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+-B 2�u

+ coupling in N2
+ lasing

Youyuan Zhang,1 Erik Lötstedt ,1 Toshiaki Ando,1 Atsushi Iwasaki,1 Huailiang Xu ,2,3 and Kaoru Yamanouchi 1,*

1Department of Chemistry, School of Science, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
2State Key Laboratory of Integrated Optoelectronics, College of Electronic Science and Engineering, Jilin University,

Changchun 130012, China
3CAS Center for Excellence in Ultra-intense Laser Science, Shanghai 201800, China

(Received 7 May 2021; accepted 4 August 2021; published 19 August 2021)

The lasing of N2
+ at 391 nm, originating from the population inversion between X 2�g

+(v = 0) and
B 2�u

+(v = 0) achieved by the irradiation of a pair of few-cycle intense near-IR laser pulses in a pump-probe
scheme, is investigated both experimentally and theoretically. The characteristic periodic intensity modulations
recorded experimentally in both P- and R-branch emission lines are reproduced well by the theoretical simula-
tion, in which the population transfer processes among the rovibrational levels of the three lowest electronic
states, X 2�g

+, A 2�u, and B 2�u
+, of N2

+ induced by pump and probe few-cycle intense laser pulses are
calculated. Based on the results of the theoretical simulation, the periodic intensity modulations are ascribed
to the difference between the rotational selection rules in the A 2�u-X 2�g

+ coupling, which suppresses the
rotational excitation in the X 2�g

+(0) state, and those in the B 2�u
+-X 2�g

+ coupling, which enhances the
rotational excitation in the B 2�u

+(0) state.
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I. INTRODUCTION

When near-IR intense ultrashort laser pulses are focused
into air, a coherent and unidirectional radiation at 391 nm
is generated [1–10]. This phenomenon, called air lasing, has
been an attractive research subject in the past two decades
because of the complex lasing mechanism. This radiation
at 391 nm corresponds to the emission from the vibrational
ground state of the electronically excited B 2�u

+ state, which
is hereafter called the B(0) state, to the vibrational ground
X 2�g

+ state, which is hereafter called the X (0) state, of
N2

+. Therefore, in order that the B(0)-X (0) lasing occurs,
the population in the B(0) state is expected to be larger than
that in the X (0) state, that is, the population inversion is
expected to be realized. However, because the photon energy
of the near-IR laser field of a Ti:sapphire laser at 800 nm is
only one-half of the photon energy required to transfer the
population in the X (0) state to the B(0) state through the B(0)-
X (0) transition, it was considered that such a simple optical
pumping within a near-IR laser field could not explain the
air lasing phenomenon, and thus many different schemes have
been proposed to explain the lasing phenomena [8,11–19].

Xu et al. [4] proposed a mechanism of population inversion
between the B(0) state and the X (0) state and demonstrated by
numerical calculations that the population inversion of N2

+ is
realized within a near-IR ultrashort laser pulse so that the air
lasing at 391 nm is realized. In the mechanism, N2

+ created
by the ionization in the laser field is suddenly exposed to the
remaining part of the intense laser field so that the population
in the X (0) state is transferred to the B(0) state and almost
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simultaneously the population in the X (0) state is further
transferred to the low vibrational levels in the electronically
excited A 2�u state within the remaining part of the ultra-
short laser pulse (see Fig. 1). A similar mechanism was also
proposed by Yao et al. [5].

Later, Xu et al. [6] performed the air lasing experiment
combined with the alignment of N2 and showed that the lasing
intensity is enhanced at every rotational revival time when the
N-N molecular axis becomes parallel to the polarization of
the probe laser pulse, which was regarded as evidence that
the rotational degrees of freedom play an important role in
the air lasing phenomenon. It was further demonstrated by
Li et al. [21] that the polarization-modulated ultrashort laser
pulse within which the laser polarization direction rotates
enhances significantly the air lasing at 391 nm, showing that
the population in the X (0) state N2

+ is efficiently depleted
by the A(v)-X (0) transition within the remaining part of the
ultrashort laser pulse after N2

+ is created by the ionization.
Firm evidence of the involvement of the A-X transition

was reported by the Fourier transform of the lasing signal
at 391 nm [22]. It was demonstrated that the intensity of
the B(0)-X (0) lasing is modulated with the frequencies cor-
responding to the A(v)-X (0) transitions, showing that the
three-state A-X -B coupling proceeds within the laser field
to generate the air lasing. Very recently, it was shown both
experimentally and theoretically that an additional IR pulse at
1.6 μm can deplete the population in the X (0) state almost
completely via the vibrational Raman pumping so that the air
lasing intensity is enhanced by five to six orders of magnitude
[23].

On the other hand, the so-called sudden turn-on mechanism
was examined for a two-level system by a Floquet picture
[24] and it was revealed that the sudden turn-on of the laser
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FIG. 1. Potential energy curves of the three electronic states
X 2�g

+, A 2�u, and B 2�u
+ of N2

+ [20]. The A 2�u-X 2�g
+ and

B 2�u
+-X 2�g

+ transitions are dipole allowed and the B 2�u
+-A 2�u

transition is dipole forbidden.

pulse induces a population transfer from the lower level to the
upper level even when the photon energy is only one-half of
the energy gap between the two levels. The Floquet analysis
was also performed for the air lasing of N2

+ [25] and it was
revealed that the sudden turn-on of the laser field combined
with the A-X pumping efficiently enhances the population
inversion.

