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Three-body spin mixing in spin-1 Bose-Einstein condensates
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We study zero-energy collisions between three identical bosons with spin f = 1 interacting via pairwise
potentials. We quantify the corresponding three-body scattering hypervolumes, which parametrize the effective
three-body interaction strengths in a many-body description of spin-1 Bose-Einstein condensates. Our results
demonstrate universal behavior of the scattering hypervolumes for strong s- and p-wave two-body interactions.
At weak interactions, we find that the real parts of the scattering hypervolumes are predominantly determined
by hard-hyperspherelike collisions, which we characterize by a simple formula. With this universal result, we
estimate that spin mixing via three-body collisions starts to dominate over two-body spin mixing at a typical
particle density of 107 cm~ for *Na and *'K spinor condensates. This density can be reduced by tuning the
two-body interactions to an s- or p-wave dimer resonance or to a point where two-body spin mixing effectively
vanishes. Another possibility to observe the effects of three-body spin mixing involves the application of weak
magnetic fields to cancel out the effective two-body interaction strength in the characteristic timescale describing

the spin dynamics.

DOI: 10.1103/PhysRevA.104.023321

I. INTRODUCTION

Ultracold atoms provide a highly controllable platform to
investigate quantum fluids with internal degrees of freedom.
By using optical traps, one can create spinor Bose-Einstein
condensates (BECs) in which the atoms are free to occupy
different spin states. This spin degree of freedom gives rise to
magnetic order, spin textures, and nontrivial spin dynamics
[1,2]. The first spinor BEC consisting of >*Na atoms fea-
tured antiferromagnetic interactions [3,4]. Spinor condensates
with ferromagnetic interactions have been created with ’Rb
atoms [5] and recently also with Li atoms [6]. The properties
of spinor BECs depend crucially on spin-mixing collisions,
which change the spin state of the colliding atoms. Such
collisions have been observed for several atomic species and
spins [4—11].

The thermodynamic and nonequilibrium magnetic prop-
erties of dilute spinor condensates are predominantly deter-
mined by two-body spin-mixing collisions [1,2,12—15]. The
effects of three-particle collisions are usually expected to
be weak, although such effects have not been quantified.
However, it is predicted that resonantly interacting spinor
condensates can exhibit strong three-body effects with man-
ifestations of Efimov physics [16,17]. The spin degree of
freedom gives rise to multiple families of Efimov trimer
states [16—18]. Alternatively, comparatively strong three-
body effects can be expected near a point where the effects
of two-body collisions are suppressed. Such a point has
been recently analyzed for a single-component BEC [19,20].
For spinor condensates, the analysis is complicated by the
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additional scattering processes that arise from the three-body
spin structure. These include spin-mixing collisions, and can
therefore impact the magnetic character of spinor BECs and
their spin dynamics.

To quantify spin mixing via three-body collisions in
spinor condensates, one needs to calculate the correspond-
ing effective three-body interaction strengths that characterize
the long-range behavior of the three-body scattering wave
function. These strengths can be extracted from the elastic
three-body transition amplitude, as was recently demon-
strated for spinless particles [19,21-23]. Via this approach,
the significance of three-body collisions in ultracold quantum
gases was established for resonant s- [21,22] and p-wave
[23] interactions and for weak interactions [19,22] where
such collisions are predicted to stabilize a single-component
BEC against collapse [19,20,24-26]. In spinor condensates,
multiple three-body spin channels are degenerate, result-
ing in effective three-body interaction strengths associated
with each channel that is symmetric under particle exchange
[16,17].

In this paper, we quantify the effective three-body inter-
action strengths for spin-1 BECs, and we analyze when spin
mixing via three-body collisions is important on the many-
body level. We start our analysis in Sec. II by identifying
the relevant spin channels for two- and three-body collisions
at zero energy and defining the three-body scattering hyper-
volumes that parametrize the three-body effective interaction
strengths for spin-1 BECs. In Sec. III, we study the behavior
of these scattering hypervolumes for resonant s- and p-wave
interactions and for weak interactions. In Sec. IV, we input our
findings into a many-body model and investigate the impact of
three-body spin mixing on atomic spinor condensates both in
and out of equilibrium. Finally, we conclude in Sec. V.

©2021 American Physical Society
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II. SCATTERING THEORY FOR IDENTICAL
SPIN-1 BOSONS

In this section, we investigate collisions between identical
bosons with spin f = 1. First, we discuss the spin structure
corresponding to one, two, and three particles, and we identify
the spin channels for scattering at zero collision energy. Next,
we analyze the transition amplitudes for these two- and three-
particle collisions. From these transition amplitudes, we de-
fine the scattering quantities that serve as inputs in the many-
body theory of the spin-1 BEC developed later in Sec. IV.

A. Spin structure

For identical particles with spin f = 1, the single-particle
eigenstates | f, my) are three-fold degenerate, with my = —1,
0, or 1 being the corresponding magnetic quantum number.
The eigenstates of the two-body spin Hamiltonian are given
by

| Fan, M,,) = Z (fimg, famy, | Fay, Mp,)

myg . mg,
X | f1, mp) | fa, my,), (N

where (fimy, fomy,|Fo,, Mp, ) are the usual Clebsch-Gordan
coefficients, and f; and f, represent the spin of the two
particles. Fy, and Mg, =my +mys are the quantum
numbers for the total two-body spin and its projection
on the quantization axis, respectively. The states with Fp, = 0
and 2 are symmetric under the permutation of the two
spins, whereas the states |Fo, = 1, Mp,) are antisymmetric.
Therefore, two identical bosons with spin f = 1 can only
collide at zero energy with Fp, = 0 and 2. Such collisions
play a crucial role in the phase diagram of spin-1 BECs [1,2].

To analyze the effects of three-body collisions on spinor
condensates, we follow Refs. [16,17] and introduce the three-
body spin states |F3y,, Mp, (Fgy))o by

|Fso, M, (Fg)), = | fas S50 s Foys Fios M),

= > (FpyMp,, fumy,

Mrg, .mzy

X |FﬂV’MFﬁy>a|fas ms ), )

where (o, B, y) = (1,2, 3), (3,1,2), or (2,3,1) labels the parti-
cles, fy is the spin of particle o, Fp,, is the F5;, corresponding to
particles B and y, F3p is the total three-body spin, and My, =
myg, + myg, 4+ my, is its projection. The quantum numbers F3,
and Mp, are conserved in a three-body collision, as we will
see in Sec. I C. However, this is generally not true for F.
Since we consider identical bosons, it is convenient to define
the three-body spin states

NG
3

F3b’Mth>

1, Mﬁb[ﬂ)a =

2
|1, Mp, (0)), + 3 1, Mg, (2)), )

and

V5

- — 4
T3 “)
The states |1, Mg, [+])s and |3, ME, (2)), are fully symmet-
ric under permutations of any two spins [27], whereas the

|1, Mp, [-1) _2
s F%b_azg

1, MF}b (0))

1, Mp, (2))

o

state |0, 0(1)), is antisymmetric. All other three-body spin
states including |1, Mf, [—]), are not fully symmetric or an-
tisymmetric. At zero energy, three identical spin-1 bosons
can thus only collide beginning from incoming spin channels
|1, Mg, [+])« and |3, MF,, (2)), which are three- and sevenfold
degenerate, respectively. During such a collision, other spin
states can be involved as well. In Sec. II C we detail which
spin states are coupled.

B. Two-body transition amplitude

Before discussing three-body scattering theory, we briefly
comment on the considered pairwise interaction potentials
and the corresponding two-body transition amplitude. We
consider spin-1 particles that interact in pairs via an interac-
tion operator V that is spherically symmetric and conserves
Fy and Mp,, ie.,

>

Fap ,Mpy,

dpdp’

P, Fa, MFZb)<p|VF2b |p/>

. (&)

Here Vp, is the interaction operator between two particles
with total spin Fyp,, and p and p’ represent relative momenta
between the two particles. Throughout this paper, we normal-
ize plane-wave states according to (p’|p) = 3(p’ — p).

