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Energy-time entanglement and intermediate-state dynamics in two-photon absorption
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It is well known that energy-time entanglement can enhance two-photon absorption (TPA) by simultaneously
optimizing the two-photon resonance and the coincidence rate of photons at the absorber. However, the precise
relation between entanglement and the TPA rate depends on the coherences of intermediate states involved
in the transition, making it a rather challenging task to identify universal features of TPA processes. In the
present paper, we show that the theory can be simplified greatly by separating the two-photon resonance from
the temporal dynamics of the intermediate levels. The result is a description of the role of entanglement in the
TPA process by a one-dimensional coherence in the Hilbert space defined by the arrival-time difference of the
two photons. Transformation into the frequency-difference basis results in Kramers-Kronig relations for the TPA
process, separating off-resonant contributions of virtual levels from resonant contributions. In particular, it can be
shown that off-resonant contributions are insensitive to the frequencies of the associated virtual states, indicating
that virtual-state spectroscopy of levels above the final two-photon excited state is not possible.
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I. INTRODUCTION

It has long been known that the high coincidence rates
of down-converted photon pairs are particularly well suited
for two-photon absorption (TPA), resulting in not only a
linear dependence of the TPA rate on photon flux [1,2] but
also an additional enhancements of the TPA rate due to
energy-time entanglement [3-6]. The experimental verifica-
tion of this feature in atomic [7-9] and molecular [10-12]
samples has established the use of entangled photons in
nonlinear quantum spectroscopies such as virtual-state spec-
troscopy [13—17], pump-probe spectroscopy [18-22], and
two-dimensional spectroscopy [23,24].

The precise relation between the energy levels of a material
and the quantum coherence of the two-photon wave function
of photons emitted by an energy-time-entangled source in
a TPA process can be rather complicated since it involves
quantum coherences between all of the intermediate levels
participating in the electronic response of the absorber. The
initial analysis of this problem was based on the expectation
that the comparatively simple spectral features of entangled
light can be used to reveal details of the level structures of
transient states excited during the absorption process [13—15].
However, this approach has left many open questions regard-
ing the precise role of the entanglement in the TPA process. In
particular, it would seem that the possibility of TPA enhance-
ment depends critically on the specific level structure of the
two-photon absorber [15]. It is therefore important to clarify
the general relation between temporal two-photon coherences
in the absorbed light and the dynamics of TPA determined by
the level structure of the absorbing material.
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In this paper, we show that the theory of TPA can be sim-
plified greatly by separating the two-photon resonance from
the temporal dynamics of the intermediate levels. The result is
a description of the role of entanglement in the TPA process
by a one-dimensional coherence in the Hilbert space defined
by the arrival-time difference of the two photons. Our theory
is based on the description of TPA as an effective projection
of the two-photon input states onto an optimally absorbed
two-photon state defined by the dynamics of the dipole re-
sponse. If the level broadening of the final excited state of
the TPA process can be neglected, it is possible to separate
this optimally absorbed two-photon state into a § function of
the sum frequency and a wave function of the arrival-time
difference defined by the dynamics of the intermediate levels.
Since the medium always evolves in the forward direction
in time, the wave function depends on the absolute value
of the time difference. In the frequency-difference represen-
tation, this results in off-resonant contributions to the TPA
described by Kramers-Kronig relations. Based on this result,
we can identify and eliminate unphysical negative-frequency
contributions to the optimally absorbed state. In particular,
this elimination removes the resonant contributions of levels
with energies higher than the maximal available single-photon
energy in the input state. Our analysis thus shows that the
original proposal of virtual-state spectroscopy of levels above
the final two-photon excited state proposed by Saleh ez al. [14]
inadvertently included unphysical negative-frequency compo-
nents in the input state. Once these unphysical components
are removed, the frequencies of levels above the two-photon
excited state do not show up in the dependence of TPA
probabilities on time differences between the input photons.
Instead, we can show that the TPA probability of levels with
energies higher than the final excited states contribute a time-
difference dependence given by a sinc function characterized
only by the frequency of the two-photon resonance. The
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optimally absorbed state is therefore an ideal broadband
entangled state with a rectangular spectrum of frequency dif-
ferences.

