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Subwavelength superdirective gyrotropic cylindrical nanoantenna
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Electromagnetic radiation of a nanoantenna formed by a magnetic-current filament of infinite length and an
electrically thin multilayer gyrotropic cylindrical scatterer in the surrounding free space is studied. It is shown the
possibility to achieve simultaneously high directivity of radiation and the desired direction of the main lobe of the
antenna radiation pattern by choosing the parameters of the layers of the gyrotropic cylinder. It is demonstrated
that the radiation field of such an antenna in the far zone has a nonzero angular momentum with respect to the
cylinder axis. A comparison is made between the radiation characteristics of such an antenna and the radiation
characteristics of an antenna of similar geometry with isotropic filling of a multilayer cylindrical scatterer.
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I. INTRODUCTION

Owing to recent advances in metamaterials and nan-
otechnology, it becomes possible to create unique nanoscale
electromagnetic emitting systems with previously unattain-
able capabilities [1]. Such nanoantennas can excite electro-
magnetic fields with the desired characteristics, which are
defined by the application area [2–4]. One of these charac-
teristics is high directivity, which plays an important role
in many applications, in particular, single-photon nanoan-
tennas [5,6], optical communication in nanocircuits [7,8],
near-field subwavelength imaging [9], and photonic artificial
neural networks [10]. However, a high degree of directivity
of an antenna is usually associated with their large effective
size [11]. In recent works [6,12–18], possible configurations
of radiation sources have been shown, which have a large
directivity and electrically small sizes simultaneously.

In Refs. [6,15–18] it is presented that nanoantenna formed
by parallel filamentary current and a multilayer dielectric
cylinder of electrically small transverse size can have a di-
rectional pattern with a high level of the main lobe and low
levels of the side lobes. These results were achieved through
careful optimization of the parameters of the cylinder layers.
The maximum of the radiation pattern of these antenna sys-
tems can be achieved in the plane in which the filamentary
current and the cylinder axis lie (i.e., forward or backward
directions). An attempt to choose the parameters of an antenna
system with the main lobe of the directional pattern directed
at a certain angle to the mentioned plane did not lead to the
desired result because, in addition to the sought main lobe,
a mirrored lobe of the directional pattern appeared relatively
to the plane of symmetry of the antenna. This disadvantage
is explained by the fact that the cylinder is formed by lay-
ers filled with isotropic media. Such a cylinder scatters the
electromagnetic field of the filamentary current into azimuthal
harmonics (modes) with the same efficiency if the azimuthal
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indices coincide in absolute value. This drawback can be
avoided by replacing isotropic media with gyrotropic ones. As
it was shown earlier [19,20], gyrotropic cylindrical scatterers
have several features, the most interesting of which are the
selective excitation of individual azimuthal harmonics and the
ability to control the characteristics of scattering (and medium
parameters) by varying the external magnetic field. In this
work, the radiation of electromagnetic waves from a magnetic
current of infinity length in the presence of a multilayer gy-
rotropic cylindrical scatterer is considered. The emphasis is
placed on the possibility of forming the high directivity in the
desired direction by choosing the appropriate permittivities of
the layers of the cylinder.

II. FORMULATION OF THE PROBLEM
AND BASIC EQUATIONS

Consider a cylinder, which consists of a circularly cylin-
drical core of radius ρ1 covered with N − 1 concentric layers
with the outer radius ρ j ( j = 2, . . . , N) (see Fig. 1) and lo-
cated in free space. The cylinder is infinitely long and aligned
with the z axis of a cylindrical coordinate system (ρ, φ, z).
Every jth region is filled with a gyrotropic medium, which is
characterized by a permittivity tensor,

ε̂ j = ε0

⎛
⎜⎝

ε j −ig j 0

ig j ε j 0

0 0 η j

⎞
⎟⎠, (1)

where ε0 is the electric constant. The permittivity tensor (1)
describes, for example, an indium antimonide (InSb) [21–23]
and a gyrotropic metamaterial [24,25] in the optical and in-
frared ranges and a magnetoplasma in the radio-frequency
range [26,27]. The gyrotropic media are magnetized with an
external static magnetic field that is aligned with the cylinder.

