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Distillation of genuine tripartite Einstein-Podolsky-Rosen steering
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We show that a perfectly genuine tripartite steerable assemblage can be distilled from partially genuine
tripartite EPR steerable assemblages. In particular, we consider two types of hybrid scenarios: one-sided
device-independent scenario (where one observer is untrusted, and other two observers are trusted) and two-sided
device-independent scenario (where two observers are untrusted, and one observer is trusted). In both scenarios,
we show distillation of perfectly genuine steerable assemblage of three-qubit Greenberger-Horne-Zeilinger states
or three-qubit W states from many copies of initial partially genuine steerable assemblages of the corresponding
states. In each of these cases, we demonstrate that at least one copy of a perfectly genuine steerable assemblage
can be distilled with certainty from infinitely many copies of initial assemblages. In case of practical scenarios
employing finite copies, we show that the efficiency of our distillation protocols reaches near perfect levels using
only a few number of initial assemblages.
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I. INTRODUCTION

Einstein-Podolsky-Rosen (EPR) steering [1–3], originally
proposed by Schrödinger [4], is a form of quantum insepara-
bility that lies between entanglement [5] and Bell-nonlocality
[6]. Unlike entanglement and Bell-nonlocality, the scenario
of EPR steering is asymmetric in the sense that one observer
is considered to be trusted while the other one is not. This
asymmetric scenario is often referred to as a semi-device-
independent (SDI) scenario, where the trusted observer has
full knowledge of her or his measuring devices, while the
untrusted observer does not have any knowledge of it, thus
operating on black-box devices.

Importantly, EPR steering certifies the presence of en-
tanglement in a SDI scenario, but it is not equivalent to
entanglement [1]. Apart from its fundamental relevance, EPR
steering has numerous information theoretic applications in
the SDI scenario ranging from quantum key distribution [7], to
advantages in subchannel discrimination [8], secure quantum
teleportation [9,10], quantum communication [9], detecting
bound entanglement [11], randomness generation [12–15],
and self-testing of pure entangled states [16–20].

Quantum networks composed of multiple observers shar-
ing multipartite quantum states are emerging out to be
significant more than ever in quantum communication. In
practical scenarios, it is natural to expect hybrid quantum
networks where some observers have more knowledge of their
measuring devices than the others. Genuine EPR steering
[21–27] is a form of genuine multipartite quantum correlation
that is present in such hybrid quantum network having more
than two observers sharing genuine entanglement [28]. This
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kind of hybrid quantum networks where some of the observers
are considered to be trusted while other observers are not acts
as the most natural building blocks of a quantum internet [29].
However, similar to the case of other quantum correlations,
genuine multipartite EPR steering also faces environmental
interactions which inevitably deteriorate the quality of the
associated hybrid quantum network.

Genuine EPR steering has a wide range of applications in
quantum information processing protocols, such as in quan-
tum metrology [23,30], multipartite secret sharing in a generic
SDI scenario [31], commercial quantum key distributions, and
commercial random number generations where the general
consumers may not want to trust their providers [24]. Due
to its foundational importance and the kaleidoscopic range
of information theoretic applications, detection of genuine
EPR steering has recently gained much attention [31–33].
Further, genuine EPR steering certifies genuine entanglement
in SDI scenarios, in a way which is less experimentally de-
manding than the standard fully device-independent approach,
requiring fewer assumptions or resources than the standard
cases of quantum state tomography or genuine entanglement
witnesses.

Perfect quantum resources (in the sense that they max-
imize some quantifier of the relevant correlation) are the
most desirable in any quantum information processing task.
In experiments, the environmental interactions and experi-
mental imprecision obstruct one from realizing the perfect
quantum correlation, thus degrading the performance of the
implemented task. One strategy to overcome this practical
drawback is distillation, which concentrates the imperfect or
partial resources contained in multiple copies into a perfect
quantum resource. In the bipartite context, distillation proto-
cols exist for entanglement [34–38], EPR steering [39,40], and
Bell nonlocality [41–46]. For multipartite states, distillation
schemes have also been proposed for entanglement [47,48]
and Bell nonlocality [49–52]. However, no such distillation
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protocol has hitherto been formulated for EPR steering involv-
ing more than two parties.

With the above motivation, in this work we take the first
step towards distillation of EPR steering in multipartite net-
works. Specifically, we propose certain protocols to distill
genuine EPR steering in the tripartite scenario. Due to their
monogamous character, quantum correlations possess special
attributes for tripartite systems that are not shared by bipar-
tite ones [53–58]. The inherent asymmetry of EPR steering
adds an extra flavor, thereby making the question of tripartite
steering distillation even more interesting. Here we consider
the two possible hybrid networks in the tripartite scenario,
namely, a one-sided device-independent (1SDI) scenario
(where one observer is untrusted, and the other two observers
are trusted) and a two-sided device-independent (2SDI) sce-
nario (where two observers are untrusted, and one observer
is trusted). In each of these cases, we propose distillation
strategies to extract a perfectly genuine steerable assemblage
of the three-qubit Greenberger-Horne-Zeilinger (GHZ) state
or the three-qubit W state from many copies of initial partially
genuine steerable assemblages of the corresponding states.

In the multipartite context, the idea of a maximally en-
tangled state or a “perfectly genuine tripartite EPR steerable
assemblage” is scenario dependent. For example, in the tripar-
tite case, there are two SLOCC (stochastic local operations
and classical communication) inequivalent classes of states
(GHZ class and W class) [59]. The GHZ state and the W
state can be taken as two extreme members in the family
of maximally entangled states [60]. Each of these two states
maximizes some entanglement measure [60]. For example,
the W state maximizes the relative entropy of entanglement
[61]. On the other hand, the GHZ state maximizes the nega-
tivity across any bipartition [62]. Importantly, the GHZ state
and the W state serve as the most resourceful states in sep-
arate information theoretic tasks. Moreover, the assemblages
produced from the GHZ state and the W state by applying
particular orthogonal von Neumann measurements of rank-1
by each of the untrusted parties lead to the optimal quantum
violations of different genuine EPR steering inequalities [24].
Therefore, in the steering scenario, it is sensible to consider
these assemblages derived from the GHZ state as well as
from the W state as perfectly genuine tripartite EPR steerable
assemblages. In this spirit, we also consider the assemblages
that produce suboptimal violations of the above-mentioned
inequalities [24] as partially steerable assemblages.

When one starts with infinitely many copies of the initial
partially steerable assemblage, we show that at least one copy
of a perfectly genuine steerable assemblage can be distilled
with certainty in 1SDI and 2SDI scenarios. On the other hand,
when one starts with finite copies of the initial assemblage,
we quantify the performance of our distillation protocols us-
ing the notion of assemblage fidelity which quantifies the
closeness between a perfectly genuine steerable assemblage
and an assemblage obtained on average, when the distillation
protocol is applied on finite copies of the initial assemblages.
Through the concept of assemblage fidelity we demonstrate
the efficacy of our distillation protocols in realistic scenarios
involving only a few copies of the initial assemblages.

The paper is organized as follows. In Sec. III B we briefly
outline the essential features of genuine tripartite steering and

assemblage fidelity. In Sec. III we demonstrate our steering
distillation protocols in the two types of hybrid tripartite net-
works. Concluding remarks are presented in Sec. IV.

II. PRELIMINARIES

Consider a tripartite network where three spatially sepa-
rated parties, say, Alice, Bob, and Charlie, share an unknown
quantum system ρABC ∈ B(HA ⊗ HB ⊗ HC ). Here B(HA ⊗
HB ⊗ HC ) stands for the set of all density operators acting on
the Hilbert space HA ⊗ HB ⊗ HC . We begin by recapitulating
the definitions of genuine tripartite EPR steering [24–26].

A. Genuine tripartite EPR steering

Let us consider that a tripartite state ρABC is shared among
three observers, say, Alice, Bob, and Charlie. In the context of
SDI tripartite network, there can be two scenarios based on
the number of trusted or untrusted party: (1) the one-sided
device-independent (1SDI) scenario and (2) the two-sided
device-independent (2SDI) scenario.

For the 1SDI scenario, the local Hilbert space dimension
of Alice’s subsystem (untrusted party) is arbitrary, and the
local Hilbert space dimensions of Bob’s and Charlie’s sub-
systems (trusted parties) are fixed. Alice performs black-box
measurements, and Bob and Charlie perform characterized
measurements. Alice’s measurements are denoted by Xx with
outcomes a. Here x ∈ {0, 1, . . . , nA − 1} denotes the mea-
surement choices of Alice and a ∈ {0, 1, . . . , dA − 1}. Here
nA and dA are natural numbers. The POVM elements associ-
ated with Alice’s measurements are {MA

a|x}a,x (where MA
a|x �

0 ∀a, x; and
∑

a MA
a|x = 1 ∀x). Since Bob and Charlie’s system

are characterized or trusted, they can perform state tomogra-
phy. The steering scenario is characterized by the assemblage
{σ BC

a|x }a,x which is the set of unnormalized conditional states
on Bob and Charlie’s sides with

σ BC
a|x = trA

[(
MA

a|x ⊗ 1B ⊗ 1C
)
ρABC

]
. (1)

Each element in the assemblage is given by σ BC
a|x =

p(a|x)�BC (a, x), where p(a|x) is the conditional probability of
getting the outcome a when Alice performs the measurement
x; �BC (a, x) is the normalized conditional state on Bob and
Charlie’s end.

If the state ρABC contains no genuine entanglement, then it
can be decomposed in the biseparable form as follows:

ρABC =
∑

λ

pA:BC
λ ρA

λ ⊗ ρBC
λ +

∑
μ

pB:AC
μ ρB

μ ⊗ ρAC
μ

+
∑

ν

pAB:C
ν ρAB

ν ⊗ ρC
ν , (2)

where pA:BC
λ , pB:AC

μ , and pAB:C
ν are probability distributions. In

this case, the assemblage (1) has the following form [24]:

σ BC
a|x =

∑
λ

pA:BC
λ pλ(a|x)ρBC

λ (3)

+
∑

μ

pB:AC
μ ρB

μ ⊗ σC
a|xμ (4)

+
∑

ν

pAB:C
ν σ B

a|xν ⊗ ρC
ν . (5)
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The biseparable form of the state (2) imposes constraints on
the observed assemblage. For instance, (3) is an unsteerable
assemblage from Alice to Bob and Charlie. The assemblage
in (4) has two features: (1) it is unsteerable from Alice to
Bob, but not necessarily from Alice to Charlie and (2) it is
separable. Similarly, the assemblage in (5) has two features:
(1) it is unsteerable from Alice to Charlie, but not necessarily
from Alice to Bob, and (2) it is separable.

When each element of an assemblage {σ BC
a|x }a,x can be

written in the above form, then the assemblage does not
demonstrate genuine EPR steering in the 1SDI scenario; oth-
erwise it demonstrates genuine EPR steering in the 1SDI
scenario.

In the 2SDI scenario, the local Hilbert space dimension
of both Alice’s and Bob’s subsystems (untrusted parties) are
arbitrary, and the local Hilbert space dimension of Char-
lie’s subsystem (trusted party) is fixed. Here Alice and Bob
perform black-box measurements, and Charlie performs char-
acterized measurements. Similar to the 1SDI scenario, Alice’s
measurements are denoted by Xx with outcomes a. On the
other hand, Bob’s measurements are denoted by Yy with
outcomes b. Here y ∈ {0, 1, . . . , nB − 1} denotes the mea-
surement choices of Bob and b ∈ {0, 1, . . . , dB − 1}. Here nB

and dB are natural numbers. The POVM elements associated
with Bob’s measurements are {MB

b|y}b,y (where MB
b|y � 0 ∀b, y;

and
∑

b MB
b|y = 1 ∀y). These local measurements by Alice and

Bob prepare the assemblage {σC
a,b|x,y}a,b,x,y, which are the set

of unnormalized conditional states on Charlie’s side with

σ C
a,b|x,y = trAB

[(
MA

a|x ⊗ MB
b|y ⊗ 1C

)
ρABC]. (6)

Each element in the assemblage is given by σC
a,b|x,y =

p(a, b|x, y)�C (a, b, x, y), where p(a, b|x, y) is the conditional
probability of getting the outcome a and b when Alice per-
forms the measurement x and Bob performs measurement y,
respectively; �C (a, b, x, y) is the normalized conditional state
on Charlie’s end.

If the state ρABC contains no genuine entanglement [i.e., it
is biseparable (2)], then the assemblage (6) has the following
form [24]:

σ C
a,b|x,y =

∑
λ

pA:BC
λ pλ(a|x)σC

b|yλ (7)

+
∑

μ

pB:AC
μ pμ(b|y)σC

a|xμ (8)

+
∑

ν

pAB:C
ν pν (a, b|x, y)ρC

ν . (9)

The fact that the state ρABC is biseparable imposes constraints
on the observed assemblage. For instance, the assemblage (7)
is an unsteerable assemblage from Alice to Charlie, but not
necessarily from Bob to Charlie. Similarly, the assemblage
(8) is unsteerable from Bob to Charlie, but not necessarily
from Alice to Charlie. The assemblage (9) has two features:
(1) it is unsteerable from Alice and Bob to Charlie and (2)
the probability distribution pν (a, b|x, y) arises due to local
measurements performed on a possibly entangled state, and
it may contain nonlocal quantum correlations.

When each element of an assemblage {σ C
a,b|x,y}a,b,x,y can

be written in the above form, then the assemblage does not

demonstrate genuine EPR steering in the 2SDI scenario; oth-
erwise it demonstrates genuine EPR steering in the 2SDI
scenario.

1. Genuine tripartite EPR steering inequalities

Cavalcanti et al. designed several inequalities [24] which
detect genuine entanglement of the GHZ state given by

1√
2
(|000〉 + |111〉) and the W state given by, 1√

3
(|001〉 +

|010〉 + |100〉) in the two scenarios mentioned above. These
inequalities are nothing but genuine EPR steering inequalities
[24]. For the GHZ state in the 1SDI scenario, the inequality
has the following form:

G1 = 1 + 0.1547〈ZBZC〉 − 1
3 (〈A3ZB〉 + 〈A3ZC〉

+ 〈A1XBXC〉 − 〈A1YBYC〉−〈A2XBYC〉 − 〈A2YBXC〉) � 0,

(10)

with Ai for i = 1, 2, 3, being the observables associated with
Alice’s uncharacterized measurements with outcomes ±1 and
X , Y , and Z represent Pauli operators. The GHZ state violates
the inequality by −0.845 when Alice’s measurements are
X , Y , and Z , which numerical optimization suggests are the
optimal choices for Alice.

In this 1SDI scenario, we will consider the assemblage
produced from the GHZ state contingent upon using the mea-
surements of X , Y , and Z by Alice as a perfectly genuine
tripartite steerable assemblage because of the following rea-
sons:

This assemblage is produced from the GHZ state, which
is one extreme member in the family of maximally entangled
three-qubit states.

It is produced by applying orthogonal von Neumann mea-
surements of rank-1.

It maximally violates the genuine tripartite EPR steering
inequality (10).

For the GHZ state in the 2SDI scenario, the inequality has
the following form:

G2 = 1 − α(〈A3B3〉 + 〈A3Z〉 + 〈B3Z〉) − β(〈A1B1X 〉
− 〈A1B2Y 〉 − 〈A2B1Y 〉 − 〈A2B2X 〉) � 0, (11)

where α = 0.183, β = 0.258, Ai and Bi with i = 1, 2, 3
represent the observables associated with Alice and Bob’s un-
characterized measurements, respectively, with outcomes ±1.
The optimal quantum violation of this inequality is −0.582.
This is achieved by GHZ state when Alice and Bob both
perform X , Y , and Z measurements.

