
PHYSICAL REVIEW A 104, 023301 (2021)

Spin drag and fast response in a quantum mixture of atomic gases
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By applying a sudden perturbation to one of the components of a mixture of two quantum fluids, we explore
the effect on the motion of the second component on a short timescale. By implementing perturbation theory,
we prove that for short times the response of the second component is fixed by the energy weighted moment of
the crossed dynamic structure factor (crossed f -sum rule). We also show that by properly monitoring the time
duration of the perturbation it is possible to identify peculiar fast spin drag regimes, which are sensitive to the
interaction effects in the Hamiltonian. Special focus is given to the case of coherently coupled Bose-Einstein
condensates, interacting Bose mixtures exhibiting the Andreev-Bashkin effect, normal Fermi liquids, and the
polaron problem. The relevant excitations of the system contributing to the spin drag effect are identified and
the contribution of the low-frequency gapless excitations to the f -sum rule in the density and spin channels is
explicitly calculated employing the proper macroscopic dynamic theories. Both spatially periodic and Galilean
boost perturbations are considered.
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I. INTRODUCTION AND GENERAL FORMALISM

Spin drag is an ubiquitous concept in many branches of
physics. It is usually associated with the presence of spin in-
teractions which affect the Euler equation for the spin current.
Spin drag can have a collisional nature, giving rise to spin
diffusion, or a collisionless nature, causing nondissipative dy-
namics (see, for example, Refs. [1–5] and references therein).
However, spin drag is not necessarily the simple consequence
of interaction effects in the equation for the spin current. It
can be also caused by the modification of the equation of
continuity in the spin channel, due to the presence of coherent
coupling between the two components of the mixture or to
beyond mean field effects. This effect can be explicitly re-
vealed by applying a sudden perturbation (a kick) to one of the
components of the mixture and observing the reaction of the
other component on a short time scale (see Fig. 1). In atomic
gases the perturbation can be experimentally implemented
employing counterpropagating laser beams generating selec-
tive optical potentials or using suitable position-dependent
magnetic fields.

Let us suppose that the perturbation applied to the system
has the form

Hpert = −λF (1)�(t ), (1)

where �(t ) is the usual Heaviside step function (equal to 0 for
t < 0 and 1 for t � 0) and F (1) = ∑N1

k=1 f (rk ) is a position-
dependent operator acting on one of the two components
of the system (hereafter called component 1). The question
that we want to address concerns the short time effects of
this perturbation on component 2 of the mixture. The short-

ness time condition is of course related to the frequency of
the relevant excitations of the systems and will be explicitly
discussed in the following, together with the conditions that
should be physically imposed to the switching on time of the
perturbation (1).

Using the formalism of linear response theory at zero
temperature, the changes in the average value δ〈F (2)〉 =
(1/N2)

∫
dr f (r)δn2(r, t ) caused by the perturbation can be

written in the form (we set h̄ = 1)

δ〈F (2)〉 = λ

N2

∑
n

[
1 − e−iωn0t

ωn0
〈0|F (2)|n〉〈n|F (1)|0〉

+ 1 − eiωn0t

ωn0
〈0|F (1)|n〉〈n|F (2)|0〉

]
, (2)

where ωno are the frequencies associated with the states |n〉 ex-
cited by the perturbation (1). For simplicity, we have assumed
here that the operator F is Hermitian. Of course, the changes
in the value of 〈F (1)〉 are simply obtained by replacing the
operator F (2) with F (1) and N2 with N1 in the above equation.
Let us notice that Eq. (2) is valid in general for any pair
of Hermitian operators. Useful choices for f (r) that will be
discussed in the paper are f (r) = cos(qx) and f (r) = x. The
first choice is relevant in the case of perturbations produced
by applying two counterpropagating laser fields, q being the
typical momentum transferred to the system. The second one
is instead particularly relevant for harmonically trapped con-
figurations, where the perturbation is provided by the sudden
shift of the center of the trapping potential. Alternatively it
can be provided by a fast spin selective boost generated by an
optical potential.
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FIG. 1. Schematic visualization of fast spin drag. A fast kick,
applied to the component 1 of a mixture, can drag the motion of the
component 2.

A first immediate result emerging from Eq. (2) is that, if
all the excitation frequencies ωn0 relative to the states con-
tributing to the relevant matrix elements satisfy the condition
ωn0t � 1, then the expansion of exp (±iωn0t ) yields the fol-
lowing expression for the crossed response (hereafter called
ultrafast spin drag regime)

δ〈F (2)〉ultra = λt2

N2

∫
dωωS1,2(ω)

= λt2

2N2
〈[F (2), [H, F (1)]]〉, (3)

where

S1,2(ω) = 1

2

∑
n

δ(ω − ωno)(〈0|F (1)|n〉〈n|F (2)|0〉

+ 〈0|F (2)|n〉〈n|F (1)|0〉) (4)

is the crossed dynamic structure factor relative to the operators
F (1) and F (2) and we have used the completeness relation,
allowing for an easy calculation of the response in terms
of commutators. In the same ultrafast regime, the response
experienced by the first component is instead given by

δ〈F (1)〉ultra = λt2

2N1
〈[F (1), [H, F (1)]]〉. (5)

The expansion (3) shows that, if the crossed double com-
mutator does not vanish, the perturbation, applied to the
first component, causes the emergence of a dynamic flow
d〈F (2)〉/dt in the second one (see Fig. 1). The above results
share interesting analogies with the large ω behavior of the
usual dynamic polarizability, providing the response of the
system to a perturbation switched on adiabatically and varying
in time like eηt e−iωt with η → 0+ [6], the inverse of the wait-
ing time t replacing the role of the frequency ω characterizing
the usual dynamic response.

