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Entanglement in highly symmetric multipartite quantum states
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A construction of genuinely entangled multipartite quantum states based on the group theory is presented.
Analyzed states resemble the Dicke states, whereas the interactions occur only between specific subsystems
related by the action of the selected group. The states constructed by this technique exhibit desired symmetry
properties and form a natural resource for less-symmetric quantum informational tasks. We propose quantum
circuits efficiently generating such states, which in general have smaller complexity than the circuits necessary
to create fully symmetric entangled states. Exemplary five-qubit quantum states are simulated on quantum
computers.
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I. INTRODUCTION

Characterization of different classes of entanglement in
multipartite quantum systems remains a major issue relevant
for various quantum information tasks and is interesting from
the point of view of foundations of the quantum theory. Since
manipulation and relative control over several qubits have
already become a standard task [1,2], analysis of such systems
in the context of resources for various information protocols
is needed. Among the different types of entangled states,
permutation-invariant states have attracted a lot of attention
for both continuous [3,4] and discrete [5,6] variable systems.

A notable example of such states is due to Dicke [7].
The Dicke states of an N-qubit system with k excitations are
defined as [8]

|Dk
N 〉 ∝

∑
σ∈SN

σ

(
|1 · · · 1︸ ︷︷ ︸

k times

0 · · · 0︸ ︷︷ ︸
N−k times

〉
)

, (1)

where the summation runs over the symmetric group SN .
Permutational symmetry of the Dicke states simplifies their
theoretical [9] and experimental [10] detection and facilitates
the tasks of quantum tomography [11]. Multipartite Dicke
states are experimentally accessible [12]. Since the entangle-
ment of Dicke states turned out to be maximally persistent and
robust for the particle loss [7,13], such states provide inherent
resources in numerous quantum information contexts, includ-
ing decoherence-free quantum communication [14], quantum
secret sharing [15], open destination teleportation [16], and
quantum metrology [17]. Entanglement properties and appli-
cation of mixtures of Dicke states were also studied [18–20].

Until now the vast majority of scientific interest was fo-
cused on fully symmetric tasks, like parallel teleportation
[21] and symmetric quantum secret sharing protocols [22].
In various realistic situations it seems natural that such a
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full symmetry between collaborating systems is not possible,
required, or even desirable. As an example, it was shown
[23] that a four-qubit state maximally entangled with respect
to all possible symmetric partitions does not exist. Such a
state would allow for the parallel teleportation of two qubits
between any two subsystems to the remaining pair of systems.
Nevertheless, the following state,

1
2 (|1100〉 + |0110〉 + |0011〉 + |1001〉),

allows for the teleportation of a single qubit to an arbi-
trary subsystem, and additionally for the parallel teleportation
across the partition 13|24. It is especially reasonable to share
resources in a not fully symmetric way in variants of quan-
tum secret sharing schemes, allowing only some parties for
cooperation. Alternatively, such schemes were already consid-
ered, modeled by quantum channels [24] or pairs of Einstein,
Podolsky, and Rosen (EPR) states shared between nodes of a
network [25–28]. Implementation of such communication net-
works is expected to be developed in the near future [24,29],
with a variety of possible applications [30].

In this work we present an approach for constructing highly
entangled quantum states with a given symmetry group. Their
form is similar to Eq. (1), whereas the summation runs over
elements of a specific subgroup H of the symmetric group SN .
We refer to such states as Dicke-like states and analyze which
types of symmetries are feasible. In particular, we present
explicit constructions of quantum states based on highly sym-
metric geometrical objects, such as regular polygons, Platonic
solids, and regular plane tilings. We compare them as entan-
glement resources with the original Dicke states, which were
investigated as ground states of specific two-body Hamilto-
nians with a well-defined number of excitations [31,32]. We
present the generalized, Dicke-like states as ground states of a
wider class of Hamiltonians with three-body interactions.

Dicke-like states constitute a canonical basis of all pure
quantum states with a given symmetry. Apart from the the-
oretical aspect of this statement, such a basis might be
efficiently applied in the context of quantum chemistry.
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Various molecules in nature (like benzene) stand out with
remarkable symmetries. In principle, the spin model of such
states might be efficiently simulated by a proper superposi-
tion of Dicke-like states. In recent years, correlations and the
entanglement contained in chemical bonds was investigated
[33–35], and special attention was dedicated to highly sym-
metrical molecules [34]. Although for most molecules the
total correlation between orbitals seems to be classical [35],
the general significance of entanglement in chemical bonds
is not yet clear. Therefore, general investigations of entangle-
ment in highly symmetric systems may shed some light on the
nature of correlation in relevant chemical molecules.

Furthermore, we introduce a larger class of genuinely
entangled states based on an arbitrary network structure,
graphically represented as a (hyper)graph. Once more, this
construction generalizes the Dicke states (1); however, exci-
tations appear only in particular subsystems represented by
(hyper)edges of the graph. We do not impose any restrictions
on the network structure; however, the detailed analysis of
entanglement properties is performed under the assumption of
regularity. In order to construct excitation states, we propose
quantum circuits whose complexity is comparable with the
complexity of quantum circuits proposed for Dicke states
[36,37]. Joint unitary operations in the circuit are performed
on the neighboring nodes.

We demonstrate entanglement properties of Dicke-like
states and excitation states in terms of entanglement resources
[38,39] contained in particular subsystems. In several cases
an interesting phenomenon is observed: most of the entan-
glement is concentrated between nodes of distance 2 and is
absent between immediate neighbors. This indicates a particu-
lar advantage of such states in the case, in which collaboration
between neighboring nodes is not desired. In principle, con-
structed states are genuinely but not maximally entangled,
persistent with respect to measurements performed locally on
each subsystem and with respect to losses of certain subsys-
tems [40].

Mixed-state entanglement is a valuable resource for
quantum communication protocols [41,42]. Therefore, the
Dicke-like states and excitation states might be distilled on
particular subsystems [43] and further used in concrete proto-
cols. Notice that once the excitation state is established, it does
not require any particular actions on nodes (as entanglement
swapping [44]), even for the collaboration of parties being far
away in the network structure. This is in contrast with the case
analyzed earlier, in which the nodes of the graph share pairs
of maximally entangled states.

This work is organized as follows. In Sec. II, we intro-
duce the notion of group symmetry of a multipartite state.
We demonstrate that not all kinds of symmetries are feasi-
ble. Moreover, we define the Dicke-like states and discuss
their separability criteria. In Sec. III, we generalize Dicke-like
states in a less symmetric manner. Based on a given (hy-
per)graph, we introduce the excitation states. Such a graphical
representation is later used in the construction of quantum
circuits in Sec. VII, and Hamiltonians in Sec. IX, both relevant
to the Dicke-like states and the excitation states. Section IV
analyzes the entanglement properties of introduced families of
states. In Sec. V particular examples of Dicke-like states and
excitation states are presented. We observe a phase transition
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FIG. 1. Stellar representation of three qubits states. (a) The state
|W 〉 ∝ |001〉 + |010〉 + |100〉 is represented by two stars at the North
Pole and a single star at the South Pole. (b) The state |GHZ〉 ∝
|000〉 + |111〉 corresponds to three stars evenly distributed on the
equatorial plane: |0〉 + e2ik/3 |1〉 for k = 0, 1, 2. The stellar represen-
tation is not unique as any rotation of the Bloch sphere around the
vertical axis yields the same state.

of bipartite entanglement in excitation states with respect to
the average degree of a relevant (hyper)graph and present
some more details in Sec. VI. In order to demonstrate the
viability of the provided constructions, we have simulated one
of the considered states on available quantum computers: IBM
Santiago and Athens. In Sec. VIII these results are presented
and discussed.

II. GROUP SYMMETRY OF A QUANTUM STATE

A pure state |ψ〉 on an N-fold product Hilbert space is
called symmetric if it is invariant under permutation of N
subsystems, i.e., σ |ψ〉 = |ψ〉 for any element σ from the
permutation group SN . Each such state |ψ〉 can be written in
the computational basis:

|ψ〉 ∝
∑
σ∈SN

|φσ (1)〉 · · · |φσ (N )〉 , (2)

where the sum is taken over all permutations σ from the sym-
metric group SN . Any symmetric state of the N-qubit system
can be graphically represented as a collection of N points
on the Bloch sphere corresponding to vectors |φi〉 , . . . , |φN 〉.
Such a visualization scheme is called the stellar or Majorana
representation (see Fig. 1). This representation, originally
used for pure states of simple systems of a finite dimension,
was later generalized for mixed states [45], symmetric states
of systems consisting of several qubits [46–48], and symmet-
ric states of higher-dimensional subsystems [49].

In this section, we discuss a natural generalization of this
approach—the generalized stellar representation—suitable
for quantum states exhibiting modes symmetries, i.e., for
which summation in Eq. (2) runs over a subgroup H of the
symmetric group SN . This might possibly restrict the group of
symmetries in the resulting state. Restricting the symmetries
of a state to the subgroup H < Sn was already considered
in yet another context of continuous symmetries given by an
irreducible representation of SU(N) (see [50]). We begin with
a very natural definition of the symmetry group of a quantum
state.

Definition 1. A state |ψ〉 of N subsystems is called H
symmetric, where H is a subgroup of the permutation group,
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H < SN , if and only if (iff) it is permutation invariant for any
σ ∈ H , and only for such permutations.

We begin with examples of states with restricted group
symmetry. Consider first a system consisting of three qubits.
There exist two particular classes of states which should be
distinguished [51]:

|GHZ〉 ∝ |000〉 + |111〉 ,

|W 〉 ∝ |001〉 + |010〉 + |100〉 .

Both states are symmetric with respect to any permutation
of particles (see Fig. 1). We discuss briefly the problem of
constructing three-qubit quantum states with other types of
symmetry. It is easy to find an example of S2-type symmetry
in a three-qubit setting, namely, |001〉 + |010〉. The mentioned
state is obviously separable, but a similar example |χ〉 can be
found also among genuinely entangled states:

|χ〉 ∝ |001〉 + |010〉 + 2 |100〉 + 2 |111〉 .

We discuss the necessary and sufficient conditions for ex-
istence of a quantum state with a given symmetry. Let us
begin with a simple observation that for any group H < SN

there exists an H-symmetric state |ψ〉 ∈ H⊗N
d if the number

of energy levels d in each subsystem is large enough.
Proposition 1. Consider the subgroup H < SN . The fol-

lowing state |ψ〉 ∈ H⊗N
N of the local dimension N ,

|ψ〉 ∝
∑
σ∈H

|σ0(0) · · · σN−1(N − 1)〉 ,

is H symmetric.
Proof. It is easy to see that the group H stabilizes |ψ〉.

Suppose there is a larger group H ′ containing H , i.e., H < H ′,
and stabilizing |ψ〉. Take any element σ ∈ H ′ \ H . Observe
that there is no term |σ0(0) · · · σN−1(N − 1)〉 in |ψ〉; hence H ′
does not stabilize |ψ〉. �

For instance, the three-qutrit state

|ψ〉 ∝ |012〉 + |201〉 + |120〉 (3)

is A3 symmetric. Indeed, one can see that the cyclic permuta-
tion of the last three qutrits does not change the entire state.

Question 1. Consider any group symmetry H < SN . What
is the minimal local dimension d for which there exists an
H-symmetric state |ψ〉 ∈ H⊗N

d ?
In order to answer the question above, consider a suitable

basis for symmetric states. Any symmetric state |ψ〉 is a
superposition of Dicke states [7,8]:

|ψ〉 ∝ α0

∣∣D0
N

〉+ · · · + αN

∣∣DN
N

〉
.