The rest of the paper is organized as follows. In Sec. II,
we introduce the perturbation theory of TPA and show that
the probability of TPA can be given by an effective projection
onto an optimally absorbed two-photon state defined by the
dipole dynamics of the absorbing material. In Sec. III, we
analyze the dynamics of the intermediate levels and show
that the optimally absorbed two-photon state can be ex-
pressed by an energy-time-entangled state with a well-defined
sum frequency and a one-dimensional wave function in the
Hilbert space of arrival-time difference. The dependence of
the amplitude of the wave function on arrival-time difference
is given by the time evolution of an effective intermediate
state generated by the initial absorption event and its over-
lap with the effective final state formed by the coherent
superposition of the transition matrix elements of the dipole
operator. In Sec. IV, we determine the frequency-difference
representation of the optimally absorbed two-photon state and
identify resonant and off-resonant contributions based on the
Kramers-Kronig relations representing the causality of the
time evolution. In Sec. V, we remove the unphysical negative
frequencies in the frequency representation of the optimally
absorbed state and discuss the impossibility of observing res-
onances for energy levels higher than the final two-photon
excited state. Section VI summarizes the results and concludes
the paper.

II. TEMPORAL COHERENCE IN
TWO-PHOTON ABSORPTION

The basic theory of TPA is well established and has been
studied in a wide range of contexts [13,15,20]. However, most
of these studies have focused on the variety of possible level
structures in the material while describing the two-photon
coherences of the input in terms of a small selection of rather
simple two-photon states. It has therefore been difficult to
identify the precise relation between two-photon coherences
in the input state and the dynamics of the multilevel system
describing a two-photon absorber. In the present paper, we set
out to formulate the problem by presenting a general frame-
work for the analysis of quantum coherence in TPA that is still
simple enough to identify the general features shared by TPA
processes using different materials and different light sources.

In order to analyze the temporal coherence in TPA, it is
convenient to present the theory of TPA in the time domain.
In a TPA process, the material system starts out in its ground
state |g) and is excited to its final state |f) by a two-step
process involving intermediate levels |m). If the material
system interacts with sufficiently weak fields, second-order
time-dependent perturbation theory can be used [13-15], and
the probability of TPA can be expressed by

2

1
Prps = o) // Mumai(t1, t2)Mieia (ty, )dta dty | . (1)

Here, the quantum coherence of the input field is characterized
by the two-time correlation function of the field Mgeq, and
the coherent response of the material is characterized by the
two-time correlation function of the dipole response M.

Effectively, perturbation theory expresses TPA by a linear-
response function characterized by a two-dimensional time
dependence.

We first consider the characteristics of the optical input
which are represented by the two-time correlation function
Mg of the input light field. In general, this two-time cor-
relation can be determined from an arbitrary quantum state
of the input light field by applying the local-field operators at
times ¢, and f,. For a two-photon state |y rp), the application of
field operators corresponds to the annihilation of one photon
each, so that the output state of TPA is the vacuum state.
The electric-field amplitudes associated with a local photon
absorption event at a time ¢ depend on the mode volume
defined by the beam profile [3]. Since the input field is not
confined to a resonator, it is necessary to convert the power Py,
of the input beam into a photon current yg.x. This conversion
can be achieved by dividing Py by the average photon energy
hw,,. According to classical electromagnetism, the expecta-
tion value of the squared electric field at the center of the
beam (E7.) is proportional to the power Py as described by the
surface integral of the Poynting vector for the specified beam
profile. The relation between the field strength at the position
of the absorber and the photon current in the beam can then
be described by the ratio Jp = (E(,.)/Vaux. This ratio converts
the temporal wave function of photons into an electric-field
amplitude. When applied to the two-photon wave function
(t1, t2|¥rp) in the time basis [, 1), the ratio Jy converts the
coherences between the photon arrival times #; and #, into the
two-time correlation function of the input field,

Mgeaa(t1, 1) = Jolt1, L2|Y1p). ()

The beam-profile constant Jy thus describes the relation be-
tween photon wave functions and the electric-field amplitudes
responsible for the dipole transitions in the absorbing mate-
rial.

