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Phase-space methods for representing, manipulating, and correcting
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The Gottesman-Kitaev-Preskill (GKP) encoding of a qubit into a bosonic mode is a promising bosonic code for
quantum computation due to its tolerance for noise and all-Gaussian gate set. We present a toolkit for phase-space
description and manipulation of GKP encodings that includes Wigner functions for ideal and approximate GKP
states, for various types of mixed GKP states, and for GKP-encoded operators. One advantage of a phase-
space approach is that Gaussian unitaries, required for computation with GKP codes, correspond to simple
transformations on the arguments of Wigner functions. We use this fact and our toolkit to describe GKP error
correction, including magic-state preparation, entirely in phase space using operations on Wigner functions.
While our focus here is on the square-lattice GKP code, we provide a general framework for GKP codes defined

on any lattice.
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I. INTRODUCTION

In recent decades, there has been an effort to adapt the scal-
able features of continuous-variable (CV) quantum systems
into a viable platform for fault-tolerant quantum computation.
In 2001, Gottesman, Kitaev, and Preskill (GKP) proposed a
novel means of encoding a qubit within a quantum oscilla-
tor [1]. One key feature of such an encoding is protection
from small phase-space displacements, which is desirable for
reliable quantum computing (QC). Crucially, using a qubit
encoding makes CV systems compatible with quantum error
correction [2,3], which is the process of using redundantly en-
coded quantum information to identify errors and implement
appropriately targeted recovery operations to resolve them.

GKP proposed syndrome-extraction and recovery tech-
niques that restore a corrupted encoded qubit state, with some
potential to incur a qubit-level error in the process. However,
provided that the resulting error rate is sufficiently low, these
qubit-level errors can be managed by concatenating with a
qubit-level error-correcting code within a larger fault-tolerant
architecture [4-6]. Concatenation also enables the use of
topological error-correcting schemes [7—10] and noise-biased
codes [11].

GKP codes are among a larger set of discrete encodings
into bosonic modes, known as bosonic codes [12—19]. Useful
bosonic codes protect against some form of error, which may
include phase-space displacements [1] and/or other types of
errors such as loss or dephasing [13]. Interestingly, codes
designed for one type of error may also perform well against
other types. As a key example, the GKP encoding turns out
to afford the best protection against pure loss when com-
pared to other bosonic codes [20], outperforming other codes
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specifically designed for this type of noise. This motivates
further work using the GKP encoding in particular.

A practical drawback in using the GKP encoding is that
the highly nonclassical code states are difficult to produce
experimentally. Recent breakthrough experiments have risen
to the challenge and produced GKP states in two physi-
cal architectures: the mechanical oscillations of a trapped
ion [21] and a microwave cavity in superconducting circuits
[22]. Numerous proposals also exist to generate optical GKP
states [23-32], although they have not yet been demonstrated
experimentally. Optical implementations have the advantage
of room-temperature operation and can be miniaturized,
for increased stability, using integrated photonic platforms
[33]. Furthermore, recent results have shown the potential
of using optical GKP states directly in measurement-based
schemes [7,34,35] and with highly scalable CV cluster states
[4,5,36-39].

Another distinct advantage of the GKP encoding over other
bosonic codes is that the entire Clifford group of encoded-
qubit operations can be implemented using Gaussian unitaries
[1]. This means the most common operations in QC [40] can
be performed easily and reliably. This property makes the
GKP encoding dovetail seamlessly with CV measurement-
based quantum computing schemes [4,41] since all Gaussian
operations can be implemented using just homodyne detection
on a CV cluster state [36,42].

There are a variety of methods for modeling GKP code-
words [1,9,41,43]. Phase-space techniques, however, have the
versatility to model both pure and mixed states and to treat
them on equal footing [44]. The action of Gaussian unitaries
(required for GKP Clifford QC) is represented simply in
phase space by linear transformations on the arguments of
the input Wigner function [45,46]. In this way, computational
operations on pure or mixed state are simple transforma-
tions on quasiprobability distributions. Additionally, many
of the bosonic noise channels expected in a laboratory have
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well-known effects on phase space [13,42,47]. Such an ap-
proach also provides the ability to visualize the features and
properties of codewords, operations, measurements, and en-
vironmental noise channels. This helps one develop intuition
for these concepts and for how they relate to each other.