Therefore, the Dicke states, |Dk
N 〉 with k = 0, 1, . . . , N , can

be treated as a basis of the symmetric state space. In other
words, the coefficient αi1,...,ik in front of any term ei1,...,ik in
the symmetric state is the same, and the symmetric state is
uniquely determined by the coefficients α0, α1, α12, . . . , α1···N
in front of terms |1 · · · 10 · · · 0〉. A similar decomposition for
any H-symmetric states is possible; however, its building
blocks have to be suitably selected.

Definition 2. For a given subgroup H < SN , we define the
N-qubit Dicke-like H state with k excitations is the following

way:

|Dk
N 〉H ∝

∑
σ∈H

σ

(
|1 · · · 1︸ ︷︷ ︸

k times

0 · · · 0︸ ︷︷ ︸
N−k times

〉
)

, (4)

where the summation runs over all permutations belonging to
the group H .

As we will see, the proper normalization constant in Eq. (4)
highly depends on the structure of the subgroup H and the
number of excitations, and it is difficult to present in a con-
sistent way. Notice that the group symmetry of the Dicke-like
states is not necessarily H . In general, usage of such states
to construct H-symmetric states is not straightforward. The
example presented below illustrates problems which might
occur.

Suppose we are looking for the cyclic, C4-symmetric state
|φ〉 (invariant under cyclic permutations) among states of the
following form:

|φ〉 = α0

∣∣D0
4

〉+ α1

∣∣D1
4

〉+ α2,1

∣∣D2
4

〉
(1) + α2,2

∣∣D2
4

〉
(2)

+ α3

∣∣D3
4

〉+ α4

∣∣D4
4

〉
, (5)

where∣∣D2
4

〉
(1) = 1

2 (|1100〉 + |0110〉 + |0011〉 + |1001〉), (6)

∣∣D2
4

〉
(2) = 1√

2
(|1010〉 + |0101〉). (7)

In each of them a separate coefficient might be adjusted.
Observe that up to the normalization constant∣∣D2

4

〉 ∝ ∣∣D2
4

〉
(1) + ∣∣D2

4

〉
(2) , (8)

which means that the fully symmetric term |D2
4〉 splits into

two classes: |D2
4〉(1) and |D2

4〉(2). This division was obtained
by taking appropriate terms |1 · · · 10 · · · 0〉 and acting on them
by the cyclic group C4, unless not all such terms belong to
the prior class. This might be seen as a decomposition of the
symmetric subspaces. Observe that the symmetry group of
the state |D2

4〉(1) is the dihedral group D8 (in fact for |D2
4〉(2)

it is the same). Hence, by taking α2,1 �= α2,2, we obtain the
D8-symmetric state, in any other case, the SN -symmetric case.
Therefore, among states of the form (5), the C4-symmetric
state |ψ〉 ∈ H⊗4

2 does not exist. In fact, the |D2
4〉(1) and |D2

4〉(2)
are nontrivial examples of the dihedral D8-symmetric states;
nevertheless, both of them are separable with respect to the
partition (13|24).

On the other hand, the D8-symmetric state can be
constructed among genuinely entangled states. Indeed, a su-
perposition of |D2

4〉(1) and |1111〉,
|φ〉 ∝ |1100〉 + |0110〉 + |0011〉 + |1001〉 + 2 |1111〉 ,

leads to a D8-symmetric state.
The general analysis of the group of symmetries is tightly

connected with the partially ordered set (poset) of all sub-
groups of SN , which has a rather complicated structure [52].
We conjecture that alternating groups AN are rather difficult to
realize as a group of symmetries of quantum states, impossible
in the N-qubit setting.

Symmetric states of N-qubit systems have an effective
representation, called the stellar representation [53], as N
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FIG. 2. Stellar representation of a Dicke state |Dk
N 〉 that consists

of k stars at the South Pole and N − k stars at the North Pole [48]. A
similar picture holds true for the Dicke-like states: |D2

4〉C4
defined in

Eq. (6) and not equivalent to the Dicke state |D2
4〉 is represented by

four stars on the Bloch sphere, with indicated action of the cyclic
group C4. Instead of choosing this group one could consider the
action of the dihedral group D8 (see Sec. V C). The resulting states
are the same, |D2

4〉C4
= |D2

4〉D8
, and they are based on the graph

construction (see Fig. 4).

points (stars) on the Bloch sphere, related to the roots of
the Majorana polynomial. It was recently generalized for a
mixed-states setting [45]. The stellar representation turned out
to be useful for classification of entanglement in symmetric
quantum states [48,53,54]. Moreover, by imposing the spe-
cial symmetry conditions on the stars, related states exhibits
high entanglement properties [55–57]. The stellar represen-
tation might be also generalized to the H-symmetric states.
As it was before, consider N points on the Bloch sphere,
|φ1〉 , . . . , |φN 〉 , and the following product:

|ψ〉 ∝
∑
σ∈H

|φσ (1)〉 · · · |φσ (N )〉 , (9)

where the sum is taken over all permutations σ from the group
H . We represent state |ψ〉 as a collection of N points on
the Bloch sphere relevant to vectors |φi〉 , . . . , |φN 〉 with the
indicated group H which is acting in Eq. (9) (see Fig. 2).

Note that a given constellation of “stars” at the Bloch
sphere together with the selected symmetry group H do not
represent uniquely the quantum state. The important informa-
tion is carried in how the group H is contained in SN , which
mathematically might be expressed by immersion H ↪→ SN

of the group H into the symmetric group SN .

III. STATES FROM (HYPER)GRAPHS

In the previous section we discussed the problem of deter-
mining quantum states invariant under specified permutations
σ ∈ H , where H < SN . Moreover, we presented the Dicke-
like states, which are building blocks for all such modestly
symmetric states. They were obtained by limiting the group of
summation in the standard construction of the classical Dicke
states. As specification of all symmetries of a given quantum
state is a challenging task, we propose here an alternative—a
more geometric approach to the problem. Certain quantum
states can be associated with (hyper)graphs, whereas their
symmetries are automorphisms of (hyper)graphs.

Let us emphasize here that graphs [58,59] and hypergraphs
[60] were already successfully used in order to construct gen-
uinely entangled states, and the notion of graph states is well

2 4

31

|Ψtel = |1111 + |1000 +|0110

FIG. 3. Telescope state |�tel〉 [65] represented as an excitation
state. The (hyper)graph is not uniform since (hyper)edges are of
different capacities. The relevant state is simply obtained by reading
over all edges. It has only one nontrivial symmetry, which exchanges
parties 2 and 3.

established. Graph states (known also as cluster states [13])
exhibit genuine entanglement properties [21]. They are useful
in the context of the one-way quantum computer or quantum
error-correcting codes [61,62]. Another approach allows one
to generate a family of random quantum states related to a
given graph [63,64], the vertices of which describe the inter-
action between subsystems.

In this work we propose another scheme to associate to a
given graph with N vertices a single pure quantum state of
an N-party system. Such a representation reflects not only
the symmetry, but also the structure of a quantum circuit
under which presented families of quantum states can be
constructed.

Recall that a graph G is a pair (V, E ) where V is a finite
set, and E is a collection of two-element subsets of V . We
refer to elements of V as vertices, and elements of E as edges,
respectively. A successful generalization of the notion of a
graph is the hypergraph [60], for which edges are arbitrary
(not necessarily two-element) subsets of V . A hypergraph is
called uniform if all of its edges consist of the same number
of elements equal to k; we refer to such an object as a k-
hypergraph. For example, a 2-hypergraph is simply a graph.
We denote the number of vertices by N . For simplicity, we as-
sume that vertices of the (hyper)graph are labeled by numbers
1, . . . , N .

Definition 3. With a given (hyper)graph G = (V, E ), we
associate a quantum state of N qubits in the following way:

|G〉 := 1√|E |
∑
e∈E

|ψe〉 , (10)

where |ψe〉 is a tensor product of |1〉 on positions labeled
by indices which form the (hyper)edge e and |0〉 on other
positions. We refer to such states as excitation states. Figure 3
illustrates this definition.

In the definition above, we could consider weighted hy-
pergraphs, i.e., in which each edge e ∈ E has a weight given
by a complex number. Obviously, the normalization of a state
should be changed. Interestingly, in such a way, we can obtain
a general form of a quantum state. Indeed, a given quan-
tum state |ψ〉 ∈ HN

d might be presented in a computational
basis. From this form, we can construct a weighted hyper-
graph, where edges are relevant to the nonvanishing terms and
weights are given by coefficients. Nevertheless, to keep the

022426-4



ENTANGLEMENT IN HIGHLY SYMMETRIC MULTIPARTITE … PHYSICAL REVIEW A 104, 022426 (2021)

presentation simple, in this work we do not consider weighted
graphs.

Observe that the |W〉 state, the generalized |WN 〉 states,
and the Dicke states |Dk

N 〉 are associated with the complete
k-hypergraphs under provided construction (see Fig. 7). All
these states are fully symmetric. This reflects the fact that
the automorphisms group of a complete k-hypergraph is the
symmetric group SN . This relation might be generalized for
all excitation states.

Observation 1. Consider an excitation state |G〉 related to
the hypergraph G. The group of symmetries of a state |G〉 is
an automorphisms group of the related hypergraph G.

Even though determining the automorphisms group for a
graph is an NP-hard problem, it is widely studied for several
classes of graphs. Therefore, this graphical representation of
quantum states may be conclusive for determining its group of
symmetries. We use this relation directly on various examples
of Dicke-like states.

The Dicke-like states introduced in Sec. II belong to the
class of excitation states and form building blocks for all states
of intermediate symmetry. Notice that the (hyper)graph con-
struction of excitation states is far more general; in particular,
it does not require any symmetries.

Observation 2. Each Dicke-like state |Dk
N 〉H is equivalent

to the excitation state of a 2-transitive k-hypergraph. Further-
more, such a hypergraph state is a Dicke-like state with the
group symmetries determined by the group automorphisms of
the graph.

Proof. Recall that the state |Dk
N 〉H was obtained via the

action of a group H on the vector |1 · · · 10 · · · 0〉 with k en-
tries equal to unity. The group H < SN , so it acts on the
N-element set {1, . . . , N}. Consider now the following (hy-
per)graph. For any element h ∈ H , join h(1), . . . , h(k) with
an edge. The relevant excitation state coincides with |Dk

N 〉H .
The group symmetry for a Dicke-like state corresponds to
the group automorphisms of a relevant (hyper)graph. By the
above construction, the related graph is edge transitive; i.e.,
for any two edges e1 = {v1, . . . , vk} and e2 = {w1, . . . ,wk},
there exists an element h ∈ H such that h(vi ) = wi for any
i = 1, . . . , k. Interestingly, the reverse statement is also true.
Indeed, take the group automorphisms of a graph, and suppose
it is edge transitive. Without loss of generality suppose that
vertices 1, . . . , k are connected in an edge e0. Observe that
any other edge e is a result of some automorphism h, i.e.,
e = h(e0) (all terms in an excitation state might be obtained
from |1 · · · 10 · · · 0〉 by an action of automorphisms). More-
over, none of the edges is distinguished; hence each of them
is achieved the same number of times, as the coefficients in
front of the edges are equal. �

Let us briefly compare the concept of constructing gen-
uinely entangled quantum states presented above with the
notion of graph states. First, notice that the excitation state
is evidently different than the graph state associated with the
same graph. The latter is strictly connected to the quantum
circuits, in which edges of a graph are replaced by controlled-
NOT (CNOT) gates. Therefore, the graph state is closely related
to its deterministic realization by the aforementioned two-
qubit gates. At the same time, encoding the closed formula
of a graph state (written in computational basis) and its en-
tanglement properties is rather a challenging task. For an

excitation state the situation is different. The exact form of
a state and its entanglement properties are straightforward,
contrary to its physical realization under quantum circuits.
In fact, the quantum circuit for excitation states refers to the
graph construction as well. Nevertheless, it is significantly
more complex than for the graph states (see Sec. VII for
further discussion).