So far, we have learned that the air lasing at 391 nm can be
explained well by the sudden turn-on model combined with
the A-X -B coupling in N2

+. In our recent theoretical study on
the air lasing in which the rotational degrees of freedom are
explicitly included in the three-state coupling model [4,6,24],
it was revealed that the population inversion can be achieved
between the rotationally excited levels, leading to the air
lasing even when the net population in the B(0) state is not
inverted with respect to the net population in the X (0) state
[26]. Indeed, several experimental reports [15,22,27] have
been made on the importance of the rotational excitation in
the air lasing at 391 nm.

Rotational excitation in the air lasing at 391 nm has been
reported [28–31], and the population inversion between the
specific rotational states in the X 2�g

+ and B 2�u
+ states was

identified experimentally using near-IR (800-nm) laser pulses
[15]. On the other hand, using a pump-probe scheme, it was
reported that population inversion can be achieved between
specific rotational levels [27] at a specific pump-probe delay
time through the resonant coupling between the X 2�g

+ and
B 2�u

+ states induced by a 391-nm probe pulse even when
the population inversion is not achieved by a pump pulse. By
a similar pump-seed scheme, the loss and gain in the P and R
branches of the 391-nm emission were investigated to discuss
the rotational excitation in the X 2�g

+ state of N2
+ [19].

It is therefore worth examining how the populations in the
rotational levels in the three electronic states are transferred to
each other in an intense laser field, leading to the rotationally
enhanced air lasing. A recent experimental study showed that
the rotational wave packet is formed only in the B state of N2

+
and that no rotational coherence is observed in the X state
[32].

In the present study, in order to clarify the role of the
rotational degrees of freedom in the air lasing, we perform
pump-probe measurements of the rotational structure of the

emission spectrum of the B(0)-X (0) lasing and a theoretical
simulation of the population transfer among the rovibronic
levels of the X 2�g

+, A 2�u, and B 2�u
+ states of N2

+ in
which the rotational degrees of freedom are explicitly in-
cluded. Furthermore, we show that the selection rules of the
rotational quantum number K and the differences between
the rovibronic transition intensities between the B-X and A-X
transitions play a crucial role in the creation of the rotationally
inverted populations between the B(0) and X (0) states through
the creation of the rotational coherence in the B(0) state.

II. EXPERIMENT: ROTATIONALLY RESOLVED
PUMP-PROBE MEASUREMENTS

A. Experimental setup

The details of the pump-probe measurements were de-
scribed in Ref. [22]. Briefly, the few-cycle intense NIR
laser pulses were generated from the output of a Ti:sapphire
laser system by the pulse compression technique with a
hollow-core fiber and chirped mirrors. The pulse duration was
measured to be 7 fs. The few-cycle intense laser pulses were
introduced into the Michelson interferometer to prepare the
pump (40 μJ) and probe (20 μJ) pulses. The delay time was
scanned by an optical stage in the interferometer with a time
step of approximately 0.2 fs. The two laser pulses were fo-
cused by a parabolic mirror ( f = 50 mm) into a gas cell filled
with nitrogen gas at 150 mbar. In order to estimate the focal
intensity of the laser pulses, the focal size was measured using
a CCD camera after the pulse energy was attenuated, and
the focal intensities of the pump and probe laser pulses were
estimated to be 6.6 × 1014 and 3.3 × 1014 W/cm2, respec-
tively. Because the focal size of the laser pulse creating the
filament is expected to be larger than the measured focal size
by the plasma defocusing effect, the estimated field intensities
can be regarded as upper limits of the laser intensity in the
filament. The forwardly propagating light was introduced into
a fiber spectrometer (Ocean optics USB 4000-UV-VIS) by a
focusing lens ( f = 30 mm) after the spectral component of
the fundamental laser light, whose wavelength is longer than
450 nm, was removed using a bandpass filter and a dielectric
mirror having a high reflectivity at 800 nm.

B. Experimental results

The experimental emission spectrum recorded as a func-
tion of the pump-probe delay time �t is shown in Fig. 2(a).
In the observed emission spectrum, the emission peak of
the P-branch head (labeled P) appears at around 391.5 nm
in the entire delay time range. On the other hand, the two
separated series of the R-branch emission peaks (labeled R1
and R2) appear in the wavelength below 390 nm. The R1
branch starts appearing at around �t = 120 fs and λ = 389
nm and its intensity maximum moves towards the longer
wavelength region until R1 fades out at around �t = 280
fs and λ = 390 nm. In turn, the R2 branch starts appearing
at around �t = 250 fs and λ = 388.5 nm and its intensity
maximum moves towards the longer wavelength region until
R2 reaches �t = 500 fs and λ = 389 nm.

In addition, a fine oscillation with a period of 13–20 fs, cor-
responding to a frequency range of 50–75 THz, can be clearly
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FIG. 2. (a) Experimental and (b) theoretical emission spectra of N2
+ plotted as a function of the pump-probe delay time. The intensity of

the emission is shown in a logarithmic color scale. The spectral resolution in (b) is set to t = 0.2 nm, which is 7.5 times better than that in
(a) (FWHM equal to 1.5 nm), so that the time evolution of the spectral structure can be seen clearly.

identified in the P-branch head emission at around 391.5 nm.
This oscillation appearing in the P-branch head emission was
assigned to the energy separations of the vibrational levels in
the three lowest-lying electronic states of X 2�g

+, A 2�u, and
B 2�u

+ of N2
+ based on the Fourier transform analysis of the

P-branch head emission [22]. A similar fine oscillation with
a period of 13–20 fs can also be identified in the emission
intensities of the R1 and R2 branches. The finer oscillations
can be assigned to the energy separations of the vibrational
levels between the A 2�u and X 2�g

+ states [22].