The double commutators of Eqs. (3) and (5) are easily
evaluated once the Hamiltonian of the system is known. For
momentum-independent interactions and in the absence of
coherent coupling between the two components, the crossed
double commutator [F (2), [H, F (1)]] identically vanishes, as
the only term contributing to the commutator [H, F (1)] is the
kinetic energy of the first component. As a consequence, the
spin drag effect is absent in this case. Even in the absence of

the ultrafast spin drag effect (3), there exist interesting spin
drag effects taking place at longer times, as we will discuss in
the following. Indeed, in the presence of a significantly large
frequency gap in the excitation spectrum, one can separate,
in the sum (2), a low-energy contribution, arising from the
states with excitation energies below the frequency gap (in the
following indicated as ωlow), from a high-energy contribution
arising from the states above the frequency gap (in the follow-
ing indicated as ωhigh). For time durations of the perturbation
satisfying the condition 2π/ωhigh � t � 2π/ωlow (hereafter
called fast spin drag regime), the response (2) reduces to the
sum of two contributions:

δ〈F (2)〉fast = δ〈F (2)〉low + δ〈F (2)〉high. (6)

In Eq. (6) we identify the term

δ〈F (2)〉low = λt2

N2
m1(1, 2)low, (7)

where m1(1, 2)low is the contribution given by the low-energy
excitations to the energy-weighted moment

m1(1, 2) =
∫

dωωS1,2(ω) (8)

of the crossed dynamic structure factor (4). The term
δ〈F (2)〉high can be instead easily calculated taking the time
average of the signal over times much longer than the inverse
of the high-energy excitation frequencies and, of course, much
smaller than the inverse of the low-energy ones. In this case,
the oscillating terms exp (±iωn0t ) of these high-energy states
can be ignored and the second term in Eq. (6) takes the
simplified form

δ〈F (2)〉high = 2λ

N2
m−1(1, 2)high, (9)

where m−1(1, 2)high is the contribution to the inverse energy-
weighted moment of the dynamic structure factor (4) (static
crossed polarizability) arising from the high-energy states.
Notice that result (9) is a static effect which does not produce
any dynamic flow d〈F (2)〉/dt . Result (9) can be equivalently
obtained by assuming that the perturbation (1) is not switched
on instantaneously at t = 0, but within a transient ramping
time τ which should be larger (smaller) than the inverse of
the frequencies of the high-energy (low-energy) states. If the
high-energy states form a continuum, result (9) can be also the
consequence of a damping effect occurring for times longer
than the inverse of the corresponding width. This is the case,
for example, of beyond mean field multipair excitations in
Fermi liquids or in superfluid mixtures.

In conclusion, we have identified two different regimes
(ultrafast and fast, respectively) revealing the possible exis-
tence of peculiar spin drag effects. In Fig. 2, we schematically
represent an example of time evolution of the physical sig-
nal d〈F (2)〉/dt caused by the perturbation (1) applied to the
component 1. This corresponds to the dynamic flow whose
measurement could explicitly provide the spin drag effect.
For times of the order of 2π/ωhigh the signal is characterized
by oscillations with frequency ωhigh, whose amplitude is sup-
pressed because of the effects discussed above. The ultrafast
effect (3), when present, takes place for t � 2π/ωhigh. In the
case of Fig. 2 it is characterized by a negative slope. The fast
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FIG. 2. Schematic representation (blue line) of the time evolu-
tion of the physical signal d〈F (2)〉/dt caused by the perturbation (1)
applied to the component 1. The red dashed line highlights the fast
spin drag regime response. The oscillations with frequency 2π/ωhigh

are damped due to the presence of a finite ramping time. The slope at
t � 2π/ωhigh highlights the ultrafast spin drag effect (green dotted
line). In the case of the figure, the slope is negative, corresponding to
the coherently coupled configuration discussed in Sec. II.

spin drag effect, taking place for 2π/ωhigh � t � 2π/ωlow, is
instead revealed by the fact that the oscillations of the signal
d〈F (2)〉/dt , if not already damped out, take place around an
average value increasing linearly in time, in accordance with
the quadratic time dependence of Eq. (6). In Fig. 2, the fast
spin drag is represented by the red dashed line. The signal
will start oscillating at larger times, of the order of 2π/ωlow.
Since the fast spin drag effect involves only the excitation of
the low-frequency part of the spectrum, it can be explicitly
calculated employing the proper macroscopic dynamic theory,
e.g., the hydrodynamic formalism for superfluid mixtures or
the Landau’s theory for interacting Fermi mixtures in the
normal phase.

The distinction between the high- and low-frequency ex-
citations, characterizing the dynamic structure factor and the
spin drag response discussed above, depends on the nature of
the system considered. In some cases (see, for example, quan-
tum Bose mixtures without coherent coupling and normal
Fermi systems), the relevant high-frequency states, excited
by operators of macroscopic nature such as, for example,
operators of the form cos(qx) with small q, or of the dipole
form x, are the results of beyond mean field effects, which
are responsible for a nonvanishing contribution to the f -sum
rule in the spin channel. In the case of Bose mixtures with co-
herent coupling, these high-energy states are instead naturally
caused by the gap produced by the coupling (for example, Ra-
man coupling in spin-orbit Bose-Einstein condensed gases).
The low-frequency excitations considered in this work have
in general a gapless nature. In the case of Bose superflu-
ids, they corresponds to usual hydrodynamic phonons, while
in Fermi liquids they correspond to zero sound and/or to
particle-hole excitations. In the presence of harmonic trap-
ping, the frequencies of the low-energy states excited by the
dipole operator are instead of the order of the trapping fre-
quency. In ultracold atomic gases, the separation between the
high- and low-frequency excitations discussed above corre-
sponds in most cases to realistic experimental conditions.