IV. ENTANGLEMENT PROPERTIES

An excitation state |G〉 forms in general a genuinely entan-
gled state. As we will see, its entanglement properties reflect
the structure of the (hyper)graph. We analyze reductions of
the N-partite pure state ρG = |G〉〈G| onto a bipartite system
S and describe its entanglement in terms of the concurrence C
[66]. This quantity is a faithful entanglement measure, easy to
compute for any two-qubit mixed state and for any bipartition
of a multipartite pure state.

For any two-qubit mixed state ρ its concurrence reads [66]

C(ρ) := max{λ1 − λ2 − λ3 − λ4, 0}, (11)

in which λ1, . . . , λ4 denote square roots of the eigenvalues of
a Hermitian matrix

√
ρρ̃

√
ρ ordered decreasingly, where

ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy)

is the so-called spin-flipped form of ρ. Concurrence forms an
entanglement monotone [67], and it is faithful, as it admits
strictly positive values for entangled states and it vanishes for
separable states.

The generalized concurrence Cv|rest measures the entangle-
ment between the subsystem v and the rest of the system. For
pure states, this quantity is determined by the relevant reduced
density matrix [66], Cv|rest = 2

√
detρv , so its values belong to

the range [0,1].
The distribution of bipartite quantum entanglement, mea-

sured by the concurrence among N qubits, satisfies a
monogamy inequality [68,69]:

C2
v1|v2,...,vN

� C2
v1v2

+ · · · + C2
v1vN

, (12)

where v2, . . . , vN are vertices relevant to subsystems. In that
sense, the squared concurrence, also called a tangle [66],
correctly quantifies bipartite entanglement in multipartite sys-
tems, inasmuch as the entanglement between subsystem v1

and the rest of the system does not exceed the sum of entan-
glement between v1 and any other qubit.

For any subsystem S of the studied system we define
its complementary subsystem S̄. For any vertex v ∈ S we
introduce the set Sv := S \ v. First, we show that, for any
subsystem S and any distinguished particle v ∈ S which is far
enough from the rest of the subsystem S, the reduced state
ρG

S := TrS̄ρ
G separates across the partition v|Sv . Moreover,

we show that this is a necessary but not sufficient condition
for separability in any subsystem. Second, we provide exact
formulas relating the two-party concurrence Cvw between any
two particles, v and w, with the generalized concurrence Cv|rest

between particle v and the rest of the system. We are going
to use this result for quantifying entanglement of various
examples in Sec. V.

As we will see, inequality (12) is generally not saturated,
which implies the presence of multipartite entanglement.
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Finally, we discuss separability of an excitation state |G〉 and
provide necessary and sufficient conditions for separability in
terms of edge structure of the relevant graph. Our results show
that an excitation state |G〉 is typically strongly entangled.

We restrict the analysis to the k-uniform hypergraphs, and
assume our graphs to be connected. Not-connected graphs are
relevant for the tensor product of two excitation states, and
hence might be analyzed separately. By distance d between
vertices v0 and w, we understand the minimal number of ver-
tices v1, . . . , vd , such that there exist (hyper)edges e1, . . . , ed :

vi−1, vi ∈ ei

and vd = w.
Consider a subsystem S with one distinguished particle v

and suppose that the distance between corresponding nodes
in the graph is d (v,w) > 2 for any w ∈ Sv = S \ v. The re-
duced density matrix ρG

S is separable across the partition v|Sv .
Indeed, one can show that

ρG
S ∝ dv |1〉v 〈1| ⊗ |0 · · · 0〉vc 〈0 · · · 0|

+ |0〉v 〈0| ⊗
(

ρG
Sv

− dv |0 · · · 0〉vc 〈0 · · · 0|︸ ︷︷ ︸
all terms are non-negative

)
,

where dv denotes the degree of the relevant vertex. Obviously,
the presented form of the reduced density matrix is completely
separable. We conclude it in the following lemma.

Lemma 1. The reduced density matrix ρS
G of a subsystem

S = v ∪ S′ is completely separable with respect to the parti-
tion v|S′ for any particle v such that d (v, S′) > 2.

The degree dv of the vertex v is the number of edges
on which v is incident. The joint neighborhood nvw of two
vertices is the number of sets W such that both W ∪ v and
W ∪ w constitute an edge. The section svw is the number of
edges on which v and w are incident. Note that for graphs, the
joint neighborhood is simply the number of vertices adjacent
to both v and w, while section svw = 1 or svw = 0 depending
whether vertices v and w are connected.

Consider now the reduction of a pure state, ρG = |G〉〈G|,
to the subsystem S = {v,w} consisting of two parties. Careful
analysis of a (hyper)graph structure yields the following form
of reduced density matrix ρG

vw = TrS̄ρ
G:

ρG
vw = 1

|E |

⎛
⎜⎜⎜⎝

λ 0 0 0

0 dv − svw nvw 0

0 nvw dw − svw 0

0 0 0 svw

⎞
⎟⎟⎟⎠, (13)

where the first element λ = |E | − dv − dw + svw. By the pos-
itive partial transpose (PPT) test the reduced state ρG

vw is
entangled iff n2

vw > λsvw, while the exact amount of entan-
glement can be characterized by the concurrence.

To simplify the notation, for a given excitation state |G〉
and two selected subsystems v and w, the concurrence of the
reduced state ρG

vw will be denoted as

Cvw := C
(
ρG

vw

)
. (14)

We compute the two-party concurrence Cvw according to
Eq. (11):

Cvw = max

{
0,

2

|E | (nvw −
√

svwλ)

}
, (15)

where λ = |E | − dv − dw + svw.
Since concurrence is a faithful entanglement measure for

two-party systems [67,70], the positivity of the right-hand
side of the above equation is necessary and sufficient for
entanglement between subsystems v and w. Therefore, we
first analyze the case for which Eq. (15) reduces to zero.
Notice that the concurrence trivially vanishes if nvw = 0,
which means that v and w have no common neighborhood.
This condition is fulfilled precisely in two situations, either
d (v,w) = 1 or d (v,w) > 2. The above observation matches
the previous discussion that the system ρG

vS′ always separates
if d (v, S′) > 2. Consider now the case in which Eq. (15)
takes strictly positive values. Indeed, for v and w of distance
d (v,w) = 2, the neighborhood nvw �= 0 and the section svw =
0. We summarize the above discussion in the following.

Lemma 2. The reduced two-party state ρG
vw is entangled iff

d (v,w) = 2 or d (v,w) = 1 and

n2
vw > svw(|E | − dv − dw + svw ).

Roughly speaking, we observe the entanglement between
parties v and w if they share common neighbors. On the other
hand, entanglement can disappear if both nodes become the
closest neighbors. The inequality above is usually satisfied in
almost complete (hyper)graphs. For graphs with a local-like
structure, it will be violated. In such a case the bipartite en-
tanglement will be present only for two distant parties. Some
statements in this spirit are presented below.

Recall that a hypergraph might be identified with a pair
(V, E ). We define the product of two disjoint hypergraphs
(V1, E1)  (V2, E2) as a hypergraph (V1 ∪ V2, E1  E2) with
vertices being the union V1 ∪ V2 of vertex sets and with edges
of the following form:

E1  E2 :=
∑

e1∈E1,e2∈E2

e1 ∪ e2.

In short, we say that such a hypergraph is a product hy-
pergraph with respect to the division V1|V2. We derive the
following criterion for separability of the excitation state |G〉
corresponding to a k-hypergraph in terms of separation of its
edges.

Proposition 2. The excitation state |G〉 corresponding to
a k-hypergraph is separable, |G〉 = |G〉V1

⊗ |G〉V2
, iff it is a

product hypergraph with respect to the division V1|V2.
Proof. On one hand, it is a straightforward observation

that for a product hypergraph (V1 ∪ V2, E1  E2) the relevant
excitation state |G〉 is separable across the division V1|V2, i.e.,
|G〉 = |G〉V1

⊗ |G〉V2
.

On the other hand, the following two conditions are neces-
sary for the excitation state |G〉 to be separable:

(1) The number of excitations in V1 and V2 is the same;
i.e., there are numbers c1, c2 such that c1 + c2 = k and for
each edge e ∈ E , e ∩ Vi = ci.

(2) The set of edges factors across the partition V1|V2;
i.e., there are sets E1 ∈ P(V1), E2 ∈ P(V2), such that E =∑

e1∈E1,e2∈E2
e1 ∪ e2.

022426-6



ENTANGLEMENT IN HIGHLY SYMMETRIC MULTIPARTITE … PHYSICAL REVIEW A 104, 022426 (2021)

1 2

34

∼=
|C4 = |1100 + |0110 +

|0011 + |1001

1 3

2 4

1 2

45

36

|C6 = |110000 + |011000 +

|001100 + |000110 +

|000011 + |100001

FIG. 4. Two cycle graphs: C4 and C6 with the corresponding
states |C4〉 and |C6〉 listed on the right. Observe that the cycle C4

forms a complete bipartite graph, C4 = K22. According to Corollary
1, |C6〉 is genuinely entangled while |C4〉 is separable, as |C4〉 =
(|01〉 + |10〉)13 ⊗ (|01〉 + |10〉)24.

One may observe that those two conditions are equivalent
to the fact that G is the product hypergraph. �

Some exemplary separable excitation states are presented
in Figs. 4 and 5. Verification of the above criterion is straight-
forward. Observe that for excitation states |G〉 the separability
criterion is fulfilled by the complete bipartite graph only.
Indeed, the first condition simplifies due to the fact that there
might be edges between V1 ∪ V2 = V only. The second con-
dition comes to completeness of the bipartite graph under
the assumption of connectivity of the graph. Following the
usual notation in graph theory, let KV1V2 be a complete bi-
partite graph, while G = KV1,...,Vk is a complete multipartite
k-hypergraph. Recall that a multipartite (k-partite) hypergraph
G is a hypergraph whose vertices can be partitioned into k
different independent sets. Equivalently, it is a hypergraph that
can be colored with k colors. As a consequence, we obtain the
following three corollaries.

Corollary 1 (Only for graphs). The excitation state |G〉 is
separable, |G〉 = |G〉V1

⊗ |G〉V2
, iff the relevant graph G is a

complete bipartite graph, G = KV1V2 . In fact, such a state forms

5

4

3

2

1

6

(|10 + |01 )16 ⊗ (|10 + |01 )24 ⊗ (|10 + |01 )35

FIG. 5. 3-regular hypergraph on six vertices. Each hyperedge is
represented by a triangle. Observe that the presented hypergraph is
complete tripartite hypergraph K222. Indeed, vertices 1,6 and 2,4 and
3,5 are colored differently according to the partition. All hyperedges
containing vertices of different colors are present. According to
Corollary 3 the state becomes separable across partition 16|24|35,
as it is indicated in the bottom.

a tensor product of two |W 〉-like states:

|G〉 = |W 〉V1
⊗ |W 〉V2

.

We reformulate these separability criteria in terms of sym-
metries of the Dicke-like states.

Corollary 2. A Dicke-like state |D2
N 〉H with two excita-

tions is separable across the bipartition N1|N2 iff its group
symmetry is equal to SN1 × SN2 .

We can derive a similar conclusion to Corollary 1 in the
case of k-hypergraphs and multiseparability.

Corollary 3. The k-regular excitation state |G〉 separates
|G〉 = |G〉V1

⊗ · · · ⊗ |G〉Vk
iff the relevant hypergraph is a

complete multipartite hypergraph G = KV1,...,Vk . Such a state
is a tensor product of k states from the class |W 〉,

|G〉 = |W 〉V1
⊗ · · · ⊗ |W 〉Vk

.