III. THEORY

A. Theoretical model of the pump-probe process

In order to simulate the excitation process of N2
+, we

express a linearly polarized pump laser pulse Epump(t ) as

Epump(t ) = Epeak
pump fpump(t ) cos(ωt ), (1)

where ω is the frequency of the laser pulse and fpump(t )
represents a half-Gaussian envelope function defined as

fpump(t ) =
{

e−t2/2σ 2
0 for t � 0

0 for t < 0,
(2)

whose full width at half maximum is τFWHM = 2
√

2ln2σ0.
The simulation starts from t = 0 because the tunneling ion-
ization most preferentially occurs at the peak amplitude of
the laser pulse [26]. At the delay time �t with respect to
the pump pulse, we introduce a linearly polarized probe laser
pulse Eprobe(t ) given by

Eprobe(t ) = Epeak
probe fprobe(t − �t ) cos[ω(t − �t )], (3)

where fprobe(t ) represents a full-Gaussian envelope function
given by

fprobe(t ) = e−t2/2σ 2
0 . (4)

The delay time �t is defined as the delay time of the intensity
peak of the probe laser pulse with respect to the intensity peak
of the pump laser pulse at t = 0. The polarization direction of
the probe laser pulse is set parallel to the polarization direction
of the pump laser pulse.

In the simulation, an initial state is mapped to a final
state using the S matrices representing the pump and probe
processes as

ĉfinal = SprobeT Spumpĉinitial, (5)

where ĉinitial is a column vector of the coefficients for the
rovibronic states in the three electronic states at t = 0, ĉfinal

is a column vector of the coefficients for the final rovibronic
states in the three electronic states, and T is the diagonal free-
evolution matrix whose diagonal elements are Tj j = e−iE j�t/h̄,
where Ej is the eigenenergy of the jth state labeled with
an index j = {αvKm}, representing all the quantum numbers
specifying the jth state, where α denotes any of the X 2�g

+,
A 2�u, and B 2�u

+ states of N2
+, v is the vibrational quantum

number, K is the quantum number of the total angular mo-
mentum excluding the spin angular momentum, and m is the
projection of the total angular momentum on the space-fixed z
axis. The pump-probe process expressed by Eq. (5) shows that
the following three processes occur in a sequential manner:
(i) the excitation of N2

+ by a strong half-Gaussian laser pulse
whose peak intensity is 6 × 1014 W/cm2, (ii) the field-free
evolution, and (iii) the excitation by a weaker probe pulse
whose peak intensity is 3 × 1014 W/cm2.
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Each column of the S matrix is a solution of the
time-dependent Schrödinger equation obtained when N2

+,
prepared in a rovibronic state at t = 0, interacts with the
laser pulse until the pulse vanishes. (For more details of the
simulation see the Appendix.) For example, the final state

S (r, t = tfinal ) obtained after the excitation of N2

+ in an
initial state represented as ψαvKm(r) at t = 0,


S (r, t = 0) = ψαvKm(r), (6)

is given by


S (r, t = tfinal ) =
∑
α′

∑
v′

∑
K ′

K ′∑
m′=−K ′

Cα′v′K ′m′ψα′v′K ′m′ (r),

(7)
where tfinal is set equal to 2τFWHM. The S-matrix elements
defined as

Sα′v′K ′m′,XαvKm = Cα′v′K ′m′ (8)

can be interpreted as the coefficient of the ψα′v′K ′m′ (r) after
N2

+ is excited through the interaction with a given electric
field from the initial state whose wave function is ψαvKm(r).
When α′ = α, the S matrix Sαα represents the amplitude of an
α-β-α type of transition, in which α is vibrationally excited
or deexcited through the interaction with β. Hereafter, we call
this type of excitation a Raman-type transition.

In order to simulate the intensity of the transitions from
rovibrational states in the B(0) state to those in the X (0) states,
we assume that the gain G of the lasing is represented as

G = egL, (9)

where L is the length of the column in which light is amplified.
The gain coefficient g in Eq. (9) is defined as

g = �Pρσ, (10)

where �P represents the population difference between the
two rovibronic states, ρ is the density of N2

+, and σ is the
cross section for stimulated emission. Because it can be as-
sumed that the three parameters L, ρ, and σ do not vary in the
lasing process, the logarithm of the gain given by

ln(G) = �P(Lρσ ) (11)

indicates that the logarithm of the time-dependent emission
spectrum is proportional to the population difference at a
given delay time.

The rotational transition selection rule for the B 2�u
+-

X 2�g
+ transition is �K = ±1. Therefore, the B(0)-X (0)

emission spectrum of N2
+ at 391 nm is composed of the P-

branch and R-branch transitions. An excess of the population
in the upper rotational level in the B(0) state with respect to
that in the lower rotational level in the X (0) state is given by

�P(K,K+1) = PB,v=0,K − PX,v=0,K+1 (12)

for the P-branch emission transition and by

�P(K+1,K ) = PB,v=0,K+1 − PX,v=0,K (13)

for the R-branch emission transition.