Let us finally notice that, if one studies a balanced mixture
(N1 = N2 = N/2) characterized by an Hamiltonian symmet-
ric in the variables 1 and 2 of the two components, the
responses δ〈F (1)〉 and δ〈F (2)〉 caused by the perturbation
(1) can be conveniently written in terms of the density and
the spin density responses to sudden perturbations of the
form −λFn(σ )�(t ), where Fn and Fσ are, respectively, the in
phase (density) and out-of-phase (spin density) combinations
of F (1) and F (2). One can indeed write

δ〈F (1)〉 = 1
2 (δ〈Fn〉 + δ〈Fσ 〉),

δ〈F (2)〉 = 1
2 (δ〈Fn〉 − δ〈Fσ 〉), (10)

where the quantities δ〈Fn〉 and δ〈Fσ 〉 are normalized to the
total number N of particles.

As one can see from the above equation, the balance be-
tween the density and spin density responses fixes also the
sign of the dynamic flow experienced by the second compo-
nent with respect to the flow of the first component to which
the sudden perturbation was initially applied.

It is also useful to consider the contributions arising from
the low- and high-frequency excitations of the system to the
relevant energy-weighted moment

m1(Fn(σ ) ) =
∫

dωSn(σ )(ω)ω

=
∑

n

|〈0|Fn(σ )||n〉|2ωn0 (11)

of the in-phase and out-of-phase dynamic structure factor.
As discussed in the first part of this section and in view of
Eq. (10), these contributions are relevant for the calculation of
the spin drag effect δ〈F (2)〉. Their behavior is schematically
reported in the Tables I and II in the case of a momentum-
dependent perturbation.

II. COHERENTLY COUPLED BOSE-EINSTEIN
CONDENSED GASES

Coherently coupled Bose-Einstein condensed gases repre-
sent an interesting case where the spin drag regimes discussed
in the introduction can be explicitly investigated.

In the case of spin-orbit coupled configurations, the value
of the high-energy gapped excitations is fixed by the ex-
perimentally controllable Raman coupling 
 entering the
single-particle Hamiltonian

HSOC
sp = 1

2m
[(px − k0σz )2 + p2

⊥] − 


2
σx + Vext (12)

while the spin-orbit term, fixed by the momentum transfer k0

between the two counterpropagating laser fields generating
the coherent coupling, is at the origin of nontrivial effects
affecting the gapless branch of the system and hence the
velocity of sound. The value of k0 is practically vanishing in
the case of radio frequency or microwave coupling, hereafter
called Rabi coupling, where it can be safely set equal to zero.

The energy-weighted moments relative to the density Fn =
F (1) + F (2) and spin density operators Fσ = F (1) − F (2)
are easily evaluated and take, respectively, the forms

m1(Fn) = 1

2
〈[Fn, [H, Fn]]〉 = 1

2m

∫
dr|∇ f (r)|2n(r) (13)
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TABLE I. Mixtures with coherent coupling. Momentum-q dependence of strength, excitation energy, and contribution to the energy-
weighted sum rule m1, for excitation operators of the form F (q) = ∑

k cos(qxk ). The q dependence is given for low- and high-frequency
excitations in both the density and spin channels for unpolarized spin-orbit (a) and Rabi (b) coupled configurations. In the Rabi case, due to
the absence of hybridization between the density and spin degrees of freedom, the low- and high-energy excitations have a distinct density and
spin nature, respectively.

TABLE Ia. SOC coupling TABLE Ib. Rabi coupling

Density Spin Density Spin

Low High Low High Low High

|〈0|F (q)|n〉|2 q q2 q const |〈0|F (q)|n〉|2 q const
ωn0 q 
 q 
 ωn0 q 


m1 q2 q2 q2 const m1 q2 const

and

m1(Fσ ) = 1

2
〈[Fσ , [H, Fσ ]]〉 = 


∫
dr f 2(r)n(r)

+ 1

2m

∫
dr|∇ f (r)|2n(r), (14)

showing that, while in the density channel the energy-
weighted sum rule is not affected by the Raman coupling, in
the spin channel the coupling provides a crucial contribution
which, according to Eq. (10), is at the origin of a spin drag
effect in the ultrafast regime. By considering, for simplicity,
the case of the spatially periodic perturbation f (r) = cos(qx),
one finds the result

d〈F (2)〉
dt

ultra

= −λt

2

, (15)

while, for the first component, one finds

d〈F (1)〉
dt

ultra

= λt

2

(
q2

m
+ 


)
, (16)

where we used 〈cos2(qx)〉 = 1/2. Notice that, interestingly,
the two components will be put in motion in opposite
direction.