Since the assemblage produced from the GHZ state contin-
gent upon using the orthogonal von Neumann measurements
of X , Y , and Z by Alice as well as by Bob in the above
2SDI scenario violates the genuine steering inequality (11)
maximally, this assemblage will be considered as a perfectly
genuine tripartite steerable assemblage in the 2SDI scenario.

Similar inequalities for the W state are given for both the
scenarios. For the W state in the 1SDI scenario, the inequality
has the following form:

W1 = 1 + 0.4405(〈ZB〉 + 〈ZC〉) − 0.0037〈ZBZC〉
− 0.1570(〈XBXC〉 + 〈YBYC〉 + 〈A3XBXC〉
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+ 〈A3YBYC〉) + 0.2424(〈A3〉 + 〈A3ZBZC〉)

+ 0.1848(〈A3ZB〉 + 〈A3ZC〉) − 0.2533(〈A1XB〉
+ 〈A1XC〉 + 〈A2YB〉 + 〈A2YC〉 + 〈A1XBZC〉
+ 〈A1ZBXC〉) + 〈A2YBZC〉 + 〈A2ZBYC〉) � 0, (12)

with the W state achieving the optimal quantum violation
−0.759.

Similar to the case of the GHZ state, the assemblage
derived from the W state by applying the orthogonal von
Neumann measurements of X , Y , and Z on Alice’s subsystem
in the above 1SDI scenario violates the genuine steering in-
equality (12) maximally. This is why this assemblage will be
considered as a perfectly genuine tripartite steerable assem-
blage in the 1SDI scenario.

For the W state in the 2SDI scenario, the inequality has the
following form:

W2 = 1 + 0.2517(〈A3〉 + 〈B3〉) + 0.3520〈Z〉
− 0.1112(〈A1X 〉 + 〈A2Y 〉 + 〈B1X 〉 + 〈B2Y 〉)

+ 0.1296(〈A3Z〉 + 〈B3Z〉) − 0.1943(〈A1B1〉
+ 〈A2B2〉) + 0.2277〈A3B3〉 − 0.1590(〈A1B1Z〉
+ 〈A2B2Z〉) + 0.2228〈A3B3Z〉 − 0.2298(〈A1B3X 〉
+ 〈A2B3Y 〉 + 〈A3B1X 〉 + 〈A3B2Y 〉) � 0, (13)

with the W state achieving the optimal quantum violation
−0.480.

In the 2SDI case, the assemblage derived from the W state
by performing the orthogonal von Neumann measurements of
X , Y , and Z on Alice’s subsystem as well as on Bob’s subsys-
tem violates the genuine steering inequality (13) maximally.
This assemblage will thus be considered as a perfectly genuine
tripartite steerable assemblage in the 2SDI scenario.

B. Assemblage fidelity

Assemblage is a set of unnormalized conditional states
(known as assemblage elements). The property of an assem-
blage depends on the properties of all of its elements. In a
particular steering scenario, two assemblages are inequivalent
if at least one element of the first assemblage is different from
the corresponding element of the second assemblage. In a
steering distillation task, we start with N copies of partially
genuine steerable assemblage. In the asymptotically many
copies, N → ∞ limit, any distillation protocol must guarantee
extraction of at least one copy of the target assemblage. The
target assemblage is derived from a pure maximally entangled
state by applying orthogonal von Neumann measurements of
rank-1 by the untrusted parties and gives the optimal quantum
violation of the appropriate genuine EPR steering inequality
mentioned earlier. That is why we consider these assemblages
as perfectly genuine steerable assemblages. However, it needs
further investigation to address whether these target assem-
blages are indeed perfect assemblages. For this, we need to
formulate a proper resource theory of genuine tripartite EPR
steering and a proper quantifier of genuine steering, which are
beyond the scope of the present paper. On the other hand,
any assemblage not giving the optimal quantum violation is
defined as the partially genuine steerable assemblage. For

a limited number of copies, perfect extraction may not be
achievable. Hence, we use the notion of assemblage fidelity
[39] to capture the equivalence between two assemblages and
have a figure of merit of the protocol for the finite number of
copies N .

1SDI scenario: Let {σ dist
a|x }a,x be the assemblage after the

application of distillation protocol and {σ t
a|x}a,x be the target

assemblage. Here {σ dist
a|x }a,x and {σ t

a|x}a,x are generic assem-
blages with same number of inputs and outputs and with
components acting on the same Hilbert space. The assemblage
fidelity between {σ dist

a|x }a,x and {σ t
a|x}a,x is defined as [39]

FA
({

σ dist
a|x
}

a,x, {σ t
a|x
}

a,x

)
:= min

x

∑
a

F
(
σ dist

a|x , σ t
a|x
)
, (14)

where F (A, B) = Tr[
√√

AB
√

A] is the fidelity applied on two
bounded positive semidefinite operators A and B. FA is non-

negative and FA({σ dist
a|x }a,x, {σ t

a|x}a,x ) � 1, with the equality
holding iff {σ dist

a|x }a,x = {σ t
a|x}a,x [39]. The minimum is taken in

the definition of the assemblage fidelity in order to capture the
equivalence between two assemblages by characterizing the
minimum overlap between the elements of two assemblages
under consideration.

2SDI scenario: Let {σ dist
a,b|x,y}a,b,x,y be the assemblage after

the application of distillation protocol and {σ t
a,b|x,y}a,b,x,y is the

target assemblage. Here {σ dist
a,b|x,y}a,b,x,y and {σ t

a,b|x,y}a,b,x,y are
generic assemblages with same number of inputs and outputs
and with components acting on the same Hilbert space. The
assemblage fidelity between {σ dist

a,b|x,y}a,b,x,y and {σ t
a,b|x,y}a,b,x,y

is defined as

FA
({

σ dist
a,b|x,y

}
a,b,x,y,

{
σ t

a,b|x,y
}

a,b,x,y

)
:= min

x,y

∑
a,b

F
(
σ dist

a,b|x,y, σ
t
a,b|x,y

)
, (15)

with FA having the same properties as mentioned in the 1SDI
scenario.

C. Genuine tripartite steering versus genuine tripartite
entanglement distillation

In a genuine tripartite steering distillation protocol, only
the trusted parties can do local quantum operations, whereas,
in a genuine tripartite entanglement distillation protocol,
all parties generally perform local quantum operations. The
advantage of designing a genuine tripartite EPR steering dis-
tillation protocol is that the same protocol can be adopted
for genuine tripartite entanglement distillation with fewer
resources (fewer parties perform quantum operations). How-
ever, a genuine tripartite entanglement distillation protocol
does not always serve as a genuine tripartite steering distilla-
tion protocol because free operations in the context of genuine
entanglement are not always the free operations in the case of
genuine tripartite steering. For example, following our distil-
lation protocol, one can even distill genuine entanglement in
the generalized GHZ or W state. On the other hand, following
the approach of distilling genuine tripartite entanglement of
the GHZ state or W state (which involves local quantum
measurements by all parties that is not a free operation in
genuine tripartite steering scenario), one does not obtain a
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distillation protocol of perfectly genuine steerable assemblage
derived from the GHZ state or W state. Next, we will discuss
the distillation protocols in the two aforementioned genuine
tripartite steering scenarios.

III. GENUINE TRIPARTITE STEERING DISTILLATION

Consider a hybrid quantum tripartite network constituted
by three spatially separated parties, Alice, Bob, and Charlie,
sharing a three-qubit state. Alice’s subsystem is always un-
characterized or untrusted, and Charlie’s subsystem is always
fully characterized or trusted. Depending on whether the sce-
nario is 1SDI or 2SDI, Bob’s subsystem is characterized or
uncharacterized, respectively.

Given N � 2 copies of the partly genuine steerable as-
semblages, the task of the genuine steering distillation is to
create M (M < N ) copies of perfectly genuine steerable target
assemblage using free operations (that cannot create gen-
uine steerable assemblage from assemblage not demonstrating
genuine steering) only. Now we discuss our distillation proto-
col for the 1SDI and 2SDI scenarios.

1. Distillation protocol in 1SDI scenario: Here the as-
semblages at Bob and Charlie’s end are produced due to
uncharacterized measurements by Alice. These assemblages
are unnormalized two-qubit states. In our protocol, we start
with N � 2 copies of initial partially genuine steerable as-
semblages σ BC

a|x = p(a|x)�BC (a, x). Each of the two trusted
parties (Bob and Charlie) performs a dichotomic qubit POVM
Gi := {Gi

0, Gi
1}, satisfying Gi

ou
i
� 0 ∀ ou

i ∈ {0, 1} and Gi
0 +

Gi
1 = 1 on the uth copy of the initial assemblage (with u ∈

{1, 2, . . . , N − 1}) and gets an outcome ou
i ∈ {0, 1}. Here i =

B for Bob’s POVM and i = C for Charlie’s POVM. If any of
the trusted parties gets ou

i = 1 for all u ∈ {1, 2, . . . , N − 1},
then that trusted party sets oN

i = 0 for the N th copy, and
otherwise sets oN

i = 1 for the N th copy. Next, that trusted
party sends the string oi := {o1

i , o2
i , o3

i , . . . , oN
i } to all the other

parties (trusted as well as untrusted) in the multipartite net-
work through a classical channel. Finally, all parties discard
the uth copy (u ∈ {1, 2, . . . , N}) for which ou

B = 1 or ou
C = 1.

The output of the protocol is given by the remaining copies of
assemblages after Bob’s and Charlie’s measurements.

Next, we introduce the notation Ki
ou

i
=
√

Gi
ou

i
such that

Gi
ou

i
= Ki†

ou
i
Ki

ou
i
. In the above protocol, when Bob gets the out-

come ou
B and Charlie gets the outcome ou

C contingent upon
performing the above POVMs on any of the uth copy (with
u ∈ {1, 2, . . . , N − 1}), the assemblage’s components are up-
dated by

σ̃ BC
a|x = p

(
a
∣∣x, ou

B, ou
C

)
�

ou
B,ou

C
BC (a, x) ∀ a, x, (16)

where the effects of the POVMs on Alice’s black box are
considered (as the final output a depends on ou

B and ou
C) and

�
ou

B,ou
C

BC (a, x) =
(
KB

ou
B
⊗ KC

ou
C

)
�BC (a, x)

(
KB†

ou
B

⊗ KC†

ou
C

)
Tr
[(

KB
ou

B
⊗ KC

ou
C

)
�BC (a, x)

(
KB†

ou
B

⊗ KC†

ou
C

)]
=
(
KB

ou
B
⊗ KC

ou
C

)
�BC (a, x)

(
KB†

ou
B

⊗ KC†

ou
C

)
p(ou

B, ou
C |a, x)

. (17)

Next, using Bayes’ rule, we have

p
(
a|x, ou

B, ou
C

) = p(a|x) p
(
ou

B, ou
C |a, x

)
p
(
ou

B, ou
C |x) , (18)

where

p
(
ou

B, ou
C |x) = p

(
ou

B, ou
C

)
= Tr
[(

KB
ou

B
⊗ KC

ou
C

)
ρBC
(
KB†

ou
B

⊗ KC†

ou
C

)]
. (19)

Here p(ou
B, ou

C ) denotes the probability that Bob gets the out-
come ou

B and Charlie gets the outcome ou
C contingent upon

performing the above POVMs on any of the uth copy (with
u ∈ {1, 2, . . . , N − 1}) and is independent of Alice’s input
x; ρBC = TrA[ρABC] =∑a σ BC

a|x . Hence, using Eqs.(16), (17),
(18), and (19), we get

σ̃ BC
a|x =

(
KB

ou
B
⊗ KC

ou
C

)
σ BC

a|x
(
KB†

ou
B

⊗ KC†

ou
C

)
Tr
[(

KB
ou

B
⊗ KC

ou
C

)
ρBC
(
KB†

ou
B

⊗ KC†

ou
C

)] ∀ a, x. (20)

In an alternative protocol, any one of the two trusted par-
ties, say, Bob, performs a dichotomic qubit POVM GB :=
{GB

0 , GB
1 }, satisfying GB

ou
B

� 0 ∀ ou
B ∈ {0, 1} and GB

0 + GB
1 =

1 on the uth copy of the initial assemblage (with u ∈
{1, 2, . . . , N − 1}) and gets an outcome ou

B ∈ {0, 1}. The other
trusted party (Charlie) does nothing. If Bob gets ou

B = 1 for
all u ∈ {1, 2, . . . , N − 1}, then he sets oN

B = 0 for the N th
copy, otherwise sets oN

B = 1 for the N th copy. Then Bob sends
the string oB := {o1

B, o2
B, o3

B, . . . , oN
B} to Alice and Charlie.

Finally, all parties discard the uth copy (u ∈ {1, 2, . . . , N}) for
which ou

B = 1. The output of this protocol is given by the re-
maining copies of assemblages after Bob’s measurements. In
this protocol, when Bob gets the outcome ou

B contingent upon
performing the above POVM on any of the uth copy (with
u ∈ {1, 2, . . . , N − 1}), then the assemblage’s components are
updated by

σ̃ BC
a|x =

(
KB

ou
B
⊗ 1
)
σ BC

a|x
(
KB†

ou
B

⊗ 1
)

Tr
[(

KB
ou

B
⊗ 1
)
ρBC
(
KB†

ou
B

⊗ 1
)] ∀ a, x. (21)

Here KB
ou

B
=
√

GB
ou

B
and p(ou

B) = Tr[(KB
ou

B
⊗ 1)ρBC (KB†

ou
B

⊗ 1)] is

the probability that Bob gets the outcome ou
B.

For any single copy of the initial assemblage, the above
operations consist of local quantum operations by each of
the trusted parties and classical communications from each of
the trusted parties to other (trusted and untrusted) parties. In
Appendix A, we show that this operation is a free operation of
genuine tripartite EPR steering in the 1SDI scenario.

2. Distillation protocol in the 2SDI scenario: Here the
assemblages at Charlie’s end are produced due to unchar-
acterized local measurements by Alice and Bob. These
assemblages are unnormalized qubit states. In our proto-
col, we start with N � 2 copies of initial partly genuine
steerable assemblages σC

a,b|x,y = p(a, b|x, y)�C (a, b, x, y). The
trusted party (Charlie) performs a dichotomic qubit POVM
GC := {GC

0 , GC
1 }, satisfying GC

ou
C

� 0 ∀ ou
C ∈ {0, 1} and GC

0 +
GC

1 = 1 on the uth copy of the initial assemblage (with u ∈
{1, 2, . . . , N − 1}) and gets an outcome ou

C ∈ {0, 1}. If Char-
lie gets ou

C = 1 for all u ∈ {1, 2, . . . , N − 1}, then he sets
oN

C = 0 for the N th copy, otherwise sets oN
C = 1 for the N th
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copy. Charlie then sends the string oi := {o1
i , o2

i , o3
i , . . . , oN

i }
to Alice and Bob. Finally, all parties discard the uth copy
(u ∈ {1, 2, . . . , N}) for which ou

C = 1. The output of the pro-
tocol is given by the remaining copies of assemblages after
Charlie’s measurements. In this protocol, when Charlie gets
the outcome ou

C contingent upon performing the above POVM
on any of the uth copy (with u ∈ {1, 2, . . . , N − 1}), then the
assemblage’s components are updated by

σ̃C
a,b|x,y =

KC
ou

C
σC

a,b|x,y KC†

ou
C

Tr
[
KC

ou
C
ρC KC†

ou
C

] ∀ a, b, x, y, (22)

where ρC = TrAB[ρABC] =∑a,b σC
a,b|x,y ∀ x, y, KC

ou
C

=
√

GC
ou

C

and p(ou
C ) = Tr[KC

ou
C
ρC KC†

ou
C

] is the probability that Charlie
gets the outcome ou

C .
For any single copy of the initial assemblage, the above

operations consist of local quantum operations by the trusted
party and classical communications from the trusted party to
the other untrusted parties. In Appendix B, we show that this
operation is a free operation of genuine tripartite EPR steering
in the 2SDI scenario.