B. Simulation of temporal evolution of the B-X emission
spectrum

We solve the time-dependent Schrödinger equation with
a sufficiently small time step (1 a.u.) to derive the time-
dependent population dynamics in the three lowest-energy
electronic states of N2

+, that is, the X 2�g
+ state, the doubly

degenerate A 2�u state composed of the A+ state and the A−
state, and the B 2�u

+ state, as a function of the pump-probe
delay time [4,25]. In each electronic state, the four lowest-
lying vibrational states (v = 0, 1, 2, and 3) are included in the
calculation, and in each vibrational state, the highest rotational
quantum number is set as Kmax = 40. The initial populations
in the rotational levels at t = 0 are assumed to be given by
the Boltzmann distribution at room temperature (T = 300 K).
The potential energy curves of the electronic states are as-
sumed to be represented by a Morse potential given by

Vα′ (r) = Teα′ + Deα′ (e−αα′ (r−reα′ ) − 1)2, (14)

whose parameters are taken from Ref. [20]. We calculate the
coupling strengths between the rovibronic states using the
transition dipole moments for the A-X and B-X transitions
given by Refs. [33,34].

In the simulation, the laser field parameters are set to be the
same as those in the experiment. Because the pulse durations
(FWHM) of the linearly polarized near-IR (800-nm) pump
and probe pulses whose polarization directions are parallel
to each other are set equal to 7 fs, their spectral bandwidths
(approximately 135 nm) are sufficiently large to cover the
A(0)-X (0) transition at 1108 nm. The envelope functions of
the pump and probe pulses are those defined in Sec. III A. The
peak intensity I0 of the pump pulse is 6 × 1014 W cm−2 and
that of the probe pulse is 3 × 1014 W cm−2. The pump-probe
delay time �t is set to be in the range of 40–500 fs. The
minimum value of �t is set to be 40 fs so that the temporal
overlap of pump and probe pulses is avoided.

Upon the creation of N2
+ at t = 0, the relative probabilities

of the tunneling ionization of N2 to the X 2�g
+, A 2�u, and

the B 2�u
+ states of N2

+ at a laser field intensity of 6 ×
1014 W cm−2 are estimated by the Ammosov-Delone-Krainov
formula [35] to be 71.31%, 11.81%, and 16.88%, respectively.
Because the Franck-Condon factor of the ionization from the
vibrational ground state of the electronic ground state of neu-
tral N2 to the vibrational ground state of the X 2�g

+ state [the
X (0) state] of N2

+ is calculated to be 0.9, it is assumed in the
simulation for simplicity that N2

+ generated by the irradiation
of an intense pump laser pulse is prepared exclusively in the
X (0) level at t = 0. A rotational wave packet created through
the ionization process is calculated using the angle-dependent
ionization rate in a procedure described in Appendix A.

The B-X emission spectrum shown in Fig. 2(b) is given by
a weighted sum of the intensities of the respective rovibronic
emission transitions as

I (λ, t ) ∼
∑

K ′,K ′′

1

τ
√

2π
exp

(
− (λ − λK ′,K ′′ )2

2τ 2

)
�P(K ′,K ′′ ), (15)

where τ , representing the spectral resolution, is τ = 0.2 nm,
λK ′,K ′′ is the wavelength of the emission transition from the
rotational level of B(0) to the rotational level of X (0), and the
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FIG. 3. Rotational population distributions in the (a) X 2�g
+(v = 0), (b) A 2�u(v = 0), and (c) B 2�u

+(v = 0) states of N2
+ as a function

of the pump-probe delay time

population excess �P(K ′,K ′′ ) is defined as

�P(K ′,K ′′ ) = P f
B,v=0,K ′ − P f

X,v=0,K ′′ , (16)

where P f
αv j is the final population after the interaction with the

pump and probe pulses. According to the selection rule of the
B-X rotational transitions, K ′ = K ′′ ± 1 holds.

In the calculated emission spectrum shown in Fig. 2(b),
the characteristic temporal evolutions of the intensity pro-
files appearing in the experimental spectrum [Fig. 2(a)] are
reproduced well, that is, the P-branch transitions whose peak
position in the spectrum does not change in the entire delay
time range and the R-branch transitions exhibit the two ridge
lines R1 and R2 whose peak positions shift towards the longer-
wavelength side as the pump-probe delay time increases. The
appearance of the two R-branch profiles can be ascribed to
the temporal variation of the population differences between
the rotational levels in the X (0) state and those in the B(0)
state, as will be described in Sec. III C. Furthermore, the fine
oscillation, corresponding to the vibrational level separations
in the respective electronic states, with a period of 13–20 fs
appearing in the experimental spectrum [Fig. 2(a)], is also re-
produced well in the calculated emission spectrum [Fig. 2(b)].

C. Temporal variation of the population in the rovibronic
levels of N2

+

In order to clarify how the populations are transferred in the
time domain among the rotational levels in the three vibronic
states B(0), A(0), and X (0) involved in the air lasing, we
calculate the delay-time-dependent populations in the respec-
tive rotational levels. Among the four vibrational states of the
A 2�u state included in the simulation, we examine the case in
which the A(0) state is involved because the Franck-Condon
factor of the excitation from the X (0) state to the A(0) state
whose value is 0.49 is larger than 0.32 for the A(1) state, 0.13
for the A(2) state, and 0.04 for A(3) state. The results of the
simulation are shown in Fig. 3 represented as a function of
the pump-probe delay time. The population distributions in
the rotational levels in the B(0) state exhibit a tilted stripe
pattern. At �t = 100 fs, the population maximum is located at
K = 10, and the maximum position moves towards the lower
K as the delay time increases. At �t = 250 fs, two popula-
tion maxima are located at K = 10 and 22. As �t increases,
this second population maximum at K = 22 at �t = 250 fs

moves towards the lower K . At �t = 450 fs, three population
maxima appear in the rotational distributions. This type of
characteristic oscillation of the populations in the respective
rotational levels can only vaguely be seen in the X (0) state
and can scarcely be seen in the A(0) state. The markedly
different rotational distributions in these three vibronic states
can be ascribed to the creation of a rotational wave packet
in the B(0) state through the coherent population transfer
among the rotational levels by Raman-type transitions, i.e.,
the B(0)-X (0)-B(0) type of transitions, induced by the probe
pulse through the X (v) state.

