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We present a theoretical investigation of the radiative recombination of twisted Bessel electrons with initially
hydrogen-like (finally helium-like) heavy ions. In our study, we focus especially on the linear polarization of
x-ray photons emitted in the electron capture into the ground 1s2

1/2 ionic state. Particular emphasis is placed on
the question of how this polarization is affected if incident hydrogen-like ions are themselves spin-polarized. To
explore such a “polarization transfer” we apply the density matrix theory and derive the Stokes parameters of
recombination x rays for the realistic case of collisions between macroscopic electron and ion beams. Based on
the developed general approach two scenarios are discussed that are of interest for the planned experiments at
ion storage rings. First, we demonstrate how the use of twisted electrons can empower the known method for the
diagnostics of spin-polarized ion beams, based on the rotation of the linear polarization of recombination light.
In the second scenario we show how the internal structure of ions beams with inhomogeneous intensity and spin
patterns can be probed by the capture of Bessel electrons, carrying different values of angular momentum.
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I. INTRODUCTION

The radiative recombination (RR) of a free electron into
a bound state of highly charged heavy ion has been in the
focus of intense research for many years [1–5]. Such inter-
est stems from the fact that the RR is one of the dominant
processes in relativistic ion-electron as well as ion-atom col-
lisions at storage rings. Moreover, it can be seen as the
time-reversed photoionization and hence provides an access
to the fundamental process of light-matter interaction under
the critical conditions of relativistic energies and extremely
strong fields. To gain more insight into the radiative recombi-
nation a large number of experiments have been performed
during last decades at the GSI storage ring in Darmstadt.
While in the first experiments the total RR cross sections
were mainly measured, more recent studies have dealt with
the angular distributions and even linear polarization of
emitted recombination photons [6–9]. The latter, polarization-
resolved, measurements became feasible due to the progress
in the development of segmented Ge and Si(Li) detectors
[10,11]. Such detectors exploit the polarization sensitivity of
the Compton effect and allow high-precision determination
of both, the degree and direction of linear polarization of RR
photons with energies ranging from tens to hundreds of keV’s.

The RR polarization measurements, combined with the rig-
orous calculations based on Dirac’s theory, can reveal unique
knowledge about relativistic, many-body, magnetic interac-
tion, or even quantum electrodynamics (QED) effects in the
electron-photon coupling in high-energy domain [4,8,12,13].
Moreover, the linear polarization of recombination photons
provides a very effective tool for the diagnostics of spin states
of ion beams in storage rings. It was found, in particular,
that the longitudinal polarization of (initially) hydrogen-like
heavy ions results in the rotation of the linear polarization of
the K-shell recombination photons out of the reaction plane
[12,14]. This “polarization-rotation” approach for the beam
diagnostics has attracted particular interest since the opera-
tional access and control of polarized heavy ions are highly
demanded for a variety of atomic collision experiments which
are planned both at the GSI and FAIR facilities in Darmstadt
and at the Gamma Factory at CERN [15]. For instance, beams
of polarized hydrogen-like ions are essential for investigating
spin-flip atomic transitions [16] and parity-violation phenom-
ena [17] in the high-Z domain as well as for the search of a
permanent electric dipole moment.

Until now, the use of the radiative recombination as a
probe process for the diagnostics of spin-polarized ions beams
has been discussed exclusively for conventional plane-wave
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electrons. Recent years have witnessed, however, remarkable
progress in the production and application of twisted, or
vortex, electron states [18–21]. Such electrons can carry a
nonzero projection of the orbital angular momentum (OAM)
onto their propagation direction and possess a helical wave
front. The angular momentum, as an additional degree of
freedom, makes twisted electrons a powerful tool for prob-
ing magnetic phenomena in solid-state physics [21,22] and
light-matter coupling [23,24] as well as for studying various
atomic scattering processes [25–27]. We can expect that OAM
effects will also play an important role in the fundamental
process of the radiative recombination and can significantly
modify the linear polarization of emitted photons. A first step
towards such an analysis of the RR linear polarization has
been done by Zaytsev and coworkers [28] who considered
the capture of twisted electrons by bare ions. As men-
tioned above, however, much of today’s interest is focused
on the radiative recombination of initially hydrogen-like (fi-
nally helium-like) ions, whose spin states can be studied
based on the polarization-resolved measurements of K-RR
radiation.

In the present work, we report a theoretical investigation
of the radiative recombination of twisted Bessel electrons
with initially hydrogen-like heavy ions. Special attention in
our study is paid to the linear polarization of K-RR photons
and to its sensitivity to the spin state of ions. The analysis
of this “polarization sensitivity” requires the knowledge of
the matrix elements that describe the radiative transition of
an electron between continuum and bound ionic states. In
Sec. II A the independent particle model is employed to ex-
press these (two-electron) matrix elements in terms of their
single-particle counterparts, whose evaluation is well known
from the previous studies. With the help of the RR matrix ele-
ments we derive later the density matrix of K-RR photons. In
Sec. II B we show that this density matrix depends also on the
polarization of initially hydrogen-like ions which is described
by a set of the so-called statistical tensors. It is exactly the
dependence that opens up a way for the spin diagnostics of ion
beams, based on the analysis of the linear polarization of RR
photons. To perform such a polarization analysis it is practical
to construct the Stokes parameters of light from the elements
of the photon density matrix. These Stokes parameters for
the K-RR photons are derived in Sec. II C for the realistic
experimental scenario of collisions between high-intensity
electron and heavy ion beams. Since in the present storage
ring experiments the radii of both beams is about few mil-
limeters, the polarization parameters have to be obtained upon
the averaging over the electron-ion impact parameters b, as
discussed in Sec. II D. While the derived formulas are general
and can be applied to analyze the linear polarization of pho-
tons emitted in the K-RR of Bessel electrons with the beams
of any intensity and spin structure, two particular cases are
discussed in the present work. In Sec. III A, for example, we
consider the beam of longitudinally polarized hydrogen-like
ions in their ground state. We assume that this polarization,
i.e., preferred population of a particular magnetic substate
|1s1/2 μ0〉, is independent of the position of an ion in the beam,
which is usual for the present storage-ring experiments. Our
calculations indicate that the polarization of such unstructured
beams leads to the rotation of the linear polarization of K-