We study the scattering of electromagnetic waves excited
by a filamentary source aligned with the z axis. The magnetic
current density of the source, with the exp(iωt ) time depen-
dence dropped, in a cylindrical coordinate system (ρs, φs, z)
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FIG. 1. Geometry of the problem. P is the observation point; ρ

and φ stand for the radial and azimuthal coordinates of this point,
respectively, in the coordinate system (ρ, φ, z) related to the multi-
layer cylindrical scatterer; ρs and φs are coordinates of this point in
the coordinate system (ρs, φs, z) related to the source; and the zero
subscript is used to designate the source position in the coordinate
system of the cylinder.

related to the source is written as [19]

J = z0I0δ(ρs)/(2πρs), (2)

where δ is the Dirac function, and I0 is the total magnetic
current of the filamentary source. It is assumed that the wave-
length λ = 2π/k0 in the surrounding medium is much longer
than the cylinder’s outer radius ρN (here, k0 = ω/c is the wave
number in free space, ω is the angular frequency, and c is the
speed of light in free space).

The longitudinal magnetic-field component excited by the
magnetic-current filament (2) can be written as

H ( f )
z = −Z−1

0 I0k0H (2)
0 (k0ρs)/4. (3)

Hereafter, Z0 is the wave impedance of free space, H (2)
m is

the Hankel function of the second kind of order m, and the
superscript ( f ) denotes that the corresponding quantity refers
to the field excited by the filamentary source.

The field in the inner regions of the cylinder, as well as
the field scattered from and incident on it, can conveniently
be represented in a cylindrical coordinate system in terms of
azimuthal harmonics with the indices m = 0,±1,±2, . . . as
follows: [

E

H

]
=

∞∑
m=−∞

[
Em

Hm

]
exp(−imφ). (4)

In turn, the vector quantities Em and Hm can be expressed via
the longitudinal magnetic-field component Hz; j,m in the jth
region of the cylinder, which satisfies the following equation
in the gyrotropic media [27]:

d2Hz; j,m

dρ2
+ 1

ρ

dHz; j,m

dρ
+

(
k2

0q2
j − m2

ρ2

)
Hz; j,m = 0. (5)

Here, q j = [(ε2
j − g2

j )/ε j]1/2 is the normalized (to k0) trans-
verse (to cylinder axis) wave number of the extraordinary
wave in the gyrotropic medium of the jth region, and the
electric-field components Eρ; j,m and Eφ; j,m are expressed via
the longitudinal magnetic-field component Hz; j,m [27]:

Eρ; j,m = − Z0

k0
(
ε2

j −g2
j

)(
mε j

ρ
Hz; j,m+g j

dHz; j,m

dρ

)
, (6)

Eφ; j,m = iZ0

k0
(
ε2

j −g2
j

)(
mgj

ρ
Hz; j,m+ε j

dHz; j,m

dρ

)
. (7)

To obtain the field outside the cylinder, one should put ε j = 1,
g j = 0, and η j = 1 in Eqs. (5)–(7).

The components of the field inside the core of the cylinder
are represented in the following forms:

Eρ;1,m = − Bm

ε1q1

[
mε1

k0ρ
Jm(k0q1ρ)+q1g1J ′

m(k0q1ρ)

]
,

Eφ;1,m = i
Bm

ε1q1

[
mg1

k0ρ
Jm(k0q1ρ)+q1ε1J ′

m(k0q1ρ)

]
,

Hz;1,m = Z−1
0 Bmq1Jm(k0q1ρ), (8)

where Jm is the Bessel function of the first kind of order m, and
Bm is the amplitude coefficient corresponding to the azimuthal
index m. Hereafter, the prime indicates the derivative with
respect to the argument.

The components of the field inside the jth region of the
cylinder ( j > 1) are represented in the following forms:

Eρ; j,m = −
2∑

k=1

C(k)
j,m

ε jq j

[
mε j

k0ρ
H (k)

m (k0q jρ)+q jg jH
(k)
m

′
(k0q jρ)

]
,

Eφ; j,m = i
2∑

k=1

C(k)
j,m

ε jq j

[
mgj

k0ρ
H (k)

m (k0q jρ)+q jε jH
(k)
m

′
(k0q jρ)

]
,

Hz; j,m = Z−1
0

2∑
k=1

C(k)
j,mqjH

(k)
m (k0q jρ), (9)

where H (1)
m is the Hankel function of the first kind of order m,

and C(1)
j,m and C(2)

j,m are the amplitude coefficients corresponding
to the azimuthal index m.