The transition operator tg, (z2,) describes two-body scat-
tering processes at energy zop. It is defined via the Lippmann-
Schwinger equation

X <p/, Foy, ME,,

(2b)

1, (22b) = VR, + VR, Gy (2201, (220), (6)

where G (z2p) = (z2o — H™) ™" and H*™ is the two-body
kinetic energy operator in the center-of-mass frame. For
zero-energy collisions with spin Fyy, the scattering cross sec-
tion is completely determined by the scattering length ap,
[28], which is defined by the two-body transition amplitude
(Pltr,, (z2p)|p’) via

ar, = 2°mh(0|tr, (0)]0). )

Here m is the mass of a particle and should not be confused
with the quantum number m;.

C. Three-body transition amplitude
The Alt-Grassberger-Sandhas (AGS) equations [29],

3
Ua0(@) = (1 = 840)Gy ' @) + Y Tp(2)Go(2)Upo(2)
B=1
B#a

fora =0,1,2,3, ®)

define the transition operators Uyo(z) for scattering of three
free particles at energy z. The outgoing state is labeled by o
and consists of three free particles (o« = 0) or a free particle «
and a By dimer, in which case («, 8, y) = (1, 2, 3), (3,1,2),
or (2,3,1). The Green’s function Gy(z) = (z — Hy)~' contains
the three-body kinetic energy operator Hy in the center-of-
mass frame. The transition operator T, (z) witha = 1,2, or 3
is defined via T, (z) = Vg, + V;,, Go(2)T,(2), where the pair-
wise interaction Vg, between particles 8 and y is given in
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Eq. (5). It is connected to tp,, via

Ta(Z) = Z

F3p,Mpy, , Fpy

/ dq, dp, dp,,

392\ 1
X |pota 9o > F3bv Mng(Fﬂ]/ )>a <p0t|tFﬁV (Z - M) |pa>

9)

where the plane-wave states |py, o)« describe the relative
motion of the three-body system. The relative momenta py
and q, are the Jacobi momenta and are defined by the lab-
oratory momenta P, of particles « = 1, 2, and 3 via p, =
(Ps —P,)/2and q, = (2/3)[P, — (Ps +P,)/2].

It is useful to define the operator U(z)=
T,(2)Go(2)Uyo(z)(1 + P) for o =1,2,3, where P is the
sum of the cyclic and anticyclic permutation operators. For
identical particles, we derive from Eq. (8) that U, (z) is
determined by

Ua() (Z) =

X Dt<p:11 Qo F3b7 MF3b

T, (2)(1 + P) + T (2)Go(2)PUa0 (2)- (10)

The zero-energy three-body transition amplitude can thus be
expressed by

(P, q, X3b|U00(0)[0, 0, Z3p i)

1

3
=32 «lPe e Zao1Ua0(0)10, 0, Zapin), (1)

a=1

where we take z — 0 from the upper half of the complex
energy plane and define p = p; and q = (. Since the spatial
part |0, 0) of the incoming state is fully symmetric under
any permutation of the particles, the incoming spin channel
| 23p,in) must be one of the symmetric states |1, Mg, [+]) and
|3, MF, (2)) for identical bosons. The operators Go(z) and
1,(z) conserve F3,, Mp,, and Fg,, whereas P conserves F3,
and Mp, . However, P also conserves F,, = 2 for F3, = 3, so
that the outgoing spin state | X3p,) equals | X3y i) for | X3pin) =
|3, MF, (2)) and the corresponding three-body equations map
onto those for spinless bosons. Therefore, the three-body scat-
tering wave function of three identical spin-1 bosons in the
spin state |3, Mg, (2)) is identical to the one for identical spin-
less bosons interacting via the pairwise interaction potential
Vr,,=2. The latter has been studied at zero collision energy in
Refs. [19,22] for various finite-range potentials including van
der Waals potentials.

For identical spin-1 bosons with F3, = 1, the situation
is different because V is not diagonal in the spin states
|1, Mg, [£]). Since the permutation operator P couples the
spin states |1, Mg, [—]) and |1, MF, (1)), the three-body scat-
tering wave function depends on Vg, —o, Vi, =1, and Vg, —>.

The elastic three-body transition amplitude corresponding
to scattering at zero energy in the spin channels |X3,) =
|1, Mp, [+]) and |3, M, (2)) can be written as

(P, q, Z3p|U00(0)]0, 0, Z3p)

3
A B
=Z{8(qa>2|zpﬁ, £ (Paltr,, (0)]0) + =22 4 =2
= Fgy a o
qup 1 o
+cp%1n< ]f")+ S (12

where pp, is an arbitrary, positive length scale and

ZE,, 53 = a{F30, ME, (Fgy )| Zap). (13)

Furthermore, Apg, , Br,,, and Cp,, are real coefficients depend-
ing on the scattering lengths ap, and are given in Appendix
A. The functions M(D’)(O q.) are nonsingular in g, = 0 and
do not depend on Mng because the Hamiltonian is invariant
with respect to rotations of the complete three-body system.
We can thus define

U™ = Z lim Uz, (0. q)

= 3u<;;g(o, 0). (14)

where in the final line @ = 1, 2, or 3 is arbitrary for identi-
cal particles. From Z/l(()F”) we define the three-body scattering
hypervolume Dp, by generalizing a previous definition for
spinless bosons [22,30]. This results in

3
Dp, = mi U™ + 120°mi* 33 (75, 5,)"

a=1 Fp,
8%(plts,, (0)/0) o
p=

where we have defined

W(FS',J)ﬁ =2 <F3b7 Msz (Fﬁl’)| |F3b’ Msz( )>O‘ (16)

and P; is the cyclic permutation operator acting on spin space.
for F3, = 1 and 3. We

note that the definition of L{éF3h) and Dp,, is only fixed when
PF,, 18 specified. For F3, = 3 we find that D3 is identical to the
three-body scattering hypervolume D defined in Refs. [22,30]
for spinless bosons interacting via pairwise potentials Vg, —>
when p3 = |ay|. Furthermore, D; = D3 for p; = p3 when
VEy=0 = VE,=2, in which case T,(z) is diagonal in the spin
states |1, M, [£]). We also note that Im(Dp,, ) is not affected
by the choice for pg,, .

To calculate D; and Ds, we solve Eq. (10) in momen-
tum space using the same method as in our previous works
for spinless particles [19,22,23]. The corresponding integral
equations are presented in Appendix B. They are connected
to the integral equations for spinless particles in Appendix C.
In Sec. III we analyze the behavior of D; and Dj for various
interaction potentials Vp, .

Finally, we note that the imaginary parts of D; and Ds are
proportional to the three-body recombination rate at zero en-
ergy in a similar way as for spinless bosons [31]. This follows
directly from the optical theorem for three-body scattering
[32]. On the other hand, the real parts of D, and D; are
determined by elastic scattering processes. They play a similar
role to the scattering lengths ay and a, in the description
of spin-1 BECs. This connection to the properties of spinor
condensates is discussed in Sec. IV A.

In Appendix A, we specify W;:%b[)w
7By
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III. THREE-BODY SCATTERING HYPERVOLUMES

The three-body scattering hypervolume D3 can be obtained
directly from the three-body scattering hypervolume for iden-
tical spinless bosons, which has been carefully analyzed in
Refs. [19,22,30,31] for finite-range potentials. However, D,
has not been quantified before. Previous studies [16,17] de-
termined the qualitative behavior of D for resonant s-wave
interactions, i.e., ag — *00 and a, — =o0. In this section,
we quantify D, for resonant s- and p-wave interactions and
for weak interactions in the regime that is relevant for several
alkali-metal atoms. Although resonant interactions do not ap-
pear naturally in atomic systems in the absence of an external
magnetic field, we will see in Secs. III A and III B that they
cause D, to diverge and thereby can lead to strong effects of
three-body spin mixing on spinor condensates. Our analysis
of D) for weak pairwise interactions in Sec. III C corresponds
to the natural situation in ultracold alkali-metal atoms at zero
magnetic field. We apply the results of this analysis to atomic
spin-1 BECs in Sec. IV.