RR photons out of the reaction plane. Moreover, the rotation
angle can be significantly enhanced in a controllable way and,
hence, easier measured by modern polarization detectors, if
Bessel electrons in place of plane-wave ones are used in exper-
iment. The second scenario is discussed later in Sec. III B for
structured ion beams, whose (local) intensity and polarization
are varying within their cross-sectional area. Again, we show
that detailed information about the internal structure of such
beams can be obtained by studying the K-RR of Bessel elec-
trons with various projections of angular momentum and by
measuring the tilt angle of emitted radiation. The summary of
these results and the outlook are presented finally in Sec. IV.

Relativistic units (h̄ = c = me = 1) are used throughout
the paper unless stated otherwise.

II. THEORETICAL BACKGROUND

A. Evaluation of the transition amplitude

The theoretical analysis of the radiative recombination of
electrons with highly charged ions is usually based on the
perturbative treatment of the coupling to the electromagnetic
radiation [2,4]. In this approach all the properties of the
emitted photons can be expressed in terms of the first-order
RR amplitude. For the capture of a twisted electron into the
ground state 1s2

1/2 of a finally helium-like ion this amplitude
reads as

T (tw)
mj msλμ0

(b) = 〈
1s2

1/2 : 1S0 |R̂†
λ|1s1/2 μ0, κmj pzms

〉
. (1)

Here R̂λ is the transition operator that describes the interaction
of the electrons with the radiation field. Within the Coulomb
gauge and the relativistic framework, it can be written

R̂λ = −e√
2ω(2π )3

∑
q=1,2

αq εkλ eikrq (2)

as a sum of one-particle operators, where rq is the position
vector and αq is the vector of Dirac matrices for the qth
electron. Moreover, the emitted photon is characterized by its
energy ω, wave and (circular) polarization vectors, k and εkλ,
with λ = ±1 being the photon’s helicity.

In order to further evaluate the transition amplitude (1), we
have to agree how to describe the system “ion + electrons”
before and after the radiative recombination takes place. The
initial state of the system is given by an ion in the ground
hydrogenic state |1s1/2 μ0〉, with μ0 = ±1/2 being the pro-
jection of the total angular momentum, and by a continuum
electron incident along the z-axis. Below we will assume that
this electron is prepared in the twisted Bessel state |κmj pzms〉,
which is characterized by the well-defined projections pz and
mj of the linear and total angular momenta, as well as by the
fixed absolute value of the transverse momentum κ = |p⊥|.
Since the properties of the Bessel electrons, moving in the
Coulomb field of an ion, have been thoroughly discussed in
the literature [27–29], here we just briefly recall the basic
expressions, required for the further analysis. The wave func-
tion of an electron in the Bessel state can be written as the
superposition of the plane-wave continuum solutions ψpms (r)
of the Dirac equation:

ψκmj pzms (r) =
∫

d p aκmj (p) eipb ψpms (r). (3)
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Here the amplitude aκmj (p) is given by

aκmj (p) = ims−mj
eimjϕp

2π p⊥
δ(p‖ − pz ) δ(p⊥ − κ), (4)

and the position of an electron with respect to a target atom is
specified by the impact parameter b = (bx, by, 0). The need
to introduce this parameter stems from the inhomogeneous
internal structure of Bessel electron states. In particular, both
the probability density distribution of the electrons and their
spin polarization varies with the distance from the center of
the Bessel beam; see Refs. [27–29] for further details.

While before the RR one electron is in the bound state
and the other is in the continuum state, both of them form
the ground state 1s2

1/2 of the helium-like ion after the re-
combination. In general, accurate theoretical description of
such a two-electron state is a rather complicated task which
requires an account of the e-e interaction. For the high-Z
domain, however, the interelectronic interaction effects are
rather small comparing to the electron-nucleus coupling, and
the state |1s2

1/2 : 1S0〉 can be approximated within the frame-
work of the independent particle model (IPM). This model,
which takes the Pauli exclusion principle into account, has
been successfully applied in the past to describe the radiative
recombination into finally helium-like ions [12,30]. A great
advantage of the IPM approach is that it allows to express
two-electron recombination amplitudes in terms of their one-
electron counterparts. For example, Eq. (1) can be expressed
as

T (tw)
mj msλμ0

(b) = (−1)1/2+μ0 τ
(tw)
mj msλ−μ0

(b), (5)

where the amplitude τ
(tw)
mj msλ−μ0

(b) describes the capture of
an electron into a single-particle substate |1s1/2 − μ0〉. The
minus sign in front of μ0 simply follows from the Pauli
principle and from the fact that the other substate, |1s1/2 μ0〉,
is already occupied by a spectator electron. Not so much has
to be said about further evaluation of τ

(tw)
mj msλ−μ0

(b) for the
case of incident Bessel electrons. As it was already shown in
Refs. [28,29], this “twisted” amplitude can be written as

τ
(tw)
mj msλ−μ0

(b) = e−ikb
∫

d p aκmj (p) eipb τ
(pl)
msλ−μ0

(p), (6)

where aκmj (p) is given by Eq. (4), and τ
(pl)
msλ−μ0

(p) is the
amplitude for the radiative recombination of the usual plane-
wave electron with the asymptotic momentum p and spin
projections ms.