The total field outside the cylinder is a superposition of
the scattered and incident-wave fields. The components of the
field scattered from the cylinder, which are denoted by the
superscript (s), are written as

E (s)
ρ;m = −Dm

m

k0ρ
H (2)

m (k0ρ),

E (s)
φ;m = iDmH (2)

m
′
(k0ρ),

H (s)
z;m = Z−1

0 DmH (2)
m (k0ρ), (10)

where Dm is the scattering coefficient corresponding to the
azimuthal index m.

The azimuthal harmonics of the field radiated from the
magnetic-current filament can be rewritten in the coordinate
system related to the cylinder with the help of Graf’s addition
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theorem for cylindrical functions [28]:

H (2)
0 (k0ρs)=

∞∑
m=−∞

Jm(k0ρ)H (2)
m (k0ρ0s)e−im(φ−φ0s ), (11)

under the condition ρ � ρ0s. Here, ρ0s and φ0s are the source
coordinates in the coordinate system of the cylinder. To ob-
tain representation of the Hankel function H (2)

0 (k0ρs) in the
region ρ > ρ0s, it is necessary to replace the arguments of the
Bessel function by k0ρ0s and of the Hankel function by k0ρ

in the right side of Eq. (11). As a result, the components of
the source-excited field in this system are represented in the
following forms:

E ( f )
ρ;m = −Am

m

k0ρ
Jm(k0ρ)H (2)

m (k0ρ0s),

E ( f )
φ;m = iAmJ ′

m(k0ρ)H (2)
m (k0ρ0s),

H ( f )
z;m = Z−1

0 AmJm(k0ρ)H (2)
m (k0ρ0s), (12)

for the case of ρ � ρ0s. Here the coefficient Am is written as

Am = −I0
k0

4
exp(imφ0s). (13)

The components of the source-excited field in the region
ρ > ρ0s can be obtained via replacing the arguments of the
Bessel function and its derivative with k0ρ0s and the argu-
ments of the Hankel function and its derivative with k0ρ in
the right sides of Eqs. (12).

The coefficients Bm, C(1)
j,m, C(2)

j,m, and Dm are then determined
from the conditions of continuity of the tangential field com-
ponents at the surface of each layer.

Further, we focus mostly on directivity, which is the ratio
of time-averaged radiation power in a given direction to the
radiated power averaged over all directions. Directivity of the
considered radiating system is given by (see detailed deriva-
tion in Appendix A)

D(φ)=
∣∣∑∞

m=−∞ im[AmJm(k0ρ0s)+Dm] exp(−imφ)
∣∣2∑∞

m=−∞ |AmJm(k0ρ0s)+Dm|2 . (14)

III. NUMERICAL RESULTS

Consider a five-layer cylindrical scatterer, whose exterior
radius has a value of ρ5 = 0.1λ and the inner radii are fixed on
values ρ1 = 0.02λ, ρ2 = 0.04λ, ρ3 = 0.06λ, and ρ4 = 0.08λ.
The magnetic-current filament is located at the distance ρ0s =
1.05ρ5 from the axis of a cylindrical scatterer and at an angle
φ0s = 180◦. We paid the main attention to choosing such a
combination of the elements of the permittivity tensors (1)
of the cylinder layers at which the maximum directivity is
achieved in the direction φmax. The optimization procedure
and the results obtained are given in Appendix B. The nu-
merical calculations were carried out at azimuthal indexes
limited to m = 0,±1, . . . ,±5 instead of the infinite number
of the terms summed over the azimuthal index in Eq. (4).
Note that this antenna configuration is superdirective at a
directivity greater than 1.257 [15]. Because the antenna con-
figuration and presented results are defined in terms of λ,
they can scale to different frequency ranges. For example,
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FIG. 2. (a) Directivities obtained for the case of the isotropic
media of layers of the cylinder. The numbers of curves correspond to
the numbers of examples of media of layers, for which the elements
of the permittivity tensors are given in Table I. (b) Directivities were
obtained for the case of the gyrotropic media of layers of the cylinder.
The numbers of curves correspond to the numbers of examples of
media of layers, for which the elements of the permittivity tensors
are given in Table II.

in the optical frequency range for a source operating at a
wavelength λ = 600 nm, a cylindrical nanoantenna has an
exterior radius of 60 nm. State-of-the-art technologies [29]
allow fabricating such thin multilayer structures based on an
indium antimonide.