A. Strong s-wave interactions

Identical bosons with spin f = 1 can form an s-wave dimer
state with Fy, = 0 or 2. At resonance, the corresponding two-
body scattering length ap, diverges. In the limits |ag| — oo
and |a;| — oo, the three-body scattering hypervolume D; di-
verges as ag and a3, respectively [16]. To quantify these limits,
we take contact interactions for Vp, with a momentum cutoff
A, ie.,

Vi, = —Cr18)(8l, (17)
where
I, 0<p<A,
(plg) = {0’ P> A (18)

We set ¢; = 0 and tune ¢, and ¢, to vary the scattering lengths
ap and a,, respectively. With this pairwise interaction, we
numerically find the universal limits

6407> 2 33
- - _ -
Re(Dy)/a, wio 81 ln(Iao|/,01)(3 o >
+5.485(5) (19)
and
12872 1 33
4 — — —_—— ——
Re(Di)/a} = —o ln(lazl/m)(3 o >
—24.77(1). (20)
For the imaginary part, we find
4 — —
Im(D1)/ay o 39.28(1) (21)
and
4
Im(D] )/a2 a2j»oo _24~19(1)7 (22)

which set the three-body recombination rates into the shallow
s-wave dimer state with Fy, = 0 and 2, respectively.

Recent studies [16,17] demonstrated that the Efimov ef-
fect [18,33,34] only occurs for three identical spin-1 bosons
with F3, = 1 when ayp and a, diverge simultaneously. For

the specific case in which ay = a, diverges, D; follows the
universal relations for resonant s-wave interactions presented
in Ref. [22] for the three-body scattering hypervolume of
spinless bosons. This does not mean that D; = D3 since the
universal formulas depend on the short-range details of the
interaction potentials via a three-body parameter that fixes the
Efimov spectrum and an inelasticity parameter that determines
the decay rate to deeply bound dimer states [22]. However,
the contribution to D; that comes from hard-hyperspherelike
collisions [19,35] is not influenced by short-range details
and depends only on gy and a, for resonant s-wave interac-
tions. We call this contribution D py. Its value is determined
solely by scattering pathways in which the particles reflect
off a barrier in the three-body effective potentials for the hy-
perradial motion [35], hence the name hard-hyperspherelike
collisions. From the analysis in Refs. [19,21,22], we thus find
thatlehh =D = 1689(13 for ag = a; and p; = p3 = |ay|.
This follows immediately from the fact that D; = D5 for
VEy=0 = VE,=2, in which case the condition ay = a; is auto-
matically fulfilled. We can even go a step further and consider
a, = (1 + X)ag for small X. By defining

a=3a)+ 3a (23)
and taking p; = |a|, we find that
Dy = 1689a* + 0(X?)

16
= 1689(1 + ?X>aé+0(X2)

20 4 2
= 1689 1 — X )a3 + 0x?). 24)

A derivation can be found in Appendix D. Figure 1 confirms
the first-order Taylor approximation in Eq. (24). This result
can even be used to describe the behavior of Re(D;) for weak
interactions, as we demonstrate in Sec. III C.

For large values of |X| or X ~ —1, we enter the regime
in which |ag| < |az| or |ay| < |ag|. The behavior of D; in
the corresponding strongly interacting regime was studied in
Ref. [16]. In Fig. 2 we confirm several predictions of Ref. [16],
namely

Im(D))/a} = —C sin? [s In(ag/ao_)lao/ar/>  (25)
for ag < |az| with ag > 0 and a» < 0 and
Im(Dy)/a} = —C? sin® [so In(az/ar, Hlaz/ao™  (26)

for a, < |ag| with ag < 0 and a, > 0. Here sy ~ 1.006 24,
s\~ 0.742 89, and 5'* ~ 0.40970 [16]. The three-body pa-
rameters aop 4+ and a, 4 locate the minima of —Im(D;) that
originate from interfering pathways for recombination into the
shallow dimer state with F>, = 0 and Fy, = 2, respectively.
The coefficients C® and C® are universal. From our re-
sults in Fig. 2, we determine that C® = 12.87(1) and C® =
5.89(1).

B. Strong p-wave interactions

Identical bosons with spin f = 1 can form a p-wave dimer
state with F>, = 1. At resonance, the corresponding p-wave
scattering volume v; diverges. Near the resonance, the p-wave
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FIG. 1. (a) Re(Dy) corresponding to the interaction potential in
Eq. (17) for Vg, —; = 0 and a,/ap = 1.1. We fix the definition of D,
by setting p; = |a|. The red dashed line indicates the offset D n
around which D, oscillates for large ag A /i due to the Efimov effect.
The amplitude of the oscillation is only 1% of D y,. (b) Values of
D,y with p; = |a| as a function of X = (a, — ap)/ap near X = 0.
The red line shows the first-order Taylor approximation around X =
0 as given by Eq. (24).

dimer state is quasibound for v; < 0 and bound for v; > 0.
Even though resonant p-wave interactions cannot influence
the scattering state of three identical spinless bosons, recent
work demonstrated that they give rise to a «/—v scaling of
the three-body scattering hypervolume for dissimilar parti-
cles [23], where v is the relevant p-wave scattering volume.
Similarly, we demonstrate here that D, diverges as /—v; at
resonance. More specifically, we find that

160 1
Di/V=v = ——~6r*ay—a)*—, 27
V= vi|—00 9 7 (a0 = a) JH @7

where 7, is the p-wave effective range corresponding to
Viy=1. This universal result is derived in Appendix E and
is independent of the choice of p;. It originates from a
few dominant three-body scattering processes involving the
p-wave component of Vg, —; and the s-wave components of
V=0 and Vg, —». For v; — —o0, these scattering processes
are elastic and only Re(D;) diverges. For v; — 400, they
are inelastic and describe decay into the shallow p-wave
dimer state with F5, = 1. In this limit, we expect that Re(D)
diverges logarithmically with respect to v; in a similar
way as was found in Ref. [23]. The divergent behavior of
D, described by Eq. (27) could strongly influence spinor
condensates, as we will see in Sec. IV.

Finally, we note that D; can only diverge at a p-wave dimer
resonance when ay # a», as can be seen from Eq. (27). This is

- e
o N
-
1

©

X0
~tm(D1)/ [a} Jao/aal" ]
(o]

4 i
2 -
0 . .
102 104 108 108
(a) aoA/h

—Im(Dy)/ [aé |a2/a()‘2352)]

102 10* 108
(b) GQA/h

FIG. 2. Im(D;) corresponding to the interaction potential in
Eq. (17) for Vg1 = 0. (a) We fix a;A/h = —10'? and vary a.
The red dashed curve corresponds to Eq. (25) with ao A/ =
2.191 x 10° and C© = 12.87. (b) We fix agA /i = —10'? and vary
a,. The red dashed curve corresponds to Eq. (26) with a, A/h =
3.163 x 10° and C» = 5.89.

consistent with the fact that the three-body scattering state for
identical spin-1 bosons with F3, = 1 maps onto the one for
identical spinless bosons when Vg, —g = Vp, =2, as discussed
in Sec. II C.

C. Weak interactions

So far, we have studied the behavior of D; for resonant
s- and p-wave interactions. However, most alkali-metal atoms
with f = 1 are weakly interacting in the absence of an exter-
nal magnetic field. This can be seen from Table I, which shows
the s-wave scattering lengths and p-wave scattering volumes
for several f = 1 atoms. For *Na, 'K, and ¥'Rb, both scat-
tering lengths ag and a, are comparable to the van der Waals
range rygw = (mCe/ hz)l/ 4 /2, which is the typical length scale

TABLE I. s-wave scattering lengths ap, and p-wave scattering
volumes v, for several bosonic alkali-metal atoms with spin f = 1.
These values are obtained from coupled-channels calculations using
the potentials from Refs. [36-39]. Our results for ay and a, are
consistent with the values stated in Refs. [2,6,40-43]. We also give
ryaw 1n units of the Bohr radius ag.