B. Density matrix approach

Having briefly discussed the evaluation of the amplitude
(1) for the RR of the twisted electron into the ground state of
helium-like ions, we are ready to investigate the polarization
of emitted photons. Most conveniently this can be done within
the framework of the density matrix theory. Again, the appli-
cation of this theory to the capture of (plane-wave) electrons
into bound states of highly charged ions has a long successful
history and was discussed elsewhere [4,5,31]. In the present
work, therefore, we will omit the details of the derivation and
proceed directly to the density matrix of emitted photons:

〈kλ|ρ̂γ (b)|kλ′〉 = N
∑

μ0μ
′
0ms

T (tw)
mj msλμ0

(b) T (tw)∗
mj msλ′μ′

0
(b) 〈1s1/2 μ0|ρ̂0(b)|1s1/2 μ′

0〉

= −N
∑

μ0μ
′
0ms

(−1)μ0+μ′
0 τ

(tw)
mj msλ−μ0

(b) τ
(tw)∗
mj msλ′−μ′

0
(b) 〈1s1/2 μ0|ρ̂0(b)|1s1/2 μ′

0〉, (7)

where in the second line we have employed the independent
particle model (5) to evaluate the RR amplitude. The factor
N is introduced in order to the density matrix has a usual
normalization (Tr(ρ̂γ ) = 1). We have assumed, moreover, that
while the incident Bessel electrons carry a well-defined value
of the total angular momentum mj , their spin projection ms is
not fixed.

As seen from Eq. (7), the elements of the photon density
matrix, written in the helicity representation |kλ〉, can be
expressed in terms of the transition amplitudes τ

(tw)
mj msλ−μ0

(b)
and the initial-state density matrix 〈1s1/2 μ0|ρ̂0(b)|1s1/2 μ′

0〉.
The latter describes magnetic sublevel population of the
hydrogen-like ions before the electron capture. In our study
we will assume that this population may also depend on
the position b of an ion with respect to the center of
the incident Bessel beam. Such a b-dependence can arise,
for example, if hydrogen-like ions are themselves pro-
duced by the recombination of twisted electrons with bare
nuclei [29].

To proceed further with the analysis of the polariza-
tion properties of recombination photons, it is convenient to
rewrite the initial-state density matrix in Eq. (7) in terms of
the statistical tensors of hydrogen-like ions:

〈1s1/2 μ0|ρ̂0(b)|1s1/2 μ′
0〉

=
∑

kq

(−1)1/2−μ′
0 〈1/2μ0 1/2 − μ′

0|kq〉 ρkq(b). (8)

The great advantage of ρkq is that they are constructed to
represent the irreducible tensors of rank k and projection q
and, hence, obey well-known transformation properties under
the rotation of coordinates [32,33]. Moreover, a clear physical
interpretation can be given to the components of these tensors.
While ρ00 is proportional to the probability to find a hydrogen-
like ion in a particular state |n0 j0〉, which is the 1s1/2 in our
case, the orientation and/or alignment of this state is described
by the set of components ρkq with k �= 0.
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Twisted electrons      Unstructured ion beam

FIG. 1. The geometry of the radiative capture of twisted Bessel
electrons into the 1s2

1/2 ground state of initially hydrogen-like (finally
helium-like) uranium ions. The electron beam propagation direction,
as “seen” in the ion rest frame, is chosen as the z axis. Together with
the wave vector k of emitted photon this axis defines the scattering
(xz) plane. The orientation of the linear polarization of emitted K-RR
photons is characterized by the tilt angle χ , defined with respect to
the scattering plane.

By making use of Eq. (8) we rewrite the density matrix of
emitted photons as

〈kλ|ρ̂γ (b)|kλ′〉
= −N

∑
μ0μ

′
0ms

∑
kq

[
(−1)1/2−μ0 〈1/2 − μ0 1/2μ′

0|kq〉

× τ
(tw)
mj msλμ0

(b) τ
(tw)∗
mj msλ′μ′

0
(b) ρkq(b)

]
. (9)

As seen from this expression, the elements of the density
matrix 〈kλ|ρ̂γ (b)|kλ′〉 depend on the position b of an ion
within the incident electron wavefront. This b-dependence
arises from both, the recombination amplitudes and the statis-
tical tensors of the initially hydrogen-like ions. Under realistic
experimental conditions, however, the RR is observed in elec-
tron and ion beam collisions, which do not allow control the
impact parameter. Hence, the (observable) properties of the re-
combination photons, calculated from the density matrix (9),
have to be averaged over b in order to “fit” the experimental
scenario. This averaging procedure will be discussed in the
next section.