Although universal QC is not possible with Gaussian
resources and measurements alone [48], supplementing Gaus-
sian elements with a source of just a single type of non-
Gaussian state, measurement, or operation enables universal
QC [49]. In fact, the non-Gaussian features of GKP-encoded
states themselves can be used as the non-Gaussian resource
required to achieve universal QC [50,51]. This means that,
at a conceptual level, one can model the unitary part of
universal GKP computation in terms of linear (symplec-
tic) transformations acting on GKP and Gaussian Wigner
functions. Simulation of full universality (including mea-
surements), however, will not generally be efficient unless
restricted to Clifford operations [52].

The phase-space picture is particularly useful for the GKP
encoding, and this work provides the tools and concepts to
use it effectively. Some of these properties have been reported
previously (e.g., [43]), and we extend this to a full suite of
such tools, along with additional properties and relations that
make them easy to use.

We begin in Sec. II by defining and giving the key prop-
erties of the quasiperiodic functions that will be employed
extensively throughout this work. In Sec. III, we introduce
the GKP encoding and give wave-function representations
for ideal and approximate GKP codewords using these tools.
In Secs. IV and V, we construct phase-space descriptions of
pure and mixed GKP states (both ideal and approximate), as
well as a basis of GKP-encoded Pauli operators that transform
amongst themselves under the Gaussian unitaries that imple-
ment the Clifford group. Then, in Sec. VI we consider GKP
error correction in phase space. And in Sec. VII, we illustrate
this result using the example of heterodyne detection on a
GKP Bell pair to produce GKP-encoded magic states [50].
Finally, we conclude with a discussion in Sec. VIII.

Summary of key results

(i) In Sec. II C we define multidimensional Jacobi 6 func-
tions on a lattice and their asymptotic limits as IIT functions,
which represent quasiperiodic Dirac combs. These functions
can be used to describe various GKP codes including square
lattice and hexagonal lattice.

(i) We outline the periodic features of GKP codewords
(both wave functions and in phase space) in terms of
quasiperiodic functions. We consider ideal and approximate
codewords within this framework in Secs. III A and IIIC,
respectively.

(iii) We construct a phase-space representation of GKP
codewords in Sec. IV A that is preserved Gaussian blurring,
such that it can generally describe both pure and mixed states
under additive Gaussian noise both prior to and after GKP-
qubit Clifford operations as shown in Sec. IV B.

(iv) In Sec. VB, we provide sufficient conditions for
phase-space descriptions of finite-energy approximate GKP
codewords, both pure and impure. These conditions enable
the direct construction of physical GKP codewords in phase

space, including circumstances where the states have experi-
enced additive Gaussian noise. This allows theorists to work
directly in phase space, bypassing the wave function or den-
sity operator entirely, with a unified representation of both
pure and mixed approximations of both pure or mixed GKP-
encoded states, with a guarantee that the constructed Wigner
function represents a physical approximate GKP state of a
given quality.

(v) We analyze these phase-space representations in the
limit of high-quality GKP states. In this limit, they simplify
to a form similar to perfect codewords transformed under
an additive Gaussian noise channel, as shown in Sec. VD.
We also provide approximate normalization factors for the
associated pure states in these circumstances in both Sec. VB
and the Appendices B and D.

(vi) In Sec. VIB, we derive the map for GKP error correc-
tion directly in phase space, which is given by two successive
convolutions with the Wigner functions for the GKP ancilla
states used in the process. Each convolution periodically
“rakes” the input Wigner function in the quadrature to be
corrected and simultaneously replicates it in the other quadra-
ture (to induce quasiperiodicity). We illustrate and visualize
this procedure in Sec. VII by using GKP error correction to
generate encoded magic states from the vacuum [50].

II. PERIODIC AND QUASIPERIODIC FUNCTIONS

A. Jacobi and Siegel 6 functions

A class of elliptic functions, Jacobi 6 functions and their
multivariate form, Siegel 6 functions [53-55] (henceforth re-
ferred to collectively as 6 functions), exhibit periodic structure
that makes them useful for modeling GKP codewords in phase
spase. As we extensively employ Jacobi and Siegel 6 func-
tions throughout this work, we provide a brief review of their
forms and properties, and we show their connections to Dirac
combs.