Element ao/Tvaw a [ Tvaw v/ r;}dw Fvaw /B
i 0.74 0.22 0.02 32.49
Na 1.09 1.21 0.46 44.96
4K 1.05 0.97 0.14 65.43
87Rb 1.230 1.216 0.70 82.64
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FIG. 3. Real part of the three-body scattering hypervolumes D; and D; corresponding to multiple pairwise square-well (a), (b) and van
der Waals (c), (d) potentials that are described by Eqgs. (28) and (29), respectively. The range of the potentials Vi, —o and Vp, -, is identical
and is given by R = Ry = R, (a), (b) or ryaw (¢), (d). We fix a;/R =1 (a), ag/R =1 (b), az/rvaw =1 (¢), or ag/ryqw = 1 (d) and vary the
other scattering length. In all cases, we set V,, -1 = 0 and p; = p3 = |a,|. Additionally, we display the curve for D, defined in Eq. (31) with
aﬁml /R = —0.0097 (a), (b) or a;rm /Fvaw = —0.01 (c), (d). In (c), (d), there is a d-wave dimer resonance associated with Vg, with Np, =1 (2)
at apy, /rvaw = 0.87 (0.92), resulting in a very small kink in the curves for Re(D;) and Re(Dj3) [44].

corresponding to the van der Waals tail —Cy/r® of the inter-
atomic interaction. Therefore, we focus our study of D; on
positive ap and a, with values around the interaction range.

In our analysis, we consider two different local finite-
range potentials to mimic real interatomic interactions. We
investigate a simplified square-well interaction model and a
more realistic van der Waals interaction potential. Despite
their differences, we will see that they both give rise to sim-
ilar behavior of Re(D;) which is only weakly dependent on
finite-range effects in the considered interaction regime. This
allows us to apply our results to atomic systems, for which we
analyze the effects of three-body spin-mixing collisions on the
properties of spinor condensates in Sec. IV. Such an analysis
requires knowledge of both D and Djs. For this reason, we
also display the curves for D3 in this section.

The considered potentials Vi, are either square-well poten-
tials with depths Q, and ranges Rp,, i.e.,

_QFZb’ 0<r< RFZh’

R 28
0, r = Rp,, %)

Ve, (r) = {

or the van der Waals potentials
(29)

Here r represents the distance between two particles. For sim-
plicity, we set Vg, —; = 0. This leaves us with two interaction
potentials Vi, —o and Vp, = for which we tune ay, a,, and the
number of two-body bound states by adjusting €2p and €25 in
the case of Eq. (28) and A and A, in the case of Eq. (29). We
add additional indices to D; and D5 to indicate the number
of s-wave dimer states Ny and N, that are supported by the
potentials Vp,—o and Vp,—, respectively, i.e., DgNO‘N” and
D™

Figure 3 shows the behavior of Re(D;) and Re(D3) for pos-
itive ap and a, when the range of Vg, —o and Vg, - is identical
[i.e., Ry = R, in the case of Eq. (28)]. It demonstrates that D,
and Dj; are only weakly dependent on the short-range behavior
of the potentials in the considered regime. This weak depen-
dence of Re(D3) on the short-range details for a; /R, 2 0.7
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and ay /ryaw 2 0.6 was already recognized in Ref. [19], which
studied the three-body scattering hypervolume for spinless
bosons. Their analysis resulted in the universal formula

Re(D3) ~ 1689(a, — af{h,3)4
+641(4n —3V3)asInlaz/psl,  (30)

where the parameter a;}; 5 accounts effectively for finite-range
effects at a, > 0. A typical value is alfm/Rg = —0.01 for

square-well potentials and a:'h 3/Tvaw = —0.01 for van der
Waals potentials [19]. The iniaginary parts of D; and D;
behave nonuniversally, since three-body recombination into
deeply bound dimer states requires the particles to approach
each other closely, and they are therefore not shown in Fig. 3.
We note that Re(D;) and Re(D3) are more affected by three-
body and d-wave two-body resonances for the van der Waals
interaction in Eq. (29) than for the square-well potential in
Eq. (28). However, apart from these features, the curves for
Re(D;) are very similar, and we will now describe this uni-
versal behavior analytically.

The universality of Re(D;) suggests that it can be quanti-
fied by a simple formula based on Eq. (24) in a similar way as
was done for Re(D3) in Eq. (30). In Fig. 3, we compare our
results for Re(D;) to

Dy = 1689 — af, )* + 647 (4w — 3+/3)a* In|a/py, (31)

which works best near the point ay = a, because of Eq. (24).
The quantity @ was defined in Eq. (23). The offset af{m in-
troduces a shift due to finite-range effects of the interaction
potentials. Figure 3 shows that D, with “rTh,] /Tvaw = —0.01
or aff /R ~ —0.01 and R = Ry = R, matches Re(D,) well
when ag & a,. More generally, Re(D;) is well described by
the curve for D p, shifted by finite-range effects, even outside
the regime where ag = a,. This is shown in Fig. 4 for both
ap > ap and a, > ag. This demonstrates that the dominant
contribution to Re(D;) comes from hard-hyperspherelike col-
lisions. We use this finding to make quantitative predictions
for atomic systems in Sec. [V.

The small values of g} /raw and ajf | /R indicate that
finite-range effects on Re(D;) are small in the interaction
regimes considered in Fig. 3. These small effects result from
Viy=0 and Vg, —>. Additional finite-range effects on Re(D;)
arise from Vp, —;, which we have not incorporated in Fig. 3.
However, we expect that it is fine to neglect Vg, —; as long as it
does not have a longer range than Vg, —¢ and Vg, —», in which
case the effects of Vi, —; on g} | should not exceed those of
V=0 and Vg, —». This argument is based on the fact that the

coupling matrix elements WF(; 7 that are defined in Eq. (16)
and appear in the three-body integral equation (B3) are of the
same order of magnitude as we show in Eq. (A5).

As will be discussed in Sec. IV A, the difference Re(D3; —
D)) influences the ground state of a spinor BEC. In general,
we find that Re(D3; — D) > 0 for a; — ap > 0 and Re(D3 —
Dy) < 0 for a; — ap < 0 for the scattering lengths considered
in Fig. 3. However, close to the point where ay = a», the dif-
ference Re(D3 — D)) is generally small compared to Re(D3)
and Re(D;), and the sign and magnitude of this difference
depend crucially on the short-range details of Vg,, which
are the depths Qp, for Eq. (28) and the parameters Ag, for

400 -

Sl

3 200
~
—~
S 100
Q
&
0 ——————]
2 4 6 8 10

(b) as/R

FIG. 4. Real part of the three-body scattering hypervolume Dil b
corresponding to Vg, in Eq. (28). We set Ry = R, = R and V- =
0. We consider (a) 2 < ap/R < 10 with a;/R =1 and p; = |ao|,
and (b) 2 < ay/R < 10 with ay/R =1 and p; = |ay|. The circles
represent D y,, Which is determined for various ratios a,/ay in the
same way as in Fig. 1(a).

Eq. (29). We note that Dﬁl’l) = Dgl) and Diz’z) = Dgz) at the
point ay = a,, as can be seen in the insets of Fig. 3. This
follows from the fact that Vg, o = Vp,,—> at this point, as was
discussed in Sec. IIC.

In Appendix F, we extend our analysis of Re(D;) for pos-
itive ag and a, to cases for which Ry # R; in Eq. (28). There
we show that finite-range effects become important when Ry
or R, is larger than ag or a,. The main effect is an overall shift
in Re(Dy) via af{h - This further demonstrates the significance
of hard-hyperspherelike collisions in this weakly interacting
regime, which are well described by Eq. (31) for ag = a,.