The response of the material is determined by the dynam-
ics of electric dipoles describing the transitions between the
energy levels of the absorber. Since the two-time correlation
of the field is proportional to the two-photon wave function
as shown in Eq. (2), the two-time correlation of the material
dipole defines an optimal two-photon coherence given by a
two-photon state |uaps(0)). The TPA probability can then be
expressed as a projection of the input state |rp) onto the
optimally absorbed two-photon state,

2

Prpp = ‘// (Uabs(O)t1, )11, 2| YTR)d2 dty| . (3)

where comparison with Eq. (1) shows that the optimally
absorbed state |,ps(0)) is determined by the two-time cor-
relations of the dipoles in the material,

J,
(ans (0|11, 1) = h—%Mmatm, f). (4)

It should be noted that the two-photon state |uans(0)) is not
normalized. In fact, the maximal TPA probability should be
much lower than 1 to ensure that the perturbation analysis of
Eq. (1) is valid and higher-order processes can be neglected.
For realistic situations, we can therefore assume that

(Iabs (0)] abs (0)) < 1. ®)
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As suggested by Eq. (4), the precise normalization depends
on the beam-profile constant Jg, indicating the dependence on
TPA rates on the spot size of the beam at the absorber.

The dipole dynamics of TPA defines an optimal temporal
coherence of the two-photon wave function that achieves the
maximal possible absorption probability for a given beam
profile. If the maximal absorption cross section is known, the
TPA rates can serve as a measure of fidelity for the two-photon
state |Laps(0)) in the two-photon wave function of the input
photons. In general, TPA rates increase with the quantum-state
fidelity of |,4b5(0)) in the input two-photon wave function.

III. ENERGY-TIME ENTANGLEMENT AND
INTERMEDIATE-STATE DYNAMICS

The coherent response of the material can be described by
the dipole correlation function My (21, 2). Assuming that the
TPA happens on timescales much shorter than the dephasing
times of the intermediate levels |m), the dipole correlation can
be expressed using the dipole operator d describing transitions
between the ground state |g) and the intermediate level |m)
and between the intermediate level |m) and the final state | f).
The dipole correlation function depends on the time evolution
of the intermediate levels |m) given by their energies Zw,,,
where the initial time Min(¢;, t,) describes the transition from
|g) to |m) and the final time Max(¢;, t,) describes the transition
from |m) to | f). The dipole correlation function can thus be
expressed in terms of the dynamics of the levels involved in
the TPA process,

Mua(t1,12) = ) _(f1dIm){m|d|g) expl—iwMin(11, 1,)

m

—iwy|ty — t| + iwMax(ty, 1)], (6)

where the energies of the ground state |g) and the final state
|f) are given by w, and wy, respectively, and the energies
of the intermediate levels are given by w,. A more consis-
tent mathematical description is obtained by expressing the
minimal and maximal values of #; and #, using the average
time (¢; 4+ f,)/2 and the absolute value of the time difference
|t» — t1]. The dipole correlation function then reads

Mua(t1, 1) = Y _(fldIm)(mld|g) exp(iwalts — 1)

m

t t
X exp (ia)gf %) , @)

where w,, = (wy + w,)/2 is the average frequency of the
ground state and the excited state and w,y = w; — wy is the
two-photon transition frequency.

It is possible to understand the dynamics described by the
intermediate levels w = {m} by defining an initial quantum
state |®,,,) corresponding to the superposition of intermediate
levels immediately after the absorption of the first photon
and a final state |®,¢) corresponding to the superposition of
intermediate levels that achieves the largest transition dipole
moment with regards to the final transition to the state | f). The
definitions of the normalized states and their transition dipole

moments are given by

| @) =Y (mld|g)|m),

m

A% @pp) =Y (mld|f)|m). ®)

m

The time evolution of the intermediate levels can then be
expressed by the unitary operator

O@t) =) exp(—iwt)m)(m|. ©)

The sum over the intermediate states |m) in Eq. (7) can be
summarized by a single time-dependent transformation of the
effective initial state |®,,). The dipole correlation is then
given by the time dependence of the overlap between the
initial and final wave functions of the material system,

Mot (t1,12) = dopdyup (P s 10 (It — 11])| Py

t 1
x exp(iowltr — t1]) exp (iwgf ‘er 2). (10)

It is natural that the TPA process does not depend on the
absolute photon arrival times but only on the time difference
between the two photons, |, — #;]|. The average arrival time
appears only in the phase of the dipole correlations, which
establishes the frequency w,s as the resonant frequency of
the two-photon transition. It is convenient to transform the
two-photon time coordinates into collective coordinates rep-
resenting the average time and the time difference,

ty = 3(t1 + 1),
= (t —1). (1m)