A univariate Jacobi 8 function of the third kind is defined
as [54]

G[UI](Z’ ) = ZeZni[%(nJrv])2r+(n+v1)(z+v2)]’
b2 neZ

2.1)

where z, T € C with Im(t) > 0, and the parameters vy, v; €
Q are known as the characteristics of the 6 function. An
alternate, recursive form is found by factoring out terms in-
dependent of the sum

v .
9|: 1}(& 1) = rlbri g Loy £y 7). (2.2)
)
Multivariate 6 functions, known as Siegel (or Riemann) 0
functions, are defined analogously to (2.1) [55]:

ol V! (2. 71) = Z L@ Tl (g 3)
V2

neZ4

Here, z € C? is a d-dimensional vector of complex argu-
ments, and T = 77 is now a d-dimensional, complex, square
matrix in the Siegel upper-half space, i.e., Im(t) > 0, where
this notation indicates that 7 is a positive-definite matrix. The
rational characteristics are analogously extended to column
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vectors Vi, vy € Qd . An expanded multivariate form can be
written as

0 [Vl} (z,7) = ST EIg g 42y, 4y, 7). (2.4)
\{3

B. T-periodic univariate 6 functions

We define a convenient variation of Jacobi 6 functions
[Eq. 2.1)]

91)1( ) 1901(2 'L')
H “OE H T
for real, nonzero period T € R 4. Including the factor 1//[T|
preserves the L> norm of the function for all T and simpli-
fies many of the relations that follow. This form is useful
for describing Gaussian pulse trains of period 7' (and thus
features of the GKP encoding), and we refer to it henceforth
as a 0 function in this work. We refer to the case of [0, 0]T
characteristics as a canonical 0 function, and for notational
convenience denote it simply as

(2.5)

0
Or(z,7) :=0r |:01| (z, 7). (2.6)

0 functions [both Eq. (2.1) and our new definition Eq. (2.5);
we focus on the latter] exhibit several useful properties. The
expanded form of this function is given as

V]
GT[ }(Za T)
)

_ e2ni(%ufr—f2+v17z-+v1vz)97_ |:Z + (vlL + Uz)T, T]' (2.7)

T2

Here, the characteristics for our T-periodic function 87 de-
scribe two distinct transformations: the first characteristic
gives is a shift by the quasiperiod v;+ and introduces an
exponential factor, and the second characteristic gives a shift
by a factor proportional to the period v,T. Canonical 6 func-
tions [Eq. (2.6)] are integer periodic in z and quasiperiodic
for integer displacements of t. These relations, referred to as
quasiperiodicity, are described by the formula

T P T 4
Or [z + <mlF + mz)T, r] = e Gm g, (7, 7)
(2.8)
for integer characteristics m;, my € Z. Together, these rela-

tions reveal that for fixed 7, 0 functions are invariant under
integer-valued characteristics

my
9T|: }(z, 7) =0r(z, 7). (2.9)
myp

Integer increments m;, m, on the characteristics give the fol-
lowing identity for our T -periodic functions

v +my 2mivymy Vi
Or (z,T) =0 ; (z, 7).
2

(2.10)
vy + my

o w e | e
oot T AN A
O ]‘ -T T 0 T T =T /\ 0 /\ T

-T 0 l T T

FIG. 1. Half-period (auxiliary) III functions [Egs. (2.14)] and 6
functions [Egs. (2.5)]. Lines capped with circles indicate é functions.
The first characteristic j introduces phases (alternating positivity and
negativity), and the the second characteristic k shifts by half a period.

A useful feature of half-period characteristics is that they
yield identities that relate 6 functions of double and half
frequency; for binary j, k € {0, 1}, these are given as [56]

il2 1 i 0
9T|:O ](Z, )= E(QzT(Z, )+ (=1)0r |:1/2i|(2, T)),

(2.11a)
0 1 . 1/2
Or [k/2i|(z, T)= E(eT/Z(Z, )+ (=1) GT/2|: 0 ](z, ﬂ)_
(2.11b)

For j, k = {0, 0}, we recover the canonical 6 function (2.6).
The collection of 6 functions associated with the remaining
three pairs {0, 1}, {1, 0}, and {1, 1} are sometimes referred to
as auxiliary functions [S7]. These are shown in the right-hand
column of Fig. 1.

1. Connection to Gaussian pulse trains

A normalized, univariate Gaussian distribution on x € R
with variance o2 and mean x is given by

1 x—xp)?
«/ﬁe_i( el (2.12)
TO

A pulse train consists of a sum of identical such Gaussians
whose means are centered at integer multiples of the period
T. Pulse trains are a special case of 6 functions for real
argument x and purely imaginary quasiperiod T = 2mio?. The
6-function characteristics in Eq. (2.5) allow us to describe the
more general case of a pulse train of period T that is translated
and phased:

Gdz(x — xo) =

. 1 vy
e MG x4+ (n4+ v)T] = —06 x, 2mwic?).
ij o2lx + (n+ v2)T] m{yj( )
(2.13)
The first characteristic v; describes periodic phasing along
the pulse train (with fractional first characteristics applying
sequential roots of unity), and the second characteristic de-
scribes shifts by units of the period 7. These features are
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useful for representing the GKP code, where logical states
are encoded, for both wave functions and Wigner functions,
in amplitudes and phases of alternating peaks of a Gaus-
sian pulse train (up to a large envelope). In Eq. (2.13),
this corresponds to half-integer characteristics, i.e., with
{vi, v2} = {F, 5} for integers m;, m, € Z. With this fact and
Egs. (2.11), we can also compose and decompose Gaussian
pulse trains of different periods, which is useful for describing
GKP states.