As described above in Sec. III A, the populations in the
respective rovibronic levels in the final state of N2

+ after the
interaction with a sudden turn-on pump pulse followed by the
interaction with a weaker probe pulse at certain delay time
can be given by Eq. (5). In the simulation, we neglect the
rotational excitation within the neutral manifold because the
effect of the rotational excitation of neutral N2 induced by the
pump pulse before the ionization on the final population dis-
tribution of N2

+ is negligibly small [26]. The final population
in a rotational level specified by a set of quantum numbers
(K ′, m) in the B(0) state at time t = �t + 2τFWHM is given by

PBK ′m(t ) =
Kmax∑

K ′′=0

CX
K ′′m

∣∣cXK ′′m
BK ′m (t )

∣∣2
, (17)

where CX
K ′′m is the population in the |X0K ′′m〉 level at t = 0

given by the Boltzmann distribution at 300 K, which can be
expressed as

CX
K ′′Xm = 1

ζ
gK ′′e−BX K ′′(K ′′+1)/kBT (18)

using the Boltzmann factor given in the Appendix, and
|cX0K ′′m

B0K ′m (t )|2 is the final population transferred from the
|X0K ′′m〉 level to the |B0K ′m〉 level.

Because m is conserved throughout the pump-probe pro-
cess, m is omitted in the equations below. In addition, because
only the transitions among the vibrational ground states of
the three electronic states are examined below, a vibrational
quantum number of 0 specifying the vibrational ground states
is omitted in the equations hereafter. With the simplified
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notation, Eq. (17) can be written as

PBK ′ (t ) =
Kmax∑

K ′′=0

CX
K ′′

∣∣cXK ′′
BK ′ (t )

∣∣2
, (19)

using the coefficient cXK ′′
BK ′ (t ) given by

cXK ′′
BK ′ (t ) =

∑
α

∑
v

∑
K

Sprobe
BK ′αK Spump

αKXK ′′e−iEαvK t f /h̄, (20)

where the S-matrix element Spump
αKXK ′′ stands for the popula-

tion transfer from |X0K ′′〉 to |α0K〉 by the pump pulse, the
S-matrix element Sprobe

BK ′αK stands for the population transfer
from |α0K〉 to |B0K ′′〉 by the probe pulse, and t f is the free-
evolution time between the pump and probe pulses defined as
t f = �t − 4τFWHM, which ensures that the pump pulse van-
ishes by the time the probe pulse starts interacting with N2

+.
The populations in the rotational levels in the B(0) state

are created by the near-IR sudden turn-on pump pulse and
modified by the Raman-type rotational transitions within the
B(0) state induced by both the pump and probe pulses. The
population in the |X0K ′′〉 level is mainly transferred to the
|B0K ′′ ± 1〉 level by the pump-pulse S matrix. Indeed, the
numerical value of the squared modulus of the S-matrix el-
ement for the �K = +1 transition from K ′′ = 0 and m = 0
is |Spump

B(K=1)X0|2 = 0.12, while the magnitude of the S-matrix
element of the �K � 2 transitions from K ′′ = 0 and m = 0
are all very small, that is, |Spump

B(K �=1)X0|2 < 10−4. This means
that the population transfer to the B(0) state is achieved by
a one-photon transition induced by the weak tail component
of the spectrum of the sudden turn-on pump pulse extending
to the higher-frequency domain. When we consider the tran-
sition from the |X0(K ′ = 0)〉 level, m is 0 by definition. The
same analysis is performed for m > 0 and K ′ > 0 and all the
contributions from the different m values are added, as will be
shown in Eq. (22).

On the other hand, the values of the squared modulus of
the S-matrix element for the probe pulse |Sprobe

BK ′B0|2 are 0.08
for K ′ = 0, 0.52 for K ′ = ±2, 0.30 for K ′ = ±4, and 0.06
for K ′ = ±6, showing that a |B0K〉 level is coupled with
a |B0K ′〉 level with K ′ = K ± 2, K ± 4, K ± 6 . . . , through
the sequential Raman-type transitions. Consequently, Eq. (17)
can be expressed approximately as

PBK ′ (t ) =
∑

K ′′−K=±1

CX
K ′′

×
∣∣∣∣∣

∑
K−K ′=±2,±4

Sprobe
BK ′BK Spump

BKXK ′′e−iEBK t f /h̄

∣∣∣∣∣
2

. (21)

It is found from the numerical analysis that the temporal
variation of the population PBK ′ (t ) is governed by the real part
of the terms e−i(EB(K ′±4)−EB(K ′±2) )t f /h̄. The real part oscillating in
time shows that the period becomes shorter as the rotational
quantum number K ′ increases. As shown in Fig. 3(c), the
period of the oscillation of the population in the rotational
levels in the B(0) states decreases from 400 fs to 200 fs as
K ′ increases from 11 to 25.