Next, we will demonstrate different distillation proto-
cols for different initial assemblages in the 1SDI and 2SDI
scenarios.

A. Distillation of genuine steerable assemblage of the GHZ state

1. 1SDI scenario

Consider a tripartite steering scenario where Alice, Bob,
and Charlie initially share N � 2 copies of the assemblage
{σ BCGGHZ

a|x }a,x obtained from the three-qubit generalized GHZ
(GGHZ) state,

|ψGGHZ〉 = cos θ |000〉 + sin θ |111〉 , 0 < θ <
π

4
, (23)

through the measurements of observables X0 = σx, X1 = σy,
and X2 = σz by Alice. The components of the assemblages
are given by

σ BCGGHZ

0|0 = 1
2 |θ0

+〉〈θ0
+|, σ BCGGHZ

1|0 = 1
2 |θ0

−〉〈θ0
−|,

σ BCGGHZ

0|1 = 1
2 |θ1

−〉〈θ1
−|, σ BCGGHZ

1|1 = 1
2 |θ1

+〉〈θ1
+|,

σ BCGGHZ

0|2 = cos2 θ |00〉 〈00| , σ BCGGHZ

1|2 = sin2 θ |11〉 〈11| ,
(24)

where |θ0
±〉 = cos θ |00〉 ± sin θ |11〉 and |θ1

±〉 = cos θ |00〉 ±
i sin θ |11〉.

When these assemblages are subjected to the measure-
ments σx, σy, σz by Bob and Charlie as specified in the
inequality (10), they cannot give an optimum quantum viola-
tion of the inequality (10). Hence, these initial assemblages
are considered as partially genuine steerable assemblages
in the 1SDI scenario. Moreover, the magnitude of quantum
violation of inequality (10) by the above assemblages is a
monotonic function of θ in the range 0 < θ < π

4 . Importantly,
the inequality (10) is violated by the GGHZ states (23) for
θ ∈ (0.185, π

4 ), and hence it ensures genuine steering of the
initial assemblage in this range.

Now consider the assemblage {σ BCGHZ

a|x }a,x, produced from
the GHZ state when Alice performs the measurements X0 =
σx, X1 = σy, and X2 = σz, with components

σ BCGHZ

0|0 = 1

2

∣∣∣∣∣π4 0

+

〉〈
π

4

0

+

∣∣∣∣∣, σ BCGHZ

1|0 = 1

2

∣∣∣∣∣π4 0

−

〉〈
π

4

0

−

∣∣∣∣∣,
σ BCGHZ

0|1 = 1

2

∣∣∣∣∣π4 1

−

〉〈
π

4

1

−

∣∣∣∣∣, σ BCGHZ

1|1 = 1

2

∣∣∣∣∣π4 1

+

〉〈
π

4

1

+

∣∣∣∣∣,
σ BCGHZ

0|2 = 1

2
|00〉 〈00| , σ BCGHZ

1|2 = 1

2
|11〉 〈11| , (25)

where |π
4

0
±〉 := 1√

2
(|00〉 ± |11〉) and |π

4
1
±〉 := 1√

2
(|00〉 ±

i |11〉). The assemblage is derived from the GHZ state by
applying orthogonal von Neumann measurements of rank-1
by the untrusted parties. In the literature, there are several
information theoretic tasks where the GHZ state serve as
the most resourceful state. Also, when this assemblage
is subjected to the measurements σx, σy, σz by Bob and
Charlie, the produced correlations give the optimum quantum
violation of the inequality (10). Hence, this assemblage (25) is
a perfectly genuine steerable assemblage for the generalized
GHZ states in the 1SDI scenario. In our distillation protocol
for the generalized GHZ states, this perfectly genuine
steerable assemblage is the target assemblage.

Next, Bob and Charlie perform any of the two distillation
strategies described below on the initial assemblage (24).

Strategy1 : “Equalparticipation”: Both Bob and Charlie
participate and perform quantum measurements (POVM) with
the following measurement operators on the uth copy (for all
u ∈ {1, 2, . . . , N − 1}) of the initial assemblage {σ BCGGHZ

a|x }a,x:

KB
0 =
(√

tan θ 0

0 1

)
, KB

1 =
(√

1 − tan θ 0

0 0

)
,

KC
0 =

(√
tan θ 0

0 1

)
, KC

1 =
(√

1 − tan θ 0

0 0

)
, (26)

where these matrices and all matrices henceforth are in the
computational basis {|0〉, |1〉}.

As discussed earlier, all parties will not discard those
copies (after Bob and Charlie’s POVMs) for which both
Bob and Charlie have obtained the outcome 0. Hence, the
probability with which each copy is not discarded is given by

P̃GHZ1
1

ND = p(ou
B = 0, ou

C = 0) = Tr[(KB
0 ⊗ KC

0 )ρBC
GGHZ(KB†

0 ⊗
KC†

0 )] = 2 sin2 θ . Here ρBC
GGHZ = TrA[|ψGGHZ〉〈ψGGHZ|]. Note

that 0 < 2 sin2 θ < 1 for all θ ∈ (0.185, π
4 ). The updated

assemblage after these POVMs by Bob and Charlie, when
both of them get the outcome 0, is nothing but our target
assemblage (25). This can be checked using Eq. (20).

Strategy2 : “Single − partyparticipation”: Here either Bob
or Charlie performs quantum measurement with the follow-
ing measurement operators on the uth copy (for all u ∈
{1, 2, . . . , N − 1}) of the initial assemblage {σ BCGGHZ

a|x }a,x:

KB/C
0 =

(
tan θ 0

0 1

)
, KB/C

1 =
(√

1 − tan2 θ 0
0 0

)
. (27)
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All parties will not discard those copies (after Bob or
Charlie’s POVM) for which the outcome 0 is obtained by
Bob or Charlie (who performs the above measurement).
Hence, when Bob performs POVM and Charlie performs
nothing, the probability with which each copy is not discarded

is given by P̃GHZ2
1

ND = p(ou
B = 0) = Tr[(KB

0 ⊗ 1)ρBC (KB†

0 ⊗
1)] = 2 sin2 θ . On the other hand, when Charlie performs
POVM and Bob performs nothing, the probability with which

each copy is not discarded is given by P̃GHZ2
1

ND = p(ou
C = 0) =

Tr[(1 ⊗ KC
0 )ρBC

GGHZ(1 ⊗ KC†

0 )] = 2 sin2 θ . The updated assem-
blage after the above quantum measurement by Bob or
Charlie, when the outcome 0 is obtained, is the target assem-
blage (25). When Bob performs the POVM, then the updated
assemblage is calculated using Eq. (21). On the other hand,
when Charlie performs the POVM, then the updated assem-
blage is calculated using a similar equation.

In case of the Strategy1, when either Bob or Charlie or both
of them get the outcome 1 contingent upon performing the
POVMs on the uth copy for all u ∈ {1, 2, . . . , N − 1}, then all
copies except the N th copy are discarded after the classical
communications mentioned earlier. Hence, in this case the
output of the distillation protocol is the N th copy on which no
POVM is performed. This implies failure of the protocol as
the N th copy in this case is nothing but the initial assemblage.
Now, since the local quantum measurements are performed
independently on each of N − 1 copies, the probability with
which the distillation protocol fails is given by

PGHZ1
fail = (1 − P̃GHZi

1
ND

)N−1
with i = 1

= (1 − 2 sin2 θ )N−1. (28)

Following similar arguments, it can be shown that the prob-
ability with which the distillation protocol associated with
Strategy 2 fails is given by

PGHZ1
fail = (1 − P̃GHZi

1
ND

)N−1
with i = 2

= (1 − 2 sin2 θ )N−1, (29)

where 0 < PGHZ1
fail < 1 ∀ θ ∈ (0.185, π

4 ).
To summarize, in our distillation protocol associated with

any of the two strategies, after the aforementioned classical
communications, the parties manage to either keep at least one
successfully distilled target assemblage (25) with probability
PGHZ1

success = 1 − (1 − 2 sin2 θ )N−1, or the last copy of the initial
assemblage given by Eq. (24) with the probability PGHZ1

fail .
As the number of copies N tends to infinity, we get

lim
N→∞

PGHZ1
success → 1 and, hence, the protocol ensures distillation

of at least one copy of the target assemblage in the asymptotic
regime.

In the regime of finite N copies with N � 2, a single
assemblage can be extracted {σ distGHZ

a|x }a,x as a convex combi-

nation of the initial assemblage {σ BCGGHZ

a|x }a,x with components

given in Eq. (24) and the target assemblage {σ BCGHZ

a|x }a,x with

components given in Eq. (25). The components of {σ distGHZ

a|x }a,x

are given by

σ distGHZ

0|0 = 1

2

(
PGHZ1

success

∣∣∣∣π4 0

+

〉〈
π

4

0

+

∣∣∣∣+ PGHZ1
fail |θ0

+〉〈θ0
+|
)

,

σ distGHZ

1|0 = 1

2

(
PGHZ1

success

∣∣∣∣π4 0

−

〉〈
π

4

0

−

∣∣∣∣+ PGHZ1
fail |θ0

−〉〈θ0
−|
)

,

σ distGHZ

0|1 = 1

2

(
PGHZ1

success

∣∣∣∣π4 1

−

〉〈
π

4

1

−

∣∣∣∣+ PGHZ1
fail |θ1

−〉〈θ1
−|
)

,

σ distGHZ

1|1 = 1

2

(
PGHZ1

success

∣∣∣∣π4 1

+

〉〈
π

4

1

+

∣∣∣∣+ PGHZ1
fail |θ1

+〉〈θ1
+|
)

,

σ distGHZ

0|2 =
(

1

2
PGHZ1

success + cos2 θ PGHZ1
fail

)
|00〉 〈00| ,

σ distGHZ

1|2 =
(

1

2
PGHZ1

success + sin2 θ PGHZ1
fail

)
|11〉 〈11| . (30)

The assemblage fidelity between the assemblage (30) and
our target assemblage (25) corresponding to the GHZ state is
given by

FA
({

σ distGHZ

a|x
}

a,x,
{
σ BCGHZ

a|x
}

a,x

)
=
√

1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1. (31)

The detailed derivation of the above expression (31) is pre-
sented in Appendix C.

Hence, we can present the following theorem:
Theorem 1. In the regime of finite N � 2 copies of ini-

tial assemblage given by Eq. (24) of the GGHZ state in
the 1SDI scenario, an assemblage can be obtained on av-
erage which is close to the target assemblage given in
Eq. (25) in the 1SDI scenario with assemblage fidelity√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1.

Let us now consider how efficient our distillation pro-
tocol is in this case when only a few copies of the
initial assemblages are taken. Consider, for example, that
the distillation protocol is performed on N = 7 copies of
the initial assemblages produced from the GGHZ state
(23) with θ = 0.25. In this case, the assemblage fidelity

FA({σ distGHZ

a|x }a,x, {σ BCGHZ

a|x }a,x ) = 0.939. If one starts with N =
5 copies of the initial assemblages produced from the GGHZ
state (23) with θ = 0.50, then the above assemblage fidelity
turns out to be 0.997. In Fig. 1 we plot the above assemblage
fidelity (31) for different values of the state parameter θ of the
GGHZ state (23) taking a few number of copies of the initial
assemblage given in Eq. (24).

We can further evaluate the minimum number of copies
(Nmin) of the initial assemblages required to achieve an ap-
proximately perfect assemblage fidelity [in particular, FA ∼
O(1) − 10−5]. For example, consider the initial assemblages
produced from the GGHZ state (23) with θ = 0.25. In this
case, Nmin = 56. On the other hand, when θ = 0.50, then
Nmin = 11. In Fig. 2 Nmin is plotted for different values of the
state parameter θ of the GGHZ state (23). From this figure,
it is evident that Nmin decreases with increasing values of θ .
These examples signify the efficacy of our distillation protocol
for realistic scenarios.
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FIG. 1. Variation of the assemblage fidelity versus the state pa-
rameter θ (radians) in our 1SDI distillation protocol for GGHZ states.
The quantity in the vertical axis has no units.

2. 2SDI scenario

Consider a tripartite steering scenario where Alice, Bob,
and Charlie initially share N � 2 copies of the assemblage
{σCGGHZ

a,b|x,y}a,b,x,y obtained from the three-qubit GGHZ state (23)
with 0 < θ < π

4 through the measurements of observables
X0 = σx, X1 = σy, and X2 = σz by Alice and Y0 = σx, Y1 = σy,
and Y2 = σz by Bob. The components of these initial assem-
blages are given in Appendix D.

When these assemblages are subjected to the measure-
ments σx, σy, σz by Charlie as specified in the inequality (11),
the produced correlations cannot give the optimum quan-
tum violation of the inequality (11). Hence, these initial
assemblages {σCGGHZ

a,b|x,y}a,b,x,y are partially genuine steerable as-
semblages in the 2SDI scenario. The left-hand side of the
inequality (11) for the GGHZ state is a monotonic function of
θ for 0 < θ < π

4 . The inequality (11) is violated by the GGHZ

FIG. 2. Variation of the minimum number of copies (Nmin) with
the state parameter θ (radians) required to achieve near-perfect as-
semblage fidelity in our 1SDI scenario for GGHZ states. Blue dotted
upper curve is for FA ∼ O(1) − 10−5, and red dotted bottom curve is
for FA ∼ O(1) − 10−3. The quantity in the vertical axis has no units.

states for θ ∈ (0.22, π
4 ), and, hence, it ensures 2SDI genuine

steering of the initial assemblage in this range of θ .
Next, consider the assemblage {σCGHZ

a,b|x,y}a,b,x,y, produced
from the GHZ state when Alice performs measurements of the
observables X0 = σx, X1 = σy, and X2 = σz and Bob performs
measurements of the observables Y0 = σx, Y1 = σy, and Y2 =
σz, with components given in Appendix E. This assemblage
is derived from the GHZ state by applying orthogonal von
Neumann measurements of rank-1 by the untrusted parties.
Also, when this assemblage is subjected to the measurements
σx, σy, and σz by Charlie, the produced correlations give the
optimum quantum violation of the inequality (11). Hence, this
assemblage {σCGHZ

a,b|x,y}a,b,x,y is a perfectly genuine steerable as-
semblage of the generalized GHZ states in the 2SDI scenario.
In this case, this {σCGHZ

a,b|x,y}a,b,x,y is our target assemblage of the
distillation protocol.