2. Connection to Dirac combs

The Dirac § function can be described as the weak limit
(i.e., as a distribution) of a normalized Gaussian, Eq. (2.12), as
the variance tends to zero. We take an analogous weak limit of
a Gaussian pulse train, through its description as a 6 function
in Eq. (2.13), to define a variation of a Dirac comb of period
T with characteristics vy, v, analogous to Eq. (2.7)':

V1 . V1 2
HIT[ i|(x) = lim er[ ](x,27ria) (2.14)
vy

0207t 1%}

o0
= PTG /T Z S[x + (n+ v)T].

n=—0o0

(2.15)

The ““shah function” 117 (x) is a Dirac comb of period 7 mul-
tiplied by an additional scaling factor of /|T'|. This definition
is convenient because, under the Fourier transform F,

dx e ™ f(x),

FLAIO) = (2.16)

7
2

a I1I function with period 7 transforms to another I1I function
with period 27”:

FlI](y) = F~'[r](y) = HTax (). (2.17)
(Without the /|T | prefactor, there would be additional scaling
factors that would complicate this and other relations.) Just
as above, we have defined a canonical III function with sup-
pressed characteristics in our notation:

0
Iy (x) := Iy [o} ). (2.18)

Since III functions [Eq. (2.14)] are (weak) limits of 6
functions, they also have the alternate form

V1 27ivy (3 +v2)
Iy (x) = T Ty (x + v T), (2.19)
%]
showing that a nonzero v, introduces a phase and v; a shift.
Moreover, integer increments of the characteristics give an

analogous identity

v + my

. V1
ags [ ](x) = ZVm ], [ :|(x). (2.20)
U2

vy + 1y

'Note that the quasiperiod vt vanishes in the limit T — i0* func-
tion such that the function becomes simply periodic.

The III functions inherit integer-characteristic invariance
[Eq. (2.9)] and the relations between auxiliary functions
[Eq. 2.11)]

if2 1 . 0
H—IT|: ](x) = —<H12T(X) + (—1)]U12T[ :|(x)>,

0 J2 1/2
(2.21a)
0 1 ‘ 1/
Iy |:k/2i| (x) = 7 (HIT/z(X) + (=1 H—IT/2|:O i|(x))1
(2.21b)

for binary j, k € {0, 1}. These are shown in the left-hand col-
umn of Fig. 1.

To summarize, our definition of a III function [Eq. (2.14)]
differs from a typical Dirac comb in two distinct ways. First,
we define III function as weak limits of real-valued 6 func-
tions, from which they inherit characteristics, Eq. (2.19).
Second, we scale the Dirac comb by a factor VT to ensure
the Fourier relations in Eq. (2.17) (as well as others) remain
as clean as possible.

C. Multivariate 6 functions on a lattice

We generalize the 6 functions defined above to the multi-
variate case, where the period is generalized to a lattice. We
define a scaled multivariate 6 function as

6 [vl](z 7) = ;9[‘,1]@_'1 A7'TATT), (2.22)
A \) B J|detA| [va ’ ’ ’

where A € GL;(R) is a linear transformation from the integer
lattice Z9 to the new lattice, i.e., the columns of A are the
desired lattice vectors. Again, we include a normalizing factor,
this time 1//]detA[, to preserve the L? norm and simplify
important relations. For the real, normalized, d-dimensional,
multiva;iate Gaussian with covariance matrix ¥ and mean
Xp € R4,

1
Jdet(Qr X)

we may write the corresponding 6 function associated with
sums of this Gaussian over the lattice A with analogous con-
straints x € R4 and Re(7) = 0:

—1(x=x0)TZ 7 (x—x0)

Gx(X — Xo) i= (2.23)

Y e MGs[x + A+ V)]

neZ4
L [V‘]( 27iT) (2.24)
= — X, 2mwiY). .
JIdetA] v,

This function can be expressed in terms of the general charac-
teristic vectors vy, v, as