In this representation, the dipole correlation function reads

Mmat(t+a t—) = dg;tduf(®uf'|0(|t—|)|<Dgu>
X exp(iway |t-|) exp(iwgrty ). (12)

In these coordinates, the dipole correlation function can be
factorized into a harmonic oscillation at frequency w,s in
the average-time coordinate and a more complicated function
of the time difference given by the unitary dynamics of the
material system. It should be noted that the unitary dynamics
is sensitive to only the absolute value of the time difference.
This means that it does not matter which photon is absorbed
first in the TPA process. The appearance of the absolute value
|z_| in the material response is an important signature which
determines the temporal coherence of the optimally absorbed
two-photon state.

The optimally absorbed two-photon state |waps(0)) can be
obtained from the dipole correlation function according to
Eq. (4). In the basis given by the average arrival time 7, and
the time difference z_ between photon arrival times, the state
is given by

(MabsO)|t4, 1) = o7p (D f |0 (11— )| D)
X exp(iwyy |1 |) exp(iwgrty). (13)

Here the absorption cross section op describes the probabil-
ities of transitions associated with the beam profile and the
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optimal intermediate states |®g,) and [P, ¢),

Jodgudy s .

e (14)

oTp =

If perturbation theory is valid, the cross section oyp ensures
that the TPA probabilities are well below 1, even if the two-
photon coherences are matched with the optimally absorbed
state [fLaps (0)).

The wave function of the optimally absorbed state |1¢,p5(0))
can be separated into a product of a wave function of the
average arrival time ¢, and a wave function of the time dif-
ference ¢_. It is easy to see that this wave function describes
entanglement between the two photons arriving at #; and at
t,. To be separable, the wave function needs to be given by
a product of a function of #; and a function of #. Since
the wave function in ¢ is given by a constant oscillation at
frequency wgy, the only possible function of the absolute value
of arrival-time difference |7_| that would permit a factorization
into functions of #; and #, would be a constant function inde-
pendent of |z_|. Incidentally, this condition can be satisfied
when there is a single level at w,, = w,y. In this case, the
optimal TPA is obtained when both photons are resonant with
the single transition frequency of w,,. For all other spectra of
wy, any photon pairs described by the optimal absorption state
[14abs(0)) will be entangled in energy and time.

It should be noted that the comparison between the ab-
sorption cross sections of entangled photon pairs and photons
from coherent light sources is usually complicated by the
technical difficulty of matching the sum frequency to a partic-
ular two-photon resonance. This seems to be the main reason
why previous theories did not consider the separation of sum
frequency and frequency differences used here [25,26]. Even
though the separation applied here might simplify some of
the arguments in these previous works, its main merit is the
identification of the role played by the intermediate levels |m)
in the TPA process.

The time basis representation of the optimally absorbed
two-photon state |1445(0)) can be used to explain the effects of
small time delays t imposed on one of the two input photons
on the probability of TPA. In the ideal limit of energy-time
entanglement, the two photons are emitted at the same time,
and a time delay between them controls the time between
the initial absorption and the final absorption in the material.
Previous studies of this method of nonclassical spectroscopy
have suggested that this approach can be used to identify the
complete spectrum of the intermediate levels involved in the
TPA [14,15]. It may therefore be useful to describe the effects
of a time delay 7 on the TPA probability as a modification
of the optimally absorbed state defined by the material. It
is, in fact, quite straightforward to introduce a time delay
applied to input photon 2 in the theoretical description devel-
oped above. The time delay changes the actual arrival time
of the second photon from #, to #, + 7 and the arrival-time
difference between the two photons from 7_ to 7_ + t. With
respect to these new time coordinates of the input photons,
the optimally absorbed two-photon state at a time delay of t is
given by

(Habs(Dtr, 1-) = (Habs (014 +7/2, 1 + 7). 5)

It should be noted that the application of a time delay to
only one of the photons implies that the two photons are
distinguishable because they propagate along different optical
paths. The wave function can still be separated into a wave
function sensitive to the time difference and a continuous
phase oscillation at frequency w, for the average time, but the
discontinuity of the time dependence now occurs atf_ = —1
instead of t_ = 0,