The fast regime, taking place for times satisfying the con-
dition t
 > 2π , but shorter than the inverse of the phonon
frequencies, instead involves the dynamic excitation of only
the phonon modes, which are properly described by hydrody-
namic (HD) theory. In the case of spin-orbit coupled BECs,
the hydrodynamic formalism was developed in Ref. [7] (see
also Ref. [8]) and exhibits very peculiar features. In the plane
wave and single minimum phases, the excitations with small
frequencies are indeed characterized by the locking of the
relative phase between the two components. In the linear limit
of small-amplitude oscillations of macroscopic nature, where
one can safely ignore quantum pressure effects, the phase-
locking reduces the coupled Gross-Pitaevskii equations to the
following set of hydrodynamic equations:

∂tδn + 1

m
∇ · (n∇�) − k0

m
∇xδsz = 0, (17)

∂t∇� + ∇(gδn) = 0, (18)

and

−k0

m
n∇x� + 


2
δsz = 0, (19)

where δn and δsz are the fluctuations in the total density and in
the spin density taking place during the oscillation. In deriving
the above equations, we have assumed, for sake of simplicity,
that the values of the intraspecies and interspecies interaction
coupling constants coincide and are given by the parameter
g. Furthermore, we have restricted the derivation to the single
minimum phase taking place for values of the Raman coupling
satisfying the condition 
 � 
c ≡ 2k2

0/m and characterized,
at equilibrium, by the vanishing of the phase � of the order
parameter and of the spin density sz.

The first equation is the equation of continuity, which is
deeply affected by spin-orbit coupling, reflecting the fact that
the physical current is not simply given by the gradient of the
phase as happens in usual superfluids, but contains a crucial
spin-dependent term, which implies that even in the density
channel the f -sum rule is not exhausted by the gapless phonon
excitation (see Table Ia). The second equation corresponds to
the Euler equation and fixes the time dependence of the phase
gradient of the order parameter. Finally, the third equation
follows from the variation of the action with respect to the spin
density and is responsible for the hybridization between the
density and spin density degrees of freedom in the propagation
of sound [7]. This equation characterizes in a unique way the
consequences of spin-orbit coupling. It identically vanishes in
the case of radio frequency or microwave coupling where the
phonon modes are pure density waves.

The linearized equations of motion (17)–(19) can be rewrit-
ten in the useful form:

∂2
t δn = g

m

[
∇⊥ · (n∇⊥δn) + m

m∗ ∇x(n∇xδn)

]
, (20)

where n is the equilibrium density and we have introduced
the effective mass m/m∗ = 1 − 
c/
. One can show that
Eq. (20) holds also in the plane-wave phase, taking place for

 < 
c. In this case, the effective mass is given by m/m∗ =
1 − (
/
c)2. In uniform matter (Vext = 0) Eq. (20) provides,
along x, the phonon dispersion law ω = cq with c2 = gn/m∗,
revealing a strong reduction of the sound velocity in the vicin-
ity of the second-order phase transition between the plane
wave and the single minimum phase, where the effective mass
has a divergent behavior.

By applying a perturbation of the form −λFn�(t ) (density
perturbation), the hydrodynamic equation (18) contains the
additional term −λ∇ f (r)�(t ), while in the case of the spin
perturbation −λFσ�(t ) the term −λ f (r)�(t ) should be added
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to the third hydrodynamic equation (19). We first consider
the case of uniform matter and we make the choice f (r) =
cos(qx) for the position dependence of the excitation operator.
The solution of the hydrodynamic equations then yields the
following results for the density

δ〈Fn〉HD = λ

2gn
[1 − cos(cqt )] (21)

and spin density

δ〈Fσ 〉HD = λ




m∗

m

[
1 − 
c



cos(cqt )

]
(22)

linear responses to the step function time-dependent perturba-
tion. Some comments are in order here:

(1) By taking the time average cos(cqt ) = 0, one recovers
the static response of the system, given by the compressibility
1/gn in the density case, and by the magnetic susceptibility
(m∗/m)(2/
) in the spin case.

(2) By expanding the cosine for times shorter than the
inverse of the phonon frequency and taking the difference (10)
between the density and spin density responses (21) and (22),
one finds that the dynamic flow of the second component,
caused by a fast perturbation applied to the first one, takes
the form

d〈F2〉
dt

fast

= λt

4

q2

m

[
m

m∗ − 2gn
c


2

]
. (23)

Vice versa, the dynamic flow of the first component is
given by

d〈F1〉
dt

fast

= λt

4

q2

m

[
m

m∗ + 2gn
c


2

]
. (24)

Note that, although in this section we have mainly focused
on the single minimum phase, the formalism can be easily
extended to the plane-wave phase of the spin-orbit coupled
configuration. It is also worth noticing that the above results
can be immediately applied to the case of radio-frequency
coupled mixtures, where the momentum transfer is negligible,
by setting k0 = 0, and hence m∗ = m and 
c = 0. In the case
of Rabi coupling, the behavior of the drag effect in the fast
regime reflects the fact that the f -sum rule in the density
channel is exhausted by the phonon mode (see Table Ib)
and has opposite sign compared to result (15) holding in the
ultrafast regime, where the energy-weighted sum rule in the
spin channel is dominated, at small q, by the high-frequency
gapped state. In the spin-orbit Raman coupled case, the dy-
namic excitation of the spin degree of freedom [second term
in right-hand side of Eq. (22)] can easily become the dominant
effect also in the fast regime, if 
 is close enough to the
transition to the plane wave phase, where m∗/m takes a large
value. Indeed, in this case the low-frequency contribution to
the energy-weighted sum rule in the spin channel (behaving
like q2, see Table Ia) becomes dominant as compared to the
corresponding contribution in the density channel.