We discuss now how tight are the monogamy relations (12)
for parties in an excitation state. Recall that if the aforemen-
tioned bound is saturated, the entanglement of a given part has
the bipartite form with other parties; otherwise multipartite
entanglement can be observed.

For further discussion, we assume regularity of a graph,
which means that the degree dv is constant for any vertex
v. Moreover, we assume an additional condition: If vertices
v and w are connected, they are connected with the same
number of hyperedges. In other words, the section svw takes
the same values depending on the distance between vertices:

svw =
{

s for d (v,w) = 1
0 for d (v,w) > 1.

We call such a graph a distance-1 regular graph. In partic-
ular, for standard graphs this value reads 1 for neighboring
nodes and zero otherwise. We mention here a particular class
of graphs widely discussed in the graph theory. A distance-
regular graph [71] is a regular graph such that for any two
vertices v and w, the number of vertices at distance j from
v and at distance � from w depends only upon j, �, and the
distance d (v,w). Our assumptions on (hyper)graphs corre-
spond to distance-regular graphs with distances d (v,w) = 1
and d (v,w) = 2. We conjecture that regularity concerning the
vertices of larger distances, d (v,w) > 2, yields regularity in
the amount of entanglement in subsystems consisting of three
or more parties. Unfortunately, for larger systems we have no
satisfactory entanglement quantification [39] required to for-
malize this statement. From Eq. (15), we derive an expression
for the concurrence Cvw between subsystems corresponding
to vertices of a distance-1 regular graph G.

Proposition 3. For a connected and regular graph G the
concurrence Cvw between two nodes v and w reads

Cvw(G) = 2

|E |

⎧⎪⎨
⎪⎩

max{0,C} for d (v,w) = 1

nvw for d (v,w) = 2

0 for d (v,w) > 2,

(16)

where C = nvw − √
s(|E | − 2d + s), d is the degree of each

node, and s is a section for each adjacent vertex.
Elementary calculations lead to the following result.
Proposition 4. The square of the generalized concurrence,

C2
v|rest, between the particle v and the rest of the system,
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FIG. 6. Squared concurrence (2-tangle) C2
v|rest between particle v

and the rest of the system depends on the number of vertices, N ,
and uniformity k only, so it takes the same value for an arbitrary
party of a regular k-hypergraph. In general, the tangle C2

v|rest takes
the maximal value for k = N/2. For instance, in the case of graphs,
it takes the maximal permissible value for concurrence for regular
graphs on N = 4 vertices. Asymptotically, C2

v|rest ∼ 8/N .

expressed as a function of the number of edges |E | and the
number of vertices N , reads

C2
v|rest = 4

dv (|E | − dv )

|E |2 = 4
k(N − k)

N2
(17)

(see Fig. 6). The second equation is valid under the assump-
tion of the regularity of a k-hypergraph; i.e., the degrees of
vertices are the same.

V. EXAMPLES OF DICKE-LIKE STATES

In previous sections we presented two similar, but different,
constructions of genuinely entangled states: excitation states
|G〉, related to a graph G, and Dicke-like states, determined
by a subgroup, which restricts the summation in the classical
expression of Dicke. The (hyper)graph construction is by far
more general, as it leads to quantum circuits corresponding to
excitation states |G〉. A Dicke-like state can be considered a
special case of the excitation states, which exhibits a certain
symmetry structure.

We combine both representations and investigate highly
symmetric objects, such as regular polygons, Platonic solids,
and regular plane tilings. It is worth mentioning that such sym-
metric objects, especially Platonic solids, were already used
in various contexts concerning multipartite entanglement,
including quantification of entanglement of permutation-
symmetric states [47,56], identification of quantumness of
a state [72], the search for the maximally entangled sym-
metric state [46], or general geometrical quantification of
entanglement [48,73] especially among states with imposed
symmetries on the roots of Majorana polynomials [55,56].

We present particular examples of quantum states shared
among N parties positioned in a highly symmetric way. By
using results from Sec. IV, we discuss their entanglement
properties. First, we computed the concurrence in bipartite
subsystems for all presented examples. Recall, that for a given
number of excitations k, the entanglement shared between a
particular node v and the rest of the system in an excitation
state depends only on the number of parties, N ,

C2
v|rest = 4

k(N − k)

N2
, (18)

|D2
5 |D2

6|D1
6 = |W 6 |D3

4

FIG. 7. Dicke state |Dk
N 〉 is associated with a complete k-regular

hypergraph, while a 1-uniform complete hypergraph leads to the state
|WN 〉. The graph and the corresponding state are completely sym-
metric, so the labels of the nodes can be omitted. Dicke states |D2

N 〉
with two excitations are related to complete graphs on N vertices. A
tetrahedron represents the Dicke states |D1

4〉, |D2
4〉 and |D3

4〉, depend-
ing on whether we consider the vertices, the edges, or the faces of
the tetrahedron. Each face represents the hyperedge of a 3-uniform
complete hypergraph on four vertices, relevant to |D3

4〉. The graph
formed by edges of a tetrahedron forms the complete graph on four
vertices, relevant to |D2

4〉. Four vertices of the tetrahedron provide a
1-uniform graph, related to |D1

4〉. This generalizes to the fact that the
simplex of dimension N − 1 represents the full family {|Dk

N 〉}N−1
k=1 of

Dicke states of N vertices.

as it was shown in Eq. (17). We define the entanglement ratio
�v for the node v as

�v :=
∑

i �=v C2
v|i

C2
v|rest

∈ [0, 1], (19)

which measures the ratio of entanglement shared between par-
ticular parties in a bipartite way in comparison to the amount
of entanglement shared in the multipartite way. Since con-
currence satisfies monogamy inequality (12), the parameter
�v takes values in the range [0,1]. Figure 13 compares the
entanglement ratio of various examples in the context of the
application of provided states.

A. Dicke states

The Dicke states |Dk
N 〉 are excitation states for complete

k-regular hypergraphs on N vertices (see Fig. 7). Their group
symmetry is the full permutation group SN . In a particular
case, if the number of excitations is equal to 1, the Dicke state
coincides with the state |W 〉N and the bound in Eq. (12) is
tight [69].

Consider any vertex v and its neighbor w of a complete
k-regular hypergraph. The parameters are as follows: the sec-
tion is s = (N−2

k−2

)
, the degree d = (N−1

k−1

)
, neighborhood nvw =(N−2

k−1

)
, and the number of all hyperedges |E | = (N

k

)
. By eqs. 16

and 17, and elementary calculation, the concurrence in bipar-
tite subsystems takes the following value:

Cv|w = 2

(
N

k

)−1
((

N − 2

k − 1

)
−
√(

N − 2

k

)(
N − 2

k − 2

))
.

Observe that the formula above is invariant with respect to the
change k ↔ N − k. Indeed, Dicke states |Dk

N 〉 and |DN−k
N 〉 are

equivalent up to local change of basis |0〉 ↔ |1〉; hence they
share the same entanglement properties. The entanglement
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|C6 |C7

|C7 = |1100000 + |0110000 + |0011000 + |0001100 +
|0000110 + |0000011 + |1000001

|C8

FIG. 8. Three cycle graphs: C6, C7, and C8 indicated by gray
edges. One of the corresponding states, |C7〉, is listed below. Entan-
glement on a two-party subsystem is vanishing except for parties of
distance 2, d (v,w) = 2, for which the concurrence Cvw reads 2/6,
2/7, and 2/8 for states |C6〉, |C7〉, and |C8〉, respectively. Nonvan-
ishing concurrence is indicated by green lines connecting relevant
parties, so that the graph of entanglement splits into two for an even
number of parties, N = 6 or 8.

ratio �v for a given node v is equal to

�v

(
Dk

N

)= N − 1(N−1
k

)(N−1
k−1

)
((

N − 2

k − 1

)
−
√(

N − 2

k

)(
N − 2

k − 2

))2

.

In a particular case, for k = 1, N − 1, the entanglement ratio
saturates its range, �v = 1. In these two cases the Dicke states
belong to the family |W 〉 and saturate the monogamy bound
(12) derived in [68,69].

By Propositions 3 and 4, we get the following.
Corollary 4. For the Dicke states |Dk

N 〉 the entanglement
ratio at infinite dimension is nonzero:

lim
N→∞

�v

(
Dk

N

) = 2k − 1 −
√

k(k − 1).

In particular, for states related to graphs, k = 1, we find

lim
N→∞

�v

(
D1

N

) = 3 − 2
√

2.

B. Cyclic states

The simplest nontrivial subgroup of the permutation group
SN is a cyclic group CN . In general states |Dk

N 〉CN
are trans-

lationally invariant, i.e., invariant under a cyclic permutation
of qubits [74,75]. The family of such states is widely con-
sidered in several one-dimensional (1D) models applied in
condensed-matter physics, like the XY model or the Heisen-
berg model. For further considerations, assume that the
number of excitations is equal to k = 2. According to Defini-
tion 2, we can construct the Dicke-like state |D2

N 〉CN
by taking

the superposition of all elements:

|0 · · · 0110 · · · 0〉 ,

where excitations are always on adjacent positions (see
Fig. 8).

On the other hand, the state |D2
N 〉CN

can be constructed as
an excitation state. To this end consider the cyclic graph on
N vertices. The relevant excitation state, denoted by |CN 〉,
matches perfectly |D2

N 〉CN
. The group of automorphisms of

a cyclic graph CN forms a dihedral group D2N , where the
lower index stands for the number of elements in the group,

1

FIG. 9. Icosahedron, one of five Platonic solids. Its edges (indi-
cated with gray) determine the excitation state |Pe〉20 on 20 qubits.
For a chosen node 1, the concurrence of the two-party subsystem
C1v is vanishing except for subsystems corresponding to distance-2
nodes indicated by green lines and green nodes.

|D2N | = 2N . It describes the group of symmetries of a regular
N-polygon, which consists of rotations and reflections of the
figure. Each reflection is an idempotent element; the order of
rotations may vary. Using those properties of a cyclic graph
CN , we conclude that the group of symmetries of the quantum
state |D2

N 〉CN
= |CN 〉 is a dihedral group D2N . Notice that the

systems with dihedral D2N symmetries were considered in
a context of correlation theory of the chemical bond [35].
Molecules invariant under a rotation and inversion were in-
vestigated [35]. Figure 10 presents the stellar representation
of the six-qubit state |C6〉, which serves as an example of the
relation between the Dicke-like states and the construction of
excitation states.

In order to analyze entanglement properties of |CN 〉 we cal-
culate the parameters of the cyclic graph CN . The number of
edges |E | = N , while for any vertex v its degree readsdv = 2.
Any two vertices v and w might be related in three following
ways: either they are neighbors and then s = 1, nvw = 0; or
they are of distance d (v,w) = 2 and then nvw = 2, or the dis-
tance d (v,w) > 0. The concurrence in bipartite subsystems

S6

C6

D12

S4 × C2

⇒

⇒

⇒

|D2
6

|C6

|P e
6

..

..

..

|φ3 , |φ4 , |φ5 , |φ6

|φ1 , |φ2

....

FIG. 10. Stellar representation of the Dicke-like states |D2
6〉H

relevant to the action of various groups H < S6. Acting by the full
symmetric group S6 on a Bloch sphere we obtain the Dicke state
|D2

6〉. By action of a cyclic group C6 or the dihedral group D12,
we obtain the cyclic state |C6〉. Choosing the action of S4 × C2, as
described in Sec. V C, we obtain the Platonic state |Pe〉6.
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takes the following value:

Cv|w(CN ) =
{

2/N for d (v,w) = 2

0 otherwise,

with a small correction for N = 4, where C2
v|w = 1 for vertices

of distance 2. The entanglement ratio �v for a given node
reads

�v (CN ) = 1

N − 2
,

with the same correction in the case N = 4, for which �v = 1.
We emphasize that the cyclic and dihedral groups were

already successfully used for constructing fully symmetric
states with additional (cyclic and/or dihedral) symmetry im-
posed on roots of related Majorana polynomials [56]. In our
work, instead of imposing additional symmetries on roots,
we restrict the symmetrization procedure in Eq. (9) to the
subgroup H < SN of the symmetric group SN .