As discussed earlier, on the uth copy of the initial assem-
blage {σCGGHZ

a,b|x,y}a,b,x,y (for all u ∈ {1, 2, . . . , N − 1}), Charlie
performs quantum measurements (POVM) with the measure-
ment operators

KC
0 =
(

tan θ 0
0 1

)
, KC

1 =
(√

1 − tan2 θ 0
0 0

)
, (32)

and sends the string of outputs to Alice and Bob.
As mentioned earlier, all parties will not discard those
copies (after Charlie’s POVM) for which Charlie has
obtained the outcome 0. Hence, the probability with
which each copy is not discarded is given by P̃GHZ2

ND =
p(ou

C = 0) = Tr[KC
ou

C
ρC

GGHZ KC†

ou
C

] = 2 sin2 θ . Here ρC
GGHZ =

TrAB[|ψGGHZ〉〈ψGGHZ|]. The modified assemblage after this
POVM by Charlie, when he gets the outcome 0, is nothing
but our target assemblage {σCGHZ

a,b|x,y}a,b,x,y. This can be checked
using Eq. (22).

On the other hand, when Charlie gets the outcome 1 con-
tingent upon performing the POVM on the uth copy for all
u ∈ {1, 2, . . . , N − 1}, then all copies except the N th copy are
discarded. Hence, in this case the output of the distillation
protocol is the N th copy of the initial assemblage. Now, since
the local quantum measurements are performed independently
on each of the N − 1 copies, the probability with which the
distillation protocol fails is given by

PGHZ2
fail = (1 − P̃GHZ2

ND

)N−1 = (1 − 2 sin2 θ )N−1. (33)

This means that the parties manage to keep either at least one
successfully distilled target assemblage {σCGHZ

a,b|x,y}a,b,x,y with

probability PGHZ2
success = 1 − (1 − 2 sin2 θ )N−1, or the last copy

of the initial assemblage {σCGGHZ

a,b|x,y}a,b,x,y with the probability

PGHZ2
fail . In the asymptotic limit as the number of copies tends

to infinity, we get lim
N→∞

PGHZ2
success → 1, and, hence, the protocol

ensures distillation of at least one copy of target assemblage
as N tends to infinity.

Let {σ distGHZ

a,b|x,y }a,b,x,y denote the assemblage obtained, on
average, after the distillation protocol in the regime of
finite N copies with N � 2. Then the assemblage fi-
delity between the assemblage {σ distGHZ

a,b|x,y }a,b,x,y and the target
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assemblage {σCGHZ

a,b|x,y}a,b,x,y is given by

FA
({

σ distGHZ

a,b|x,y
}

a,b,x,y,
{
σCGHZ

a,b|x,y
}

a,b,x,y

)
=
√

1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1. (34)

The details of this calculation are provided in Appendix F.
Hence, we can present the following theorem:

Theorem 2. In the regime of finite N � 2 copies of initial
assemblage {σCGGHZ

a,b|x,y}a,b,x,y mentioned in Appendix D of the
GGHZ state in the 2SDI scenario, an assemblage can be
obtained on average which is close to the target assemblage
{σCGHZ

a,b|x,y}a,b,x,y in the 2SDI scenario mentioned in Appendix E

with assemblage fidelity
√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1.

Since the above expression of assemblage fidelity is ex-
actly similar to the expression (31), the characteristics of the
above assemblage fidelity (34) are similar to that of (31) in the
1SDI scenario.

B. Distillation of genuine steerable assemblage of W state

1. 1SDI scenario

We consider the following generalized pure three-qubit W
states:

|ψGW〉 = c0 |001〉 + c1 |010〉 +
√

1 − c2
0 − c2

1 |100〉 , (35)

with c0, c1 being real and 0 < c0 � 1√
3
, 0 < c1 < 1√

3
.

We, therefore, have 1√
3

<
√

1 − c2
0 − c2

1 < 1. Let C0,1 =
{c0, c1|0 < c0 � 1√

3
, 0 < c1 < 1√

3
}. Note that the above states

do not represent the most general W-class pure states, rather a
subset of them [63].

Consider a tripartite steering scenario where Alice, Bob,
and Charlie initially share N � 2 copies of the assem-
blage {σ BCGW

a|x }a,x obtained from the three-qubit generalized
W states given by Eq. (35) through the measurements of the
observables X0 = σx, X1 = σy, and X2 = σz by Alice. The
components of the assemblages are given in Appendix G.

When these assemblages are subjected to the measure-
ments σx, σy, σz by Bob and Charlie as specified in the
inequality (12), they cannot give optimum violation of the
inequality (12). Hence, these initial assemblages are partially
genuine steerable assemblages in the 1SDI scenario.

Note that the inequality (12) is violated by the generalized
W states (35) for specific ranges of c0 and c1, and, hence, it en-
sures 1SDI genuine steering in that range only. We will denote
the set of values of c0 and c1, for which the inequality (12) is
violated by the generalized W states (35) with c0, c1 ∈ C0,1,
by the notation CGW1

0,1 . Here CGW1
0,1 ⊂ C0,1. Henceforth, we will

consider only c0, c1 ∈ CGW1
0,1 . For other values of c0, c1, the

initial assemblage may or may not be genuine steerable in the
1SDI scenario. But we will not consider those values.

Next, consider the assemblage {σ BCW

a|x }a,x, produced from
the W state- 1√

3
(|001〉 + |010〉 + |100〉) when Alice performs

the orthogonal von Neumann measurements of the observ-
ables X0 = σx, X1 = σy, and X2 = σz, with components given
in Appendix G.

When this assemblage is subjected to the measurements of
σx, σy, σz by Bob and Charlie, the produced correlations give
the optimum quantum violation of the inequality (12). Hence,
this assemblage is taken as the target assemblage for this case.

Our distillation protocol proceeds as follows. At first, Bob
and Charlie perform quantum measurements (POVM) with
the following measurement operators on the uth copy of the
initial assemblage {σ BCGW

a|x }a,x (for all u ∈ {1, 2, . . . , N − 1}):

KB
0 =
(

c1√
1−c2

0−c2
1

0

0 1

)
, KB

1 =
⎛⎝√ 1−c2

0−2c2
1

1−c2
0−c2

1
0

0 0

⎞⎠,

KC
0 =

(
c0√

1−c2
0−c2

1

0

0 1

)
, KC

1 =
⎛⎝√ 1−2c2

0−c2
1

1−c2
0−c2

1
0

0 0

⎞⎠. (36)

As stated earlier, all parties do not discard those copies
(after Bob and Charlie’s POVMs) for which both Bob
and Charlie have obtained the outcome 0. Hence, the
probability with which each copy is not discarded is given

by P̃W1
ND = p(ou

B=0, ou
C = 0)=Tr[(KB

0 ⊗ KC
0 )ρBC

GW(KB†

0 ⊗
KC†

0 )] = 3c2
0c2

1

1−c2
0−c2

1
. Here ρBC

GW = TrA[|ψGW〉〈ψGW|]. It can be

checked that 0 <
3c2

0c2
1

1−c2
0−c2

1
< 1 for all c0, c1 ∈ CGW1

0,1 . The
updated assemblage after these POVMs by Bob and Charlie,
when both of them get the outcome 0, is nothing but our target
assemblage {σ BCW

a|x }a,x. This can be checked using Eq. (20).
In case, if either Bob or Charlie or both of them get the

outcome 1 contingent upon performing the POVMs on the uth
copy for all u ∈ {1, 2, . . . , N − 1}, then all copies, except the
N th copy, are discarded and the distillation protocol fails. The
probability with which it fails is given by

PW1
fail = (1 − P̃W1

ND

)N−1 =
(

1 − 3c2
0c2

1

1 − c2
0 − c2

1

)N−1

, (37)

where 0 < PW1
fail < 1 for all c0, c1 ∈ CGW1

0,1 .
Hence, the parties manage to either keep at least one

successfully distilled target assemblage {σ BCW

a|x }a,x with the
probability

PW1
success =

[
1 −
(

1 − 3c2
0c2

1

1 − c2
0 − c2

1

)N−1
]
, (38)

or the last copy of the initial assemblage {σ BCGW

a|x }a,x with the

probability PW1
fail .

In the asymptotic limit as N tends to infinity, we get

lim
N→∞

PW1
success → 1. This is because 0 <

3c2
0c2

1

1−c2
0−c2

1
< 1 for all 0 <

c0 � 1√
3
, 0 < c1 < 1√

3
(and, hence, for all c0, c1 ∈ CGW1

0,1 ).
Therefore, the protocol ensures distillation of at least one copy
of target assemblage {σ BCW

a|x }a,x with certainty.

Let {σ distW
a|x }a,x denote the assemblage obtained, on average,

after the distillation protocol in the regime of finite N copies
with N � 2. The assemblage {σ distW

a|x }a,x can be written as a
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FIG. 3. Variations of the assemblage fidelity of our distillation protocol for W states in the 1SDI scenario. Variation is shown with respect
to c1 with c0 = 0.15 in (a), c0 = 0.30 in (b), and c0 = 0.45 in (c). The quantities in the horizontal and vertical axes are numbers and have no
unit.

convex combination of the initial assemblage {σ BCGW

a|x }a,x and

the target assemblage of the W state {σ BCW

a|x }a,x.

The assemblage fidelity between the assemblage {σ distW
a|x }a,x

and our target assemblage {σ BCW

a|x }a,x corresponding to the W
state is given by

FA
({

σ distW
a|x
}

a,x,
{
σ BCW

a|x
}

a,x

)
= 1√

3

√
X N−1

[(
c0 + c1 +

√
1 − c2

0 − c2
1

)2 − 3
]+ 3,

(39)

where X = 1 − 3c2
0c2

1

1−c2
0−c2

1
. The details of this derivation are pro-

vided in Appendix H.
We can, therefore, state the following theorem:
Theorem 3. In the regime of finite N � 2 copies of initial

assemblage {σ BCGW

a|x }a,x of generalized W pure states in the
1SDI scenario, an assemblage can be obtained on average
which is close to the target assemblage {σ BCW

a|x }a,x derived
from the W state in the 1SDI scenario with assemblage fi-

delity 1√
3

√
X N−1[(c0 + c1 +

√
1 − c2

0 − c2
1 )2 − 3] + 3, where

X = 1 − 3c2
0c2

1

1−c2
0−c2

1
.

In Fig. 3 we demonstrate the variation of the above assem-
blage fidelity (39) for different values of the state parameters
c0, c1 of the generalized W states (35) and for different num-
ber N � 2 of copies of the initial assemblage {σ BCGW

a|x }a,x.
Let us now evaluate the minimum number of copies

(Nmin) of the initial assemblages required to achieve an ap-
proximately perfect assemblage fidelity [in particular, FA ∼
O(1) − 10−5]. For example, the initial assemblages produced
from the generalized W pure states (35) with c0 = 0.15 and
c1 = 0.25, leads to Nmin = 1792. On the other hand, when
c0 = 0.45, c1 = 0.50, we get Nmin = 18. In Fig. 4 we plot Nmin

for different values of the state parameters c0, c1. It can be seen
that our distillation protocol is efficient in realistic scenarios
where one cannot have infinitely many copies of the initial
assemblages.

2. 2SDI scenario

Here we consider the following one-parameter family of
pure three-qubit generalized W states:

|ψ̃GW〉 = d0 |001〉 +
√

1 − d2
0

2
|010〉 +

√
1 − d2

0

2
|100〉 ,

(40)
with d0 being real and 0 < d0 < 1√

3
. Hence, we have 1√

3
<√

1−d2
0

2 < 1√
2
. It is evident that the above states do not repre-

sent the most general W-class pure states, rather a subset of
them [63].

Consider a tripartite steering scenario where Alice, Bob,
and Charlie initially share N � 2 copies of the assemblage
{σCGW

a,b|x,y}a,b,x,y obtained from the one-parameter pure three-
qubit generalized W states given by Eq. (40) with 0 < d0 <

1√
3

through the measurements of the observables X0 = σx,
X1 = σy, X2 = σz by Alice and Y0 = σx, Y1 = σy, Y2 = σz by
Bob. The components of the assemblages {σCGW

a,b|x,y}a,b,x,y on
Charlie’s side are explicitly mentioned in Appendix I.

When these assemblages are subjected to the measure-
ments σx, σy, σz by Charlie as specified in the inequality (13),
then the produced correlations cannot give the optimum vi-
olation of the inequality (13). Hence, these assemblages are
taken to be partially genuine steerable assemblage in the 2SDI
scenario.

Note that the inequality (13) is violated by the one-
parameter generalized W states (40) when d0 ∈ ( 3

25 , 1√
3

)
and, hence, it ensures 2SDI genuine steering in this range.
Henceforth, we will consider only d0 ∈ ( 3

25 , 1√
3

). For other
values of d0, the initial assemblage may or may not be genuine
steerable in our 2SDI scenario.

Consider the assemblage {σCW

a,b|x,y}, produced from W state-
1√
3
(|001〉 + |010〉 + |100〉) when Alice performs the orthog-

onal von Neumann measurements of the observables X0 =
σx, X1 = σy, X2 = σz and Bob performs the orthogonal von
Neumann measurements of the observables Y0 = σx, Y1 = σy,
Y2 = σz, with components given in Appendix J. When this
assemblage is subjected to the measurements of σx, σy, σz by
Charlie, the produced correlations give the optimum quantum
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FIG. 4. Variation of the minimum number of copies (Nmin) required to achieve near-perfect assemblage fidelity in our 1SDI scenario for
W states. The variation is shown with respect to c1 with c0 = 0.15 in Fig. 3(a), c0 = 0.30 in Fig. 3(b), and c0 = 0.45 in Fig. 3(c) for different
accuracy of the assemblage fidelity. The quantities in the horizontal and vertical axes are numbers and have no unit.

violation of the inequality (13). Hence, this assemblage is
considered as the target assemblage for this case.

Our distillation protocol for this case proceeds as fol-
lows. At first, Charlie performs quantum measurements
(POVM) with the following measurement operators on the
uth copy of the initial assemblage {σCOW

a,b|x,y}a,b,x,y (for all u ∈
{1, 2, . . . , N − 1}):

KC
0 =
( √

2d0√
1−d2

0

0

0 1

)
, KC

1 =
⎛⎝√1 − 2d2

0

1−d2
0

0

0 0

⎞⎠. (41)

In this case also all parties do not discard those copies
(after Charlie’s POVM measurements) for which he has ob-
tained the outcome 0. Hence, the probability with which
each copy is not discarded is given by P̃W2

ND = p(ou
C = 0) =

Tr[(KC
0 )ρC

GW(KC†

0 )] = 3d2
0 < 1 for all d0 ∈ ( 3

25 , 1√
3

). Here

ρC
GW = TrAB[|ψ̃GW〉 〈ψ̃GW|]. The updated assemblage after

this POVM by Charlie, when he gets the outcome 0, is nothing
but our target assemblage {σCW

a,b|x,y}a,b,x,y.
When Charlie gets the outcome 1 after performing the

POVM (41) on the uth copy for all u ∈ {1, 2, . . . , N − 1}, all
copies except the N th copy are discarded. Hence, in this case
the output of the distillation protocol is the N th copy of the ini-
tial assemblage. Now, since the local quantum measurements
are performed independently on each of the N − 1 copies, the
probability with which the distillation protocol fails is given
by

PW2
fail = (1 − P̃W2

ND

)N−1 = (1 − 3d2
0

)N−1
. (42)

This means that the parties manage to either keep at least one
successfully distilled target assemblage {σCW

a,b|x,y}a,b,x,y with the
probability

PW2
success = 1 − (1 − 3d2

0

)N−1
(43)

or the last copy of the initial assemblage {σCGW

a,b|x,y}a,b,x,y with

the probability PW2
fail . In the asymptotic limit as the number

of copies tends to infinity, we get limN→∞PW2
success → 1, and

hence, the protocol ensures distillation of at least one copy of
the target assemblage of the W state as N tends to infinity.

