBT interferometry experiment. We demonstrated how
second-order intensity measurements performed in such an
experiment are related to statistical properties of the x-ray
pulses incident on the monochromator unit. Importantly, we
have derived relations by which coherence properties and av-
erage pulse duration may be determined in such experiments.
Our analysis specifically took into consideration a finite reso-
lution of the monochromator unit.

The results derived in this work are quite general and are
not limited to the case of soft x-ray beamlines. They will
be valid also for the XFEL hard x-ray beamlines as soon as
the intensity of the field delivered by the monochromator is
expressed through its resolution function by a convolutional
integral.

We should note here that the pulse duration determined in
such experiments depends strongly on the spectral properties
of the x-ray beams. For example, if the spectrum is broadened
due to frequency chirp effects this will lead to shorter pulse
durations determined in HBT measurements. Such effects will
need a special analysis.

The theoretical background provided here will be impor-
tant for the statistical analysis of the coherence properties of
the XFEL beams at soft x-ray beamlines. This will provide the
guideline for performing coherent experiments at the XFEL
sources.
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APPENDIX

Here we show how the result in Eq. (95) is obtained. By
substituting the cross-spectral density function in Eqs. (66)
and (67) in Eq. (93) one can transform integration in the
numerator to (see also [27])∫∫

eiqD
1 x1−iqD

2 x2Win(x1, x2)dx1dx2

=
∫∫

exp
{−[

a
(
x2

1 + x2
2

) − 2bx1x2
]}

× exp
(
iqD

1 x1 − iqD
2 x2

)
dx1dx2

= π

(a2 − b2)1/2 exp
(−{

α
[(

qD
1

)2 + (
qD

2

)2]} − 2βqD
1 qD

2

)
,

(A1)

where

α = a

4(a2 − b2)
, β = b

4(a2 − b2)
. (A2)

This result is obtained by the use of the known integral∫
e−at2

eiqt dt =
√

π

a
exp

[
− q2

4a

]
. (A3)

In the denominator similar integration of Eq. (94) gives

SD
(
qD

i

) =
∫

eiqD
i x1−iqD

i x2Win(x1, x2)dx1dx2

= π

(a2 − b2)1/2 e−2(α−β )qD
i . (A4)

Substituting the results of integration in Eqs. (A1) and (A4)
in Eq. (93) gives [34]

gin
(
qD

1 , qD
2

) = e−β(qD
2 −qD

1 )2

. (A5)
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