C. Platonic states

Platonic solids—highly symmetric geometric objects in
R3—were used to construct quantum states in various con-
texts [48,72,73]. With any platonic solid we associate in this
work two quantum excitation states. First, we can construct
an excitation state simply by looking at the edges of a solid,
see Fig. 9. Second, we may associate faces of a solid with
hyperedges of a hypergraph. For instance, the tetrahedron is
linked to the Dicke state |D2

4〉 (by reading edges) and |D3
4〉 (by

reading faces) (see Fig. 7).
We use the notation |Pe〉N for Platonic states constructed

by looking at the edges of a solid, while |P f 〉N refers to
the construction involving faces (N denotes the number of
vertices in a related Platonic solid).

Due to the extraordinary symmetry of Platonic solids, it
is not surprising that both constructions of quantum states
lead to Dicke-like states. In order to show it, we need to
find appropriate groups, which action yields Platonic states.
Consider the automorphism group of relevant graphs or hy-
pergraphs. An elementary argument from the representation
theory shows that it is determined by the group of symmetries
of the Platonic solid.

Fact 1. Consider a Platonic solid. Each permutation σ ∈
S|V | of vertices which preserves the structure of faces or edges
represents a symmetry of the solid.

Since groups of symmetries of Platonic solids are transitive
on edges and faces, any such state can be realized by an action
of the aforementioned group.

There exist five Platonic solids: a self-dual tetrahedron and
two dual pairs of the same group of symmetries: (a) cube and
octahedron and (b) dodecahedron and icosahedron. Any sym-
metry of a solid determines a permutation σ ∈ SN on vertices.
For a tetrahedron, the reverse statement holds true. For the first
dual pair, consider a cube. Symmetries of the cube coincide
with permutations of its four diagonals plus one nonrotation
symmetry, the point reflection with respect to the center. For
the second dual pair, consider a dodecahedron. One can em-
bed five cubes in the dodecahedron, forming the compound of
five cubes. Any rotation of dodecahedron determines an even
permutation of the cubes. As in the previous case, there exists

TABLE I. Concurrence C12 and entanglement ratio �v for two-
qubit systems obtained by partial trace of N − 2 subsystems of
distance 2 of Platonic states determined by the edges of the solid.

|Pe〉4 |Pe〉6 |Pe〉8 |Pe〉12 |Pe〉20

Concurrence, C12 0.333 0.667 0.333 0.133 0.067
Entanglement ratio, �v 0.333 0.500 0.444 0.160 0.074

additionally a reflection symmetry with respect to the center.
This classical analysis implies the following statement.

Observation 3. The symmetry group of Platonic states
|Pe〉4 and |P f 〉4 related to the tetrahedron is the full symmetric
group S4. Indeed,

|Pe〉4 = ∣∣D2
4

〉
, |P f 〉4 = ∣∣D3

4

〉
.

The symmetry group of |Pe〉6 and |P f 〉6 related to the octahe-
dron, and |Pe〉8 and |P f 〉8 related to the cube, is

S4 × S2,

nontrivially embedded into S6 and S8, respectively, see
Fig. 10. The symmetry group of states |Pe〉12 and |P f 〉12
related to the dodecahedron, and |Pe〉20, |P f 〉20 related to the
icosahedron, is

A5 × S2,

nontrivially embedded into S12 and S20, respectively.
Note that the Platonic states listed above form nontrivial

examples of symmetric states. In particular, in the case of the
dodecahedron the alternating symmetry A5 is observed, which
is not easy to construct.

For Platonic states determined by the edges of the solid,
the concurrence in bipartite subsystems takes a positive value
only for nodes of distance 2. For such nodes 1 and 2, the
concurrence C12 and the entanglement ratio �v are presented
in Table I.

D. Regular m-polytope families

The line of thinking applied to the Platonic solids can be
extended to the regular polytopes in higher dimensions. Such
families include the self-dual m-simplices and m-hypercubes
with dual m-orthoplexes. Each of these polytopes provides
us with a set of k-uniform hypergraphs for 1 � k � m − 1
defined by the set of their k-dimensional hyperedges. For the
sake of this section we will denote the states corresponding
to the k-dimensional hyperedges of an m-simplex as |Sk

m〉
and analogously |Bk

2m〉 for m-hypercubes and |Ok
2m〉 for m-

orthoplexes, where the lower index stands for the number of
subsystems, N , in the state (N = m, 2m, and 2m for m-simplex,
m-hypercube, and m-orthoplex, respectively).

First, we may state a simple observation concerning m-
simplices.

Observation 4. The states related to the m-simplices are
equivalent to the Dicke states,∣∣Sk

m

〉 = ∣∣Dk
m

〉
,

and the symmetry group is trivially Sm.
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FIG. 11. The entanglement ratio �v quantifies the ratio of the
bipartite and multipartite entanglement of a particular subsystem v.
The distribution of �v for the family |O2

2m〉 of states with N = 2m
parties and k = 2 excitations, related to the m-orthoplexes, is pre-
sented. The contribution from distance-2 vertices is dominating for
small systems. For larger systems the contribution from distance-2
nodes dominates �v , while the related graph becomes almost com-
plete. The entanglement ratio at infinity goes to a nonzero value,
3 − 2

√
2 ≈ 0.17.

The symmetry group of |Bk
2m〉 and |Ok

2m〉 is given by the
nontrivial hyperoctahedral group Bm. We may first formulate
a simple observation about the orthoplectic states.

Observation 5. The states |Om−1
2m 〉 are separable with re-

spect to the partition 12|34| · · · |(2m − 1)2m, with each pair
of vertices being distance 2 or, in other words, lying on a
common diagonal of the related m-orthoplex.

Furthermore, one can easily calculate the concurrence Cvw

for the states |O2
2m〉 connected to the 2-edges of the m-

orthoplex,

Cvw(O2
2m) =

⎧⎪⎨
⎪⎩

max
{
0,

√
2m2−4m+3−2m+4

2m−2m2

}
for d (v,w) = 1

2/m for d (v,w) = 2

0 for d (v,w) > 2,

(20)
and similarly the entanglement ratio

�v (O2
2m) =

{
1/(m − 1)

6m2−4m(
√

2m2−6m+5+5)+8
√

2m2−6m+5+19
2(m−1)2 ,

(21)

where the first case holds for m � 3 and the second one for
m > 3. By Propositions 3 and 4, we get the following.

Corollary 5. Similarly to Dicke states, the entanglement
ratio for the |O2

2m〉 states converges to a nonzero value:

lim
n→∞ �v

(
O2

2m

) = 3 − 2
√

2 ≈ 0.1716. (22)

Interestingly, for small values m the main contribution to this
value comes from distance-2 nodes, while for large values of
m from distance-1 nodes, see Fig. 11.

The situation is much simpler for the hypercubic states
|B2

2m〉, where the concurrence occurs only between the

1

FIG. 12. Hexagonal tiling of a plane. One may choose a rect-
angular region (indicated by the red line) and glue the boundary
left-right and up-down to form a torus. In this specific choice of
the rectangular cut, there are four nodes in each row and six in
each column. For chosen node v, the concurrence on the two-party
subsystem C1v is vanishing except for distance-2 parties (indicated by
green lines). In such a case C1v = 1/12, and the entanglement ratio
�v ≈ 0.06. For the similar tiling by triangles (restriction to 25 nodes),
the entanglement ratio takes the value �v ≈ 0.072. Even though the
triangular network is twice as dense as the hexagonal, for such a
network much more entanglement is concentrated in the bipartite
subsystems of distance 2.

distance-2 vertices, C12(B2
2m ) = 23−m/m, while the entangle-

ment ratio reads

�v (B2
2m ) = 4(m − 1)

(2m − 2)m
,

which asymptotically tends to zero.

E. Plane regular tilings

Other highly symmetric objects, including regular and
semiregular tessellation of the plane, can also be used to
generate symmetric quantum states. In the regular tiling, the
plane is covered by regular polygons, all of the same shape. In
semiregular tiling, tiles of more than one shape are allowed but
every corner is identically arranged. Regular tiling provides
an edge-transitive graph, while semiregular tiling leads to a
vertex-transitive graph. Even though the local properties of
such tiling might be various, the global pattern itself can be
categorized into 17 wallpaper groups.

Each such a group consists of two types of generators:
shifts and reflections. In general, tessellations take the form of
infinite patterns, but one may restrict to the arbitrary regular
region by appropriate gluing on the boundary. In such a way,
we obtain a finite tiling, which might be related to excitation
states under construction provided. By the property of edge
transitivity the regular tilings correspond to Dicke-like states.
The symmetry group is given by a relevant wallpaper group,
restricted to the chosen size of the tiling. Since semiregular
tilings do not do exhibit edge transitivity, they in general do
not correspond to Dicke-like states.

Figure 12 presents the hexagonal tiling of the plane and
relevant excitation state |HN 〉. For hexagonal tiling, the con-
currence in bipartite subsystems takes the following value:

Cv|w(HN ) =
{

2/N for d (v,w) = 2

0 otherwise,
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for the tiling restricted to N nodes (minimal size of a cut is
3 × 3). The entanglement ratio �v for a given node v reads

�v (HN ) = 4

3

1

N − 2
.

Even though the value of the bipartite concurrence Cv|w is
the same as in the cyclic case, the parameter �v takes a
larger value. Indeed, each node in the hexagonal case has six
distance-2 vertices, which causes the increase of the entangle-
ment ratio �v .

F. General local network

The approach presented allows one to construct multipar-
tite quantum states associated to local networks. We assume
that certain properties of the network are the same at each
node. In particular, all vertices have the same degree d . Our
analysis is precise for a sufficiently large number of nodes,
N . By locality, we understand that the number of edges |E |
scales as the number of vertices, |E | = O(N ). This assump-
tion leads to vanishing of the concurrence for all bipartite
reduced systems corresponding to two vertices at distance 1.
For simplicity we restrict our attention to the case of graph
networks; i.e., edges connect always two vertices.

For a given node labeled as v, define the following func-
tion:

γv :=
∑

v:d (v,v′ )=2

n2
vv′ , (23)

where the sum runs over all distance-2 vertices, while the joint
neighborhood nvv′ (defined in Sec. IV) simplifies here to the
number of paths of length 2 from v to v′. Observe that by
regularity, the number of paths connecting distance-2 vertices
takes always the same value:∑

v′:d (v,v′ )=2

nvv′ = d (d − 1).

The possible displacement of distance-2 nodes responds for
the parameter �v for the given network. Indeed, from Propo-
sitions 3 and 4 follows that

�v (network) = 2

N − 2

1

d2
γv,

and the only nonglobal parameter above is γv . Therefore,
optimization of the entanglement ratio �v is equivalent to
optimization of γv . In order to maximize Eq. (23), distance-2
paths from node v should lead to the minimal number of
nodes. Conversely, in order to minimize (23), the distance-2
nodes should be connected by a single path only. For instance,
Fig. 9 presents the network in which all vertices of distance 2
are connected by two paths, while in the network presented in
Fig. 12 all such vertices are connected by a unique path.

Observation 6. For a regular local network, i.e., |E | =
O(N ), the entanglement ratio �v of relevant excitation states
has the following lower bound:

�v (local network) � 2

N − 2

d − 1

d
.