C. Linear polarization of RR photons

With the help of the density matrix (9) one can evaluate all
the properties of the photons, emitted in the capture of Bessel
electrons into the K-shell of helium-like ions. In the present
study we will focus especially on the linear polarization of
K-RR photons which is usually parameterized by two Stokes
parameters P1 and P2. These parameters can be expressed in
terms of the intensities of light Iχ , linearly polarized under
various angles χ with respect to the reaction plane [33,34]. In
experimental and theoretical RR studies this plane is chosen
to be spanned by the directions of the incident electron beam
(z-axis) and of the emitted photons k̂ = k/k; see Fig. 1. The
intensities of light, polarized within and perpendicular to this
plane, define the first Stokes parameter:

P1 = I0 − I90

I0 + I90
, (10)

while P2 follows from a similar expression:

P2 = I45 − I135

I45 + I135
, (11)

obtained for polarization tilt angles χ = 45◦ and χ = 135◦.
In order to use Eqs. (10) and (11) for the computation of

the Stokes parameters of RR photons, one has to obtain first
the light intensities Iχ . Within the framework of the density
matrix theory this can be easily achieved by introducing the
so-called detector operator

P̂χ = |k χ〉〈k χ | = 1

2

∑
λλ′

eiχ (λ′−λ) |k λ〉〈k λ′|, (12)

that describes the “measurement” of a photon in the state
|k χ〉 with the wave vector k and linear polarization titled
by an angle χ with respect to the reaction plane. As seen
from the second line of Eq. (12), this linear polarized state
can be expanded in more convenient circular polarization (or
helicity) basis, |k χ〉 = 1/

√
2

∑
λ e−iλχ |kλ〉. By taking a trace

of the product of the detector operator (12) and the photon
density matrix (9) we find the probability to measure a photon
in the state |k χ〉, which is proportional to the intensity

Iχ (b) = C Tr(P̂χ ρ̂γ (b)). (13)

The coefficient C is independent of the emission and polariza-
tion angles of the RR photons and just reflects parameters of
a particular experimental setup.

Equation (13) describes the intensity of linearly polarized
light, emitted from a particular point b. In modern storage-ring
experiments, however, the radiative recombination is usually
studied in collisions of electron and ion beams, each of which
have macroscopic cross-sectional areas. In order to be able to
describe the outcome of these experiments we have to average
the intensity Iχ (b) over the impact parameter:

Iχ =
∫

db
πR2

Iχ (b)

= C
2πR2

∑
λλ′

eiχ (λ−λ′ )
∫

db〈kλ|ρ̂γ (b)|kλ′〉, (14)

where R is the radius of the ion beam, and Eqs. (9) and (13)
were employed in the second line of the expression. With the
help of this averaged intensity Iχ we finally derive the Stokes
parameters:

P1 =
∑
λλ′

(1 − δλ,λ′ )
∫

db〈kλ|ρ̂γ (b)|kλ′〉∑
λ

∫
db〈kλ|ρ̂γ (b)|kλ〉 , (15a)

P2 = i

2

∑
λλ′

(λ − λ′)
∫

db〈kλ|ρ̂γ (b)|kλ′〉∑
λ

∫
db〈kλ|ρ̂γ (b)|kλ〉 , (15b)

that describe the linear polarization of the RR photons, emit-
ted from the entire electron and ion beam intersection area.

D. Evaluation of the b-averaged density matrix

As seen from Eqs. (15a) and (15b), the Stokes pa-
rameters P1 and P2 can be expressed in terms of the
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averaged elements of the photon density matrix. For the
further evaluation of these elements one employs Eq. (9)

as well as the explicit form (6) of the RR amplitude, and
finds

∫
db〈kλ|ρ̂γ (b)|kλ′〉 = −Ñ

∑
μ0μ

′
0ms

∑
kq

(−1)1/2−μ0 〈1/2 − μ0 1/2μ′
0|kq〉

×
∫

dϕp dϕp′ eimj (ϕp−ϕp′ ) τ
(pl)
msλμ0

(p) τ
(pl)∗
msλ′μ′

0
(p′)Fkq(p − p′). (16)

Here τ
(pl)
msλμ0

(p) is the RR amplitude for the plane-wave
electron, whose asymptotic momentum is written in cylindri-
cal coordinates as p = (p⊥, p‖) = (p⊥ cos ϕp, p⊥ sin ϕp, p‖)
with longitudinal p‖ and transverse p⊥ components defined
along the z-axis and within the xy-plane, respectively. The
integration in Eq. (16) runs only over the azimuthal angle
ϕp, while the absolute values p‖ = pz and p⊥ = κ are fixed
to represent the kinematic parameters of the incident Bessel
beam; see Eqs. (3) and (4). In the calculations below the
ratio of these, transverse and longitudinal, components will
be parameterized in terms of the so-called opening angle,
tan θp = κ/pz. Ñ is the normalization factor which is not
significant for Stokes parameter calculations.

Beside the RR amplitudes, the b-averaged density matrix
(16) depends also on the Fourier transform of the statistical
tensors of the hydrogen-like ions:

Fkq(p − p′) =
∫

db ei(p−p′ )b ρkq(b). (17)

This implies that the polarization Stokes parameters of re-
combination photons are sensitive to the sublevel population
of initial hydrogenic states. In the following section we will
investigate this sensitivity for various experimental scenarios.