Similar results are obtained if one considers a perturbation
of the form f (r) = x applied to the component 1 and provid-
ing, for short times, a Galilean boost. In this case, the time
derivatives of 〈F (1)〉 and 〈F (2)〉 coincide with the center of
mass velocities V1 and V2 of the corresponding atomic clouds

and the spin drag effect is well characterized by the ratio(
V2

V1

)ultra

= − 
〈x2〉

〈x2〉 + 1/m

(25)

in the ultrafast regime and(
V2

V1

)fast

= 〈m/m∗ − 2gn
c/

2〉

〈m/m∗ + 2gn
c/
2〉 (26)

in the fast regime. In the case of Rabi coupling, where 
c = 0
and m∗ = m, Eq. (26) reduces to the value (V2/V1)fast = 1
having opposite sign compared to the result holding in the
ultrafast regime (25).

In the presence of harmonic trapping, the averages ap-
pearing in Eqs. (25) and (26) take into account the spatial
inhomogeneity of the density profiles.

III. ANDREEV-BASHKIN EFFECT

The Andreev-Bashkin (AB) effect [9] is a beyond mean
field phenomenon, where collisionless spin drag takes place
because of the presence of current dependent interactions
between the two superfluids forming the quantum mixture.
These interactions modify the equation of continuity in the
spin channel and, in the case of two interacting Bose-
Einstein condensates, are not accounted for by mean field
Gross-Pitaevskii theory. They can be properly included in
the hydrodynamic theory of superfluids in order to correctly
describe the low-frequency macroscopic dynamics of the mix-
ture at zero temperature.

Due to Galilean invariance the equation of continuity for
the total density is not modified by the inclusion of beyond
mean field effects and takes the usual form

∂tδn + 1

m
∇ · (n∇�) = 0, (27)

where n = n1 + n2 is the total density and � = (φ1 + φ2)/2
is the global phase of the order parameter. The equation of
continuity for the spin channel is instead affected by the in-
teractions between the two components of the mixture being
characterized by the presence of a novel spin drag term fixed
by the spin drag density ndrag:

∂tδs + 1

m
∇ · (n∇�s) − 4

m
∇ · (ndrag∇�s) = 0, (28)

where �s = (φ1 − φ2)/2 is the relative phase of the two order
parameters. In writing the above equations we have assumed,
for simplicity, m1 = m2 ≡ m and n1 = n2 = n/2 at equilib-
rium. As discussed in Ref. [10], the spin drag term ndrag is
directly connected with the occurrence of novel nondiagonal
terms in the superfluid density.

The hydrodynamic equations for the gradient of the total
and relative phases are governed, respectively, by the com-
pressibility and by the magnetic susceptibility of the mixture

∂t∇� + ∇ δn

2κd
= 0 (29)

and

∂t∇δ� + ∇ δs

2χs
= 0. (30)

In the mean field approach applied to a weakly interacting
Bose-Bose mixture, one can simply write κd = 1/(g + g12)
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and χs = 1/(g − g12), where g and g12 are, respectively, the
intraspecies and interspecies interaction coupling constants
entering the Gross-Pitaevskii equation for the mixture [6].
In the same mean field scheme, one has ndrag = 0 so that, in
order to make the whole hydrodynamic picture consistent,
one should include beyond mean field effects also in the
calculation of the compressibility and of the magnetic
susceptibility [11].

The equation of continuity (28) for the spin density directly
reflects the occurrence of the spin drag effect and is responsi-
ble for a new behavior of the energy-weighted sum rule. While
in the density channel [Fn = F (1) + F (2)] this sum rule takes
the usual value

mHD
1 (Fn) = 1

2m

∫
dr|∇ f (r)|2n(r), (31)

in the spin channel [Fσ = F (1) − F (2)] one finds the result

mHD
1 (Fσ ) = 1

2m

∫
dr|∇ f (r)|2n(r)

− 2

m

∫
dr|∇ f (r)|2ndrag(r), (32)

which reflects the fact that the low-energy excitations do not
exhaust the energy-weighted sum rule in the spin channel. By
the way, result (32) imposes the condition ndrag < n/4 which
should be satisfied in order to ensure the positiveness of the
mHD

1 sum rule. At the same time, since mHD
1 cannot exceed the

total f -sum rule, one should have ndrag > 0. When evaluated
with the proper microscopic many-body Hamiltionian, which
yields a vanishing value for the crossed double commutator
[F (2), [H, F (1)]], the spin sum rule m1(Fσ ) would actually
coincide with the sum rule result (31) holding in general in
the density channel, beyond the hydrodynamic description.
This behavior reveals the existence, at higher energies, of
excitations which provide the remaining difference to the
energy-weighted sum rule in the spin channel. This effect,
here derived in superfluid Bose mixtures exhibiting the AB
effect, was first pointed out in the framework of the normal
phase of liquid 3He [12] (see also next section).

In a weakly interacting Bose gas mixture, the energy of
these states is expected to be of the order of the chemical
potential, but a quantitative estimate, based on a microscopic
calculation, is not available.

In both the AB effect and coherently coupled BECs, the oc-
currence of high-energy excitations plays an important role in
the behavior of the hydrodynamic contribution to the energy-
weighted sum rules. However, important differences emerge
in the two cases:

(1) While in the SOC case the physical origin of the
high-energy gapped states is due to the Raman coupling 


caused by the external laser fields and has consequently a
single-particle nature, in the AB effect the existence of these
high-energy states is the consequence of beyond mean field
many-body effects.