On the other hand, in the regime of finite N copies with
N � 2, let {σ distW

a,b|x,y}a,b,x,y denote the assemblage obtained, on
average, after the distillation protocol. Then the assemblage
fidelity between the assemblage {σ distW

a,b|x,y}a,b,x,y and the target

assemblage {σCW

a,b|x,y}a,b,x,y is given by

FA
({

σ distW
a,b|x,y

}
a,b,x,y,

{
σCW

a,b|x,y
}

a,b,x,y

)
= 1√

3

√√√√3 − 2

(√
1 − d2

0

2
− d0

)2(
1 − 3d2

0

)N−1
. (44)

The details of the derivation of the above expression are pro-
vided in Appendix K. Hence, we can present the following
theorem:

Theorem 4. In the regime of finite N � 2 copies of initial
assemblage {σCGW

a,b|x,y}a,b,x,y of the one-parameter generalized
W states (40) in our 2SDI scenario, an assemblage can be
obtained on average, which is close to the target assemblage
{σCW

a,b|x,y}a,b,x,y in our 2SDI scenario with assemblage fidelity

1√
3

√
3 − 2(

√
1−d2

0
2 − d0)2(1 − 3d2

0 )N−1.

In Fig. 5 we demonstrate the variation of the assemblage
fidelity (44) for different values of the state parameter d0 of the
one-parameter generalized W three-qubit pure states (40) and
for different number N � 2 of copies of the initial assemblage

FIG. 5. Variation of the assemblage fidelity with the state param-
eter d0 of generalized W pure states in our distillation protocol in the
2SDI scenario. The quantities in the horizontal and vertical axes are
numbers and have no unit.
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FIG. 6. Variation of the minimum number of copies (Nmin) re-
quired to achieve near-perfect assemblage fidelity of our distillation
protocol in the 2SDI scenario for generalized W states with state
parameter d0. Blue dotted upper curve is for FA ∼ O(1) − 10−5, and
red dotted bottom curve is for FA ∼ O(1) − 10−3. The quantities in
the horizontal and vertical axes are numbers and have no unit.

{σCGW

a,b|x,y}a,b,x,y mentioned in Appendix I. From the figure it is
clear that our distillation protocol ensures significant amount
of the assemblage fidelity even for the small number of copies
of the initial assemblage.

We evaluate the minimum number of copies (Nmin) of the
initial assemblages required to have a near-perfect assemblage
fidelity [FA ∼ O(1) − 10−5]. In Fig. 6 we plot the variation of
Nmin for different values of the state parameter d0 of the one-
parameter generalized W three-qubit pure states (40). This
figure shows that Nmin decreases with increasing values of d0.
It is clear that our distillation protocol works significantly well
in realistic scenarios where one cannot have infinitely many
copies of the initial assemblages.

IV. SUMMARY AND OUTLOOK

Multipartite quantum correlations are the key resources for
information processing tasks in quantum networks. Depend-
ing on the degree of trust or characterization of the measuring
devices of the observers, there can be three nonequiva-
lent forms of multipartite quantum correlations: multipartite
entanglement, multipartite EPR steering, and multipartite
Bell-nonlocality. In practical quantum information process-
ing, distillation of resources plays an important role in the
presence of ubiquitous decoherence effects. Several distil-
lation protocols are known for multipartite entanglement
[47,48] and multipartite Bell nonlocality [49–52]. However,
no distillation protocol has been proposed to date for multi-
partite EPR steering. In the present paper, we have taken a
step towards filling this gap.

Here we have considered the two types of hybrid quantum
networks that are possible in the tripartite scenario: 1SDI
and 2SDI networks. In each of these cases, we have pro-
posed distillation protocols of genuine tripartite EPR steering
for the two SLOCC inequivalent classes of genuine tripar-
tite entangled states, viz., the GHZ state and W state. We
have taken the assemblages obtained from these states, when
untrusted parties perform some particular orthogonal von

Neumann measurements of rank-1, as perfectly genuine steer-
able assemblages. These perfectly genuine tripartite steerable
assemblages have been considered as the target assemblages
of our distillation protocols. In each of these cases, we have
derived the exact filtering operation and have given the exact
analytical expression of the assemblage fidelity that would be
very useful in finding the optimal number of copies of the ini-
tial assemblage up to the desired accuracy of the assemblage
fidelity.

In particular, we have demonstrated the possibility of per-
fect distillation in the limit of infinitely many copies of the
initial assemblages. On the other hand, in practical scenar-
ios when one starts with a finite number of copies of the
initial assemblages, our protocols have been shown to have
high efficiency. For example, in case of GGHZ state with
θ = 0.3, the assemblage fidelity is 0.906, 0.948, and 0.98
for 2, 5, and 10 copies, respectively. These are reasonable
values of fidelities with realistic experimental devices taking
into account their intrinsic tolerance levels. For the W states,
distillation in the the 2SDI network outperforms that in the
1SDI network, achieving an accuracy comparable with the
GHZ state distillation.

Designing a genuine tripartite steering distillation protocol
is always advantageous in the sense that the same protocol
can also be used for genuine tripartite entanglement distilla-
tion with smaller number of parties (only the trusted parties)
performing the local quantum operations. However, genuine
tripartite entanglement distillation protocol cannot always be
used for genuine tripartite EPR steering distillation as the free
operations in the context of genuine tripartite entanglement
are generally not the free operations in the genuine tripartite
EPR steering scenario. Following our protocol, it is possible
to distill genuine tripartite entanglement of the three-qubit
generalized GHZ or W state.

Before concluding, it is worth mentioning certain possible
offshoots of our work. Our study opens up avenues of re-
search for the genuine steering distillation protocols for other
states and in multipartite settings that will also be relevant
for the distillation of genuine multipartite entanglement with
lesser resource, i.e., with fewer number of observers per-
forming quantum operations, in such scenarios. Extensions of
the present analysis could be performed to devise distillation
protocols for EPR steering of n-qubit or higher dimensional
quantum states. It is worth exploring other preprocessing
operations or to devise optimal filtering technique in such
distillation protocols. Finally, it would be interesting to in-
vestigate whether the concept of bound genuine multipartite
steering exists analogous to bound entanglement [35].
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APPENDIX A: FREE OPERATIONS OF GENUINE
TRIPARTITE STEERING DISTILLATION

IN THE 1SDI SCENARIO

Here we show that for a single copy of assemblage, the
operations involved in our distillation protocol in the 1SDI
scenario are free operations of 1SDI genuine tripartite steering
(i.e., they cannot create genuine steerable assemblage from an
assemblage which does not demonstrate genuine steering).

Our distillation protocol consists of the following opera-
tions:

(A1) Local quantum measurements (i.e., local completely
positive non-trace-preserving maps) by the two trusted parties,
Bob and Charlie.

(B1) Classical communication from each of the trusted
parties to other (trusted and untrusted) parties. In other words,
Bob can send classical information to Alice and Charlie, Char-
lie can send classical information to Alice and Bob, but Alice
does not send any classical information.

(C1) The untrusted party, Alice, can postprocess her output
depending on her input and the classical information received
from Bob and Charlie.

An assemblage {σ BC
a|x }a,x is genuine steerable in the 1SDI

scenario if it is not the case that [24]

σ BC
a|x =

∑
λ

pA:BC
λ pλ(a|x)ρBC

λ +
∑

μ

pB:AC
μ ρB

μ ⊗ σC
a|xμ

+
∑

ν

pAB:C
ν σ B

a|xν ⊗ ρC
ν ∀a, x

= �1
a|x + �2

a|x + �3
a|x ∀a, x, (A1)

where

�1
a|x =

∑
λ

pA:BC
λ pλ(a|x)ρBC

λ ,

�2
a|x =

∑
μ

pB:AC
μ ρB

μ ⊗ σC
a|xμ,

�3
a|x =

∑
ν

pAB:C
ν σ B

a|xν ⊗ ρC
ν .

Now, we show that the above operations (A1), (B1), and (C1)
cannot create 1SDI genuine steerable assemblage from an
assemblage having the form in Eq. (A1). In other words, the
characteristics of the assemblage (A1) remain the same under
the above-mentioned operations.

The first term �1
a|x in Eq. (A1) is an unsteerable assem-

blage from Alice to Bob and Charlie. This remains unsteerable
from Alice to Bob and Charlie even after applying the above
operations [39], as local operations assisted by one-way clas-
sical communication (1W-LOCCs) from the quantum part
(Bob and Charlie) to the black box (Alice) cannot create
steering from Alice to Bob and Charlie [64].

The second term �2
a|x in Eq. (A1) has two features: (1)

it is unsteerable from Alice to Bob, but not necessarily from
Alice to Charlie and (2) it is separable across the bipartition:
Bob versus Charlie. Now, we want to check whether this
assemblage �2

a|x remains unsteerable from Alice to Bob after

operations (A1), (B1), and (C1). Notethat, Alice’s black-box
distribution after the operations involved in our distillation
protocol is p(a|x, ou

B, ou
C ) [see Eq. (16)]. Since this is an ar-

bitrary black-box distribution, we can write it as p̃(a|x, ou
B) =

p(a|x, ou
B, ou

C ), where p̃(a|x, ou
B) can be interpreted as a black-

box distribution of a conditioned on x and ou
B. Now, neglecting

Charlie’s part, operations (A1), (B1), and (C1) involve 1W-
LOCCs from Bob to Alice, and they cannot create steering
from Alice to Bob [64]. Moreover, this assemblage remains
separable across the bipartition: Bob versus Charlie after the
above operations, as local operations (by Bob and Charlie) and
classical communications (between Bob and Charlie) cannot
create entanglement between Bob and Charlie [5]. Hence, the
characteristics of the second term �2

a|x remains unchanged
after performing operations (A1), (B1), and (C1).

The third term �3
a|x in Eq. (A1) has two features: (1) it is

unsteerable from Alice to Charlie, but not necessarily from
Alice to Bob and (2) it is separable across the bipartition-
Bob versus Charlie. Following the same approach mentioned
in the case of the second term �2

a|x, it can be shown that the
characteristics of the third term �3

a|x remains unchanged after
performing operations (A1), (B1), and (C1).

Since, the characteristics of the assemblage given by
Eq. (A1) remain the same under operations (A1), (B1), and
(C1), we can conclude that these operations constitute free
operations of genuine tripartite steering in the 1SDI scenario.
Here it may be noted that operations (A), (B), and (C) may
not be the most general free operations of genuine tripartite
steering in the 1SDI scenario.

APPENDIX B: FREE OPERATIONS OF GENUINE
TRIPARTITE STEERING DISTILLATION

IN THE 2SDI SCENARIO

We show that, for a single copy of assemblage, the opera-
tions involved in our distillation protocol in the 2SDI scenario
are free operations of the 2SDI genuine tripartite steering.
Our distillation protocol in the 2SDI scenario consists of the
following operations:

(A2) Local quantum measurements (i.e., local completely
positive non-trace-preserving maps) by the trusted party,
Charlie.

(B2) Classical communication from the trusted party
(Charlie) to the untrusted parties (Alice and Bob). In other
words, Charlie sends classical information to Alice and Bob,
but Alice and Bob do not send any classical information.

(C2) The untrusted parties, Alice and Bob, can locally post-
process their output depending on their input and the classical
information received from Charlie.

An assemblage {σ C
a,b|x,y}a,b,x,y is genuine steerable in the

2SDI scenario if it is not the case that [24]

σ C
a,b|x,y =

∑
λ

pA:BC
λ pλ(a|x)σC

b|yλ +
∑

μ

pB:AC
μ pμ(b|y)σC

a|xμ

+
∑

ν

pAB:C
ν pν (a, b|x, y)ρC

ν ∀a, b, x, y

= �1
a,b|x,y + �2

a,b|x,y + �3
a,b|x,y ∀a, b, x, y, (B1)
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where

�1
a,b|x,y =

∑
λ

pA:BC
λ pλ(a|x)σC

b|yλ,

�2
a,b|x,y =

∑
μ

pB:AC
μ pμ(b|y)σC

a|xμ,

�3
a,b|x,y =

∑
ν

pAB:C
ν pν (a, b|x, y)ρC

ν .

We show that the above operations (A2), (B2), and (C2)
cannot create 2SDI genuine steerable assemblage from an
assemblage having the form given by Eq. (B1).

The first term �1
a,b|x,y in Eq. (B1) is unsteerable from Alice

to Charlie. This remains unsteerable from Alice to Charlie
even after applying operations (A2), (B2), and (C2) [39] as
1W-LOCCs from the quantum part (Charlie) to the black box
(Alice) cannot create steering from Alice to Charlie [64]. Here
Charlie sends classical communication to Bob as well. But,
since no communication from Bob to Alice or Bob to Charlie
is involved in our distillation protocol, we can completely
neglect Bob’s subsystem while checking unsteerability from
Alice and Charlie.

The second term �2
a,b|x,y in Eq. (B1) is unsteerable from

Bob to Charlie. Following the above approach, it can be shown

that operations (A2), (B2), and (C2) cannot create steering
from Bob to Charlie.

The third term �3
a,b|x,y in Eq. (B1) has two features: (1)

it is unsteerable from Alice and Bob to Charlie and (2) the
probability distribution pν (a, b|x, y) arises due to local mea-
surements performed on a possibly entangled state, it may
contain nonlocal quantum correlations. Now, operations (A2),
(B2), and (C2) are nothing but 1W-LOCCs from Charlie to
Alice and Bob, and it cannot create steering from Alice and
Bob to Charlie [39,64]. Moreover, the local postprocessing by
the untrusted parties (Alice and Bob) involves discarding or
not discarding the assemblage. Hence, it will not effect the
characteristic (2) mentioned above on a single copy of the
assemblage [39].

Since, the characteristics of the assemblage Eq. (B1) re-
main the same under operations (A2), (B2), and (C2), we can
conclude that these operations are free operations of genuine
tripartite steering in the 2SDI scenario. Here, too, operations
(A2), (B2), (C2) may not be the most general free operations
of genuine tripartite steering in the 2SDI scenario.

APPENDIX C: DERIVATION OF THE ASSEMBLAGE FIDELITY OF GHZ STATES IN THE 1SDI SCENARIO

Since, our target assemblage {σ BCGHZ

a|x }a,x given by Eq. (25) is pure, we can write σ BCGHZ

a|x = 1
2 |φGHZ

BC (a, x)〉〈φGHZ
BC (a, x)| ∀ a, x.

Hence, the assemblage fidelity of the assemblage (30) and our target assemblage (25) corresponding to the GHZ state can be
written as

FA
({

σ distGHZ

a|x
}

a,x,
{
σ BCGHZ

a|x
}

a,x

) = min
x

∑
a

√
1

2

〈
φGHZ

BC (a, x)
∣∣σ distGHZ

a|x
∣∣φGHZ

BC (a, x)
〉
. (C1)

Next, we have ∑
a

√
1

2

〈
φGHZ

BC (a, 0)
∣∣σ distGHZ

a|0
∣∣φGHZ

BC (a, 0)
〉 = √1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1,

∑
a

√
1

2

〈
φGHZ

BC (a, 1)
∣∣σ distGHZ

a|1
∣∣φGHZ

BC (a, 1)
〉 = √1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1,

∑
a

√
1

2

〈
φGHZ

BC (a, 2)
∣∣σ distGHZ

a|2
∣∣φGHZ

BC (a, 2)
〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
.