Moreover, it has the following asymptotic complexity: �v =
O(1/N ).

Observe that the bound above is tight for cyclic states |CN 〉
and for states |HN 〉 related to the hexagonal tiling. Hypercubic
states |B2

2m〉 achieve exactly twice this bound.
Remarkably, the entanglement ratio �v is strongly related

to the curvature of the network. For a flatlike network one
can expect that the number of distance-2 nodes will be twice
larger than the number of distance-1 nodes. This is the case
of the hexagonal tiling (see Fig. 12) and all the regular tes-
sellations but not all semiregular tilings. By assumption of
flatness (understood as above), and that the same number of
paths connects all distance-2 vertices, equal to (d − 1)/2, the
entanglement ratio �v can be estimated as follows:

�v (flat local network) � 1

N − 2

(d − 1)2

d
.

Notice that the above estimation is not precise if the num-
ber of paths connecting distance-2 vertices is not uniformly
distributed. Observe that hypercubic states |B2

2m〉 are not rele-
vant to the flat networks, and indeed, their entanglement ratio
scales differently,

�v

(
B2

2m

) = 4

2m − 2

(m − 1)

m
= 4

N − 2

(d − 1)

d
,

with respect to the local degree d parameter.

VI. PHASE TRANSITIONS

As discussed before, the entanglement ratio �v measures
the amount of entanglement not present in the bipartite entan-
glement. Therefore, it indicates the robustness of an entangled
state. We investigate the asymptotic behavior of the parameter
�v of an excitation state |G〉 with the change of the local
degree d of the relevant hypergraph.

For simplicity consider Dicke states with two excitations,
|D2

N 〉. According to exact calculations, the asymptotic entan-
glement ratio �v is

�v

(
D2

N

) ∼ (3 − 2
√

2).

Recall that for local networks one has �v � d/N . Therefore,
the complexity of entanglement ratio �v for Dicke states and
a general local network is not the same, O(N ) and O(1/N ),
respectively.

This phenomenon is related to the fact that for regular
networks, the concurrence Cv|w between two parties may take
two distinct nonvanishing values according to the distance
d (v,w) (see Propositions 3). While nonvanishing concur-
rence is always present for distance-2 nodes, for neighboring
nodes it takes a positive value, iff n2

vw � (d (N − 4) + 2)/2.
Since the number of common neighbors, nvw, is bounded by
the degree d , it might occur only if d � N/2. Notice that the
regular graph satisfying this inequality is highly connected
since at least half of all possible edges are present. In such
a highly connected graph, the vertices are of distance 1 or
2. Therefore, the joint neighborhood might be estimated by
nvw ∼ d2/N (under the assumption of random distribution of
edges). Hence, by Propositions 3, for a graph with vertices of
degree

d = 1
3
√

2
N � 0.794N,
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we observe a first phase transition, in which the entanglement
between distance-1 parties starts to appear. At this moment,
however, the entanglement between such parties is negligible
in comparison to the entanglement between distance-2 ver-
tices.

The second phase transitions refer to the threshold in which
entanglement between distance-1 vertices is protruding over
the entanglement present between vertices of distance 2. We
quantify this intuition by comparing the contribution of those
two distinct types of bipartite concurrence on the right-hand
side of Eq. (12). Regarding the previous discussion, this phe-
nomenon takes place for a graph with vertices of degree

d (nvw −
√

dN/2)2 ≈ (N − d )n2
vw.

Taking into account that nvw ∼ d2/N for such strongly con-
nected graphs, the second phase transition takes place for

d ≈ 0.973N,

which was computed numerically. We summarize the discus-
sion in the following statement.

Observation 7. Consider the asymptotic behavior of an
excitation state |G〉 corresponding to a graph of N vertices
with respect to the average degree of each vertex equal to
d . Two phase transitions occur: The first one, for the average
vertex degree d = 0.794N , refers to the threshold in which the
entanglement between distance-1 parties starts to appear. The
second one, for the average vertex degree d = 0.973N , refers
to the threshold in which entanglement between distance-1
vertices is protruding over the entanglement present between
vertices of distance 2.

Note that there is no substantial difference between local
networks with average degree d of each vertex being a finite
number and global networks with the degree d depending on
N , until the limit d � 0.794N is achieved. Indeed, in both
cases, the entanglement ratio �v ∼ d/N , and the entanglement
is present only between distance-2 nodes. Once this limit
is exceeded, the bipartite entanglement between distance-1
nodes starts to appear. Its amount is, however, negligible in
comparison to the entanglement between distance-2 vertices.

Entanglement between distance-1 nodes prevails once the
threshold d ≈ 0.973N is exceeded. Since the entanglement
between distance-1 nodes is significantly weaker than the
entanglement corresponding to nodes at distance 2, this leads
to a global consequence in entanglement distribution. Indeed,
the entanglement ratio �v (adequate to amount of entangle-
ment in bipartite systems in comparison to the amount of
entanglement shared in a multipartite way) changes its scaling
from �1 ∼ d/N to �1 ∼ (3 − 2

√
2). Therefore, the result-

ing states share much less bipartite entanglement. Hence the
global amount of entanglement remains on the same level;
states become more robust and persistent, which is perfectly
observed at the limit case of the Dicke states.

The aforementioned transitions are clearly visible for the
|O2

2m〉 family of states, related to the m-orthoplexes (see
Fig. 11). Indeed, for a small number of particles, N = 2m, the
entanglement is mainly present between distance-2 vertices.
Already for an N = 8 particle system |O2

8〉, modest entangle-
ment between distance-1 nodes can be detected. The contribu-
tion from distance-1 vertices becomes dominating for larger

systems, staring from systems with N = 22 particles. This
reflects the fact that for a large number N , the related graph
becomes almost complete. Figure 13 compares the asymptotic
behavior of different families of Dicke-like states.

VII. QUANTUM CIRCUITS

We present below a quantum circuit efficiently
transforming a fully separable tensor product state into
the excitation state proposed in this work. Construction of
this circuit was inspired by similar circuits for Dicke states
developed in [36,37]. However, it refers explicitly to the
graph structure and is more intuitive in that sense. As we
will see, our scheme uses between ∼4|V | and ∼10|E | CNOT

gates, depending on the structure of a graph. For clarity of
demonstration, we present the construction of a unitary circuit
transforming the excitation state into the separable state. The
provided construction can be extended in a simple manner to
the case of hypergraphs.

We construct a quantum circuit iteratively relative to the set
of vertices. For a vertex v ∈ V , we apply dv − 1 three-qubit
unitary operations and one two-qubit operation. This can be
represented graphically by deleting edges adjacent to the con-
secutive vertices. Although any three-qubit unitary operation
can be simulated by at most 21 CNOT gates [76], considered
operations can be simulated by six or ten two-qubit gates
only, according to [77]. We present the exact form of unitary
operations below and, in parallel, its realizations by accessible
two-qubit gates, where we assume standard implementation
of Toffoli gate with 6 CNOT gates. The exact form of quantum
circuit depends on the order of deleted vertices and adjacent
edges; the procedure itself, however, might be performed for
any such order.

First step. Choose a vertex v, and take all adjacent vertices
v1, . . . , vd , where d is the degree of v. Without loss of gener-
ality, suppose that each vi is related to the ith particle, while
v is related to the (d + 1)th particle. We consecutively apply
the following three-qubit gates U (1)

{i,d,d+1} on parties i, d , and
d + 1:

|101〉 + √
i − 1 |011〉 �−→

√
i |011〉 ,

|110〉 �−→ |110〉 ,

|100〉 �−→ |100〉 ,

|010〉 �−→ |010〉 ,

|001〉 �−→ |001〉 ,

|000〉 �−→ |000〉 , (24)

for i = 1, . . . , d − 2. Applying U (1)
{i,d,d+1} the operation is rele-

vant to the graphical operation of deleting an edge e = {i, d +
1}. It may be simulated by ten CNOT gates, as indicated in
Fig. 14.

Second, we apply the following three-qubit operator,
U (2)

{d−1,d,d+1}, on parties d − 1, d , and d + 1,

|101〉 + √
d − 2 |001〉 �−→ √

d − 1 |001〉 ,

|011〉 �−→ |011〉 ,

|100〉 �−→ |100〉 ,

|010〉 �−→ |010〉 ,

|000〉 �−→ |000〉 , (25)
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FIG. 13. Distribution of entanglement for Dicke-like states with
k = 2 excitations is compared. The entanglement ratio �v quantifies
the ratio of the bipartite and multipartite entanglement of a particular
subsystem v. The distribution of entanglement varies for states rel-
evant to local and global networks, i.e., graphs with asymptotically
different densities. For states related to dense graphs, |D2

N 〉 and |O2
2m〉,

the ratio �v tends to a nonzero value 3 − 2
√

2 ≈ 0.17. For families
of states in which the local degree does not scale with the size of
a graph (|B2

2m 〉, |CN 〉, |HN 〉), the complexity of �v is O(1/N ). The
exact scaling factor for local networks relies on a local degree d in
a way depending on the curvature of the network. For states related
to flat (|CN 〉, |HN 〉) and spherical (Platonic states) networks one has
�v ∼ d/N , while for the hyperbolic case (|B2

2m 〉), the ratio scales as
�v ∼ 1/N . For flat networks, the exact scaling parameter does not
exceed unity (�v ∼ d/2N for cyclic states |CN 〉, and �v ∼ 4d/9N for
states related to a hexagonal tiling), and exceeds unity for a spherical
networks (Platonic states).

which is relevant to the graphical operation of deleting an edge
e = {d − 1, d + 1}. Observe that Eq. (25) is defined only on
five-dimensional subspace, and is arbitrary on the remaining
part of the Hilbert space. This leaves room for optimization of
simulation of U (2)

{d−1,d,d+1}. Indeed, it may be simulated only
by six CNOT gates or a single Toffoli gate (see Fig. 14). For
comparison, for simulation of Eq. (24) already ten CNOT gates
were needed.

Finally we apply the following two-qubit operator,
U (3)

{d,d+1}, on parties d and d + 1:

|11〉 + √
d − 1 |01〉 �−→

√
d |01〉 ,

|00〉 �−→ |00〉 , |10〉 �−→ |10〉 , (26)

which is relevant to deleting the only remaining edge: e =
{d, d + 1}. Those three operations are presented in Fig. 14.
There is a simple logic behind those operations. Consecu-
tively, we combine all terms having excitations on position
d + 1 into a single term with an excitation on this position.
Observe that after applying these operations, the state takes
the form of the following superposition:

1√|E |

(√
d |1〉v ⊗ |0 · · · 0〉 + |0〉v ⊗

∑
e∈E\v

|ψe〉
)

,

where E \ v denotes a set of edges which do not contain vertex
v.

Second and next steps. Consider now the graph G′ = (V \
v, E \ v). Notice that the degrees of vertices initially adja-
cent to the vertex v have changed. We faithfully repeat the
procedure from the first step for an arbitrary vertex w from
the graph G′. Observe that after applying the aforementioned
gates, the state takes the following form:

1√|E |

(√
dv |1〉v ⊗ |0 · · · 0〉vc

+√
d ′

w |1〉w ⊗ |0 · · · 0〉wc + |00〉vw ⊗
∑

e∈E\v,w

|ψe〉
)

,

where dv is the degree of the vertex v, while d ′
w is the degree of

the vertex w of the reduced graph, after deleting the vertex v

(the degree of w can decrease by 1). We repeat this procedure
further, for G′′ = (V \ v,w; E \ v,w), until we delete N − 1
vertices, which fully separates the initial graph.