Our universal description for Re(Ds3) and Re(D;) in
Egs. (30) and (31) can be used to make quantitative predic-
tions for bosonic atoms with f = 1. The atoms in Table I
have nuclear spin / = 3/2 and electron spin S = 1/2. Their
electronic ground state consists of two hyperfine levels with
spin f = 1 and 2, which are three- and fivefold degenerate,
respectively. The interaction potential between two atoms is
not diagonal in the spin quantum numbers f; and f, [15].
Therefore, atoms can generally not be treated as spin-1 parti-
cles when studying three-body collisions. Exceptions include
the universal behavior of the three-body scattering hypervol-
umes D; and D; for resonant s- and p-wave interactions as
presented in Secs. III A and III B. In the weakly interacting
regime where ag ~ ryw and a, ~ ryqw, we have found that
the real parts of D; and D3 are not much influenced by the
short-range behavior of the interaction potential in the absence
of trimer resonances. Therefore, we expect that we can still
make predictions for Re(D;) and Re(D3) corresponding to
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2Na, *'K, and 3Rb, for which ay ~ a, ~ ryaw (see Table I).
For these atoms, we estimate the effects of three-body spin-
mixing collisions on the properties of spinor BECs in Sec. IV.

IV. SPINOR CONDENSATES

So far we have analyzed the scattering of three identical
spin-1 bosons at zero collision energy. Here we study the
effect of these three-body collisions on spinor condensates.
First, we present a many-body theory of a spin-1 BEC that
includes effective three-body interaction strengths defined via
Dy and D;. From our results in Sec. III, we identify sev-
eral regimes where these interaction strengths are important.
Furthermore, we estimate the effective three-body interaction
strengths for several atomic spinor BECs, and we discuss
some possibilities to increase these interaction strengths. Fi-
nally, we analyze how a weak external magnetic field can
be used to observe signatures of three-body collisions in the
spin-mixing dynamics.

J

. 2mh? AT N
H = ( Zalaﬂaﬁaa—l—c% Z ala;fw

a,B.a,p

Here f,, are the matrix components of the single- particle spin
vector f inthe | f = 1, my) basis. The coefficients C2b, cShs cgll,,
and c§j are the effectlve interaction strengths. The “di” su-
perscript indicates the direct part of the interaction. The “ex

superscript indicates spin-exchange processes, which include
spin-mixing collisions described by &T&L&O&O, &8&8&1&_1,
alala Qg dodg, and &T&S&O&Q&I& 1, where « = —1, 0, or 1.
By deﬁnlng the number operator N = >, ala, and the spin
operator I = Z f,oa) d, , the Hamiltonian in Eq. (32) can

be rewritten as

L 2mRE L .
H = ”W [B R — 1)+ 8 —21)]
_ di Xy (X 2 Y
te @ =) NN — 1) + 3c§ (K> — 2N)].
(33)

Equation (33) generalizes the many-body theory for spin-
1 condensates presented in Ref. [14] by including effective
three-body interactions, and it was previously derived in
Ref. [45]. Following Refs. [14,45], the corresponding ground-
state energy Ej is thus given by

2
Ey = W[C%N(N 1)+ ¢S[F(F + 1) — 2N1]
2
+ o (N - [NV — 1)

+3cS[F(F 4+ 1) — 2N1], (34)

e &ﬁ’&“’) 5

oo 'fﬁﬁ/ + fﬁﬂ’ ’ fw’ + fw’ ’ faa’)&y’&ﬂ’&a’)

A. Static properties of spin-1 BECs

Here we consider a many-body theory for a spin-1
BEC that incorporates effective two- and three-body con-
tact interactions. The corresponding interaction strengths are
connected to the two-body scattering lengths ag and a;
and the three-body scattering hypervolumes D; and Ds,
which we assume to be real in this section. Below we fol-
low the many-body theories presented in Refs. [1,2,12-15],
which only considered effective two-body interactions, and
Refs. [16,17,45], which include effective three-body interac-
tions.

We start by introducing the field annihilation operator
Ve (1) associated with particles in the spin state [f =1, m; =
o), where « = —1, 0, 1. We consider a homogeneous spinor
BEC and neglect quantum depletion of the condensate. This
leads to 1ﬁa (r) =~ ay/ \/W , where W denotes the spatial vol-
ume in which the particles live, and a,, destroys spin-1 bosons
in the zero-momentum state with my = . The many-body
Hamiltonian is then given by

2
h Qi At At At A A A
sz 3b

a,0,a,,a, gl
o, By

(32)

l

where F and N are the total spin and particle number, re-
spectively. We take N >> 1 and define the number density
n = N/W. When 4rc5; + c§in < 0, the interaction is ferro-
magnetic and the ground state has the maximal spin FF = N.
When 47 cSf + cSpn > 0, the interaction is antiferromagnetic
and the ground state has the minimal spin F = 0 if N is even
and F = 1if N is odd [1,14].

The effective two-body interaction strengths ¢S and 5t
are determined by the scattering lengths ay and a, via ¢3 =
(ap + 2a3)/3 and ¢§ = (a» — ap)/3[1,2,12,13, 15] Similarly,
the effective three-body interaction strengths c$ and ¢§) can
be connected to D; and D5 via c3b = 3Dy +2D3)/5 and
5, = (D3 — Dy)/5 [16,17]. This connection is not unique for
two reasons. First of all, the definition of D; and Dy still
depends on the choice for p; and ps;. Secondly, we could
have chosen to replace Dy and Dj in our definitions of c§, di
and c§; by mh%{él) and mh4L{ ) , respectively, where U (F) §
connected to Dp, via Eq. (15) However, our choice for D1
and Dj; is based on Ref. [30], which found the three-body
scattering hypervolume to be a suitable parameter for the
three-body effective interaction of a spinless BEC. These two
complications vanish in the limit |ag|, |az| — 0, where c 1, and
c§;, are uniquely defined.

Spin exchange via three-body collisions dominates over
two-body spin-exchange collisions when n > n., where we
define the critical density n. = 4m|c5;|/|c5;|. This condition
is tr1v1ally fulﬁlled for ap = ay, in wh1ch case c5; vanishes,
whereas ¢§; is generally nonzero due to finite-range effects
of Vg,. Other possibilities involve resonant s- and p-wave
two-body interactions for which c§§ diverges, as discussed in
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x107

L L 1 1 L

-0.1 -0.05 0 0.05 0.1
(a2 — ag)/ag

FIG. 5. Estimates of the critical density 7. as a function of (a, —
ap)/ag. We take p; = p; = |a,| and estimate D3 = 1689(a, — a;’hj)4

and Dy = D,. We take ap/rvaw = 1 and @} | = a3 = —0.01 ryaw
for the blue line. The markers indicate the estimated values for
specific spin-1 atoms when taking af, | = g, 3 = —0.01 rygw.

Sec. III. In particular, strong p-wave interactions can make
the condensate antiferromagnetic, since Eq. (27) implies that
5y, — 400 for v — —oo. Near trimer resonances |c5;| can
also be significantly enhanced.

Taking p; = p3 = |az|, we use Egs. (30) and (31) with
ag, | =ah 5 to estimate D3 and Dy ~ D). Figure 5 shows
how the critical density n. = 20m|ay — aol/3|D3 — Dy| de-
fined above behaves near ay &~ a, under these estimations.
At ay = ap, our estimate fails because n. should be zero
due to finite-range effects (i.e., ¢}, | # aj ;). Therefore, we

cannot make reliable predictions for n. of 8’Rb. For **Na
and 'K, our estimates in Fig. 5 give n. ~ 107 cm™3. This
density is larger than typical experimental values on the or-
der of 10" c¢cm™3. This demonstrates that three-body spin
exchange is usually not important for these experiments and
can safely be neglected. Furthermore, our estimates imply that
Re(D3 — Dy) > 0 for a, — ap > 0 and Re(D; — D) < 0 for
ap —ap < 0, so that the (anti)ferromagnetic character of a
spinor BEC is not changed by three-body collisions. However,
this conclusion does not hold for ay = a;.

Calculating the sign and magnitude of Re(D; — D)) for
atoms is challenging, in particular at ay = a, due to its sensi-
tivity to finite-range effects. Furthermore, the f = 2 hyperfine
level needs to be included in such calculations, which in-
creases the three-particle Hilbert space significantly. We note
that new methods that could tackle this problem have been
recently developed [46,47].