Hence, we can write

FA
({

σ distGHZ

a|x
}

a,x,
{
σ BCGHZ

a|x
}

a,x

) = min
[√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1, 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)]
. (C2)

Let us now define f0 and f1 as

f0 =
√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1, f1 = 1

2 (
√

1 − (cos 2θ )N +
√

1 + (cos 2θ )N ). (C3)

Since, by definition of fidelity,
√

〈φGHZ
BC (a, x)|σ distGHZ

a|x |φGHZ
BC (a, x)〉 � 0 ∀ x, a, we have f0 � 0 and f1 � 0 ∀ θ ∈ (0.185, π

4 ) and
∀ N � 2 ∈ Z (where Z denotes the set of positive integers).

Let also u0 = 2 f 2
0 − 1 and u1 = 2 f 2

1 − 1. Hence, we can write

u0 = 1 − (1 − sin 2θ )(cos 2θ )N−1 > 0 ∀ θ ∈
(

0.185,
π

4

)
, N � 2 ∈ Z,

u1 =
√

1 − (cos 2θ )2N > 0 ∀ θ ∈
(

0.185,
π

4

)
, N � 2 ∈ Z, (C4)
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where the last inequality is obtained from the definition of fidelity [39]:
√

1
2 〈φGHZ

BC (1, 2)|σ distGHZ

1|2 |φGHZ
BC (1, 2)〉 =

1
2

√
1 − (cos 2θ )2N > 0. Next, an algebraic manipulation leads to the expression

u2
0 − u2

1 = −2(cos 2θ )N−1(1 − sin 2θ )[1 − (cos 2θ )N−1] < 0 ∀ θ ∈
(

0.185,
π

4

)
, N � 2 ∈ Z. (C5)

Hence, from Eqs. (C5) and (C4), we have u1 � u0 ∀ θ ∈ (0.185, π
4 ) and ∀ N � 2 ∈ Z. Now, using the facts f0 � 0 and

f1 � 0, we can conclude the following:

f0 =
√

1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1 <

1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

) = f1 ∀ θ ∈
(

0.185,
π

4

)
, N � 2 ∈ Z.

(C6)

Therefore, from Eq. (C2), we can write

FA
({

σ distGHZ

a|x
}

a,x,
{
σ BCGHZ

a|x
}

a,x

) =
√

1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1 ∀ θ ∈

(
0.185,

π

4

)
, N � 2 ∈ Z. (C7)

APPENDIX D: COMPONENTS OF THE ASSEMBLAGES PRODUCED FROM THE GGHZ STATES IN OUR 2SDI SCENARIO

The components of the assemblages {σCGGHZ

a,b|x,y}a,b,x,y (the initial assemblages of our distillation protocol), obtained from the
three-qubit GGHZ state (23) through measurements of the observables X0 = σx, X1 = σy, and X2 = σz by Alice and Y0 = σx,
Y1 = σy, and Y2 = σz by Bob, are given by

σCGGHZ

0,0|0,0 = σCGGHZ

1,1|0,0 = σCGGHZ

0,1|1,1 = σCGGHZ

1,0|1,1 = 1

4
|θ2

+〉〈θ2
+|,

σCGGHZ

0,1|0,0 = σCGGHZ

1,0|0,0 = σCGGHZ

0,0|1,1 = σCGGHZ

1,1|1,1 = 1

4
|θ2

−〉〈θ2
−|,

σCGGHZ

0,0|0,1 = σCGGHZ

1,1|0,1 = σCGGHZ

0,0|1,0 = σCGGHZ

1,1|1,0 = 1

4
|θ3

−〉〈θ3
−|,

σCGGHZ

0,1|0,1 = σCGGHZ

1,0|0,1 = σCGGHZ

0,1|1,0 = σCGGHZ

1,0|1,0 = 1

4
|θ3

+〉〈θ3
+|,

σCGGHZ

0,0|0,2 = σCGGHZ

1,0|0,2 = σCGGHZ

0,0|1,2 = σCGGHZ

1,0|1,2 = σCGGHZ

0,0|2,0 = σCGGHZ

0,1|2,0 = σCGGHZ

0,0|2,1 = σCGGHZ

0,1|2,1 = cos2 θ

2
|0〉〈0|,

σCGGHZ

0,1|0,2 = σCGGHZ

1,1|0,2 = σCGGHZ

0,1|1,2 = σCGGHZ

1,1|1,2 = σCGGHZ

1,0|2,0 = σCGGHZ

1,1|2,0 = σCGGHZ

1,0|2,1 = σCGGHZ

1,1|2,1 = sin2 θ

2
|1〉〈1|,

σCGGHZ

0,0|2,2 = cos2 θ |0〉〈0|, σCGGHZ

1,1|2,2 = sin2 θ |1〉〈1|. (D1)

where |θ2
±〉 = cos θ |0〉 ± sin θ |1〉 and |θ3

±〉 = cos θ |0〉 ± i sin θ |1〉. The assemblage components σCGGHZ

0,1|2,2 and σCGGHZ

1,0|2,2 do not exist
because the probabilities of their occurrences are zero. Hence, we need not consider these two components.

APPENDIX E: COMPONENTS OF THE ASSEMBLAGE PRODUCED FROM THE GHZ STATE IN OUR 2SDI SCENARIO

The components of the assemblages {σCGHZ

a,b|x,y}a,b,x,y (the target assemblage of our distillation protocol), obtained from the
three-qubit GHZ state through measurements of the observables X0 = σx, X1 = σy, and X2 = σz by Alice and Y0 = σx, Y1 = σy,
and Y2 = σz by Bob, are given by

σCGHZ

0,0|0,0 = σCGHZ

1,1|0,0 = σCGHZ

0,1|1,1 = σCGHZ

1,0|1,1 = 1

4

∣∣∣∣π4 2

+

〉〈
π

4

2

+

∣∣∣∣,
σCGHZ

0,1|0,0 = σCGHZ

1,0|0,0 = σCGHZ

0,0|1,1 = σCGHZ

1,1|1,1 = 1

4

∣∣∣∣π4 2

−

〉〈
π

4

2

−

∣∣∣∣,
σCGHZ

0,0|0,1 = σCGHZ

1,1|0,1 = σCGHZ

0,0|1,0 = σCGHZ

1,1|1,0 = 1

4

∣∣∣∣π4 3

−

〉〈
π

4

3

−

∣∣∣∣,
σCGHZ

0,1|0,1 = σCGHZ

1,0|0,1 = σCGHZ

0,1|1,0 = σCGHZ

1,0|1,0 = 1

4

∣∣∣∣π4 3

+

〉〈
π

4

3

+

∣∣∣∣,
σCGHZ

0,0|0,2 = σCGHZ

1,0|0,2 = σCGHZ

0,0|1,2 = σCGHZ

1,0|1,2 = σCGHZ

0,0|2,0 = σCGHZ

0,1|2,0 = σCGHZ

0,0|2,1 = σCGHZ

0,1|2,1 = 1

4
|0〉〈0|,
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σCGHZ

0,1|0,2 = σCGHZ

1,1|0,2 = σCGHZ

0,1|1,2 = σCGHZ

1,1|1,2 = σCGHZ

1,0|2,0 = σCGHZ

1,1|2,0 = σCGHZ

1,0|2,1 = σCGHZ

1,1|2,1 = 1

4
|1〉〈1|,

σCGHZ

0,0|2,2 = 1

2
|0〉〈0|, σCGHZ

1,1|2,2 = 1

2
|1〉〈1|, (E1)

where |π
4

2
±〉 = 1√

2
(|0〉 ± |1〉) and |π

4
3
±〉 = 1√

2
(|0〉 ± i |1〉). The assemblage components σCGHZ

0,1|2,2 and σCGHZ

1,0|2,2 do not exist because
the probabilities of their occurrences are zero. Hence, we need not consider these two components.

APPENDIX F: DERIVATION OF THE ASSEMBLAGE FIDELITY FOR GHZ STATES IN THE 2SDI SCENARIO

In the regime of finite N copies with N � 2, a single assemblage can be extracted {σ distGHZ

a,b|x,y }a,b,x,y as a convex combination of

the initial assemblage {σCGGHZ

a,b|x,y}a,b,x,y with components given in Eq. (D1) and the target assemblage derived from the GHZ state

{σCGHZ

a,b|x,y}a,b,x,y with components given in Eq. (E1). The components of {σ distGHZ

a,b|x,y }a,b,x,y are given by

σ distGHZ

0,0|0,0 = σ distGHZ

1,1|0,0 = σ distGHZ

0,1|1,1 = σ distGHZ

1,0|1,1 = 1

4

(
PGHZ2

success

∣∣∣∣π4 2

+

〉〈
π

4

2

+

∣∣∣∣+ PGHZ2
fail |θ2

+〉〈θ2
+|
)

,

σ distGHZ

0,1|0,0 = σ distGHZ

1,0|0,0 = σ distGHZ

0,0|1,1 = σ distGHZ

1,1|1,1 = 1

4

(
PGHZ2

success

∣∣∣∣π4 2

−

〉〈
π

4

2

−

∣∣∣∣+ PGHZ2
fail |θ2

−〉〈θ2
−|
)

,

σ distGHZ

0,0|0,1 = σ distGHZ

1,1|0,1 = σ distGHZ

0,0|1,0 = σ distGHZ

1,1|1,0 = 1

4

(
PGHZ2

success

∣∣∣∣π4 3

−

〉〈
π

4

3

1

∣∣∣∣+ PGHZ2
fail |θ3

−〉〈θ3
−|
)

,

σ distGHZ

0,1|0,1 = σ distGHZ

1,0|0,1 = σ distGHZ

0,1|1,0 = σ distGHZ

1,0|1,0 = 1

4

(
PGHZ2

success

∣∣∣∣π4 3

+

〉〈
π

4

3

+

∣∣∣∣+ PGHZ2
fail |θ3

+〉〈θ3
+|
)

,

σ distGHZ

0,0|0,2 = σ distGHZ

1,0|0,2 = σ distGHZ

0,0|1,2 = σ distGHZ

1,0|1,2 = σ distGHZ

0,0|2,0 = σ distGHZ

0,1|2,0 = σ distGHZ

0,0|2,1 = σ distGHZ

0,1|2,1

=
(

1

4
PGHZ2

success|0〉〈0| + cos2 θ

2
PGHZ2

fail |0〉〈0|
)

,

σ distGHZ

0,1|0,2 = σ distGHZ

1,1|0,2 = σ distGHZ

0,1|1,2 = σ distGHZ

1,1|1,2 = σ distGHZ

1,0|2,0 = σ distGHZ

1,1|2,0 = σ distGHZ

1,0|2,1 = σ distGHZ

1,1|2,1

=
(

1

4
PGHZ2

success|1〉〈1| + sin2 θ

2
PGHZ2

fail |1〉〈1|
)

,

σ distGHZ

0,0|2,2 =
(

1

2
PGHZ2

success|0〉〈0| + cos2 θ PGHZ2
fail |0〉〈0|

)
, σ distGHZ

1,1|2,2 =
(

1

2
PGHZ2

success|1〉〈1| + sin2 θ PGHZ2
fail |1〉〈1|

)
× σ distGHZ

0,1|2,2 , σ distGHZ

1,0|2,2 do not exist. (F1)

Since, our target assemblage {σCGHZ

a,b|x,y}a,x given by Eq. (E1) is pure, we can write σCGHZ

a,b|x.y =
p(a, b|x, y)|φGHZ

C (a, b, x, y)〉〈φGHZ
C (a, b, x, y)| ∀ a, b, x, y. Hence, the assemblage fidelity of the assemblage (F1) and our

target assemblage (E1) corresponding to the GHZ state in the 2SDI scenario can be written as

FA
({

σ distGHZ

a,b|x,y
}

a,b,x,y,
{
σCGHZ

a,b|x,y
}

a,b,x,y

) = min
x,y

∑
a,b

√
p(a, b|x, y)

〈
φGHZ

C (a, b, x, y)
∣∣σ distGHZ

a,b|x,y
∣∣φGHZ

C (a, b, x, y)
〉
. (F2)

Next, we have ∑
a,b

√
p(a, b|0, 0)

〈
φGHZ

C (a, b, 0, 0)
∣∣σ distGHZ

a,b|0,0

∣∣φGHZ
C (a, b, 0, 0)

〉 = √1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1, (F3)

∑
a,b

√
p(a, b|0, 1)

〈
φGHZ

C (a, b, 0, 1)
∣∣σ distGHZ

a,b|0,1

∣∣φGHZ
C (a, b, 0, 1)

〉
) =
√

1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1, (F4)

∑
a,b

√
p(a, b|0, 2)

〈
φGHZ

C (a, b, 0, 2)
∣∣σ distGHZ

a,b|0,2

∣∣φGHZ
C (a, b, 0, 2)

〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
, (F5)

∑
a,b

√
p(a, b|1, 0)

〈
φGHZ

C (a, b, 1, 0)
∣∣σ distGHZ

a,b|1,0

∣∣φGHZ
C (a, b, 1, 0)

〉 = √1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1, (F6)
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∑
a,b

√
p(a, b|1, 1)

〈
φGHZ

C (a, b, 1, 1)
∣∣σ distGHZ

a,b|1,1

∣∣φGHZ
C (a, b, 1, 1)

〉 = √1 − 1

2
(1 − sin 2θ )(cos 2θ )N−1, (F7)

∑
a,b

√
p(a, b|1, 2)

〈
φGHZ

C (a, b, 1, 2)
∣∣σ distGHZ

a,b|1,2

∣∣φGHZ
C (a, b, 1, 2)

〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
, (F8)

∑
a,b

√
p(a, b|2, 0)

〈
φGHZ

C (a, b, 2, 0)
∣∣σ distGHZ

a,b|2,0

∣∣φGHZ
C (a, b, 2, 0)

〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
, (F9)

∑
a,b

√
p(a, b|2, 1)

〈
φGHZ

C (a, b, 2, 1)
∣∣σ distGHZ

a,b|2,1

∣∣φGHZ
C (a, b, 2, 1)

〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
, (F10)

∑
a,b

√
p(a, b|2, 2)

〈
φGHZ

C (a, b, 2, 2)
∣∣σ distGHZ

a,b|2,2

∣∣φGHZ
C (a, b, 2, 2)

〉 = 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)
. (F11)

Hence, from Eq. (F2) and following Appendix C, we can write for θ ∈ (0.22, π
4 )

FA
({

σ distGHZ

a,b|x,y
}

a,b,x,y
,
{
σCGHZ

a,b|x,y
}

a,b,x,y

) = min
[√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1, 1

2

(√
1 − (cos 2θ )N +

√
1 + (cos 2θ )N

)]
=
√

1 − 1
2 (1 − sin 2θ )(cos 2θ )N−1. (F12)

APPENDIX G: COMPONENTS OF ASSEMBLAGES PRODUCED FROM THE GENERALIZED
W STATES IN OUR 1SDI SCENARIO

The components of the assemblages {σ BCGW

a|x } (the initial assemblage of our distillation protocol), obtained from the three-qubit
generalized W state (35) through measurements of the observables X0 = σx, X1 = σy and X2 = σz by Alice, are given by

σ BCGW

0|0 = 1
2 |w0

+〉〈w0
+|, σ BCGW

1|0 = 1
2 |w0

−〉〈w0
−|, σ BCGW

0|1 = 1
2 |w1

+〉〈w1
+|,

σ BCGW

1|1 = 1
2 |w1

−〉〈w1
−|, σ BCGW

0|2 = (c2
0 + c2

1

) |w2〉〈w2|, σ BCGW

1|2 = (1 − c2
0 − c2

1

) |00〉 〈00| , (G1)

where |w0
±〉 :=

√
1 − c2

0 − c2
1 |00〉 ± c0 |01〉 ± c1 |10〉, |w1

±〉 :=
√

1 − c2
0 − c2

1 |00〉 ± i c0 |01〉 ± i c1 |10〉 and |w2〉 :=
1√

c2
0+c2

1

(c0 |01〉 + c1 |10〉).