At first, we studied the directivity of an antenna of the
taken geometry in the case of filling the layers of a cylinder
with isotropic media. Isotropic medium is described by the
simplest permittivity tensor (1) which has identical diago-
nal elements (η j = ε j) and off-diagonal elements are absent
(g j = 0). Figure 2(a) shows several directivities obtained as
a result of the optimization procedure for the following de-
sired directions of the maximum radiation: φex.1

max = 0◦, φex.2
max =

023505-3



V. A. ES’KIN PHYSICAL REVIEW A 104, 023505 (2021)

30◦, φex.3
max = 60◦, φex.4

max = 90◦, φex.5
max = 120◦, φex.6

max = 150◦, and
φex.7

max = 180◦ (here the superscript “ex.n” denotes that this
value refers to the nth curve (example) shown in the given
figure). The found parameters of the media at which the dis-
tributions were plotted in Fig. 2(a) are given in the Table I. As
you can see from Fig. 2(a), the desired directions of the direc-
tivity maxima for the examples noted above, examples 2, 3, 5,
and 6, differ from the received directions, which are φex.2

max =
34.6◦, φex.3

max = 65.9◦, φex.5
max = 122.8◦, and φex.6

max = 145.1◦. An-
other feature of the scattering field of the magnetic-current
source from an isotropic cylinder is the appearance of the
addition maximum. For example, in addition to the main lobe
in the direction φex.2

max = 34.6◦, the lobe appears in the direction
φex.2

max = −34.6◦ with the same value of the maximum. Thus,
the radiation pattern is symmetric about the plane of symmetry
of the antenna. This behavior of the directivity is explained by
the fact that the scattering coefficients of azimuthal harmonics
with the same absolute value of azimuthal indices m in the
isotropic case have equal magnitudes:

|Dm| = |D−m|. (15)

The mentioned disadvantages of the antenna with isotropic
scatterer disappear when a cylindrical scatterer is filled with
gyrotropic media. Figure 2(b) shows several directivities ob-
tained for the cases of gyrotropic media of layers of the
cylinder. The found elements of the permittivity tensor are
given in Table II. As it can be seen from Fig. 2(b), for all
given examples, each directivity has only a single main lobe
and this lobe has a desired direction. This circumstance is
a consequence of the nonreciprocal properties of gyrotropic
media, which lead to the failure of the relation (15). Note that
the permittivity tensors, which correspond to examples 1 and
7 of Figs. 2(a) and 2(b), are the same. Moreover, the maxima
of directivities of Fig. 2(b) are slightly higher than the ones of
Fig. 2(a) (except examples 1 and 7).

Obviously, the total field radiated by the magnetic-current
filament in the presence of a multilayer gyrotropic cylinder
differs significantly from that in the case where the cylin-
drical scatterer is filled with isotropic media. Figures 3(a)
and 3(b) respectively show near- and midfield structures of
the absolute value of the total magnetic field that normalized
to I0, 10 log10 |Hz|, in the case of the isotropic filling media
which corresponds to example 4 of Fig. 2(a). The field has the
form of a standing wave along the angular coordinate with the
dominance of azimuthal harmonics m = ±4. It can be seen in
the midfield distribution that the main beams in the directions
φ = ±90◦ are becoming dominant, and the side beams are
disappearing. As it is clear from Figs. 3(c) and 3(d), which
are plotted at the parameters of the cylinder of example 4 of
Fig. 2(b), the total field structure in the case of the gyrotropic
cylinder differs significantly from the isotropic one. So that in
the near-field zone, the magnitude Hz has mostly the uniform
angular distribution, despite the dominance of the azimuthal
harmonics of the scattered field m = 1, ±3, and −5. The mid-
field distribution in the gyrotropic case shown in Fig. 3(d) has
a nonsymmetric structure with a weakly viewed main beam in
the direction φ = 90◦. The near- and midfield structures of the
absolute value of the total magnetic field for other examples
given in Tables I and II are shown in Figs. 5, 6, and 7 in
Appendix B.