(Mabs (D)1, 1-) = O'TP(CD;/.f|U(|t— + T|)|q>gu>
X exp(iwyy |t-+7|) expliwgr (4 +1/2)].
(16)

Independent of the time shift 7, this state is an eigenstate
of the sum frequency w; = w,s, where w; = w; + w; is the
sum of the single-photon frequencies w; and w,. We can now
consider an idealized input state |Ejgeq;) that is a simultaneous
eigenstate of a sum frequency of w, and a time difference of
t— = 0. For this input state,

(Wabs (D) Eidea) = V27010 (@110 (|17])| Do)
X exp(iwyy |T])d(ws — wer).  (17)

Since phase factors do not show up in the probability Prpa (7),
the experimental evidence obtained with an ideal energy-
time-entangled state will correspond to the squared overlap
between the internal state U (JTD|Pg,) at a time 7 after the
first excitation and the final state |®,r), which represents
the absorption of the second photon as an effective mea-
surement of the intermediate state. The information most
naturally obtained by applying a time delay to TPA of energy-
time-entangled photons is therefore equivalent to a projection
measurement of the time evolution of the initial state |®,,)
onto a fixed target state |®,, ) determined by the dipole tran-
sitions to the two-photon excited state |f).

It may be useful to illustrate the role of time delays t
using the particularly simple case of two intermediate lev-
els described by an average energy of hw, and a splitting
of hQ2, so that the two intermediate energy levels of the
absorber have energies of /i(w, + 2/2) and hi(w, — 2/2),
respectively. Such a scenario could be realized by using the
Zeeman splitting of intermediate atomic levels. For equal
dipole transition elements between |g) and the two interme-
diate levels and equal dipole transition elements between the
two intermediate levels and |f) both |®,,) and |®, /) are
given by equal superpositions of the two levels. The explicit
dependence of the optimally absorbed state in Eq. (13) on the
arrival-time difference |f_| is then given by

(Habs(D)24, 1-) = orp cos(Rt-|/2) exp[—i(w, — way)|t-|]
x exp(iwgfty). (18)

The interferences between the two intermediate states show up
as modulations of the amplitudes associated with the photon
arrival-time difference ¢_. These modulations can be observed
directly in the dependence of two-photon absorption proba-
bility Prpa on the time delay t between two photons from the
broadband entangled source described by |Eigea) in Eq. (17),

Prpa(t) = Sofp[1 + cos(Q)]. (19)
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This example shows how the time delay between two broad-
band entangled photons can sample the quantum dynamics of
intermediate levels. If more realistic input states are used, it is
also possible to observe phase oscillations of (ft,ps(0)|24, )
associated with individual intermediate energies fiw,,.

The time representation summarizes the contributions of
all intermediate levels in terms of the time dependence of a
single intermediate state. In order to understand how each of
the intermediate levels contributes to this dependence of TPA
on time delays between the photons, it is useful to convert the
results given above into the frequency basis. As will be shown
later, this is particularly important for a realistic assessment
of the contributions from levels above the two-photon excited
state | f).

IV. KRAMERS-KRONIG RELATIONS
FOR TWO-PHOTON ABSORPTION

In principle, the transformation of the time basis into the
frequency basis is a straightforward matter. Using the collec-
tive time coordinates ¢, and 7_, the corresponding collective
frequencies are given by

wy = w) + ws,
w_ = 3w — ). (20)

As we already remarked in the previous section, the optimal
absorption state is an eigenstate of @, with an eigenvalue of
wgr. It is therefore convenient to define a one-dimensional
wave function I'(w_) by separating the § function represent-
ing the eigenstate of w,,

{iaps (Do, ) = Nw-)é(w4 — wgr). 2y

The § function indicates that the optimally absorbed state
should be resonant with the final state of the two-photon
transition. In reality, this resonance will be limited by the
linewidth of the two-photon excited state |f), but we will
assume that this linewidth is sufficiently narrow to justify the
approximate representation by a § function.