(2) A second important difference is that in the
SOC case the violation of the f -sum rule result
(1/2m)

∫
dr|∇ f (r)|2n(r) in the hydrodynamic description

does not concern only the spin, but also the density channel
and results in a huge effect near the transition between the
plane wave and the single minimum phase. The AB effect

instead concerns only the spin channel, the f -sum rule being
exactly exhausted in the density channel by the low-frequency
hydrodynamic mode, as a consequence of Galilean invariance.

(3) Contrary to the SOC case, in the AB effect there is no
spin drag in the ultrafast regime. Indeed, as mentioned above,
the crossed double commutator [F (2), [H, F (1)]] identi-
cally vanishes, when evaluated employing the microscopic
Hamiltonian.

(4) Another important difference concerns the structure of
the hydrodynamic theory in the two cases. In the SOC case the
locking of the relative phase of the two condensates causes the
existence of a single gapless excitation branch and the density
and the spin degrees of freedom are strongly hybridized, los-
ing their independent nature. In the AB effect, the density and
spin degrees of freedom are instead fully decoupled and the
system exhibits two gapless excitation branches.

(5) A final difference concerns the fact that the high-energy
states in the AB effect do not contribute to the static magnetic
susceptibility, differently from what happens in the SOC case.

If we switch on a perturbation of the form −λF�(t ), with
a proper choice of the ramping time, which should be larger
than the inverse of the high-energy frequency excitations, then
the hydrodynamic theory outlined above is well suited to de-
scribe the response of the system. In uniform matter, making
the choice f (r) = cos(qx), the hydrodynamic approach yields
the result

δ〈Fn〉HD = λκd

n
[1 − cos(cd qt )] (33)

for the response in the density channel (F = Fn). In the spin
channel (F = Fσ ), the response is instead given by

δ〈Fσ 〉HD = λχs

n
[1 − cos(csqt )], (34)

where cd and cs are, respectively, the density and spin sound
velocities

c2
d = n

2m

1

κd
,

c2
s = n

2m

[
1 − 4

ndrag

n

]
1

χs
. (35)

Results (33) and (34) are well suited to explore the spin drag
effect in the fast regime characterized by times shorter than the
inverse of the frequencies cnq and csq of the two sound modes.
By taking the difference between the two equations, one finds
that the dynamic flow of the second component, caused by a
fast perturbation applied to the first one, takes the form

d〈F (2)〉
dt

fast

= λt
q2

m

ndrag

n
, (36)

revealing explicitly that the spin drag effect is proportional to
the drag density ndrag entering the equation of continuity (28)
for the spin current. The dynamic flow of the first component
instead follows the law

d〈F (1)〉
dt

fast

= λt
q2

m

[
1

2
− ndrag

n

]
. (37)

The value of the drag density ndrag in a 3D weakly interacting
Bose mixture was calculated in Ref. [13] by developing the
beyond mean field Lee-Huang-Yang formalism in the pres-
ence of two moving Bose-Einstein condensates. In the case
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of gases interacting with equal intraspecies scattering lengths
a11 = a22 ≡ a the authors of Ref. [13] found the result

ndrag = n

2
√

2

a2
12

a2

√
na3, (38)

which explicitly reveals that the spin drag effect is caused
by the interspecies scattering length a12 and is fixed by the
value of the gas parameter na3. The effect is very tiny in the
available 3D quantum mixtures. Larger effects are predicted
to occur in one-dimensional configurations [14] or in the
presence of an optical lattice [15–17].

If instead of the periodic perturbation one applies the
dipole perturbation x to the first component, the velocities
V1 and V2 acquired by the center of mass of two components
satisfy the useful equation

(
V2

V1

)fast

= 〈ndrag/n〉
〈1/2 − ndrag/n〉 , (39)

depending explicitly on the drag density, the averages taking
into account the possible inhomogeneity of the equilibrium
density profile.

IV. INTERACTING FERMI MIXTURES IN THE
NORMAL PHASE

The collisionless fast spin drag effect discussed in this
paper is not a phenomenon restricted to bosonic mixtures or
superfluids. Indeed, the relevant timescale of the phenomena
considered in this work is very short compared to one char-
acterizing the low-frequency dynamics, where superfluid and
quantum statistical effects are important. As we will show
in this section, fast spin drag is also exhibited by interacting
Fermi mixtures in the normal (nonsuperfluid) phase [18]. For
simplicity, here, we will discuss the case of spin-1/2 interact-
ing mixtures. Similarly to the case of the Andreev-Bashkin
effect, the phenomenon is directly related to the fact that the
low-energy excitations of the system, as described by Landau
theory of normal Fermi liquids, do not exhaust the energy-
weighted f -sum rule in the spin channel.

Landau’s theory is a semiphenomenological theory which
describes the macroscopic behavior of fermionic mixtures at
low temperatures. The theory is based on the proper kinetic
equation for the quasiparticle distribution function (see, for
example, Ref. [19]), which allows for the investigation of the
proper elementary excitations of the system in the collision-
less regime (collective zero sound as well as particle-hole
excitations). The same kinetic equation allows for the calcula-
tion of the dynamic response function in both the density and
spin channel and is consequently well suited to investigate the
response of the system to fast perturbations of special interest
for the present work. The theory accounts for in-phase and
out-of-phase interaction effects through the proper inclusion
of the so-called Landau parameters F� and G�, respectively,
where � indicates the angular nature of the deformation of the
Fermi surface in momentum space.