Final step. After applying the presented procedure itera-
tively N − 1 times, the state takes the following form:

1√|E |
∑
v∈V

√
d ′

v |1〉v ⊗ |0 · · · 0〉vc ,

where d ′
v denotes the degree of the vertex v of the graph

reduced according to the presented procedure. Note that the
form of the above state is similar to the state |WN 〉, as it
is equivalent to it with respect to the transformations from
the stochastic local operations and classical communication
(SLOCC) class. The separation of this state is a well-known
procedure [78], and might be obtained by performing two-
qubit gates U (4)

1i :
√

d ′
v1

+··· +d ′
vi−1

|10〉 +√
d ′
vi
|01〉 �−→√

d ′
v1

+··· +d ′
vi
|10〉 ,

|00〉 �−→ |00〉 ,

on particles 1 and i. This gate may be simulated only by three
CNOT gates (see Fig. 14).

Cost estimation. We start with a connected graph with |V |
vertices and |E | edges, where the degrees of each vertex are
d1, d2, . . . < |V |. In order to delete a given vertex of degree
d we need 1 + 6θ (d − 1) + 10θ (d − 2)(d − 2), where θ (·)
is the Heaviside theta function. By considering reverse engi-
neering, the spanning tree of the graph costs |V | − 1 CNOT

operations. In the best case the spanning tree will be a star
graph with degrees {|V | − 1, 1, . . . , 1}. In the next step we
pair up the degree-1 vertices and connect them with |V |−1

2
edges. Depending on oddness or evenness we are left with
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FIG. 14. Procedure sketched for vertex 4 of degree d = 3. First, we apply unitary three-qubit operations U (1)
{1,3,4} on parties 1, 3, 4; second,

U (2)
{2,3,4} on parties 2, 3, and 4; and finally the two-qubit gate U (3)

{3,4} on parties 3 and 4. As a result, we obtain the state separable with respect to
the fourth particle. In the next step, we work with the graph with all edges adjacent to the fourth vertex deleted. Presented unitary operations
U (1)

{1,3,4}, U (2)
{2,3,4}, and U (3)

{3,4} might be simulated by the following quantum gates. All three constructions rely on an auxiliary unitary gate P, which

satisfies P†σxP = √
a − bσz + √

bσx with a and b set according to the corresponding operation.

an additional edge, which takes up the circuit cost to 6� |V |−1
2 �

CNOT operations and leaves all the vertices of degree at least
2. The remaining edges cost in total 10(|E | − � |V |−1

2 � − |V | +
1) ≈ 10|E | − 5(|V | − 1) CNOT operations. The final additions
are the U (4)

i j operations which cost at most 3(|V | − 1) CNOT

operations. Thus we arrive at three different regimes:
(1) |E | ∼ |V |, for which the main cost comes from the

spanning tree and can be estimated as 4(|V | − 1) CNOT op-
erations.

(2) |E | ∼ 3
2 |V |, for which the cost is based on vertices of

degree 1 and 2, and is given as 7(|V | − 1).
(3) |E | � 3

2 |V |, for which the cost is dominated by the
degree greater than 2 and is estimated as 10|E | + 2|V | − 2
CNOT operations.

VIII. FIVE-QUBIT CYCLIC STATE |C5〉
IMPLEMENTATION

In order to demonstrate the viability of the provided con-
struction we have explicitly evaluated the construction for
the simplest nontrivial cyclic state |C5〉. Initialization of the
state is done basically in two steps. The first step involves
initialization of excitations and distributing them in order to
arrive at the state of the form

1√|E |
∑
v∈V

√
d ′

v |1〉v ⊗ |0 · · · 0〉vc .

In the next step, the distribution of edges between the
vertices is effected by applying the unitaries (25) and (26) in

reversed order to finally reconstruct the graph corresponding
to |C5〉. The overall circuit requires a single operator U (2) and
remaining operations are done by using U (3) and U (4), which
totals to an estimated 22 CNOT operations, which does not take
into account the topology of the quantum computer to be used.

Such a circuit can be realized on the state-of-the-art five-
qubit quantum computers provided by IBM: linear-topology
Santiago and Athens with quantum volumes (QVs) of 32 and
Vigo with QV of 16 with T topology. In total we used more
than 740 000 samples over all three computers, which gives
distribution with significant values for all expected compu-
tational states proceeding from cyclic permutations of the
|00011〉 state with the probability 0.487 of finding the system
in one of them (see Fig. 15).

We decided to compare the results to a model of noise
composed from the exponential probability of decay to the
base state and a constant probability of flip from zero to one.
In order to perform the noise analysis we first divide the
readouts into signal,

S =
{

(i1, . . . , i5) :
5∑

j=1

i j = 2, ∃ j i j = i j+1 = 1

}
,

and noise, N = {0, 1}⊗5\S . Furthermore, the noise has been
divided into the subsets with constant numbers of exci-
tations, Nk = {(i1, . . . , i5) ∈ N , i1 + · · · + i5 = k}, hence
N = N0 ∪ · · · ∪ N5.
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FIG. 15. Mean results acquired over 740 000 samples acquired on IBM Vigo, Athens, and Santiago computers. Prominent peaks at all
cyclic permutations of |00011〉 are plotted in dark, with an additional significant peak at |00000〉. Due to effects of decoherence we observe a
background of all remaining states represented by light bars.

This division allows us to introduce the mean probability
of noise with n excitations,

Pk = 1

|Nk|
∑

i1,...,i5∈Nk

pi1,...,i5 , (27)

where the probabilities are found from empirical data by di-
viding the number hits for a specific state Ni1,...,i5 by the total
number of hits:

pi1,...,i5 = Ni1,...,i5

Ntot
.

The second step was to fit the model with exponential and
flip noises superposed, which resulted in a satisfactory fit with
total squared distances equal to

∑4
k=0(Pk − Pk,fit )2 ≈ 0.075

(see Fig. 16).
In conclusion, the experiment shows that implementation

of the introduced preparation procedure and subsequently
executing it on a real-world quantum machine is not only
viable, but follows simple predictions about the nature of
errors present in such computers.

IX. HAMILTONIANS OF EXCITATION STATES

The Dicke states are ground states of the Dicke Hamilto-
nian with a well-defined number of excitations. The excitation
states introduced above can be considered as ground states of
analogous Hamiltonians, with the same property of a well-
defined excitation number.

The single-mode Dicke Hamiltonian (known also as the
Tavis-Cummings model or generalized Jaynes-Cummings
model) can be written as [31,32]

H = ω0 Jz + ω a†a + λ√
N

(a† + a)(J− + J+)︸ ︷︷ ︸
interaction

,

where Jα are the collective operators:

Jz ≡
N∑

i=1

σ i
z , J± ≡

N∑
i=1

σ i
±.

At zero interaction, λ = 0, the coupling term in the Dicke
Hamiltonian vanishes. Thus its eigenstates have the tensor
product form with a factor representing the Fock states of
the field and the other factor as an eigenstate of the collec-
tive angular momentum operator Jz. The operator Jz has the

0 1 2 3 4
0

0.05

0.10

k noise excitations

P
k

IBM Athens

IBM Santiago

IBM Vigo

Mean noise

Fitted model

FIG. 16. Mean probability of noise (27) for each machine col-
lected according to the number of excitations. Averaged noise (blue)
has been taken as a basis for fitting of the noise model, composed of
exponential decay to the ground state of the entire system superposed
with a random 0-1 flip with equal probability for all qubits. The
resulting fit, plotted in red, is satisfactory, with a total deviation of∑4

k=0(Pk − Pk,fit )2 ≈ 0.075.
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eigenvalues −N/2,−N/2 + 1, . . . , N/2, which are strongly
degenerated. The further partition of its eigenspaces is done
by the effective total angular momentum operator J , which
might be written as

J ≡ J+J− + Jz(Jz + I),

in terms of the raising and lowering operators. The Dicke
states | j, m〉N are eigenstates of both operators Jz and J:

Jz | j, m〉N = m | j, m〉N ,

J | j, m〉N = j( j + 1) | j, m〉N ,

with m = − j,− j + 1, . . . , j representing the number of ex-
citations, while j = 1/2, 3/2, . . . , N/2 (for N odd) and j =
0, 1, . . . , N/2 (for N even) correspond to the cooperation
number. In general, atomic configurations for N > 2 contain
entanglement [79] and are degenerated for j < N/2 [32]. Tak-
ing the maximal value j = N/2 results in the aforementioned
fully symmetric Dicke states |Dk

N 〉,
|Dk

N 〉 := |N/2, k + N/2〉N .

In several physical situations, it is convenient to consider
the eigenvectors spanned by the fully symmetric Dicke states
[79]. Indeed, this significantly reduces the dimension of space
from 2N to N + 1.

Independently of the excitation number k, the Dicke states
|Dk

N 〉 are eigenstates of the operator J+J−. The latter operator
can be rewritten as a fully symmetric, two-body Hamiltonian,

H := J+J− =
N∑

i=1

σ
(i)
− σ

(i)
+ +

N∑
i �= j

σ
(i)
− σ

( j)
+ ,

in which excitations might be exchanged between any two
parties. The Dicke states |Dk

N 〉 are eigenvectors corresponding
to the nondegenerated maximal eigenvalue k(N + 1 − k). In
some physical problems the particles are not distributed sym-
metrically as some interactions are more likely to occur. The
related two-body Hamiltonian of the system of N particles
with spin-1/2 considered in [80] generalizes the Heisenberg
model.

We show that excitation states, and hence Dicke-like states,
are ground states for Hamiltonians with an interaction term
analogous to J+J−. As in the Dicke case we discuss the
class of states with a well-defined excitation number and
analyze a single subspace of the Jz operator. First, we restrict
ourselves to the subspace of the operator Jz relevant to two
excitations; i.e., we set k = 2. For any graph G, consider the
following four-body Hamiltonian, where excitations might be
exchanged between any pair of edges:

HG := JG
+JG

− , (28)

where

JG
± ≡

∑
vv′∈E

σ
(v)
± σ

(v′ )
± .

Notice that operators JG
+ , JG

− are constructed analogously to
the operators J+J−. The maximal eigenvalue of the Hamil-
tonian HG is equal to the squared number of edges, |E |2.
This energy level is nondegenerated and the corresponding
eigenstate is given by the excitation state |G〉. Indeed, the

Hamiltonian HG is a sum of |E |2 projections, which justifies
the bound of the energy. The state |G〉 saturates this bound,
contrary to any other state with specified number of excita-
tions, k = 2.

The excitation state |G〉 can be seen as a ground state of the
three-body interaction Hamiltonian,

HG =
∑
v∈V

∑
vv′ ∈ E
v′v′′ ∈ E

σ
(v)
− (σ−σ+)(v′ )σ

(v′′ )
+ . (29)

The above Hamiltonian describes the case in which the pairs
of excitations might be exchanged only between neighboring
edges. The maximal eigenvalue is equal to

(d
2

)|V |, where d is
the degree of a vertex. In analogy to the Hamiltonian (28) the
maximal eigenvalue is not degenerated and the state |G〉 forms
the relevant eigenvector. Notice that the Dicke state |D2

N 〉 is a
ground state of the Hamiltonian associated with the full graph
G on N vertices.

It is worth noting that σ−σ+ = (I − σz )/2 = |1〉〈1| and the
Hamiltonian can be written in an alternative way:

HG =
∑
v∈V

∑
vv′ ∈ E
v′v′′ ∈ E

σ
(v)
− |1〉〈1|(v′ )σ

(v′′ )
+ . (30)

In this form the term σ−σ+ can be interpreted as a conditional
hopping interaction—if the site v′ is occupied, the hopping
from v to v′′ is effected, otherwise no interaction happens.
The behavior is very much akin to what is called the quantum
transistor. One of the simplest models of such a quantum
transistor [81] involves left and right qubits and a two-qubit
gate, an interaction very similar to that observed here.