The components of the assemblages {σ BCW

a|x } (the target assemblage of our distillation protocol), obtained from the three-qubit
W state through measurements of the observables X0 = σx, X1 = σy, and X2 = σz by Alice, are given by

σ BCW

0|0 = 1
2

∣∣w0
m+

〉〈
w0

m+

∣∣, σ BCW

1|0 = 1
2

∣∣w0
m−

〉〈
w0

m−

∣∣, σ BCW

0|1 = 1
2

∣∣w1
m+

〉〈
w1

m+

∣∣,
σ BCW

1|1 = 1
2

∣∣w1
m−

〉〈
w1

m−

∣∣, σ BCW

0|2 = 2
3

∣∣w2
m

〉〈
w2

m

∣∣, σ BCW

1|2 = 1
3 |00〉 〈00| , (G2)

where |w0
m±〉 := 1√

3
(|00〉 ± |01〉 ± |10〉), |w1

m±〉 := 1√
3
(|00〉 ± i |01〉 ± i |10〉), and |w2

m〉 := 1√
2
(|01〉 + |10〉).

APPENDIX H: DERIVATION OF THE ASSEMBLAGE FIDELITY FOR GENERALIZED W STATES IN THE 1SDI SCENARIO

Let {σ distW
a|x }a,x denote the assemblage obtained, on average, after the distillation protocol in the regime of finite N copies with

N � 2. The assemblage can be written as a convex combination of the initial assemblage {σ BCGW

a|x }a,x and the target assemblage

of W state {σ BCW

a|x }a,x. The components of {σ distW
a|x }a,x are given by

σ distW
0|0 = 1

2

(
PW1

success

∣∣w0
m+

〉〈
w0

m+

∣∣+ PW1
fail |w0

+〉〈w0
+|),

σ distW
1|0 = 1

2

(
PW1

success

∣∣w0
m−

〉〈
w0

m−

∣∣+ PW1
fail |w0

−〉〈w0
−|),

σ distW
0|1 = 1

2

(
PW1

success

∣∣w1
m−

〉〈
w1

m−

∣∣+ PW1
fail |w1

−〉〈w1
−|),

σ distW
1|1 = 1

2

(
PW1

success

∣∣w1
m+

〉〈
w1

m+

∣∣+ PW1
fail |w1

+〉〈w1
+|),

σ distW
0|2 = ( 2

3 PW1
success

∣∣w2
m

〉〈
w2

m

∣∣+ (c2
0 + c2

1

)
PW1

fail |w2〉 〈w2| ),
σ distW

1|2 = ( 1
3 PW1

success + (1 − c2
0 − c2

1

)
PW1

fail

) |00〉 〈00| . (H1)

In this case also our target assemblage {σ BCW

a|x }a,x given by Eq. (G1) is pure. We can, therefore, write σ BCW

a|x =
p(a|x) |φw

BC (a, x)〉〈φW
BC (a, x)| ∀ a, x. Hence, the assemblage fidelity of the assemblage (H1) and our target assemblage (G1)
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corresponding to W state is written as

FA
({

σ distW
a|x
}

a,x
,
{
σ BCW

a|x
}

a,x

) = min
x

∑
a

√
p(a|x)

〈
φW

BC (a, x)
∣∣σ distW

a|x
∣∣φW

BC (a, x)
〉
. (H2)

Next, we have∑
a

√
p(a|0)

〈
φW

BC (a, 0)
∣∣σ distW

a|0
∣∣φW

BC (a, 0)
〉 = 1√

3

√
X N−1

[(
c0 + c1 +

√
1 − c2

0 − c2
1

)2 − 3
]+ 3 = g1(c0, c1, N ), (H3)

∑
a

√
p(a|1)

〈
φW

BC (a, 1)
∣∣σ distW

a|1
∣∣φW

BC (a, 1)
〉 = 1√

3

√
X N−1

[(
c0 + c1 +

√
1 − c2

0 − c2
1

)2 − 3
]+ 3 = g1(c0, c1, N ), (H4)

and ∑
a

√
p(a|2)

〈
φW

BC (a, 2)
∣∣σ distW

a|2
∣∣φW

BC (a, 2)
〉 = 1

3

[√
4 + (3(c0 + c1)2 − 4)X N−1 +

√
3
(
1 − c2

0 − c2
1

)
X N−1 − X N−1 + 1

]
= g2(c0, c1, N ), (H5)

where X = 1 − 3c2
0c2

1

1−c2
0−c2

1
.

Hence, we have

FA
({

σ distW
a|x
}

a,x,
{
σ BCW

a|x
}

a,x

) = min[g1(c0, c1, N ), g2(c0, c1, N )]. (H6)

Next, we define the following:

g3(c0, c1, N ) = 5 + (6c0c1 − 2)X N−1. (H7)

Henceforth, gi(c0, c1, N ) (with i = 1, 2, 3) will be written as gi for simplicity.
Next, it can be checked that 1√

3
<

√
1 − c2

0 − c2
1 < 1 when 0 < c0 � 1√

3
, 0 < c1 < 1√

3
, i.e., when c0, c1 ∈ C0,1. Since, as

mentioned earlier, CGW1
0,1 ⊂ C0,1, we have 1√

3
<

√
1 − c2

0 − c2
1 < 1 for all c0, c1 ∈ CGW1

0,1 . Also, from the definition of fidelity, we

have
√

p(0|2) 〈φW
BC (0, 2)|σ distW

0|2 |φW
BC (0, 2)〉 = 1

3

√
4 + (3(c0 + c1)2 − 4)X N−1 � 0, and

√
p(1|2) 〈φW

BC (1, 2)|σ distW
1|2 |φW

BC (1, 2)〉 =
1
3

√
3(1 − c2

0 − c2
1 )X N−1 − X N−1 + 1 � 0. Moreover, we have 0 < X N−1 < 1 ∀ c0, c1 ∈ CGW1

0,1 and ∀ N � 2 ∈ Z as X N−1

denotes the failure probability PW1
fail given by Eq. (37). Hence, one can write the following:

9g2
1 − g3 = 4 + [−4 + 6(c0 + c1)

√
1 − c2

0 − c2
1

]
X N−1 > 4(1 − X N−1) > 0 ∀ c0, c1 ∈ CGW1

0,1 , N � 2 ∈ Z,

9g2
2 − g3 = 2

√
4 + (3(c0 + c1)2 − 4)X N−1

√
3
(
1 − c2

0 − c2
1

)
X N−1 − X N−1 + 1 � 0 ∀ c0, c1 ∈ CGW1

0,1 , N � 2 ∈ Z.

(H8)

Next, an algebraic manipulation leads to the expression(
9g2

1 − g3
)2 − (9g2

2 − g3
)2

= −12 X N−1 (1 − X N−1)
[
2
(√

1 − c2
0 − c2

1 − c0
)(√

1 − c2
0 − c2

1 − c1
)+ (√1 − c2

0 − c2
1 − c0

)2 + (√1 − c2
0 − c2

1 − c1
)2]

.

(H9)

Since we have
√

1 − c2
0 − c2

1 > c0 and
√

1 − c2
0 − c2

1 > c1 for all c0, c1 ∈ CGW1
0,1 , it can be easily checked that[

2
(√

1 − c2
0 − c2

1 − c0
)(√

1 − c2
0 − c2

1 − c1
)+ (√1 − c2

0 − c2
1 − c0

)2 + (√1 − c2
0 − c2

1 − c1
)2]

> 0 ∀ c0, c1 ∈ CGW1
0,1 ,

X N−1 >0 ∀ c0, c1 ∈ CGW1
0,1 , N � 2 ∈ Z,

(1 − X N−1) >0 ∀ c0, c1 ∈ CGW1
0,1 , N � 2 ∈ Z. (H10)

Hence, from Eq. (H9), we get(
9g2

1 − g3
)2 − (9g2

2 − g3
)2

< 0 ∀ c0, c1 ∈ CGW1
0,1 , N � 2 ∈ Z. (H11)

Therefore, Eqs. (H8) and (H11) lead to

g2
1 < g2

2 ∀ c0, c1 ∈ CGW1
0,1 , N � 2 ∈ Z. (H12)
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Next, from the definition of fidelity [39], g1 � 0 and g2 � 0 ∀ c0, c1 ∈ CGW1
0,1 and ∀ N � 2 ∈ Z. Hence, we have

g1 < g2 ∀ c0, c1 ∈ CGW1
0,1 , N � 2 ∈ Z. (H13)

Therefore, from Eqs. (H6) and (H13), we can write

FA
({

σ distW
a|x
}

a,x,
{
σ BCW

a|x
}

a,x

) = 1√
3

√
X N−1

[(
c0 + c1 +

√
1 − c2

0 − c2
1

)2 − 3
]+ 3, (H14)

where X = 1 − 3c2
0c2

1

1−c2
0−c2

1
.

APPENDIX I: COMPONENTS OF THE ASSEMBLAGES PRODUCED FROM THE ONE-PARAMETER GENERALIZED W
PURE STATES IN OUR 2SDI SCENARIO

The components of the assemblages {σCGW

a,b|x,y}a,b,x,y (the initial assemblages in our distillation protocol), obtained from the
three-qubit one-parameter generalized W pure states (40) through the measurements of the observables X0 = σx, X1 = σy, and
X2 = σz by Alice and Y0 = σx, Y1 = σy, and Y2 = σz by Bob, are given by

σCGW

0,0|0,0 = 2 − d2
0

4
|w3

+〉〈w3
+|, σCGW

0,1|0,0 = σCGW

1,0|0,0 = σCGW

0,1|1,1 = σCGW

1,0|1,1 = d2
0

4
|1〉〈1|,

σCGW

1,1|0,0 = 2 − d2
0

4
|w3

−〉〈w3
−|,

σCGW

0,0|1,0 = σCGW

0,0|0,1 = 1

4

∣∣w4
0,1,0

〉〈
w4

0,1,0

∣∣, σCGW

0,1|1,0 = σCGW

1,0|0,1 = 1

4

∣∣w4
0,0,1

〉〈
w4

0,0,1

∣∣,
σCGW

1,0|1,0 = σCGW

0,1|0,1 = 1

4

∣∣w4
0,0,0

〉〈
w4

0,0,0

∣∣, σCGW

1,1|1,0 = σCGW

1,1|0,1 = 1

4

∣∣w4
0,1,1

〉〈
w4

0,1,1

∣∣,
σCGW

0,1|0,2 = σCGW

1,1|0,2 = σCGW

0,1|1,2 = σCGW

1,1|1,2 = σCGW

1,0|2,0 = σCGW

1,1|2,0 = σCGW

1,0|2,1 = σCGW

1,1|2,1 = 1 − d2
0

4
|0〉〈0|,

σCGW

0,0|1,1 = 2 − d2
0

4
|w5

+〉〈w5
+|, σCGW

1,1|1,1 = 2 − d2
0

4
|w5

−〉〈w5
−|,

σCGW

0,0|0,2 = σCGW

0,0|2,0 = 1 + d2
0

4
|w6

+〉〈w6
+|, σCGW

1,0|0,2 = σCGW

0,1|2,0 = 1 + d2
0

4
|w6

−〉〈w6
−|,

σCGW

0,0|1,2 = σCGW

0,0|2,1 = 1 + d2
0

4
|w7

+〉〈w7
+|, σCGW

1,0|1,2 = σCGW

0,1|2,1 = 1 + d2
0

4
|w7

−〉〈w7
−|,

σCGW

0,1|2,2 = σCGW

1,0|2,2 = 1 − d2
0

2
|0〉〈0|, σCGW

0,0|2,2 = d2
0 |1〉〈1| (I1)

where |w3
±〉 =

√
2

2−d2
0

(
√

1 − d2
0 |0〉 ± d0√

2
|1〉 ),

∣∣w4
x,y,z

〉 = [(−1)x + (−1)yi
]√1 − d2

0

2
|0〉 + (−1)zd0 |1〉 ,

∣∣w5
±
〉 = √ 2

2 − d2
0

(√
1 − d2

0 |0〉 ± i
d0√

2
|1〉
)

,

∣∣w6
±
〉 = √ 2

1 + d2

(√
1 − d2

0

2
|0〉 ± d0 |1〉

)
,

∣∣w7
±
〉 = √ 2

1 + d2

(√
1 − d2

0

2
|0〉 ± i d0 |1〉

)
.

The assemblage component σCGW

1,1|2,2 does not exist because the probability of its occurrence is zero. Hence, we need not
consider this component.
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APPENDIX J: COMPONENTS OF THE ASSEMBLAGE PRODUCED FROM THE W STATE IN OUR 2SDI SCENARIO

The components of the assemblage {σCW

a,b|x,y}a,b,x,y (the target assemblage of our distillation protocol), obtained from the
three-qubit W state through measurements of the observables X0 = σx, X1 = σy, and X2 = σz by Alice and Y0 = σx, Y1 = σy, and
Y2 = σz by Bob, are given by

σCW

0,0|0,0 = 5
12 |w3

m+〉〈w3
m+|, σCW

0,1|0,0 = σCW

1,0|0,0 = σCW

0,1|1,1 = σCW

1,0|1,1 = 1
12 |1〉〈1|,

σCW

1,1|0,0 = 5
12

∣∣w3
m−

〉〈
w3

m−

∣∣,
σCW

0,0|1,0 = σCW

0,0|0,1 = 1
4

∣∣w4
m0,1,0

〉〈
w4

m0,1,0

∣∣, σCW

0,1|1,0 = σCW

1,0|0,1 = 1
4

∣∣w4
m0,0,1

〉〈
w4

m0,0,1

∣∣,
σCW

1,0|1,0 = σCW

0,1|0,1 = 1
4

∣∣w4
m0,0,0

〉〈
w4

m0,0,0

∣∣, σCW

1,1|1,0 = σCW

1,1|0,1 = 1
4

∣∣w4
m0,1,1

〉〈
w4

m0,1,1

∣∣,
σCW

0,1|0,2 = σCW

1,1|0,2 = σCW

0,1|1,2 = σCW

1,1|1,2 = σCW

1,0|2,0 = σCW

1,1|2,0 = σCW

1,0|2,1 = σCW

1,1|2,1 = 1
6 |0〉〈0|,

σCW

0,0|1,1 = 5
12

∣∣w5
m+

〉〈
w5

m+

∣∣, σCW

1,1|1,1 = 5
12

∣∣w5
m−

〉〈
w5

m−

∣∣,
σCW

0,0|0,2 = σCW

0,0|2,0 = 1
3

∣∣w6
m+

〉〈
w6

m+

∣∣, σCW

1,0|0,2 = σCW

0,1|2,0 = 1
3

∣∣w6
m−

〉〈
w6

m−

∣∣,
σCW

0,0|1,2 = σCW

0,0|2,1 = 1
3

∣∣w7
m+

〉〈
w7

m+

∣∣, σCW

1,0|1,2 = σCW

0,1|2,1 = 1
3

∣∣w7
m−

〉〈
w7

m−

∣∣,
σCW

0,1|2,2 = σCW

1,0|2,2 = 1
3

∣∣0〉〈0∣∣, σCW

0,0|2,2 = 1
3 |1〉〈1|, (J1)

where |w3
m±〉 =

√
4
5 (|0〉 ± 1

2 |1〉),

∣∣w4
mx,y,z

〉 = [(−1)x + (−1)yi ]

√
1

3

∣∣0〉+ (−1)z 1√
3
|1〉, ∣∣w5

m±

〉 = √4

5

(
|0〉 ± i

1

2
|1〉
)

,

∣∣w6
m±

〉 = 1√
2

(|0〉 ± |1〉),
∣∣w7

m±

〉 = 1√
2

(|0〉 ± i |1〉).