III. RESULTS AND DISCUSSION

A. Recombination of polarized ion beams

During the last two decades, several schemes have been
proposed to produce beams of longitudinally polarized
hydrogen-like ions in storage rings. In particular, the optical
pumping of hyperfine levels of these ions [35] or the RR
of polarized electrons with initially bare ions [17] may lead
to a preferred population of a particular hydrogenic substate
|n0 j0 μ0 = ± j0〉. For both above scenarios this population is
independent of the position b of an ion and, hence, one can
talk about spin-polarized but spatially unstructured beams.
Of special interest here are the beams of hydrogen-like ions
in their ground 1s1/2 state, whose longitudinal polarization is
described by the parameter

Pz = n+1/2 − n−1/2

n+1/2 + n−1/2
. (18)

Here n±1/2 ≡ n1s1/2 μ0=±1/2 are the relative populations of
magnetic substates |1s1/2 μ0〉 and the projection μ0 of the total
angular momentum j0 = 1/2 is defined with respect to the
beam direction.

Besides the production of spin-polarized beams of
hydrogen-like ions, the diagnostics of this polarization in the

storage ring experiments remains an important task. Recently,
the radiative recombination of plane-wave unpolarized elec-
trons into the ground state 1s2

1/2 of finally helium-like ions has
been proposed as a probe process for measuring the degree of
ion polarization Pz [12,14]. This measurement becomes feasi-
ble since the linear polarization of K-RR photons is sensitive
to Pz. The analysis based on the density matrix theory has
indicated, in particular, that the second Stokes parameter of
recombination photons is directly proportional to the ion po-
larization, P2 ∼ Pz, while the P1 is independent of Pz. In order
to better “visualize” this effect, it is convenient to represent
the linear polarization of recombination photons in terms of
their polarization ellipse. This ellipse is defined in the plane
normal to the photon momentum k and its principal axis with
the length PL =

√
P2

1 + P2
2 is tilted by the angle

tan 2χ0 = P2

P1
(19)

with respect to the reaction plane. Based on this (ellipse)
representation one concludes that the polarization of initially
hydrogen-like ions results in the rotation of the linear polar-
ization of K-RR photons out of the reaction plane by the angle
tan 2χ0 ∼ Pz.

Until now, the “polarization rotation” method for the ion
beam diagnostics has been discussed exclusively for the
recombination of unpolarized plane-wave electrons. In the
present work we aim to extend it to the case of twisted
electrons and to highlight the advantages of this expansion.
Similar to the well-elaborated plane-wave case we will con-
sider below the capture of unpolarized Bessel electrons into
the ground state of longitudinally polarized hydrogen-like
ions. To evaluate the density matrix and the Stokes parameters
of K-RR photons for this scenario, we have to determine first
the statistical tensors ρkq of initial ions. Since these ions are
assumed to be prepared in the ground state 1s1/2, their sublevel
population is described by just two nonzero tensors, ρ00 and
ρ10, which are related to each other by the degree of beam
longitudinal polarization:

ρ10 = Pz ρ00. (20)

We remind that for the polarized beams, conventionally pro-
duced by the optical pumping of hydrogen-like or by the
recombination of bare ions with plane-wave electrons, the
tensors ρ00 and ρ10 are independent of the impact parameter b.
For this (unstructured beam) case the Fourier transform (17)
trivially simplifies to

Fkq(p − p′) = 4π2 δ(p⊥ − p′
⊥) δq0 ρk0, (21)
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FIG. 2. The Stokes parameters P1 (upper panel) and P2 (lower panel) of the K-RR photons, emitted in collisions of unpolarized Bessel
electrons with an unstructured beam of hydrogen-like uranium U91+ ions. Calculations have been performed for the electrons with kinetic
energy 100 keV and opening angles θp = 0.1◦ (left column), θp = 10◦ (middle column), and θp = 30◦ (right column). Moreover, the initial-state
hydrogen-like ions are assumed to be longitudinally polarized with the degree of polarization Pz = 0 (green solid line), Pz = 0.5 (blue dashed
line), and Pz = 1.0 (red dash-dotted line). The results are presented in the ion rest frame.

with k = 0, 1, and the b-averaged density matrix (16) can be
written as∫

db〈kλ|ρ̂γ (b)|kλ′〉

= −Ñ
∑
μ0ms

∑
k

(−1)1/2−μ0 〈1/2 − μ0 1/2μ0|k0〉 ρk0

×
∫

dϕp τ
(pl)
msλμ0

(p) τ
(pl)∗
msλ′μ0

(p). (22)

As seen from this expression, the elements of the density
matrix are independent of the projection mj of the total angu-
lar momentum (TAM) of Bessel electrons and just sensitive
to the ratio of (the absolute values of) their transverse to
longitudinal momenta. This result is consistent with the com-
mon knowledge that the probabilities of atomic processes,
involving twisted particles, are insensitive to the TAM if the
integration over the impact parameter b is performed [28,36].