To observe strong three-body spin-exchange effects on
atomic spinor condensates, the interatomic interactions can
be tuned to ag =a, or to an s- or p-wave dimer reso-
nance, as mentioned above. This might be possible via optical
[48], microwave-induced [49], or radio-frequency-induced
[50] Feshbach resonances. In particular, Ref. [48] identified
several photoassociation laser light frequencies for which
ap = a, in a 8’Rb spin-1 BEC. However, the corresponding
losses make experiments in this regime challenging. Magnetic
Feshbach resonances [51] could be used as well if such reso-
nances are found at extremely low magnetic fields, so that the
single-particle spin f can still be treated as a good quantum
number.

Finally, we note that atoms also interact via the magnetic
dipole-dipole interaction (MDDI), which competes with the
spin-exchange interaction, induces new quantum phases in
spinor BECs, and affects their spin-mixing dynamics [2,52—
54]. However, the effective interaction strength of the MDDI
can be tuned for trapped spinor condensates by changing the
trap geometry [2,52], so that the MDDI can be effectively
turned off.

B. Spin-mixing dynamics

When n < n¢, the spin-mixing dynamics are predom-
inantly determined by two-body spin-mixing collisions.
However, by applying an external magnetic field, it is possible
to cancel this dominant contribution in certain observables
describing the spin-mixing dynamics and to see effects of
three-body collisions. To illustrate this, we consider a spinor
condensate with all particles initially in the m; = O state, and
we analyze the dynamics of the spin state populations N, . For
this purpose, we consider only the part of H that contributes to
the spin-mixing dynamics. We call this part den- It does not
involve the linear Zeeman shift, since it is proportional to the
magnetization that stays equal to zero and the direct part of the
interaction that is quantified by c¢3i and c$i [11]. Instead, Hyyn
contains the quadratic Zeeman shift and the spin-exchange
interactions. Since the particle number N, is much larger than
Ny, we can simplify the Hamiltonian I-?dyn by retaining only
the terms that are quadratic in a4 and &1 | and by replacing

ap and &g by /Ny. This Bogoliubov approximation leads to
[1,11,55]

Ay ~ (g7 + Uy)@ay + " a-y)
+U@jat +aa), (35)

where ¢z is the quadratic Zeeman energy [1,2] and U =
(4mnocSy + ngcg’g)hz /m with number density ng = Ny/W.
This definition of U, extends the one defined in Ref. [11] to
include the three-body term. The Hamiltonian in Eq. (35) can
be diagonalized using the Bogoliubov transformation [15,56].
The corresponding Bogoliubov excitation energy ep is given
by [1,11,55,57]

e = v/ qz(qz + 2Uj). (36)

Considering positive gz, the initial phase of the spinor con-
densate is stable for Uy > —qz/2. When ¢§; < 0, the magnetic
field can be tuned to the value at which

_ 8nh’ngcs

g7 = —————, 37
m

so that

2.3/2 €X .eX

5 = finoy/2q7cSm = 0 = TG (38
The ng/ 2 scaling of e provides a clear signature of three-body
spin mixing. The Bogoliubov frequency ep//i can be mea-
sured by tracking the average number of pairs with my = %1,
i.e., N, = (N + N_1)/2, as a function of time. When N, =0
at time t = 0, N, oscillates as N,(t) = (Uy/¢8)? sinz(egt/h)
for ¢§ > 0 [11,57], whereas it grows exponentially as
N,y(t) = |U,/eg|? sinh?(|eg|t /h) for 5y < 0 at small ¢ for
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which Ny > N,, [55,58]. For c5;
Np > N, requires that

> 0, our initial assumption

mU?
No > —v (39)
212 qznoc3b
When ¢§; > 0, the quadratic Zeeman shift cannot cancel out
the two-body spin-exchange term in eg. The resulting Bogoli-
ubov oscillations in N,(¢) have recently been observed using
a spin-1 condensate of 23Na atoms [11].

To make quantitative predictions of eg in Eq. (38), we
again use our results of Sec. IIIC. First, we consider a
spinor condensate of 8’Rb atoms occupying the m r = 0 state.
Taking a typical particle density no = 10'* cm™3, Eq. (37)
demands that the magnetic field is tuned to 0.29 G, where
gz/ks = 0.29 nK. If |[Re(D3 — Dy)| = 100 riy,, then Eq. (39)
requires Ny > 87 and |eg|/h = 0.32 Hz. Fortunately, the
corresponding timescale is smaller than the typical lifetime
Tiife = 1/ L3I’l% = 10 s, where we estimated the three-body loss
rate L3 to be 1072 cm®/s [59-63]. For a *'K condensate with
no = 10" cm™3, Eq. (37) is satisfied for gz /kg = 2.7 nK,
which happens at a magnetic field of 0.17 G. Our simple
estimates that we used in Fig. 5 suggest that Re(D; — D) =~
—373 rl,w, so that |eg|/h ~ 1.7 Hz. We note that higher-order
corrections, including the Lee-Huang-Yang [64,65] and Wu
[66—68] terms, need to be considered as well in the spin-
exchange term for 41K for which |a, — apl/ag is only 0.076.
However, the effects of these corrections on |eg| can be can-
celed out by properly tuning gz in a similar way as we propose
to cancel out the effect of ¢S

Finally, we note that the exponential growth of N,(¢) below
the critical value of gz in Eq. (37) has recently been observed
for a spin-1 BEC of "Li atoms [6]. Tuning the magnetic field
strength closer to the critical value could also reveal signatures
of three-body spin exchange for these atoms.

V. CONCLUSION

We have studied zero-energy scattering of three identical
bosons with spin f = 1 interacting via short-range pairwise
potentials. The corresponding three-body scattering hypervol-
umes D; and D5 determine the effective three-body interaction
strengths in a many-body theory of a spin-1 BEC as well as
the three-body recombination rates. D3 maps onto the three-
body scattering hypervolume for spinless bosons, which has
been investigated in previous studies for finite-range poten-
tials [19,22,30,31]. We have quantified D; for resonant s- and
p-wave interactions and for weak interactions. At large s-wave
scattering lengths ap and a,, we have derived a first-order
Taylor approximation around @y = a, for the part of D; that
characterizes hard-hyperspherelike collisions. In the absence
of trimer resonances, this contribution also dominates Re(D))
for positive ay and a, with values around the interaction range.
We have used this universal description to make quantitative
predictions for the effective three-body interaction strengths
of several alkali-metal atoms. For *Na and *'K, we predict
that spin mixing via three-body collisions dominates over
two-body spin-mixing processes for densities n > 10'7 cm ™3,
but it does not change the magnetic nature of the condensate.
For ¥’Rb, this critical density is expected to be lower, but
calculations with realistic interaction models are needed for

more accurate predictions. By applying a small magnetic field
on a *'K or ’Rb condensate, we predict that it is possible to
observe clear signatures of three-body spin-mixing processes
in the dynamics of the spin state populations.

We have also identified several regimes in which the mag-
netic properties of a spin-1 BEC strongly depend on the
three-body spin-exchange term. First, the spin-mixing dynam-
ics near agp = a, can be dominated by three-body collisions
due to finite-range effects. Second, strong s-wave interactions
give rise to large values for both the real and imaginary part of
D, and Dj;. Third, D, diverges as /—v; near a p-wave dimer
resonance with Fy, = 1. Resonant p-wave interactions can
thus be used to generate a strong antiferromagnetic three-body
spin-exchange interaction with a relatively low three-body
recombination rate. For atomic spinor condensates, these three
regimes could be probed by tuning the effective interaction
strengths with electromagnetic radiation.