FIG. 3. Value of 10 log10 |Hz| for the five-layer cylinder: panels
(a) and (b) for the case of the isotropic filling media and panels
(c) and (d) for the case of the gyrotropic filling media. Both cases
correspond to example 4 of Fig. 2. The white circumferences show
the outer boundary of the cylinders and the white dots indicate the
field source position.

The abovementioned features of the field can also affect the
behavior of the Poynting vector and the angular momentum of
the total field. Consider the time-averaged angular momentum
of the field with respect to the cylinder axis per unit length
along the z axis on the surface of radius ρ which is written as
(see details in Appendix C)

Mz =
∫ 2π

0
Lzdφ, (16)

where

Lz = − 1

2c2
ρ2Re(Eρ;�H∗

z;� ), (17)

where Eρ;� and Hz;� are the components of the total field, and
the asterisk denotes complex conjugation. Figure 4 shows the
dependences of the value Lz on the angle φ in the far zone in
the cases of the isotropic and gyrotropic cylinders (solid and
dashed lines, respectively), which correspond to examples 4 of
Fig. 2. It can be seen that in the case of the isotropic cylinder,
the dependence of Lz on the angle φ is antisymmetric with
respect to the plane of symmetry of the antenna, so that the an-
gular momentum Mz is zero. At the same time, the dependence
of Lz on the angle φ of the gyrotropic antenna has the difficult
behavior and the angular momentum Mz = −4.3/(k2

0c2Z0).
Thus, in the case of an antenna with a gyrotropic scatterer,
the radiated waves carry not only the energy from the radi-
ating system but also the angular momentum. This property
of the considered antenna may be useful for its orientation in
space due to the transfer of this angular momentum (with the
opposite sign) to the radiating system.

Note the following remarks on this work. First, in the given
article, we considered lossless media, but as it has been shown
in the recent work [30], even taking into account losses in
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FIG. 4. Dependences of Lz given by Eq. (17) on the angle φ in
the far-zone in the cases of the isotropic and gyrotropic cylinders of
example 4 of Fig. 2. The solid and dashed lines correspond to the
isotropic and gyrotropic cylinders, respectively.

the media of cylinder layers, it is possible to choose a set
of parameters at which the antenna remains superdirectional.
Moreover, in some cases, the presence of losses in media
can lead to an increase in the radiation performance of the
considered antenna system (see the example in Appendix D).
Second, the absolute values of the elements of permittivity
tensor (1) were limited by 50 at the optimization procedure.
However, these elements can reach much higher values in
the resonance frequency ranges of gyrotropic media [21,27],
which expands the possibilities for improving the desired
antenna performance significantly. Third, the variation in an
external static magnetic field can lead to changes in the pa-
rameters of gyrotropic media and, consequently, to changes in
the radiation pattern of the source considered. This feature can
be beneficial in applications requiring a variation in antenna
radiation characteristics.

IV. CONCLUSIONS

In this article, the radiation from the filamentary magnetic-
current sources in the presence of a multilayer isotropic or a
gyrotropic cylindrical scatterer located in the surrounding free
space has been studied. It has been demonstrated that a radi-
ating system consisting of a magnetic-current filament and a
multilayer gyrotropic cylinder with an electrically small outer
radius can have a directivity pattern that cannot be realized
in the case of an antenna with a multilayer isotropic cylin-
der. The results obtained can be useful in many applications
functioning in optical and microwave frequency ranges such
as subwavelength imaging, wireless communication systems,
and photonic integrated circuits.
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APPENDIX A: RADIATED POWER

The time-averaged Poynting vector in the outer region of
the cylinder (ρ > ρN ) can be written as

S = 1
2 Re[E� × H∗

�], (A1)

where E� = E( f ) + E(s), H� = H( f ) + H(s), and the aster-
isk denotes complex conjugation. Consider the time-averaged
total radiated power in the radial direction in the far zone
(k0ρ � 1). This term per unit length along the z axis can be
written as