The temporal evolution of the population in the rotational
levels in the X (0) states is much less pronounced compared
with that in the B(0) states. Therefore, the emission spectrum,

reflecting the difference in the population in the rotational
levels in the B(0) state and the population in the rotational
levels in the X (0) state, exhibits the oscillation originating
mainly from the temporal evolution of the population in the
B(0) state, resulting in the appearance of the two ridges in the
temporal evolution of the R-branch transition intensities. By
comparing the emission spectrum shown in Fig. 2(b) and the
population distribution in Fig. 3(c), it can be seen that the R2
branch in Fig. 2(b) starts around 300 fs and the signal becomes
stronger as the delay time increases, corresponding to the
second tilted distribution in the stripe pattern in Fig. 3(c),
where the highly excited rotational levels have a small amount
of population around 300 fs, and as the delay time increases,
the populations in the lower rotational levels in the B(0) state
increases. The R1 and R2 ridges appearing in Fig. 2(b) corre-
spond respectively to the first and second tilted pattern in the
stripe pattern appearing in Fig. 3(c), reflecting the temporal
evolution of the population in the rotational levels of the B(0)
state.

In order to examine how the rotational excitations are
achieved in the X (0), A(0), and B(0) states by the pump
and probe pulses, we show in Fig. 4 the populations in the
rotational levels in the X (0), A(0), and B(0) states at three dif-
ferent times, i.e., (i) just after the ionization at t = 0 fs, (ii) just
after the interaction with the pump pulse t = 14 fs, and (iii)
after the interaction with the probe pulse at t = (350 + 14) fs.

The zigzag patterns appearing in the K dependence of the
populations seen in Fig. 4(a) for the X (0), A(0), and B(0)
state are ascribed to the nuclear spin statistical weights of
N2

+ (see the Appendix), that is, gK = 2 for the rotational
levels with even K and gK = 1 for the rotational levels with
odd K . As shown in Fig. 4(c), because the selection rule of
the B 2�u

+-X 2�g
+ transition is �K = ±1, the phase of the

zigzag pattern appearing in the population distribution in the
B(0) state is inverted with respect to that in the X (0) state.
Interestingly, as shown in Fig. 4(b), the zigzag pattern is much
less pronounced in the population distribution in the A(0)
state. This suppression of the zigzag pattern can be interpreted
by the fact that the doubly degenerate A 2�u state is composed
of the two degenerate states, that is, the A+ state and the A−
state. The rotational selection rule of the A−-X transition is
�K = ±1, generating a zigzag pattern of the A− state similar
to that of the B state, while the rotational selection rules of
the A+-X transition is �K = 0, generating a zigzag pattern of
the A+ state similar to that of the X state. Because these two
zigzag patterns are out of phase with each other, the zigzag
pattern appearing in the sum of the population distribution of
A− state and A+ state becomes unclear, as shown in Fig. 4(b).

In order to understand the origin of the difference between
the extent of the rotational excitation achieved in the B(0) state
and that achieved in the A(0) state induced by a full-Gaussian
shape probe pulse, the S-matrix elements representing the
transition probabilities between the rovibronic levels are ex-
amined. As shown in Fig. 5, the transition probabilities of
the Raman-type X -(A or B)-X , A-X -A, and B-X -B transi-
tions induced by the probe pulse are plotted as a function
of the rotational quantum number K for the X 2�g

+, A 2�u,
and B 2�u

+ states, respectively. The transition probabilities
are obtained from the S matrix representing the excitation
achieved by the probe pulse, that is, the transition probability
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FIG. 4. Rotational population distributions in the (a) X 2�g
+(v = 0), (b) A 2�u(v = 0), and (c) B 2�u

+(v = 0) states of N2
+ just after the

ionization [only for (a) with the vertical axis on the right side], just after the pump pulse, and after the probe pulse at a delay time of 350 fs.
Because it is assumed that N2

+ is prepared exclusively in the X 2�g
+ state after ionization, no “after ionization” line is shown in (b) or (c).
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FIG. 5. Rotational transition probabilities in the (a) X 2�g
+(0), (b) A 2�u(0), and (c) X 2�g

+(0) states of N2
+ by the probe pulse through

the Raman-type transitions. The red dotted zigzag lines represent the probabilities for the population to remain in the same rotational level and
the blue zigzag lines show the probabilities for the population to be transferred to the other rotational levels.
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for the Raman-type |αvαKα〉-|βvβKβ〉-|αvαK ′
α〉 transition is

proportional to the S-matrix elements,

p|αvαKα〉−|βvβ Kβ 〉−|αvαK ′
α〉 ∝

∑
m

Cα
Kαm

∣∣Sprobe
αvαKαm,αvαK ′

αm

∣∣2
, (22)

where Cα
Kαm is the Boltzmann coefficient for the |Kα, m〉 level

in the X 2�g
+ state.

For the B-X -B transitions, within the framework of the
second-order perturbation, there are four different Raman-
type pathways, that is, the two pathways that do not change
the K rotational quantum number, B[K] → X [K + 1] →
B[K] and B[K] → X [K − 1] → B[K], and the two path-
ways that change the K rotational quantum number by
2, B[K + 2] → X [K + 1] → B[K] and B[K − 2] → X [K −
1] → B[K], corresponding to the rotational deexcitation and
excitation, respectively. For the A-X -A transition, within the
framework of the second-order perturbation, there are five
different Raman-type pathways, that is, the three pathways
that do not change the K rotational quantum number, A[K] →
X [K] → A[K], A[K] → X [K + 1] → A[K], and A[K] →
X [K − 1] → A[K], and the two pathways that change the K
rotational quantum number by 2, A[K + 2] → X [K + 1] →
A[K] and A[K − 2] → X [K − 1] → A[K], corresponding to
the rotational deexcitation and excitation, respectively.