The many-body description of spin-1 BECs considered in
this paper could also be extended by including the MDDI.
The competition between this long-range interaction and the
short-range spin-exchange interactions might result in new
phases whose properties are sensitive to three-body interac-
tions. Furthermore, the number of fully symmetric three-body
spin channels increases for particles with spin f > 1. The
corresponding three-body scattering processes could lead to
novel effects on spin-f condensates.
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APPENDIX A: THREE-BODY TRANSITION AMPLITUDE
OF THE SPINOR SYSTEM

In this Appendix we complete the description of the
three-body transition amplitude in Eq. (12) by specifying the
coefficients Ap,,, Br,, and Cp, . Following the procedure of
Refs. [22,23], we find

1
_4_ hz Z Zsz E3b) agy,

Fap

AFSb =
F:
x D ap Wi Zr, v, (AD)
1 1 .
BFSb = 127_[3 m_h3 ; (ZFZh,E3h)

§ (F3p) (F3p)
: <aF2b Wsz Fy, ar, an/t/) Ej. ZF"b Z3p

F, By

3[ -
aFZb Z sz Wf(‘zb%F)‘/ sz ZSb) (AZ)

/
Fy
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and

11 .
Cr — — 7 * w 3b)m
Fip 674 mi* %:( sz»EBh) aFy, Z Fop, Fyy!

7
Fyy

Fob Z3p

F
X (CIF” E W;,,“’;, ar, E ava ,3

B, £
a! § : (F3p)
F’)b aF?]JWF” F/ Zsz 23!}) (A3)

The relevant three-body spin state | Xap) is either |1, M, [+])
or |3, Mg, (2)). For | X3p) = |1, Mp, [+]) we have

N
3
[Zpy 5] =1 0 (A4)
2
3
and
2 2 2
S A NE
(1) _ 12 — _ /5
W, ]=3v3 -1 NEN
1

VCINE

where Fop = 0, 1, 2 labels the rows and F;, =0, 1, 2 labels
the columns. Equation (A4) follows from Egs. (13) and (3).
Equation (AS) can be derived from Eq. (16). A more detailed
definition of the permutation operator P} can be found in
Appendix E.

Similarly for |Xsp) = |3, ME, (2)) we have

0
[Zry 2] = | O (A6)
1
and
5 0 0 0
[WF;quz,b] = 8 8 g (A7)

Clearly, Ar,,, Br,,, and Cr,, depend only on a¢ and a, for F3, =
1 and only on a, for F3, = 3.

APPENDIX B: INTEGRAL EQUATIONS FOR THREE
IDENTICAL SPIN-1 BOSONS

For three identical spin-1
zero energy, the relevant

(P> 4, Z31Ux0(0)]0, 0, T3p).
as

bosons  scattering at
transition amplitude is
We expand this amplitude

(P> @ Z3p1Ux0(0)]0, 0, Z3)

=3 Z (ZFﬂV*ESb)

Fgy

*{<p|rpf,y(0>|0>6<q>zpﬂy,ng
+ 3 D Z O @I (B
R

a 36 s
X Z Tl Fp, 8nl,Fg, \ P> _E nl F,gy( )

where 7, £, (z20) and g £, (P, z2p) are defined by expanding
IFy, (Z20) a8

[e.¢] o0
try (220) = =47 ) > Tut 1y, (220)

=0 n=1
1
XY |8ty (220)) (@i 1 (Z26)] (B2)

m1=7l

with (plguim.F (220)) = Y™ (P)gu1. 5, (Ps 225)- This expansion
can be done in various ways [69], and we take the Weinberg
expansion [69,70].

The functions Aﬁf}; (¢) can be determined from Egs. (10)

and (B1). This results in the integral equation
(F )
nl3llj7ﬁy (C])
= A, Y w0, (0gror,0,0)

n’F’

A b (Fav)
nl n',0 V ( O)WF/; sz/ ZF/ , Z3b

3 2
+47TAI+FM Z / Tur, F’ <——+10>

il F/

(
U, iyz "q.q )W(S?}éy(_l)l A(Zz})})w (¢)q”dq,

(B3)

where A g, = (1 + (—1)!*F4)/2 ensures that even (odd) I
is combined with even (odd) F>,, and where
Uy (g, q)

nl,n'l'

= %(—1)””\/21 IV +1

1 1
X /PI(‘A]'q/+EQ)PI’<q+Eq/'Q>

1 SRR
X— g —q|, - —
P+4°+q. q’g LEy \ (4T 59—
1 347\ .,
X gui Fy, (‘q + z‘l/ I dq (B4)

with the Legendre polynomials P;(x). This integral equation
is solved as a matrix equation by discretizing the momentum
q. The scattering hypervolume Dy, can be extracted from the
solution using the same approach as presented in Ref. [22] for
three identical spinless bosons.

APPENDIX C: CONNECTION TO THE BBX SYSTEM

The three-body integral equations for identical spin-1
bosons with F3, = 1 reduce to those corresponding to spinless
bosons when Vg, —o = Vp,—2. However, these integral equa-
tions are also very closely related to those corresponding to
two identical spinless bosons (B) and one dissimilar spinless
particle (X), which we indicate as the BBX system. This can
be seen as follows. The spinor system has three relevant inter-
actions, namely the even partial-wave components of Vg, —o
and Vg, —» and the odd partial-wave components of Vg, —;.
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Similarly, the scattering properties of the BBX system depend
on the even partial-wave components of the BB interaction
Ve and the BX interaction Vgx as well as on the odd partial-
wave components of Vgx. This suggests that we can map the
three-body scattering problem for identical spin-1 bosons onto
the one for the BBX system.

The three-body integral equations for the BBX system with
equal masses (i.e., mx = mp) are also given by Eq. (B3), but
now F3, does not label the two-body spin. Instead, Fp, labels
the two-body configuration, which is either BX (F, = 0 and
1) or BB (F3, = 2). Furthermore, this mapping requires

1
[Zpy, 2,1 = | O (CD
1
and
1 -1 1
(F3p) T _— _ _
Wiy, 1= ; 21 01 : (C2)

This connection can be derived from Ref. [23], in which
the three-body transition amplitude of the BBX system was
analyzed.

J

Although the zero-energy three-body transition amplitude
of the BBX system with mx = mp is determined by Eq. (B3),
the behavior of the corresponding three-body scattering hy-
pervolume can be very different from D; corresponding to the
spinor system with F3, = 1 due to the difference in W;;: f*ﬁz,b.
For example, the Efimov effect occurs in the BBX system
whenever the scattering length agx corresponding to Vgx di-
verges [23], whereas the Efimov effect in the spinor system
with F3, = 1 only occurs when both g and a, diverge simulta-
neously [16,17]. This difference can also be understood from
the simple toy model presented in Ref. [71].

We note that our definition of the three-body scattering hy-
pervolume in Eq. (15) can be generalized to the BBX system
with unequal masses (i.e., mx 7% mg), as is done in Ref. [72].
This scattering hypervolume can be important for determining
the stability of ultracold mixtures against collapse or phase
separation [72].

APPENDIX D: SPECIAL CASES

Here we determine the behavior of D; in the special cases
in which Vg, —o = V=2 or ap = ay. First of all, we note that
D, = Ds for Vg,—0 = Vr,=» when taking p; = p3. This is
evident from

;o N 37\, . , 4 3¢%\,
o(p. 4. 1 Mp, [+]|T.)|p. d'. 1. Mg, [+]), = (qlq") §<p|to(z - —)Ip )+ —<p|tz(z - —)Ip>

24/5 34> 342
(P4 L M [ TP 4 1 M, [-1), = (ala) 5 <<p|ro(z— —4" )|p/> - <P|f2<z— -4 |p/>)
m 4m

2+/5 3¢° 3¢°
zx<ps q9 17 MF%b[_”Td(Z)|p/’ q/v 1’ MF%h[+]>a = (qlq/)_\/_ <<P|t0 (Z - i>|p/) - <p|t2 <Z - %

o(p. 4. L Mp, [-1|T.)|P. d', 1, Mp, [-])

which shows that T,(z) is diagonal in the spin states
|1, Mp, [£]) for Vg, —o = Vp,—2. Since P and Gy(z) are also
diagonal in the spin state |1, Mp, [+]), D1 connects directly
to the three-body scattering hypervolume for spinless bosons
interacting via pairwise potentials Vg, —o = Vp,=2, so that
Dy = Dj for p; = ps.