By inserting the density matrix (22) into Eqs. (15a) and
(15b) one can finally obtain the Stokes parameters of the
photons, emitted in the K-RR of (unpolarized) Bessel elec-
trons with longitudinally polarized hydrogen-like ions. For
the sake of brevity we will not present here these—rather
complicated—expressions but discuss instead the general

properties of P1 and P2 with a special focus on their sensitivity
to the Pz. Similar to the recombination of the plane-wave
electron we found qualitatively different Pz-behavior of two
Stokes parameters: while P2 is proportional to the degree of
polarization of the ion beam, P1 is unaffected by it. This
behavior is illustrated in Fig. 2, where we display the Stokes
parameters P1 and P2 as a function of the photon emission
angle θ and for the recombination of polarized hydrogen-like
uranium ions U91+ with 100 keV Bessel electrons. Calcula-
tions have been performed for various ratios of the transverse
to longitudinal momentum of Bessel electrons, which are con-
veniently parameterized by the opening angle tan θp = κ/pz,
and for three degrees of ion polarization, Pz = 0 (green solid
line), Pz = 0.5 (blue dashed line), and Pz = 1.0 (red dash-
dotted line). For the case of unpolarized ion beam, Pz = 0,
the calculations clearly indicate that the Stokes parameter P2 is
identically zero for all emission angles θ , while the parameter
P1 reaches large positive values for 0 < θ < 180◦. The situ-
ation changes qualitatively if electrons are recombined with
longitudinally polarized ions. Namely, as can be seen from
the figure, the (absolute value of the) second Stokes parameter
increases linearly with Pz, while the first parameter P1 remains
insensitive to Pz. As we mentioned already above, nonzero
values of the P2 parameter indicate the rotation of the linear
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FIG. 3. The degree of linear polarization PL = √
P2

1 + P2
2 (upper panel) and the polarization tilt angle χ0 (lower panel) of the photons,

emitted in the K-RR of completely polarized, Pz = 1, hydrogen-like ions. Calculations have been performed both for plane-wave (black solid
line) and for twisted electrons with the opening angle θp = 10◦ (blue dashed line), θp = 30◦ (green dash-dotted line) and θp = 45◦ (red dotted
line). The polarization parameters are obtained, moreover, for three electron kinetic energies: Te = 10 keV (left column), 50 keV (middle
column), and 100 keV (right column). The results are presented in the ion rest frame.

polarization of K-RR photons out of the reaction plane. Most
naturally, this rotation can be parameterized by the tilt angle
(19) of the polarization ellipse.

The polarization tilt angle χ0 for the radiative recombi-
nation of Bessel electrons with hydrogen-like ions can be
obtained upon inserting b-averaged density matrix (22) into
Eqs. (15a), (15b), and (19). After some simple algebra one
obtains

tan 2χ0 = P2

P1
= Pz R(tw)(Z, Te, θp; θ ), (23)

where the function R(tw)(Z, Te, θp; θ ) depends on the elec-
tron kinetic energy Te, the nuclear charge Z and the photon
emission angle θ . Moreover, in contrast to the plane-wave
case, R(tw) can be modified also by varying the opening angle
θp of the twisted electrons. It can be expected from the fact
that both Stokes parameters P1 and P2 and, hence, their ratio
depend on θp, as can be seen from Fig. 2. This θp-dependence
can be used to enlarge the absolute values of the function
R(tw) and, hence, to increase the sensitivity of the tilt angle
χ0 to the polarization of ion beam. In order to illustrate how
twisted electrons may help in the spin-diagnostics of ions
beams, we display in the lower panel of Fig. 3 the tilt angle
χ0 of the K-RR photons emitted in collisions of completely

polarized U91+ ions with plane-wave (black solid line) and
Bessel electrons. For the latter case, calculations have been
carried out for the opening angles θp = 10◦ (blue dashed line),
30◦ (green dash-dotted line), and 45◦ (red dotted line). We
have investigated, moreover, the energy dependence of χ0 and
present results for Te = 10 keV (left column), 50 keV (middle
column), and 100 keV (right column). As seen from the figure,
the tilt angle of the linear polarization of K-RR photons is
rather sensitive to the state (plane-wave or Bessel) in which
electrons are initially prepared. The effect becomes more
pronounced for the forward photon emission, where χ0 can
be strongly enhanced if twisted electrons with large opening
angles θp are captured into the K-shell of hydrogen-like ions.
For example, the tilt angle χ0, measured in the range 10◦ <

θ < 30◦, is increased by more than an order of magnitude if
Bessel electrons with θp = 45◦ are used in place of the “usual”
plane-wave ones. One can note that this increase of χ0 for
larger opening angles θp of twisted light is associated with the
reduction of the degree of linear polarization PL; see the upper
panel of Fig. 3. Even being reduced, however, the PL reaches
the values 10%–40% for the forward photon emission θ < 60◦
which makes the polarization measurements highly feasible.
As mentioned already above, these measurements, when per-
formed with the help of segmented Compton detectors, can
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FIG. 4. The geometry of the sequential two-electron radiative recombination of initially bare (finally helium-like) uranium ions. In the first
step, displayed in the left panel, the capture of Bessel electrons into the 1s1/2 state of initially bare ions leads to formation of the structured U91+

beam. A nonhomogeneous intensity profile and vortex-like spin pattern of this beam affect the linear polarization of K-RR photons, emitted in
collisions with the second (“probe”) twisted electron bunch; see right panel.

accurately determine both PL and χ0. With the help of Bessel
electrons, which allow controllable enhancement of χ0, this
Compton polarimetry can be used for the spin diagnostics of
ion beams even with small degrees of polarization Pz.

B. Recombination of structured ion beams

In the previous section we have discussed the K-shell ra-
diative recombination for collisions of Bessel electrons with
the beams of hydrogen-like ions, whose sublevel population
is independent of the position b of a particular ion. For such
unstructured beams the linear polarization of emitted photons,
obtained upon integration over b, reflects only the kinematic
properties of Bessel electrons, but is insensitive to their TAM
projection mj . As seen from Eqs. (16) and (17), the mj-
dependence of the K-RR linear polarization would indicate
that the intensity and/or the polarization of the ion beam
vary in its transverse cross-sectional plane. Thus, the radiative
recombination of Bessel electrons can also serve as a tool for
investigating the structured ions beams.