The significant difference between the A-X -A transition
and the B-X -B transition comes from the difference between
the rotational selection rules and the difference between the
transition probabilities of the X 2�g

+-B 2�u
+ transition and

those of the X 2�g
+-A 2�u transition. First, only the A-X -

A transition has a route with �K = 0, that is, the A[K] →
X [K] → A[K] transition, represented as the green dash-dotted
zigzag line in Fig. 5(b). Second, as has already been examined
in [26], the X [K] − A[K + 1] transition has stronger inten-
sity than the X [K] − A[K − 1] transition, while the X [K] −
B[K + 1] transition has the same strength as the X [K] −
B[K − 1] transition, resulting in the marked difference in the
relative transition intensities between the red dashed zigzag
line and the blue solid zigzag line in Fig. 5(b).

The red dashed zigzag line in Fig. 5 shows the probabil-
ity for the population in each rotational level to remain in
the same rotational level and the blue zigzag line shows the
probability for the population to be transferred to the higher
and lower rotational levels after the interaction with the probe
pulse. The comparison between the red dotted zigzag line
and blue solid zigzag line in Fig. 5(c) for the B-X -B transi-
tion shows that the probability of the population remaining
in the initial rotational level is only about one-half of the
probability of the population transferred to the other rotational
level, which makes the rotational excitation and deexcitation
proceed efficiently in the B(0) state. On the other hand, as
shown in Fig. 5(b), the red dotted zigzag line in the A-X -A
transition is much larger than the blue solid zigzag line in
Fig. 5(b), which means that the population in the rotational
levels in the A 2�u state almost remain in the initial rotational
state and that the rotational excitation and deexcitation in the
A(0) state are not pronounced efficiently.

Because the X 2�g
+ state is shared by the A 2�u-X 2�g

+
transition and the B 2�u

+-X 2�g
+ transition, the population

in the rotational levels of X (0) state after the interaction with
the probe pulse is influenced by both the X -B-X and X -A-X

couplings. As shown in Fig. 5(a), the probability of the pop-
ulation transfer with �K = 0, represented by the red dotted
zigzag line, is several times larger than that with �K = K ± 2
represented by the blue solid zigzag line, which shows that
the extent of the rotational excitation in the X state becomes
intermediate between that in the B(0) state and that in the A(0)
state.

IV. CONCLUSION

The coherent lasing at 391 nm corresponding to the
P-branch and R-branch transitions of the B 2�u

+(v = 0)-
X 2�g

+(v = 0) emission were generated and recorded by
irradiating N2 gas with a sequential linearly polarized intense
pump and probe pulses. In the temporal evolution of the emis-
sion spectrum, the R branch exhibits two ridges R1 and R2 and
the most intense peak in the R-branch emission shifts from the
higher-frequency region to the low-frequency region.

By applying the time-dependent rovibronic model that we
introduced to simulate the population transfer induced by a
pump intense laser field after the ionization [26], we showed
that the theoretically obtained temporal evolution of the inten-
sity distributions in the P-branch and R-branch structures of
the B 2�u

+-X 2�g
+ emission, reflecting the population differ-

ence between the X (0) and B(0) states, is in good agreement
with the experimental observation.

While the populations in the respective rotational levels of
the B(0) state show a periodic time dependence, the temporal
variation in the population distribution of X (0) is less pro-
nounced, which results in the creation of the two ridges in
the R-branch emissions, reflecting the difference between the
temporal evolution of the population distribution in the X (0)
state and that in the B(0) state. We interpreted the difference
in the temporal evolutions as the difference in the coupling
strength and that in the selection rules in the B 2�u

+-X 2�g
+

transition and A 2�u-X 2�g
+ transition. We revealed that the

characteristic temporal evolution of the rotational structure in
the emission spectrum of air lasing at 391 nm can be realized
by the different rotational selection rules of the electronic
transitions involved in the rotational population transfer pro-
cesses.
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APPENDIX: TIME-DEPENDENT ROVIBRONIC
DYNAMICS OF N2

+ IN AN INTENSE LASER FIELD

The time-dependent dynamics of N2
+ interacting with

a light field can be described by the time-dependent
Schrödinger equation

ih̄
∂

∂t

(r, t ) = H (t )
(r, t ), (A1)

where H (t ) is the Hamiltonian operator

H (t ) = − h̄2

2mμ

∇2 + V (r) + H1(t ), (A2)
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mμ is the reduced mass of N2
+, V (r) is the interatomic poten-

tial energy curve represented as a function of the internuclear
distance r, and H1(t ) = 
μ · 
E (t ) stands for the light-molecule
interaction with the linearly polarized electric field expressed
as 
E (t ), whose polarization direction is along the space-fixed
z axis. The time-dependent wave function of the rovibrational
levels in the X 2�g

+, A 2�u, and B 2�u
+ states of N2

+ can be
expressed as


(r, t ) =
∑

α

∑
v

∑
K

K∑
m=−K

cαvKm(t )ψαvKm(r). (A3)

Here α denotes any of the X 2�g
+, A 2�u, and B 2�u

+ states
of N2

+, v is the vibrational quantum number, K is the quantum
number of the total angular momentum excluding the spin
angular momentum, m is the projection of the total angular
momentum excluding the spin angular momentum onto the
space-fixed z axis, and r is the internuclear distance vector
whose absolute value is r. The basis wave function of the K th
rotational state in the vth vibrational state in the electronic

state α, denoted by ψαvKm(r), is represented as a product of
the electronic, vibrational, and rotational basis sets as [26]

ψαvKm(r) = |α〉 |v〉α,K |K, m〉α , (A4)

where |α〉 is the electronic wave function, |v〉α,K is the vi-
brational basis wave function obtained as the solution of the
one-dimensional time-independent Schrödinger equation with
the Morse potential (14), and the rotational basis function
|K, m〉α is defined as

|K, m〉α

=
⎧⎨
⎩

|K, m, 0〉 when α = X or B
(|K, m, 1〉 + |K, m,−1〉)/

√
2 when α = A+

(|K, m, 1〉 − |K, m,−1〉)/
√

2 when α = A−.