Secondly, we consider the case in which ay = a,, and we
take p; = p3 = |az|. This condition does not necessarily mean
that Vg, 0 = V=2, so that D; # D3 in general. However, in
the limit |ag| — oo the parts of D; and D3 that are purely
determined by ag and a, are still connected. These parts are
indicated by D; y, and D; py because they originate from hard-
hyperspherelike collisions [35]. From Refs. [19,22] it follows
that D3y = 168945 for |az| — oo. To determine Dy py, we
analyze Eq. (D1) for the interaction Vg, in Eq. (17).

From the Lippmann-Schwinger equation in Eq. (6) with
VE, in Eq. (17), we find that

15y (Z20) = —Thy, (220)18) (8l (D2)

9

4 3¢ 5 342
.= (alq) (§<P|to (z - %)m’) + §<p|t2(z - %) |p’>),

4m 9 4m

4m

[
where

1 ag,,

(D3)

Ty, (220) = —
P (Z2b) 4m2uh 1 — Za, qo/harctan (A /qa,)

with gop, = —i/2uz0p, 4 = m/2 is the two-particle reduced
mass, and

ap, = _M (D4)
1 — 8w uAp,
Since
5 4 1 a
§T0(Z2b) + §t2(22b) = T = 52 gretan (A /qan)
+0(x?),
(D5)
4 5 1 a
g o) + gma) = TR 1= 83 gretan (A /qan)
+ 0(X), (D6)
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and 70(220) — T2(200) = O(X), it follows from
Egs. (10) and (D1) that the transition amplitude
«(P: 4, 1, Mp, [+11Uq0(0)10, 0, 1, Mg, [+])  maps  onto

« (P, q1U40(0)]0, 0) corresponding to spinless bosons not
only for X = 0, but also up to the first order in X. This results
in Eq. (24).

APPENDIX E: D; FOR RESONANT p-WAVE
INTERACTIONS

In this Appendix we follow the approach of Ref. [23]
to determine the behavior of D; near a p-wave dimer reso-
nance with F5, = 1. Its dominant behavior scales as /—vy,
which is solely determined by scattering events described by
T, (0)Gy(0)PT,(0)Gy(0)PT,(0) for ¢ = 1, 2, and 3, where the
middle 7,, corresponds to F, = 1. After all, the first and final
T, can only contribute to D; via their s-wave components.
Scattering processes described by other diagrams do not result
in a «/—v; scaling of Dy near a p-wave dimer resonance in a
similar way as was found for dissimilar particles with resonant
p-wave interactions in Ref. [23]. So to study the effect of
resonant p-wave interactions on D, we analyze

To = (0,0, 1, Mp, [+]1| To (0)Go(0)P(|1, Mg, (1),

X (1, M, (D[ T, (0)|1, M, (1)), o1, ME, (1))

x Go(0)PT,(0)]0, 0, 1, M, [+]), (E1)
|

1 _ 1
Ty =m? / ?[wmon — ) ofl, Mp, [-1[P2 I,MF%<1>>O,<5€1’

where we used 7, as shorthand notation for the matrix ele-
ment of interest. Considering the spin basis {|1, Mg, [+])a,
1, Mg, [— D> 11, Mp, (1))o}, Go(z) is diagonal in all three-
body spin states, but 7;,(z) is only diagonal in |1, Mp, (1))q,
and P is only diagonal in the fully symmetric spin states
|1, Mg, [+]). Therefore,

T =(0.0, 1, Mg, [+]| T, (0)[1, My, [-1),
X G§(0) o1, Mg, [=1|P|1, ME, (1)),
X o1, Mp, ()| T, (0)| 1, ME, (1)),
x G§(0) o(1, M, ()| P|1, Mp, [-]),
X o(1, Mg, [=1]T,(0)0, 0, 1, M, [+1),

where we defined G§(z) as the part of Go(z) acting on co-
ordinate space. Defining P, as the permutation operator of
particles « and S, we can write P = P, + P_, where P, =
P,, Pg, permutates the particles according to afy — yap
and P_ = P,pPg, according to afy — Bya. We define PS¢
and P} as the parts of P acting on coordinate and spin space,
respectively, so that P = P{ P} . Consequently, we have

(E2)

1
o{ 1, Mp, [=1|PL|1, Mp, (1)), = ¢§J§,

(E3)

1
a(l,MF%(l)}Pi 17MF3b[_])a = ii\/g

Next, we work out Eq. (E2) further, resulting in

(i)

2

1 /

3q

4m

1, Mg, [-1), ('17(0)]0)

>a(1» MF3b(1)|Pi

g / S 1 / 3q/2 1 / N g
+ (0[7(0)la") o1, Mp, [=1|PL| 1, M, (1)), s 121 Gyl bt o{1, M, (D[P |1, Mg, [—1), (q'17(0)]0)
(E4)
z / S 1 / 3q/2 1 / S g
+ (017(O)] — @) o1, M [P [1, M, (D), (5|11 == ) |39 Jal 1, Mi, (DIPL[T, M, [ 1), (—q17(0)10)
z / S 1 / 3q/2 1 / S g /
+ (017 O)1q") {1, M [ PL[T, M, (D), (=5 |11 { == | |59 Jal L, Me (D[PL|T, M, [ 1), (—q17(0)10) 1 dd,
(
where we used Eq. (D1) and defined and
R i?
~ /
(Pl (z2n)Ip) = %g((plto(Zzb)IpW — (pI2(z2p)IP")  (ES) 11, Fay (p’ p.= )
fpr notatignal convepience. We consider spherically symmet- — ( UFz;P p ,3 + 0( (P, p p3))
ric potentials for which 2w mh
1
= T-L VK2 + Vg k3 4 O(k4) E10)
(Pltr,, (z20)IP) = Z(Zl + DP(P - D)0, (, P, 220), (E6) 27 Bl Fao
=0 These conditions apply in general to short-range potentials
11,5 (P, Py Z20) = 1153 (P, D> Z20), (ET) [28]. Equation (E4) now simplifies to
/ 1 -
t0.50 0, P, 220) = O, (E8) To =3 / — 07 (O)Iq)
2,2 Ay, O(p? /2 1 (E11)
fo.r (p 7 _hK>:2n2mh+ r°, ()7 (E9) 1, 3¢2\|1 ,\ .,
o 22) - 2D (2
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FIG. 6. Real part of the three-body scattering hypervolume DE"“ corresponding to pairwise square-well potentials with various Ry and R,
for (a) 1/2 < ap/Ry < 3/2and a,/Ry =1 and (b) 1/2 < ay/R, < 3/2and ag/R, = 1. We set Vi, -1 = 0 and p; = |ay].

where we also used Eq. (E3). To get the largest scaling in vy,
we use the special property [23] that

/Q e (fa L 237 o) ag) -
Sty 59 54— 57— +i
0 q> Lo\ 29 2% T gy i —Vpy,

B Vo o1
vry—to0 247 mi /Fr,
for any positive upper limit Q. This behavior originates from

an arbitrarily small integration interval, so that Q can be cho-
sen arbitrarily small. Therefore, we derive from Eq. (E11) that

(E12)

- \/6 1
Te /N —V1 e 36rm*[(0]7(0)0)] ( Y mh2ﬁ>
o 5V6 1 s
- _WW(% — a2 E13)

This result together with the definition of D in Eq. (15) gives
Eq. (27). We note that the limit v; — +o0 in Eq. (E13) can
also be derived from the optical theorem for three-particle
scattering in a similar way as was done in Ref. [23], giving
additional proof that the dominant decay process is three-body
recombination into the shallow p-wave dimer state.

APPENDIX F: ADDITIONAL RESULTS FOR D,

In Sec. III C we have analyzed Re(D;) for potentials Vg,
with the same interaction range. Here we consider Vg, in
Eq. (28) with Ry # R,. Our results for Re(D,) are presented
in Fig. 6. This figure shows that the curves for Re(D,) shift
when R or R, becomes larger than ag or a.
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