The assemblage component σCW

1,1|2,2 does not exist because the probability of occurrence is zero. Hence, we need not consider
this component.

APPENDIX K: DERIVATION OF THE ASSEMBLAGE FIDELITY FOR GENERALIZED W STATES IN THE 2SDI SCENARIO

In the regime of finite N copies with N � 2, a single assemblage can be extracted {σ distW
a,b|x,y}a,b,x,y as a convex combination of

the initial assemblage {σCGW

a,b|x,y}a,b,x,y with components mentioned in Appendix I and the target assemblage {σCW

a,b|x,y}a,b,x,y with

components mentioned in Appendix J. The components of {σ distW
a,b|x,y}a,b,x,y are given by

σ distW
0,0|0,0 = 1

4

(
PW2

success
5

3

∣∣w3
m+

〉〈
w3

m+

∣∣+ PW2
fail (2 − d2

0 )|w3
+〉〈w3

+|
)

,

σ distW
0,1|0,0 = σ distW

1,0|0,0 = σ distW
0,1|1,1 = σ distW

1,0|1,1 = 1

4

(
PW2

success
1

3
|1〉〈1| + PW2

fail d2
0 |1〉〈1|

)
,

σ distW
1,1|0,0 = 1

4

(
PW2

success
5

3

∣∣w3
m−

〉〈
w3

m−

∣∣+ PW2
fail (2 − d2

0 )|w3
−〉〈w3

−|
)

,

σ distW
0,0|1,0 = σ distW

0,0|0,1 = 1

4

(
PW2

success

∣∣w4
m0,1,0

〉〈
w4

m0,1,0

∣∣+ PW2
fail |w4

0,1,0〉〈w4
0,1,0|
)

,

σ distW
0,1|1,0 = σ distW

1,0|0,1 = 1

4

(
PW2

success

∣∣w4
m0,0,1

〉〈
w4

m0,0,1

∣∣+ PW2
fail |w4

0,0,1〉〈w4
0,0,1|
)

,

σ distW
1,0|1,0 = σ distW

0,1|0,1 = 1

4

(
PW2

success

∣∣w4
m0,0,0

〉〈
w4

m0,0,0

∣∣+ PW2
fail |w4

0,0,0〉〈w4
0,0,0|
)

,

σ distW
1,1|1,0 = σ distW

1,1|0,1 = 1

4

(
PW2

success

∣∣w4
m0,1,1

〉〈
w4

m0,1,1
| + PW2

fail |w4
0,1,1〉〈w4

0,1,1|
)

,

σ distW
0,1|0,2 = σ distW

1,1|0,2 = σ distW
0,1|1,2 = σ distW

1,1|1,2 = σ distW
1,0|2,0 = σ distW

1,1|2,0 = σ distW
1,0|2,1 = σ distW

1,1|2,1

= 1

2

(
PW2

success
1

3

∣∣0〉〈0∣∣+ PW2
fail

1 − d2
0

2
|0〉〈0|

)
,
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σ distW
0,0|1,1 = 1

4

(
PW2

success
5

3

∣∣w5
m+

〉〈
w5

m+

∣∣+ PW2
fail

(
2 − d2

0

)|w5
+〉〈w5

+|
)

,

σ distW
1,1|1,1 = 1

4

(
PW2

success
5

3

∣∣w5
m−

〉〈
w5

m−

∣∣+ PW2
fail

(
2 − d2

0

)|w5
−〉〈w5

−|
)

,

σ distW
0,0|0,2 = σ distW

0,0|2,0 = 1

4

(
PW2

success
4

3

∣∣w6
m+

〉〈
w6

m+

∣∣+ PW2
fail (1 + d2

0 )
∣∣w6

+
〉〈w6

+|
)

,

σ distW
1,0|0,2 = σ distW

0,1|2,0 = 1

4

(
PW2

success
4

3

∣∣w6
m−

〉〈
w6

m−

∣∣∣∣+ PW2
fail (1 + d2

0 )|w6
−〉〈w6

−|
)

,

σ distW
0,0|1,2 = σ distW

0,0|2,1 = 1

4

(
PW2

success
4

3

∣∣w7
m+

〉〈
w7

m+

∣∣∣∣+ PW2
fail (1 + d2

0 )|w7
+〉〈w7

+|
)

,

σ distW
1,0|1,2 = σ distW

0,1|2,1 = 1

4

(
PW2

success
4

3

∣∣w7
m−

〉〈
w7

m−

∣∣∣∣+ PW2
fail (1 + d2

0 )|w7
−〉〈w7

−|
)

,

σ distW
0,1|2,2 = σ distW

1,0|2,2 = PW2
success

1

3
|0〉〈0| + PW2

fail

1 − d2
0

2
|0〉〈0|, σ distW

0,0|2,2 = PW2
success

1

3
|1〉〈1| + PW2

fail d2
0 |1〉〈1|,

σ distW
1,1|2,2 does not exist because the probability of its occurrence is zero. (K1)

Since, our target assemblage {σCW

a,b|x,y}a,b,x,y given in Appendix J is pure, we can write σCW

a,b|x.y =
p(a, b|x, y)|φW

C (a, b, x, y)〉〈φW
C (a, b, x, y)| ∀ a, b, x, y. Hence, the assemblage fidelity of the assemblage (K1) and our target

assemblage (J1) corresponding to W state in our 2SDI scenario can be written as

FA
({

σ distW
a,b|x,y

}
a,b,x,y,

{
σCW

a,b|x,y
}

a,b,x,y

) = min
x,y

∑
a,b

√
p(a, b|x, y)

〈
φW

C (a, b, x, y)
∣∣σ distW

a,b|x,y
∣∣φW

C (a, b, x, y)
〉
. (K2)

Next, we have ∑
a,b

√
p(a, b|0, 0)

〈
φW

C (a, b, 0, 0)
∣∣σ distW

a,b|0,0

∣∣φW
C (a, b, 0, 0)

〉 = h0(d0, N ), (K3)

∑
a,b

√
p(a, b|1, 1)

〈
φW

C (a, b, 1, 1)
∣∣σ distW

a,b|1,1

∣∣φW
C (a, b, 1, 1)

〉 = h0(d0, N ), (K4)

∑
a,b

√
p(a, b|0, 1)

〈
φW

C (a, b, 0, 1)
∣∣σ distW

a,b|0,1

∣∣φW
C (a, b, 0, 1)

〉
) = h1(d0, N ), (K5)

∑
a,b

√
p(a, b|1, 0)

〈
φW

C (a, b, 1, 0)
∣∣σ distW

a,b|1,0

∣∣φW
C (a, b, 1, 0)

〉 = h1(d0, N ), (K6)

∑
a,b

√
p(a, b|0, 2)

〈
φW

C (a, b, 0, 2)
∣∣σ distW

a,b|0,2

∣∣φW
C (a, b, 0, 2)

〉 = h2(d0, N ), (K7)

∑
a,b

√
p(a, b|2, 0)

〈
φW

C (a, b, 2, 0)
∣∣σ distW

a,b|2,0

∣∣φW
C (a, b, 2, 0)

〉 = h2(d0, N ), (K8)

∑
a,b

√
p(a, b|1, 2)

〈
φW

C (a, b, 1, 2)
∣∣σ distW

a,b|1,2

∣∣φW
C (a, b, 1, 2)

〉 = h2(d0, N ), (K9)

∑
a,b

√
p(a, b|2, 1)

〈
φW

C (a, b, 2, 1)
∣∣σ distW

a,b|2,1

∣∣φW
C (a, b, 2, 1)

〉 = h2(d0, N ), (K10)

∑
a,b

√
p(a, b|2, 2)

〈
φW

C (a, b, 2, 2)
∣∣σ distW

a,b|2,2

∣∣φW
C (a, b, 2, 2)

〉 = h3(d0, N ), (K11)

where

h0(d0, N ) = 1

6

(√
25 − (1 − 12d0

√
2 − 2d2

0 + 21d2
0

)(
1 − 3d2

0

)N−1 +
√

1 − (1 − 3d2
0

)N)
,

h1(d0, N ) = 1√
3

√√√√
3 − 2

(√
1 − d2

0

2
− d0

)2(
1 − 3d2

0

)N−1
,
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h2(d0, N ) = 1

3
√

2

(√
8 + (6d0

√
2 − 2d2

0 + 3d2
0 − 5

)(
1 − 3d2

0

)N−1 +
√

2 + (1 − 3d2
0

)N)
,

h3(d0, N ) = 1

3

(√
1 − (1 − 3d2

0

)N +
√

2
√

2 + (1 − 3d2
0

)N)
. (K12)

Hence, we have

FA
({σ distW

a,b|x,y
}

a,b,x,y,
{
σCW

a,b|x,y}a,b,x,y
) = min[h0(d0, N ), h1(d0, N ), h2(d0, N ), h3(d0, N )]. (K13)

Let us first define the following:

h4(d0, N ) = 1

36

[
26 − (1 − 3d2

0

)N − (1 + 21d2
0 − 12d0

√
2 − 2d2

0

)(
1 − 3d2

0

)N−1]
. (K14)

Henceforth, hi(d0, N ) will be written as hi for simplicity. Next, one can write the following:

h2
0 − h4 = 1

18

√
25 − (1 − 12d0

√
2 − 2d2

0 + 21d2
0

)(
1 − 3d2

0

)N−1
√

1 − (1 − 3d2
0

)N � 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z,

h2
1 − h4 = 1

18

[
5

(
1 − (1 − 3d2

0

)N−1
)

+ (6d0

√
2 − 2d2

0 + 3d2
0

)(
1 − 3d2

0

)N−1]
> 0 ∀ d0 ∈

(
3

25
,

1√
3

)
, N � 2 ∈ Z.

(K15)

where the first inequality is obtained from the definition of fidelity [39],
√

p(0, 0|0, 0) 〈φW
C (0, 0, 0, 0)|σ distW

0,0|0,0|φW
C (0, 0, 0, 0)〉 =

1
12

√
25 − (1 − 12d0

√
2 − 2d2

0 + 21d2
0 )(1 − 3d2

0 )N−1 � 0,
√

p(0, 1|0, 0) 〈φW
C (0, 1, 0, 0)|σ distW

0,1|0,0|φW
C (0, 1, 0, 0)〉 =

1
12

√
1 − (1 − 3d2

0 )N � 0 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z.

Next, an algebraic manipulation leads to the expression

(
h2

1 − h4
)2 − (h2

0 − h4
)2 = − 4

27

(
1 − 3d2

0

)N−1[
1 − (1 − 3d2

0

)N−1](√1 − d2
0

2
− d0

)2

< 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z.

(K16)

Hence, from (K15) and (K16), we can write h2
1 < h2

0 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z. Now from the definition of fidelity,

h0 � 0 and h1 � 0. Hence, we can conclude that h1 < h0 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z.

Next, we again define another function as below:

h5(d0, N ) = 1

18

[
10 + (1 − 3d2

0

)N + (3d2
0 + 6d0

√
2 − 2d2

0 − 5
)(

1 − 3d2
0

)N−1]
. (K17)

We can write the following:

h2
1 − h5 = 1

9

[
4
(
1 − (1 − 3d2

0

)N−1)+ 3
(
d0

√
2 − 2d2

0 + (1 − d2
0

))(
1 − 3d2

0

)N−1]
> 0 ∀ d0 ∈

(
3

25
,

1√
3

)
, N � 2 ∈ Z,

h2
2 − h5 = 1

9

√
8 + (6d0

√
2 − 2d2

0 + 3d2
0 − 5

)(
1 − 3d2

0

)N−1
√

2 + (1 − 3d2
0

)N � 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z,

(K18)

where the second inequality is obtained from the definition of fidelity:
√

p(0, 0|0, 2) 〈φW
C (0, 0, 0, 2)|σ distW

0,0|0,2|φW
C (0, 0, 0, 2)〉 =

1
6
√

2

√
8 + (6d0

√
2 − 2d2

0 + 3d2
0 − 5)(1 − 3d2

0 )
N−1 � 0,

√
p(0, 1|0, 2) 〈φW

C (0, 1, 0, 2)|σ distW
0,1|0,2|φW

C (0, 1, 0, 2)〉 =
1

6
√

2

√
2 + (1 − 3d2

0 )
N � 0 ∀ d0 ∈ ( 3

25 , 1√
3

), and ∀ N � 2 ∈ Z.
Next, we have

(
h2

1 − h5
)2 − (h2

2 − h5
)2 = − 4

27

(
1 − 3d2

0

)N−1[
1 − (1 − 3d2

0

)N−1](√1 − d2
0

2
− d0

)2

< 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z.

(K19)
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Hence, from (K18) and (K19), we can write h2
1 < h2

2 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z. Now from the definition of fidelity

[39], h0 � 0 and h2 � 0. Hence, we can conclude that h1 < h2 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z.

Finally, we consider the following function:

h6 = 1

9

[
5 + (1 − 3d2

0

)N]
. (K20)

One can write

h2
1 − h6 = 1

9

[
4
(
1 − (1 − 3d2

0

)N−1)+ 6d0

√
2 − 2d2

0

(
1 − 3d2

0

)N−1]
> 0 ∀ d0 ∈

(
3

25
,

1√
3

)
, N � 2 ∈ Z,

h2
3 − h6 = 2

√
2

9

√
1 − (1 − 3d2

0

)N √
2 + (1 − 3d2

0

)N � 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z. (K21)

Here the second inequality is obtained from the definition of fidelity:
√

p(0, 0|2, 2) 〈φW
C (0, 0, 2, 2)|σ distW

0,0|2,2|φW
C (0, 0, 2, 2)〉 =

1
3

√
1 − (1 − 3d2

0 )
N � 0,

√
p(0, 1|2, 2) 〈φW

C (0, 1, 2, 2)|σ distW
0,1|2,2|φW

C (0, 1, 2, 2)〉 = 1
3
√

2

√
2 + (1 − 3d2

0 )
N � 0 ∀ d0 ∈ ( 3

25 , 1√
3

),
and ∀ N � 2 ∈ Z.

Next, after performing an algebraic manipulation, we get the following:

(
h2

1 − h6
)2 − (h2

3 − h6
)2 = − 16

27

(
1 − 3d2

0

)N−1[
1 − (1 − 3d2

0

)N−1](√1 − d2
0

2
− d0

)2

< 0 ∀ d0 ∈
(

3

25
,

1√
3

)
, N � 2 ∈ Z.

(K22)

Therefore, from (K21) and (K22), we can write h2
1 < h2

3 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z. Now from the definition of fidelity

[39], h0 � 0 and h3 � 0. Hence, we can conclude that h1 < h3 ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z.

To summarize, we get h1 < hk ∀ k ∈ {0, 2, 3}, ∀ d0 ∈ ( 3
25 , 1√

3
), and ∀ N � 2 ∈ Z.

Hence, from Eq. (K13), we can conclude the following:

FA
({

σ distW
a,b|x,y

}
a,b,x,y,

{
σCW

a,b|x,y
}

a,b,x,y

) = 1√
3
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3 − 2

(√
1 − d2

0

2
− d0

)2(
1 − 3d2

0

)N−1
. (K23)
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