J

After the separation, the Fourier integral that determines
I'(w-) is given by

MNw-) = GTP/(q)MfIU(ILI)ICDgM)GXP(ianILI)
x exp(io_t_)dt_. 22)

We can now identify the contributions of the different interme-
diate levels |m) using Eq. (9). The result is a sum over Fourier
transforms determined by the energies v,, that determine the
resonances of these levels,

Nw_) = ZCm/exp(—ivm|t,|)exp(ia),t,)dt,, 23)

where v, = w,, — w,y describes the resonant frequency differ-
ence contributed by the level |m) and the coefficients C,, are
complex numbers describing the transition dipoles associated
with that level,

Cy = UTP(‘:D;L,)"lm) (m|q)gu)- (24)

It may be worth noting that the phases of these complex coef-
ficients are an essential part of the time evolution previously
expressed by U (|r_|). The frequency representation makes it
more difficult to identify the effects of time delays, but it
allows for an easier identification of the contributions made
by each intermediate level.

The separate Fourier transforms in Eq. (23) involve a sud-
den change in sign in the imaginary part of the function
exp(—iv,|t—|). This change in sign is a consequence of the
fact that there is no time evolution before the absorption of
the first photon. Similar to the mathematics of linear response,
this means that the Fourier transform results in resonant and
off-resonant terms related to each other by Kramers-Kronig
relations. The frequency components of the optimally ab-
sorbed state contributed by the level |m) are not limited to
the resonant frequencies v,, of that level. Instead, the result is
given by a sum of resonant and off-resonant terms,

Mw_) =Y  2C, <n8(a) + V) + T (- — V) + Eo ) 25)

w_ + vy W_ — Uy

The off-resonant term can be summarized to emphasize the symmetry between positive- and negative-frequency differences,

M) =Y 2C, <n’8(a) + V) + T8 (- — V) + ’%) (26)

m

Equation (26) shows that the resonant contributions of the
intermediate levels occur at w_ = v,,. As expected, this corre-
sponds to a two-photon state with frequencies of w; = w,, —
wg and wy = wy — w,,. Since the Fourier transform does not
impose a limit on the possible range of output frequencies, it
is possible to obtain negative photon frequencies for w,, > wy
or w,, < wg. These results indicate that the infinite time reso-
lution suggested by the time representation of the optimally
absorbed two-photon state is possible only because of the
inclusion of unphysical states describing negative frequencies.
As we will explain in the following, the oscillations derived in

m

(

[14] as evidence of resonances at w,, > wy originated from
this inclusion of unphysical frequencies and will not be ob-
served in an actual experiment.

V. REMOVAL OF UNPHYSICAL NEGATIVE
FREQUENCY COMPONENTS

The Fourier transformation in Eq. (22) is mathematically
reversible if the complete range of frequencies w_ = (w; —
1 )/2 between negative infinity and infinity is included. Since
the frequency sum is given by w,s, this frequency range
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includes negative frequencies for |w_| > w,r/2. It is very
likely that time basis representations of entangled two-photon
states inadvertently include the effects of such negative-
frequency components. It is therefore important to exclude
the effects of negative-frequency components in theoretical
descriptions of the TPA process. As mentioned above, this
was not done in the case of [14] where the input state was
described by a time-domain wave function with a Fourier
transform that included negative-frequency components. The
prediction that a time delay T may result in oscillations
at frequencies determined by levels above the final two-
photon excitation |f) was therefore based on the inclusion
of negative-energy photons that would deexite the material
upon their resonant absorption. Our analysis requires no as-
sumptions about the two-photon input state and allows us to
separate the contributions from different intermediate levels
in the frequency domain. It is therefore comparatively easy
to exclude the unphysical negative frequencies in the contri-
butions from each level. A corrected time representation of
the optimally absorbed two-photon state can then be derived
by Fourier transforming the physically possible range of fre-
quencies back into the time domain. As mentioned above, it
is a straightforward matter to identify negative frequencies.
For the frequency sum and the frequency difference of two
photons, the individual frequencies are positive if || + ws| >
|w) — wy]. Since the sum frequency of TPA is given by w; =
w1 + wy and w_ is defined as one half of the frequency dif-
ference, we have to exclude all frequency differences with
|w_| > w,y/2, leaving only those frequency differences in the
interval —wgr/2 < w_ < wgr/2.