P =
∫ 1

0
dz

∫ 2π

0
Sρ̂0ρdφ. (A2)

After substituting Eq. (A1) into Eq. (A2), we have the follow-
ing expression:

P = 1

2

∫ 2π

0
Re(Eφ;�H∗

z;� )ρdφ. (A3)

Here

Eφ;� = i
∞∑

m=−∞
[AmJm(k0ρ0s)+Dm]H (2)

m
′
(k0ρ) exp(−imφ),

Hz;� = Z−1
0

∞∑
m=−∞

[AmJm(k0ρ0s)+Dm]H (2)
m (k0ρ) exp(−imφ).

Using the approximation of the Hankel function for the large
argument [28], we have the following expressions for the field
components:

Eφ;� �
√

2

πk0ρ
exp [−i(k0ρ − π/4)]

×
∞∑

m=−∞
im[AmJm(k0ρ0s) + Dm] exp(−imφ),

Hz;� � Z−1
0

√
2

πk0ρ
exp [−i(k0ρ − π/4)]

×
∞∑

m=−∞
im[AmJm(k0ρ0s) + Dm] exp(−imφ).

After integrating, we have

P = 2

k0Z0

∞∑
m=−∞

|AmJm(k0ρ0s) + Dm|2. (A4)

The directivity of the considered case is given by the for-
mula (see Refs. [15,31])

D(φ) = 1

2

ρRe(Eφ;�H∗
z;� )

P/(2π )
. (A5)

After simplification, we have Eq. (14).

APPENDIX B: NUMERICAL CALCULATIONS

1. Optimization procedure

The finding of the optimal parameters of the media of
the cylinder layers at which the maximum directivity in the
desired φmax direction is achieved was based on using the
fmincon function of the MATLAB software packages.
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Five diagonal elements (ε j) and five off-diagonal elements
(g j) of the layers were optimized to allow the desired direc-
tivity. The optimization routine used the fmincon function of
MATLAB as follows:

[x, f]=fmincon(fun,x0,A,b,Aeq,beq,lb,ub).
Here x are the optimized values of the elements of the per-
mittivity tensors (x = [ε1, g1, ε2, g2, . . . , ε5, g5]); f is the
minimized value of the cost function; fun is the function to
minimize, which was determined as

fun = 1

D(φmax)
(B1)

[here D(φ) is given by Eq. (14) and φmax is desired direction
of directivity]; x0 = [ε10, g10, ε20, g20, . . . , ε50, g50] are the
initial values; lb and ub are the lower and upper bounds of
optimized values, respectively, (lb = [−50,−50, . . . ,−50],
ub = [50, 50, . . . , 50]); and other parameters (A,b,Aeq,beq)
are replaced with empty values. Note, the optimization
procedure was carried out without taking into account the off-
diagonal elements, which were taken as zeros, for isotropic
media of the cylinder.

Because the function (B1) has many local minima, differ-
ent initial points can lead to different solutions. Therefore,
optimal values were found with brute-forcing on the initial
values. The initial points were calculated as

x0 = n∗[ε10, g10, ε20, g20, ε30, g30, ε40, g40, ε50, g50],

ε10 = (−1)mod(p,2), ε20 = (−1)fix(p,2),

ε30 = (−1)fix(p,4), ε40 = (−1)fix(p,8),

ε50 = (−1)fix(p,16), g10 = ε10/2, g20 = ε20/2,

g30 = ε30/2, g40 = ε40/2, g50 = ε50/2.

Here n = −30,−29, . . . ,−1, 1, . . . , 29, 30; mod is the func-
tion returning remainder after division; fix is the func-
tion returning round toward zero after division; and p =
0, 1, 2, . . . , 25 − 1. During optimization, two loops are per-
formed by parameters n and p for changing the initial points.
At the end, among all the found sets of values, the combi-
nation of parameters is selected for which the directivity is
maximal.

The numerical calculations were carried out for a five-layer
cylindrical scatterer, whose exterior radius has a value of
ρ5 = 0.1λ and the inner radii were fixed on values
ρ1 = 0.02λ, ρ2 = 0.04λ, ρ3 = 0.06λ, and ρ4 = 0.08λ. The
magnetic-current filament was located at the distance ρ0s =
1.05ρ5 from the axis of a cylindrical scatterer and at an angle
φ0s = 180◦. The magnitudes of azimuthal indexes were lim-
ited with a value of 5 (m = 0,±1, . . . ,±5).