Of course, the sensitivity of the K-RR linear polarization
to the internal beam structure depends on a shape and spin
pattern of a particular beam. During the recent years, several
proposals have been made to produce such structured ion
beams by using, for example, immersed cathode technique
[37] and the radiative capture of Bessel electrons [29]. The
beams of hydrogen-like ions, obtained by the second (recom-
bination) method, exhibit multiple-ring intensity profiles and
vortex-like spin patterns that are described by the statistical
tensors

ρkq(b) = eiqφb ρkq(b), (24)

with the impact parameter b = (b cos φb, b sin φb, 0) defined
in the transverse plane [29]. Below we will employ these
beams as a “testbed” and will discuss their K-shell re-
combination with twisted electrons. If the ions were in the
1s1/2 hydrogenic state before the recombination, one can use
Eq. (24) with k = 0, 1 and q = −k, . . . , k as well as formulas
from Sec. II to calculate the Stokes parameters of the K-RR
photons. Similar to before, the calculations have to be started
with the evaluation of the Fourier transform:

Fkq(p − p′) = 2π iq e−iqφQ

∫
db bρkq(b) Jq(Qb), (25)

where we assumed that the axes of the (electron and ion)
beams coincide and introduced notation Q = p⊥ − p′

⊥. In

contrast to the recombination of unstructured hydrogen-like
ions [see Eq. (21)], this expression does not require equality of
the transverse momenta p⊥ and p′

⊥. This, in turn, implies that
the density matrix (16) and, hence, the linear polarization of
emitted photons can generally depend on the TAM projection
mj of Bessel electrons even after integration over the impact
parameter b.

In order to investigate the mj-dependence of the K-RR
linear polarization we consider the scenario of sequential
radiative recombination of initially bare uranium ions U92+
colliding with two spatially separated bunches of Bessel elec-
trons; see Fig. 4. During collisions with electrons from the first
bunch, which have TAM projection mj = +1/2 and helicity
ms = +1/2 as well as kinetic energy 50 keV and opening
angle θp = 15◦ in the ion frame, the hydrogen-like ions U91+
in the ground 1s1/2 state can be produced. The intensity dis-
tribution and magnetic sublevel population of these U91+ ions
is described by Eq. (24) and can later affect the linear polar-
ization of photons, emitted in the K-shell capture of electrons
from the second bunch. In Fig. 5, for example, we display
the Stokes parameters P1 and P2 of such K-RR photons. Here
the calculations have been carried out for the recombination
of (second, “probe”) Bessel electrons with kinetic energy 50
keV, opening angles θp = 0.1◦ (left column), 10◦ (middle
column), and 30◦ (right column), as well as with the TAM
projections mj = −3/2 (black solid line), −1/2 (blue dashed
line), +1/2 (green dash-dotted line), and +3/2 (red dotted
line). As seen from the figure, the linear polarization of K-RR
photons is very sensitive to the TAM projection of the “probe”
electrons, and this mj-sensitivity varies with the opening angle
θp. For example, the Stokes parameters depend mainly on the
sign of mj and are not very sensitive to its absolute value if
θp = 0.1◦. With the increase of the opening angle, the linear
polarization of K-RR photons allows to distinguish both the
sign and the absolute value of the TAM projection; the effect
that is most pronounced for the parameter P2. For instance, the
second Stokes parameters, measured at the photon emission
angle θ = 60◦, increases from P2 = −0.065 for mj = −3/2
to P2 = −0.006 for mj = +3/2 if Bessel electrons have an
opening angle θp = 30◦. Such a remarkable enhancement of
P2 can be easily observed by modern Compton polarimeters
and can help in the investigations of the intensity and spin
patterns of structured ion beams.

As discussed already above, it is often more convenient
to describe the linear polarization of light in terms of the
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FIG. 5. The Stokes parameters P1 (upper panel) and P2 (lower panel) of the K-RR photons, emitted in collisions of a structured beam
of hydrogen-like uranium U91+ ions with spin-unpolarized Bessel electrons carrying, however, well-defined projection of the total angular
momentum mj = −3/2 (black solid line), mj = −1/2 (blue dashed line), mj = +1/2 (green dash-dotted line), and mj = +3/2 (red dotted
line). Calculations have been performed for the electrons with kinetic energy 50 keV and opening angles θp = 0.1◦ (left column), θp = 10◦

(middle column), and θp = 30◦ (right column). The results are presented in the ion rest frame and for the case when the axes of both (electron
and ion) beams coincide with each other.

polarization ellipse instead of two Stokes parameters P1 and
P2. From Eq. (19) and Fig. 5 one can expect that the tilt angle
χ0 of this ellipse can also be used as a valuable tool for the di-
agnostics of structured ion beams. In Fig. 6 we present both χ0