(A5)

This equation was introduced in [26], but the coefficient 2 ap-
pearing in the corresponding equation, Eq. (6) in [26], should
be replaced by

√
2. In Eq. (A5), the rotational wave functions

|K, m, k〉 are defined as [36]

|K, m, k〉 = 1√
2

√
(K + m)!(K − m)!(K + k)!(K − k)!(2K + 1)

∑
σ

(−1)σ
[cos(θ/2)]2K+k−m−2σ [− sin(θ/2)]m−k+2σ

σ !(K − m − σ )!(m − k + σ )!(K + k − σ )!
eimφ,

(A6)

where θ is the polar angle, φ is the azimuth angle, and k is the projection of electronic orbital angular momentum on the
molecular axis connecting two nitrogen nuclei. These wave functions can also be expressed in Wigner D functions [37]. For
the X 2�g

+ and B 2�u
+ states, the projection k is k = 0, and |K, m, 0〉 becomes a spherical harmonic function. For the doubly

degenerate A 2�u state, with k = ±1, the two basis functions |K, m〉A+ and |K, m〉A− , given by Eq. (A5), are symmetric with
respect to the transformation θ → π − θ , while the rotational wave functions |K, m,+1〉 and |K, m,−1〉, given by Eq. (A6), are
not symmetric with respect to the transformation θ → π − θ .

The transition probability between rotational levels in the ground electronic X 2�g
+ state and the rotational levels in the

electronically excited A 2�u or B 2�u
+ state is given by∣∣pK,m

Xβ(�Kβ )

∣∣2 = |X 〈K, m|F Xβ

θ |K + �Kβ, m〉β |2, (A7)

where �KB = ±1 for β = B, �KA± = ±1, 0 for β = A±, and Fαβ

θ is the angular factor defined as [33,34,37]

Fαβ

θ = cos(θ )(δBαδXβ + δXαδBβ ) + sin(θ )√
2

(δA±αδXβ + δXαδA±β ). (A8)

For given K and m,

pK,m
XB(�KB ) =

{
( (K−m+1)(K+m+1)

(2K+1)(2K+3) )1/2 when �KB = 1

( (K−m)(K+m)
(2K+1)(2K−1) )1/2 when �KB = −1,

(A9)

pK,m
XA±(�KA± ) = K!

√
(K + m)!(K − m)!(K + �KA± + m)!(K + �KA± − m)!

× √
(K + �KA± + 1)!(K + �KA± − 1)!(2K + 1)[2(K + �KA± ) + 1]

×
K−m∑
σ=0

{
(−1)σ

σ !(K − m − σ )!(m + σ )!(K − σ )!(2 + 2K + �KA± )!

×
[ ∑

σ ′
(−1)σ

′−1 (1 − m + 2K + �KA± − σ − σ ′)!(m + σ + σ ′)!
σ ′!(K + �KA± − m − σ ′)!(m − 1 + σ ′)!(K + �KA± + 1 − σ ′)!

+ (−1)�KA±
∑
σ ′

s

(−1)σ
′
s+1 (2K − m + �KA± − σ − σ ′

s )!(1 + m + σ + σ ′
s )!

σ ′
s!(K + �KA± − m − σ ′

s )!(m + 1 + σ ′
s )!(K + �KA± − 1 − σ ′

s )!

]}
, (A10)
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where σ ′ starts from the larger of 0 and 1 − m and ends at
K + �KA± − m, and σ ′

s starts from 0 and ends at the smaller
of K + �KA± − m and K + �KA± − 1. These coupling terms
can also be represented in the Wigner 3- j symbols as shown
in [38].

The probability of finding the system in the rotational state
with the rotational quantum numbers K in the vth vibrational
state of the electronic state α is given by

PαvK ′ (t ) = 1

ζ

Kmax∑
K ′′=0

K ′′∑
m=−K ′′

∣∣cX0K ′′m
αvK ′m (t )

∣∣2

× gK ′′e−BX K ′′(K ′′+1)/kBT , (A11)

where cX0K ′′m
αvK ′m (t ) are the coefficients in Eq. (A3) deter-

mined as the solution of Eq. (A1) with the initial condition
cX0K ′′m
αvK ′m (t = 0) = δXαδ0vδK ′K ′′ , BX is the rotational constant of

the X 2�g
+(0) state, kB is the Boltzmann constant, gK ′′ is

the nuclear spin statistical weight, which takes the values of
gK ′′ = 2 for even K ′′ and gK ′′ = 1 for odd K ′′, and ζ is the
normalization factor given by

ζ =
Kmax∑

K ′′=0

g′′
K (2K ′′ + 1)e−BX K ′′(K ′′+1)/kBT . (A12)

The rotational wave packet prepared by the ionization process
from each initial rotational state in the X 2�g

+ state can be
calculated as


K,m=
∑

K ′

(
〈K ′, m, 0|

√
I (θ )∫

I (θ )sinθdθ
|K, m, 0〉

)
|K ′, m, 0〉,

(A13)
where I (θ ) is the θ -dependent ionization rate calculated by the
Ammosov-Delone-Krainov formula [35].
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