2. Isotropic cylinder

The permittivities of media of layers of an isotropic cylin-
der for which the directivity of the antenna has maxima value
are given in Table I. Figures 5(a) and 5(b) respectively show
near- and midfield structures of the absolute value of the total
magnetic field, 10 log10 |Hz|, in the case of the isotropic filling
media which corresponds to example 1 of Table I. Figures 5(c)
and 5(d) show the same quantities as in Figs. 5(a) and 5(b),
but for example 7 of Table I. The left and right columns of
Fig. 6 show the same quantities as the left and right columns

FIG. 5. Value of 10 log10 |Hz| for the five-layer cylinder in the
case of the isotropic filling media. Panels (a) and (b) correspond
to the 1st example, and panels (c) and (d) correspond to the 7th
example in Table I (and the same examples of Table II). The white
circumferences show the outer boundary of the cylinders and the
white dots indicate the source position.

of Fig. 5, respectively, but for the 2nd example [Figs. 6(a)
and 6(b)], the 3rd example [Figs. 6(c) and 6(d)], the 5th
example [Figs. 6(e) and 6(f)], and the 6th example [Figs. 6(g)
and 6(h)] of Table I.

3. Gyrotropic cylinder

The elements of permittivity tensors of media of layers of a
gyrotropic cylinder with the maximum values of directivity of
the antenna are given in Table II. The left and right columns
of Fig. 7 show field distributions as the left and right columns
of Fig. 5, respectively, but for the 2nd example [Figs. 7(a)
and 7(b)], the 3rd example [Figs. 7(c) and 7(d)], the 5th
example [Figs. 7(e) and 7(f)], and the 6th example [Figs. 7(g)
and 7(h)] of Table II.

APPENDIX C: ANGULAR MOMENTUM

The time-averaged angular-momentum density is (see in
Ref. [32])

m = 1

2c2
Re[r × (E� × H∗

� )]. (C1)

TABLE I. The elements of the permittivity tensors (1) of the case
of the isotropic media of layers of the cylinder. The first column
contains the number of examples marked in Fig. 2(a), and the second
column contains desired directions of the maximum radiation.

No. φmax ε1 ε2 ε3 ε4 ε5

1 0◦ 12.223 −49.921 21.902 −19.998 35.840
2 30◦ 2.658 −30.427 8.080 −7.568 31.564
3 60◦ −14.320 19.475 −21.209 4.038 30.817
4 90◦ −0.072 −1.501 1.538 0.499 1.364
5 120◦ −40.651 8.587 −6.680 40.762 −0.576
6 150◦ −20.599 17.068 −27.717 20.896 25.812
7 180◦ −1.422 2.004 −4.325 9.562 −9.861
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FIG. 6. Value of 10 log10 |Hz| for the five-layer cylinder in the
case of the isotropic filling media. Panels (a) and (b) correspond to
the 2nd example, panels (c) and (d) correspond to the 3rd example,
panels (e) and (f) correspond to the 5th example, and panels (g) and
(h) correspond to the 6th example in Table I. The white circumfer-
ences show the outer boundary of the cylinders and the white dots
indicate the source position.

The total time-averaged angular-momentum is

J =
∫

mdr. (C2)

The time-averaged angular momentum of field with respect
to the cylinder axis per unit length along the z axis on a surface
of radius ρ is written as

Mz =
∫ 1

0
dz

∫ 2π

0
mzρdφ. (C3)

In the considered system only the longitudinal component is
nonzero. It is rewritten as

Mz =
∫ 2π

0
Lz(φ)dφ, (C4)

where

Lz(φ) = − 1

2c2
Re(Eρ;�H∗

z;� )ρ2. (C5)

In the far zone, Eq. (C5) is rewritten as

Lz(φ) = 1

Z0πk2
0c2

× Re

[( ∞∑
m=−∞

mim[AmJm(k0ρ0s)+Dm] exp(−imφ)

)