(lower panel) and the degree of polarization PL (upper panel)
of x rays, emitted in the K-RR of hydrogen-like uranium ions
U91+ with Bessel electrons. In contrast to results from Fig. 5,
here we fix the opening angle θp = 30◦ of the “probe” electron
beam but consider three different beams of hydrogen-like
U91+ ions. These beams were preliminary produced by the
K-shell recombination of bare ions with polarized plane-wave
electrons (left column) as well as with polarized (middle
column) and unpolarized (right column) Bessel electrons, car-
rying TAM projection mj = 1/2 and opening angle θp = 15◦.
These three beams can referred to as (i) polarized unstruc-
tured, (ii) polarized structured, and (iii) unpolarized structured
beams, respectively. As seen from Fig. 6, the polarization-
resolved measurements of K-RR photons allow to distinguish
between these three cases. For example, as we know already
from Sec. III A the parameters PL and χ0 of the polarization
ellipse are insensitive to the TAM projection of the “probing”
electrons colliding with an unstructured beam; cf. the left

panel of Fig. 6. In contrast, the tilt angle χ0 can vary signifi-
cantly with mj if Bessel electrons recombine with structured
(polarized and unpolarized) ion beams. This mj-dependence
is more pronounced for the K-RR of a polarized structured
beam where the linear polarization of recombination photons,
detected under small emission angles, can be tilted by more
than 10◦ if TAM projection of the “probe” electron beam is
flipped from +3/2 to −3/2. Again, such a remarkable polar-
ization rotation can be easily observed in present storage-ring
experiments and can be used for the diagnostics of structured
ion beams.

Of course, the sensitivity of the K-RR linear polarization
to the parameters of the “probe” Bessel electrons will strongly
depend on internal structure of each particular (structured) ion
beam and can differ a lot from that of our “toy example,” dis-
played in Figs. 5 and 6. However, as follows from the general
theoretical approach, laid out in this work, the mj-dependence
of the polarization tilt angle χ0 will clearly indicate inhomo-
geneity of intensity profile and/or spin pattern of ion beams.
The details about such (intensity and spin) structures can be
obtained by combining experimental K-RR polarization data
and theoretical predictions, based on Eqs. (15a)–(17).
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FIG. 6. The degree of linear polarization PL = √
P2

1 + P2
2 (upper panel) and the polarization tilt angle χ0 (lower panel) of the photons,

emitted in the K-RR of unstructured polarized (left column), structured polarized (middle panel), and structured unpolarized (right column)
beams of hydrogen-like uranium ions. Calculations have been performed for unpolarized twisted electrons with the kinetic energy 50 keV and
opening angle θp = 30◦ as well as with TAM projections mj = −3/2 (black solid line), mj = −1/2 (blue dashed line), mj = +1/2 (green
dash-dotted line), and mj = +3/2 (red dotted line). The results are presented in the ion rest frame.

IV. SUMMARY AND OUTLOOK

In summary, we lay out a theoretical approach for the
description of linear polarization of photons, emitted in the
radiative recombination of Bessel electrons with initially
hydrogen-like (finally helium-like) heavy ions. A particu-
lar interest to the recombination arises from the fact that
it can be used as a probe process for the diagnostics of
spin-polarization of ion beams in storage rings. In order to
investigate whether twisted electrons are more preferable for
such beam diagnostics then their plane-wave counterparts, we
applied the density matrix theory and derived the polariza-
tion Stokes parameters of K-RR photons. These parameters
were obtained for a realistic experimental scenario of col-
lisions between macroscopic electron and ion beams, and
account both for characteristics of Bessel electrons and for
the polarization of ions. While the derived expressions are
general, we applied them in two case studies that deal with
(spatially) unstructured and structured beams of hydrogen-
like uranium U91+ ions. For the first unstructured case we
have revisited the previously elaborated method of the spin
diagnostics of ion beams that is based on the rotation of
the linear polarization of K-RR photons out of the reaction
plane. Results of our calculations indicate that the sensitivity

of this method can be significantly enhanced if Bessel elec-
trons instead of plane-wave ones are used in an experiment.
In the second scenario we considered the capture of twisted
electrons into the ground state of hydrogen-like U91+ ions,
whose local intensity and magnetic sublevel population vary
depending on their position in a beam. Also for this case
the linear polarization of K-RR photons provides a valuable
tool for the investigation of complex internal structure of ion
beams.

The two case studies, presented in this work, indicate
that the linear polarization of x rays, emitted in the K-shell
capture of Bessel electrons, can provide valuable informa-
tion about (spatially resolved) intensity and spin structure
of heavy ion beams. In the future, therefore, the proposed
method might become an effective diagnostic tool for ion
storage ring experiments. It can be applied, in particular, to
investigate how the polarization of an ion beam, produced
by a standard optical pumping technique, is modified by the
fields of dipole and quadrupole magnets along the circum-
ference of a storage ring. The understanding and control
of such a “polarization dynamics” is essential for experi-
ments, aiming to explore atomic parity-violation phenomena
in highly charged ions. Based on the results of the present
work, we currently develop the theoretical foundations of the
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polarization diagnostics of ions passing through magnetic
fields. This study requires ion beam optics simulations and
is currently underway.

Yet another important effect, that has to be taken into
account for the analysis of the (future) RR experiments with
twisted electrons, is the production and focusing of electron
beams. The use of the finite-size apertures may lead to a
deviation of the realistic beams from the simple Bessel so-
lutions, given by Eq. (3); the effect which becomes more
pronounced as the distance from the beam axis increases. In
turn, it can lead to the modification of the linear polarization of
RR photons, which will reflect now also the way of production
of twisted electrons. The theoretical analysis of the electron

beam focusing effects requires application of the wave-packet
approach, which has been developed recently for the Bessel
and Airy solutions [36,38]. The further extension of this ap-
proach towards relativistic electron-ion collisions at storage
rings will be the subject of our forthcoming publications.
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