Similarly, excitation states related to the k-uniform hy-
pergraphs G might be described as ground states of the
Hamiltonian with 2k-body interaction, H = JG

+JG
− . The excita-

tion state |G〉 relevant to the k-hypergraph G is a ground state
of the Hamiltonian (28), where the operators JG

± are defined as

JG
± ≡

∑
{v1,...,vk}∈E

σ
(v1 )
± · · · σ (vk )

± .

In summary, the Dicke states |Dm
N 〉 are uniquely determined

as eigenvectors of operators Jz and the two-body interaction
Hamiltonian, H = J+J−. Excitation states are also eigen-
vectors of an operator Jz; nevertheless, the further division
of its subspaces differs from the one corresponding to the
Dicke states. Indeed, for any number k of excitations and an
excitation state |G〉 one may construct a (k + 1)-body interac-
tion Hamiltonian with the state |G〉 being its nondegenerated
ground state. Note that the construction of the Hamiltonian
presented above depends on the number of excitations.

X. CLASSIFICATION PROBLEM

From a theoretical point of view symmetric states of N
qubits possess remarkably simple classification with respect
to SLOCC [82] as they can be classified by the Young dia-
grams of a size N [83]. This is in a strong contrast to the
classification of a general N-qubit state, for which the full
classification is known for systems consisting of four qubits
only [84–86]. Furthermore, the admissible symmetries of sta-
bilizers of symmetric states were also successfully classified
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[87,88]. Classifying states with limited symmetries might be
an accessible task and a step toward the goal to extend the
current limits of understanding of multipartite entanglement
in the case of a large number of subsystems.

XI. CONCLUDING REMARKS

In this work we advocate an original approach to construct
genuinely entangled multipartite states by using a group ac-
tion or, more generally, graphs and hypergraphs. Obtained
states resemble the Dicke states, whereas the excitations are
chosen only between specific subsystems related to the struc-
ture of the graph. We propose a quantum circuit generating
the states constructed, with the same complexity as similar
circuits for the Dicke states. We successfully simulated con-
sidered states on available quantum computers: IBM Santiago,
Vigo, and Athens. Moreover, discussed states are shown to
form ground states of three-body Hamiltonians, analogous to
the original Hamiltonian of Dicke. The presented interaction,
in turn, resembles quantum transistor behavior.

In various realistic scenarios the full symmetry between
collaborating systems is not required or not desirable. Excita-
tion states appear as good candidates for such less-symmetric
tasks. For this reason, we investigate the possible symmetries
of such states and demonstrate that not all kinds of symme-
try are possible. This reflects the impossibility of arranging
specifics tasks of a given symmetry. Therefore, special at-
tention is dedicated to the family of excitation states, which
exhibits a highly symmetric structure. We refer to such states
as Dicke-like, since they are a superposition of terms obtained
by permutations of |1 · · · 10 · · · 0〉, whereas only permuta-
tions from a specified subgroup H of the permutation group,
SN , are taken. We introduce specific families of quantum
states related to highly symmetric objects, such as regular
polygons, Platonic solids, and regular plane tilings.

We investigate the entanglement properties of introduced
families of states. First, we provide the general separability
conditions for excitation states and present them in a twofold
way: as specific conditions satisfied by a relevant graph or
specific conditions imposed on the symmetry group. Second,
we specifically quantify the entanglement presence in intro-
duced families of states. In order to compare the entanglement
distribution, we compute the concurrence in bipartite systems

Cvw and the generalized concurrence Cv|rest between particle
v and the rest of the system (Propositions 3 and 4). Analytic
formulas for these quantities are provided and illustrated on
several examples. For regular hypergraphs, with equal degrees
of each node, the following general observations hold:

(1) The concurrence Cv|rest describing entanglement be-
tween a given subsystem v and the rest of the system depends
only on the total number of nodes and uniformity of the graph
and does not depend on its local structure.

(2) The concurrence Cvw between nodes v and w is posi-
tive only for distance-2 nodes, and in states related to almost
complete hypergraphs, i.e., |E | ∼ (N

k

)
, also for distance-1

nodes. For all local networks, the second possibility does not
occur.

(3) The concurrence Cvw between nodes of distance 2 is
proportional to the number of shared neighbors.

Moreover, we introduce the notion of entanglement ratio
�v , which measures the ratio of entanglement shared between
particular subsystems in a bipartite way in comparison to the
amount of entanglement shared in the multipartite way. We
investigate the asymptotic behavior of the parameter �v of
an excitation state |G〉 with the change of the local degree
d of the relevant hypergraph. Two phase transitions with
respect to the bipartite entanglement in the excitation-state
network are reported. For small average degree d of ver-
tices, the entanglement ratio scales as �v ∼ d/N , and the
entanglement is present only between distance-2 nodes. Once
the limit d � 0.794N is exceeded, the bipartite entanglement
between distance-1 nodes starts to appear. Its amount is, how-
ever, negligible in comparison to the entanglement between
distance-2 vertices. Entanglement between distance-1 nodes
prevails once the threshold d ≈ 0.973N is exceeded.
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graph states, J. Phys. A: Math. Theor. 46, 305302 (2013).

[65] C. Eltschka, A. Osterloh, and J. Siewert, Possibility of general-
ized monogamy relations for multipartite entanglement beyond
three qubits, Phys. Rev. A 80, 032313 (2009).

[66] S. Hill and W. K. Wootters, Entanglement of a Pair of Quantum
Bits, Phys. Rev. Lett. 78, 5022 (1997).

[67] G. Vidal, Entanglement monotones, J. Mod. Opt. 47, 355
(2000).

[68] V. Coffman, J. Kundu, and W. K. Wootters, Distributed entan-
glement, Phys. Rev. A 61, 052306 (2000).

[69] T. J. Osborne and F. Verstraete, General Monogamy Inequality
for Bipartite Qubit Entanglement, Phys. Rev. Lett. 96, 220503
(2006).

[70] V. Bhaskara and P. Panigrahi, Generalized concurrence measure
for faithful quantification of multiparticle pure state entangle-
ment using Lagrange’s identity and wedge product, Quantum
Inf. Process. 16, 118 (2016).

[71] S. Bang, A. Dubickas, J. H. Koolen, and V. Moulton, There
are only finitely many distance-regular graphs of fixed valency
greater than two, Adv. Math. 269, 1 (2015).

[72] A. Z. Goldberg, A. B. Klimov, M. Grassl, G. Leuchs, and L. L.
Sánchez-Soto, Extremal quantum states, AVS Quantum Sci. 2,
044701 (2020).

[73] O. Giraud, P. Braun, and D. Braun, Quantifying quantumness
and the quest for queens of quantum, New J. Phys. 12, 063005
(2010).

[74] F. Verstraete and J. I. Cirac, Matrix product states represent
ground states faithfully, Phys. Rev. B 73, 094423 (2006).

[75] J. D. Watson, J. Bausch, and S. Gharibian, The complexity of
translationally invariant problems beyond ground state energies,
arXiv:2012.12717.

[76] V. V. Shende, S. S. Bullock, and I. L. Markov, Synthesis
of quantum-logic circuits, IEEE Trans. Comput. Aided Des.
Integr. Circuits Syst. 25, 1000 (2006).

[77] G. Song and A. Klappenecker, Optimal realizations of con-
trolled unitary gates, Quantum Inf. Comput. 3, 139 (2003).

[78] E. Jung, M. R. Hwang, Y. Ju, M. S. Kim, S. K. Yoo, H. Kim,
D. Park, J. W. Son, S. Tamaryan, and S. K. Cha, Greenberger-
Horne-Zeilinger versus W states: Quantum teleportation
through noisy channels, Phys. Rev. A 78, 012312 (2008).

[79] X. Wang and K. Mølmer, Pairwise entanglement in symmetric
multi-qubit systems, Eur. Phys. J. D 18, 385 (2002).

[80] F. Huber and O. Gühne, Characterizing Ground and Thermal
States of Few-Body Hamiltonians, Phys. Rev. Lett. 117, 010403
(2016).

[81] N. J. S. Loft, L. B. Kristensen, C. K. Andersen, and N. T.
Zinner, Quantum spin transistors in superconducting circuits,
arXiv:1802.04292.

[82] T. Bastin, S. Krins, P. Mathonet, M. Godefroid, L. Lamata,
and E. Solano, Operational Families of Entanglement Classes
for Symmetric N-Qubit States, Phys. Rev. Lett. 103, 070503
(2009).

[83] P. Mathonet, S. Krins, M. Godefroid, L. Lamata, E. Solano,
and T. Bastin, Entanglement equivalence of N-qubit symmetric
states, Phys. Rev. A 81, 052315 (2010).

[84] F. Verstraete, J. Dehaene, B. De Moor, and H. Verschelde, Four
qubits can be entangled in nine different ways, Phys. Rev. A 65,
052112 (2002).

[85] L. Lamata, J. León, D. Salgado, and E. Solano, Inductive
entanglement classification of four qubits under stochastic lo-
cal operations and classical communication, Phys. Rev. A 75,
022318 (2007).

[86] M. Gharahi Ghahi and S. Mancini, Comment on “Inductive
entanglement classification of four qubits under stochastic lo-
cal operations and classical communication”, Phys. Rev. A 98,
066301 (2018).

[87] C. D. Cenci, D. W. Lyons, L. M. Snyder, and S. N. Walck,
Symmetric states: Local unitary equivalence via stabilizers,
Quantum Inf. Comput. 10, 1029 (2010).

[88] D. W. Lyons and S. N. Walck, Symmetric mixed states of n
qubits: Local unitary stabilizers and entanglement classes, Phys.
Rev. A 84, 042340 (2011).

022426-20

https://doi.org/10.1006/aima.2001.1986
https://doi.org/10.1088/0031-8949/2010/T140/014054
https://doi.org/10.1103/PhysRevLett.106.180502
https://doi.org/10.1103/PhysRevA.81.062347
https://doi.org/10.1103/PhysRevA.92.052333
https://doi.org/10.1103/PhysRevA.96.032322
https://doi.org/10.1103/PhysRevA.69.062311
https://doi.org/10.1103/PhysRevA.73.022334
https://doi.org/10.1088/1367-2630/15/11/113022
https://doi.org/10.1103/PhysRevA.71.062323
https://doi.org/10.1103/PhysRevLett.98.190504
https://doi.org/10.1088/1751-8113/43/27/275303
https://doi.org/10.1088/1751-8113/46/30/305302
https://doi.org/10.1103/PhysRevA.80.032313
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1080/09500340008244048
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevLett.96.220503
https://doi.org/10.1007/s11128-017-1568-0
https://doi.org/10.1016/j.aim.2014.09.025
https://doi.org/10.1116/5.0025819
https://doi.org/10.1088/1367-2630/12/6/063005
https://doi.org/10.1103/PhysRevB.73.094423
http://arxiv.org/abs/arXiv:2012.12717
https://doi.org/10.1109/TCAD.2005.855930
https://doi.org/10.26421/QIC3.2-5
https://doi.org/10.1103/PhysRevA.78.012312
https://doi.org/10.1140/epjd/e20020045
https://doi.org/10.1103/PhysRevLett.117.010403
http://arxiv.org/abs/arXiv:1802.04292
https://doi.org/10.1103/PhysRevLett.103.070503
https://doi.org/10.1103/PhysRevA.81.052315
https://doi.org/10.1103/PhysRevA.65.052112
https://doi.org/10.1103/PhysRevA.75.022318
https://doi.org/10.1103/PhysRevA.98.066301
https://doi.org/10.26421/QIC10.11-12-12
https://doi.org/10.1103/PhysRevA.84.042340