If all intermediate levels lie in the interval of levels between
the ground state and final state, the resonant contributions are
all physical, and the temporal response will not be changed
much from the one described in Sec. III. As demonstrated
in [17], it is then possible to extract information about the
electronic level structure of the absorbing medium from the
effects of a time delay in the absorption of broadband entan-
gled photon pairs. However, this may not be the case when
the resonant contributions are unphysical. We therefore focus
the following discussion on the case of virtual levels with
energies larger than the two-photon excited state, w,, > wy
(U > wgr/2). In this case the resonant contributions of the
intermediate levels are all unphysical and need to be removed
from the temporal profile of the optimally absorbed state. In
practice, this means that we have to exclude the § function
contributions in Eq. (26), leaving only the off-resonant re-
sponse terms,

M) =Y 4C, <%> 27)

Vi — W

It should also be noted that this spectral wave function is
defined only in the interval of physical frequencies, —w,r/2 <
w_ < wgr/2.

The original dependence of the wave function on 7_ in
Eq. (13) includes unphysical negative frequencies represent-
ing a time resolution that cannot be achieved in real physical
systems. It is therefore necessary to correct the dependence
of the absorption on the photon arrival-time difference 7_
by removing the negative frequencies. The effect of this

correction can be seen directly when the truncated expression
for I'(w-) is transformed back into the time representation.
Since the Fourier transform is a linear operation, it can be
performed separately for each off-resonant contribution m.
The final result is expressed by a sum of the individual contri-
butions from each intermediate level |m),

Trr(t-) =) 4iCpyui-). (28)

Each contribution y,,(t—) depends only on the resonant fre-
quency of the intermediate level w,, with respect to the
two-photon resonance. In terms of v, and w,y, the analytical
results of the Fourier transforms read

Ym(t=) = cos(Vut_NCi[ (Vi + wgr/2)t_]
— Ci[(=vy + wer/2)t_1}
— SIn(Vt ) {Si[ (v — wgr/2)t_]
— Si[(v + wer/2)t_1}, (29)

where Si is the sine integral and Ci is the cosine integral.
These are the corrected contributions of intermediate levels
with w,, > wy to the arrival-time difference dependence of
the optimally absorbed wave function described by Eq. (13).
Specifically, these contributions replace the original contribu-
tions of each intermediate level |m) given by the expansion
of the unitary transformation shown in Eq. (9). These original
contributions are described by complex oscillations propor-
tional to exp(—iv,|t_|), representing the effects of resonant
transitions between the levels. As expected, these resonant
terms disappear completely after the negative frequency com-
ponents have been removed. However, the real-valued wave
functions y,,(z—) still depend on the precise value of the
resonance v, of the intermediate level |m). It is therefore
important to examine whether this dependence could be used
to perform a kind of virtual level spectroscopy similar to the
one proposed in [14].

Figure 1 shows the graphs of y,,(z-)/y.,(0) for different
ratios of v,, and w,r/2. The graphs are normalized with re-
spect to the amplitude at _ = 0 to compare their qualitative
dependence on the time difference between the absorbed pho-
tons. For v,, close to wgr/2, the wave functions exhibit strong
oscillations at wgr/2 that continue over a long range of time
differences. It may be tempting to identify these oscillations
with the resonant frequency v,, but the comparison with
higher values of v,, shows that the frequency of the oscil-
lations changes only negligibly and remains at w,y/2 for all
values of v, > w,r/2. Figure 1 thus confirms that time delays
T cannot result in any oscillations of the TPA probability
with frequencies of v,, > wgr/2. The oscillations in the am-
plitudes of the optimally absorbed states associated with the
intermediate level |m) originate from the abrupt cutoff of the
spectrum at w_ = Fw,r/2. As v, increases, these oscillations
drop to lower amplitudes compared to y,,(0) as the spectral
wave functions approach a rectangular shape.

For sufficiently high values of v, it is possible to approx-
imate the spectral dependence by a rectangular function with
the same area as the precise expression. This approximation
corresponds to a sinc function in f_ with the correct value at
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FIG. 1. Contribution y,,(¢_) to the time-difference wave function
of the optimally absorbed state for v,, = 1.02w,;/2 (blue thin solid
line), v,, = 1.1wyr/2 (orange dashed line), and v,, = 2w,;/2 (green
thick solid line). For comparison, the wave-function components are
normalized to their value at 7~ = 0. The frequencies of the oscilla-
tions are close to wys/2 for all values of v,. The only observable
effect of v, is the increase in the amplitudes at r_ > 27 /w,, for
values of v,, close to the minimal value of w,s/2.