The results for the dynamic response function predicted by
Landau theory (LT) allow for the determination of the energy-
weighted sum rule in the density as well as in the spin channel.
These can be directly derived starting from the equation of

TABLE II. Mixtures without coherent coupling. Momentum-
q dependence of strength, excitation energy, and contribution to
the f -sum rule m1, for excitation operators of the form F (q) =∑

k cos(qxk ). The q dependence is given for low- and high-frequency
excitations in both the density and spin channels. Results hold for
Bose mixtures exhibiting the Andreev-Bashkin effect and normal
Fermi liquids.

Density Spin

Low High Low High

|〈0|F (q)|n〉|2 q q4 q q2

ωn0 q const q const
m1 q2 q4 q2 q2

continuity in the density and spin density channels

∂tδn + ∇ · j0
d = 0 (40)

and

∂tδs + ∇ ·
(

1 + G1/3

1 + F1/3
j0
s

)
= 0. (41)

In the above equation, we have defined the bare current
density j0

d (r, t ) and spin current density j0
s (r, t ) as the av-

erage value of the operators
∑

k (1/2m)[pkδ(rk − r) + H.c.]
and

∑
k (1/2m)σz[pkδ(rk − r) + H.c.], respectively. Equation

(41) explicitly shows that the physical spin density current
ensuring the conservation for the integrated spin density is
renormalized with respect to the bare value by the Landau
parameters F1 and G1 [19]. By applying an external pertur-
bation of the form λ f (r) exp (−iωt ) and λ f (r)σz exp (−iωt )
and noticing that, in the large frequency limit, the variation of
the bare current is determined by the external force according
to m∂t j0

n(s)(r, t )ω→∞ = −λn∇ f (r) exp (−iωt ), it is straight-
forward to calculate the energy-weighted sum rule, using the
formalism of linear response theory [6]. In the density channel
we obtain the exact f -sum rule result

mLT
1 (Fn) = 1

2m

∫
dr|∇ f (r)|2n(r), (42)

reflecting the Galilean invariance of the theory, while in the
spin channel one instead finds [12,20]

mLT
1 (Fσ ) = 1

2m

∫
dr|∇ f (r)|2 1 + G1/3

1 + F1/3
n(r), (43)

resulting in the violation of the usual f -sum rule. In ac-
cordance with the general considerations discussed in the
previous sections, we associate the violation of the f -sum rule
to the fact that high-energy excitations of multipair type, not
accounted for by Landau theory, are responsible for the re-
maining contribution to the energy-weighted sum rule [12,20].
The effect is well elucidated in Table II, where we report the
q dependence of the low- and high-frequency contributions to
the energy-weighted sum rule in the density and spin channels
in the case of the periodic perturbation f (r) = cos(qx). In
strongly interacting Fermi liquids, like liquid 3He, the Lan-
dau parameters F0, G0, F1, and G1 can be determined in
a phenomenological way, by proper comparison with avail-
able experimental results for the compressibility, the magnetic
susceptibility, the heat capacity, and the transverse spin dif-
fusivity [21]. Recent experiments on the Leggett-Rice effect
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have provided first useful information of the spin current
interaction parameter G1 [22]. In a weakly interacting Fermi
gas, the Landau parameters can be calculated using pertur-
bation theory. For the relevant � = 1 parameters entering the
expression for the energy-weighted sum rule (43) one finds
the result (see, for example, Ref. [23])

F1 = 8

5π2
(7 ln 2 − 1)(kF a)2,

G1 = − 8

5π2
(2 + ln 2)(kF a)2, (44)

where a is the s-wave scattering length and kF is the Fermi
wave vector (for a 3D system kF = (3π2n)1/3). Both param-
eters depend on kF a quadratically, revealing explicitly that
the spin drag effect has a typical beyond mean field nature,
similarly to the case of the AB effect discussed in the previous
section.

Taking the difference (10) between the density and spin
density response functions and results (42) and (43) for the
corresponding energy-weighted sum rules in the case of Fermi
mixtures, in the case of uniform Fermi mixtures one finds that,
by applying a perturbation of the form −λ cos(qx)�(t ) to the
component 1 of the mixture, in the fast regime the component
2, which is not directly affected by the perturbation, is put in
motion according to

d〈F (2)〉
dt

fast

= λt

4

q2

m

(F1 − G1)/3

1 + F1/3
(45)

as a consequence of the spin drag effect, which depends
explicitly on the two interaction parameters F1 and G1 and
vanishes only if F1 = G1. The time dependence of δ〈F (1)〉 is
instead given by

d〈F (1)〉
dt

fast

= λt

4

q2

m

2 + (F1 + G1)/3

1 + F1/3
. (46)

In the case of a dipole perturbation, one finds that the ratio
between the velocities V1 and V2 acquired by the center of
mass of the two components after the fast pulse applied to
the component 1 takes the same form

(
V2

V1

)fast

= 〈ndrag/n〉
〈1/2 − ndrag/n〉 (47)

as for the Andreev-Bashkin effect with

ndrag = F1 − G1

3 + F1

n

4
. (48)

The Landau parameters F1 and G1 (and consequently the
drag density) should satisfy two important conditions. A first
condition, corresponding to the stability criterion against the
spontaneous formation of spin currents, is G1 > −3, i.e.,
ndrag < n/4. This corresponds to ensuring that the f -sum rule
(43), calculated within Landau theory, be positive. A second
condition is that the Landau f -sum rule (43) does not ex-
ceed the microscopic value (1/2m)

∫
dr|∇ f (r)|2n(r). This

imposes the condition G1 < F1 [24], i.e., ndrag > 0 and is
equivalent to requiring that the multipair contribution to the
full f -sum rule be positive.