×
( ∞∑

m=−∞
im[AmJm(k0ρ0s)+Dm] exp(−imφ)

)∗]

(C6)

After integration of Eq. (C4) in the far zone, we have

Mz = 2

Z0k2
0c2

∞∑
m=−∞

m|AmJm(k0ρ0s)+Dm|2. (C7)

APPENDIX D: ABOUT THE POSSIBILITY
OF INCREASING OF DIRECTIVITY IN THE

PRESENCE OF LOSSES IN MEDIA

Consider the case of the scatterer in which gyrotropic me-
dia of the cylinder layers are lossy media. The elements of the
permittivity tensor (1) of the medium of the jth layer have real
and imaginary parts:

ε j = ε′
j − iε′′

j g j = g′
j + ig′′

j, η j = η′
j − iη′′

j . (D1)

Here the values ε′′
j , g′′

j , and η′′
j are not less than zero. For

simplicity we assume that the imaginary parts of the tensor

TABLE II. The elements of the permittivity tensors (1) of the case of the gyrotropic media of layers of the cylinder. The first column
contains the number of examples marked in Fig. 2(b), and the second column contains desired directions of the maximum radiation.

No. φmax ε1 g1 ε2 g2 ε3 g3 ε4 g4 ε5 g5

1 0◦ 12.223 0 −49.921 0 21.902 0 −19.998 0 35.840 0
2 30◦ −21.319 8.603 0.195 1.214 −49.587 3.213 31.007 −5.045 21.329 7.652
3 60◦ 27.947 12.954 −24.091 −18.749 −30.633 −12.680 −12.651 8.042 36.491 11.617
4 90◦ −11.796 1.809 −2.014 0.598 15.420 5.772 7.301 −6.791 −0.444 0.159
5 120◦ −20.605 6.345 −29.547 12.126 −2.564 −0.527 12.812 5.130 −15.080 −12.716
6 150◦ −6.928 −10.320 −9.377 −1.668 −2.972 0.127 13.518 9.118 −5.895 −2.166
7 180◦ −1.422 0 2.004 0 −4.325 0 9.562 0 −9.861 0
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FIG. 7. Value of 10 log10 |Hz| for the five-layer cylinder in the
case of the gyrotropic filling media. Panels (a) and (b) correspond to
the 2nd example, panels (c) and (d) correspond to the 3rd example,
panels (e) and (f) correspond to the 5th example, and panels (g) and
(h) correspond to the 6th example in Table II. The white circumfer-
ences show the outer boundary of the cylinders and the white dots
indicate the source position.

elements among all layers are identical and equal to ε′′, so
that ε′′

j = ε′′, g′′
j = ε′′, and η′′

j = ε′′.
As in the main part of this work, we consider the five-layer

cylinder. Numerical calculations have been carried out at fixed
real parts of the elements of the permittivity tensor of the
media which had the following values:

ε1 = −22.975, g1 = 5.064, ε2 = −19.78, g2 = −10.562,

ε3 = −30.171, g3 = 9.913, ε4 = 10.187, g4 = −7.43,

ε5 = 45.569, g5 = −23.219.

Figure 8(a) shows several directivities obtained for the cases
of absence and presence (ε′′

j = 0.5 and ε′′
j = 1) of losses in
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FIG. 8. (a) Directivities were obtained for the case of the lossy
and lossless gyrotropic media of layers of the cylinder. Depen-
dences of maximum of directivity (b) and direction of the main lobe
(c) on ε′′.

the gyrotropic media of layers of the cylinder. The greatest
directivity among these three cases is achieved with losses
in the medium equal to 0.5. Wherein the main lobe is di-
rected at an angle of φ = 90◦. Moreover, it follows from
Fig. 8 [which shows the dependences of the maximum of
directivity Dmax (b) and direction of the main lobe (c) on ε′′]
that ε′′ = 0.5 corresponds to the case of the best directivity.
The nonlinear dependence of Dmax on ε′′ is explained by
changes of the contributions of the azimuthal harmonics of
the scattered field in the total field. Note that the nonmono-
tonic dependence of the scatterer parameters on losses in the
medium was previously observed for efficient absorption of
electromagnetic energy by nanoparticles, including core-shell
nanoparticles [33].
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