t_ = 0. Specifically, the approximation reads

Vi + a)gf/2> sin(wgrt_/2)
Vi — Wgr/2 wept—[2

Ym(-) ~ In < (30)
Figure 2 shows a comparison of this approximation with
the exact analytical result. For v, = wgr (W — 0f = wger/2)
the difference is rather small. We can therefore represent
the effect of any number of intermediate levels with fre-
quencies ,, > @y + wgr/2 by a simple summation of the
coefficients,

m 2 i /2
Frr() ~ | 3 4iC, In (2t Q2 | @yt /2)
m Vi — g [2 wert— /2

€Y

The frequencies v,, have no effect on the dependence on the
time difference 7_. Effectively, the sensitivity to time delays
is determined by the TPA frequency w,, such that the TPA
vanishes for time delays larger than 1/w.r. The optimally
absorbed state for all off-resonant virtual transitions can be
represented by a rectangular spectrum of all physical fre-
quencies, —wgr/2 < w_ < wqr/2. In time representation, this
corresponds to a sinc function with a width of 47 /w,y, equal
to the period of the average single-photon frequency w,y/2.
Off-resonant virtual transitions are therefore ideal for the
evaluation of broadband entangled states since the optimally
absorbed two-photon state represents the ideal limit of single-
cycle broadband entanglement.

Our result shows that the signature of off-resonant virtual
levels predicted by Saleh et al. [14] was an artifact of the
time representation and does not occur in actual virtual-state
spectroscopy. Even in the case of frequencies w,, close to
the two-photon excited level at w; the time-difference de-
pendence of the optimally absorbed state reflects only the
cutoff at negative frequencies. For most practical purposes it
seems sufficient to think of the TPA process as essentially in-
stantaneous. The timescale set by the TPA frequency ensures

Ym=)

(@) Vi (©)

1.0p

/\ /\ [ . ,47{]
P ol N . L P KN N Pin N N ¢_ | units of —
Ym (=)
(b Y (®
1.0
[
0.8 |
"
¥4 |
»)
AN\ /\ _'/\ [ /\‘, /\ VAN N f_| units (1f4—7r
2 _4\/ ‘\JZ “i : ‘y\/' \/ s Y % wgt
0.2

FIG. 2. Comparison of the exact analytical form (blue solid line)
of y,,(¢_) with its approximation (orange dashed line) using a sinc
function for (a) v, = 1.02w,r/2 and (b) v, = 2w,r/2. The sinc
function is a good approximation for all values of v,, > 2w,/ /2.

that the optimally absorbed state corresponds to a single-
cycle time-difference wave function, the maximal amount of
broadband entanglement that can be achieved in time-energy
entanglement of photons.

VI. CONCLUSIONS

We have explained the temporal signatures of TPA by sep-
arating the sum frequency resonance from the time-difference
dependence of the optimally absorbed two-photon state. It is
then possible to understand the optimal temporal correlations
between the photons in terms of the real-time dynamics of
the intermediate states. When transforming the optimally ab-
sorbed state into the frequency-difference representation, each
intermediate level contributes resonant and off-resonant terms
related to each other by Kramers-Kronig relations. In most
cases the resonant terms will dominate the absorption process,
reflecting the specific dynamics of the intermediate levels.
However, the unrealistic time resolution implied by the time-
difference basis results in unphysical negative frequencies that
need to be removed from the result. For two-photon absorbers
without any resonances in the frequency range between the
ground-state frequency w, and the two-photon excited-state
frequency w , the removal of unphysical frequencies results in
a time-difference dependence of the optimally absorbed wave
function defined by a single timescale of 27 /w,¢, correspond-
ing to a single period of the TPA frequency w,s. Contrary to
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the result reported in [14], the frequencies of virtual levels
above the final two-photon excited state do not show up in the
time dependence of the optimally absorbed two-photon state.
Instead, two-photon absorbers with no intermediate levels
below the final state optimally absorb broadband entangled
states with equal amplitudes for all frequencies between zero
and w,y.

As our results show, the separation between the sum
frequency and time difference makes it much easier to char-
acterize the material properties of two-photon absorbers. By
relating the absorption dynamics directly to the quantum
coherence of the energy-time-entangled two-photon state,

the role of entanglement in the absorption process can be
explained directly in terms of the spectrum of available inter-
mediate states. These insights might open up the way towards
a more efficient characterization of broadband entanglement
using TPA effects.
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