Our results can be used to provide quantitative estimates
for the spin drag effect in a dilute Fermi gas interacting with

a negative scattering length. For example, choosing kF a =
−0.5, one predicts an effect of about 4% for the ratio V2/V1.
At the same time the critical temperature Tc for the transition
to the BCS superfluid phase is still very small compared to the
Fermi temperature and consequently Landau theory is reason-
ably applicable. When the value of |a| increases, approaching
the unitary regime, the value of Tc becomes comparable to
the Fermi temperature and experiments on spin drag could be
consequently employed to test the limits of applicability of
Landau’s theory of Fermi liquids.

V. POLARON

In this last section, we apply the formalism of fast spin drag
to the problem of the polaron, where the drag, as expected,
is determined by the value of the effective mass m∗

P which
characterizes the kinetic energy term p2/2m∗

P of the polaron
Hamiltonian. The problem of the polaron, investigated a long
time ago in the case of dilute mixtures of 3He in liquid 4He
[24], has recently attracted large experimental and theoretical
interest in the community of ultracold quantum gases (see, for
example, Ref. [25] and references therein).

A convenient way to explore the problem starts from the
equations of continuity for the densities n1 and n2 of two
components of the mixture. These can be derived employing
a Galilean invariant expression for the energy functional in-
cluding a velocity-dependent interaction term proportional to
the square of the difference between the velocity fields of the
two components [v1(r) − v2(r)]2. The equations of continuity
then take the form

∂t n1 + ∇ ·
(

m1

m∗
1

n1v1 + m2

m1

(
1 − m2

m∗
2

)
n2v2

)
= 0 (49)

and

∂t n2 + ∇ ·
(

m2

m∗
2

n2v2 + m1

m2

(
1 − m1

m∗
1

)
n1v1

)
= 0, (50)

where m∗
1 and m∗

2 are the effective masses characterizing the
renormalization of the bare masses caused by the presence
of interaction between the two mixture components. In the
case of superfluid gases, these velocity fields take the form
v1 = n1∇φ1/m1 and v2 = n2∇φ2/m2, respectively, with φ

being the usual phase of the order parameter. The effective
masses entering Eqs. (49) and (50) satisfy the relationship

n1m1

(
1 − m1

m∗
1

)
= n2m2

(
1 − m2

m∗
2

)
(51)

following from the Galilean invariant nature of the interaction
term [10]. It is actually easy to check that the total mass
density m1n1 + m2n2 satisfies the equation of continuity

∂t (m1n1 + m2n2) + ∇ · (m1n1v1 + m2n2v2) = 0, (52)

independent of interaction effects. The above formalism ap-
plies to Bose as well as to Fermi superfluids (in the latter case
the bare mass corresponds to twice the atomic value).

A fast kick caused by the perturbation λ f (r) applied only
to the majority component (hereafter called component 1)
produces a nonvanishing value of its velocity field, given by
v1 = λt∇ f /m1, while v2 = 0 so that, by evaluating the effect
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of the perturbation on the average value of the quantity f (r),
relative to the components 1 and 2, one finds

d〈F (1)〉
dt

fast

= λt

m1N1

∫
dr|∇ f (r)|2n1(r)

m1

m∗
1

(53)

and

d〈F (2)〉
dt

fast

= λt

m1N2

∫
dr|∇ f (r)|2n2(r)

(
1 − m2

m∗
2

)
. (54)

In the case of a dipole perturbation ( f (r) = x) one finds
that the ratio between the velocities V2 = d〈x2〉/dt and V1 =
d〈x1〉/dt acquired by the center of mass of the minority and
majority components takes the form

V2

V1
=

〈
1 − m2

m∗
2

〉
〈 m1

m∗
1

〉 �
〈
1 − m2

m∗
2

〉
, (55)

where the average, as usual, takes into account the possible
inhomogeneity of the medium and, in the last equality, we
have set m∗

1 � m1 which follows from Eq. (51) in the limit
n2 � n1 corresponding to the case of few impurities.

The above equations provide the sought result for the drag
effect in terms of the polaron effective mass m∗

2 ≡ m∗
P, which

might hopefully become an efficient tool for its measurement.

VI. CONCLUSIONS

In this paper we have discussed the peculiar collisionless
spin drag effect associated with a fast perturbation applied to

one of the components of the mixture and resulting in the mo-
tion of the second one. We have shown that the spin drag effect
is directly related to the behavior of the energy-weighted sum
rule in the density and spin density channels and in particular
to the distinction between the high- and low-energy excita-
tions contributing to the above sum rules. Results are derived
in the case of coherently coupled Bose-Einstein condensates,
superfluid mixtures exhibiting the Andreev-Bashkin effect,
normal Fermi fluids, and the polaron problem. While in the
first case spin drag is directly associated to the presence of
the coherent coupling which modifies the f -sum rule in the
spin channel, in the other cases fast spin drag is the con-
sequence of beyond mean field effects. We hope that this
work will stimulate experimental investigations, providing
further insight into the transport phenomena exhibited by
quantum mixtures. Natural extensions of our approach in-
clude quantum mixtures in the presence of periodic optical
potentials.
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