Vi L TA—1 A-T Toa-l
9A|: :|(Z, T) — eZm[zle TAT Vi+V{ (AT z4Vy)]
V2

Vi —1_A-T
X Op [z+AA  TA v + W), T].
V2

(2.25)
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In this form, the integers added to the characteristics give an
analogous identity

Vi +m . v
eA[ : li|(z, ) = eZWTmzeA[ 1](z, 7). (2.26)
vy +my V2

Taking the (weak) limit of infinitesimal, purely imaginary t
forms a d-dimensional Dirac comb, which we define as the
multivariate I1I function

A\ \%
HIA[ li|(x) = lim GA[ 1](x, 27i%) (2.272)

A\ 0" \ 2

= VIdetA] Y e ™i%5[x + A(n + vy)]
neZ4
(2.27b)
! m[vl}(Al ) (2.27¢)
= — X), . C
J/|det A| \Z)

where 07 indicates an infinitesimal positive-definite matrix.
Lastly, we can also express the periodicity of the multivariate
IIT functions in terms of the characteristics

V . —
H_[A|: 1:|(X) _ eZm[v}'(A 1X+V2)]H_[A(X + Av,), (2.28)
V2

with integer increments on each characteristic having an anal-
ogous property

Vi+m 27ivim
I x)=e¢e M0 x).

Vi
(2.29)
Vo +mp Vo

D. Blurring and deblurring

The convolution of two functions f(x) and g(x) in R” is
given by

Lf *gl(x) = / d"x' f(x —x)g(x). (2.30)

This describes a “blurring” of f(x) by g(x), or vice versa since

convolutions are symmetric. We consider the case when g(x)

is a normalized, d-dimensional Gaussian distribution Gx(X)

with £ € R?*?_Using Fourier representations of the convolu-

tion and its inverse, deconvolution, we define the action of a
blurring and a deblurring operator Dy and Dy Lon f(x):

Dsf(x) = F '[FIf]- FIGs1](x).  (2.31a)
—1 | FLSf]
Dy f(x) = F |:—]-'[Gz]:|(x)’ (2.31b)

where the Fourier transform F is defined in (2.16). These
operators describe generalized forward and backward Weier-
strass transforms [58]. The blurring and deblurring operators
are equivalently described by the convenient Gaussian form
[59]

Dy =e:V 2V, (2.322)

D' =2V Y, (2.32b)

where V := [y, ..., 3;]7. In this form, blurring and deblur-
ring can be applied directly to a function.

()f (b)F
. L[] . - . -

. . . DE » » »

a A2\
Zo| ° . a E—— | » »~ a
[ . L] < - - -~

. . . Dg}l » » »

. L] . " - -

T

FIG. 2. Transformation between a two-dimensional (a) I1I func-
tion and (b) 6 function by blurring and deblurring. A blurring
operator Dy transforms a III function [Eq. (2.27)] into a 6 func-
tion [Eq. (2.22)], with purely imaginary parameter T = 27iX [see
Eq. (2.33)]. Deblurring with the same X undzoes this operation and
0.2 0
( 0) (0.4)%
R, ,; is a rotation matrix [Eq. (3.17)]. The lattice A = [a, a,] for
lattice vectors a; = (2+/3)"2[2, 0]T and a, = (2+/3)"2[—1, V/3]"
corresponds to a triangular lattice. Characteristic v| = [%, 0]" gives
rise to the phasing along a; (alternating positivity and negativity) and
characteristic v, = [0, 11T gives the half-lattice-period shift along a,
(from the origin). In both, red indicates positive and cyan negative,
the color scales are arbitrary, tick marks are at integers, and in (a) the
dots indicate two-dimensional é functions.

transforms back. Shown is X = iR i[ R, /3, where

Blurring and deblurring transform back and forth between
T functions and 6 functions, without disturbing the lattice A
or characteristics, via the general relations

Dsba [V1j|(x, 2iT) = 6, [V1j|(x, 2i(E + X)), (2.33a)
Vo Vo

1

DEIOA |:: ](x, 27iX) = 6, |::j (x,2wi(¥ — X)). (2.33b)

2

The connection to III functions arises from the special case
of deblurring where ¥’ = X, illustrated in Fig. 2. Note that
deblurring may take a 6 function out of the Siegel upper-
half space, i.e., after deblurring, it may no longer hold that
Im(7) > 0. This behavior is not unusual for highly local-
ized phase-space distributions, for example, the P distribution
[60,61] of a squeezed state (which is found by deconvolving
a squeezed Gaussian with a Gaussian of vacuum variance) is
highly singular [62]. GKP states are more localized (periodi-
cally) than the vacuum state in all quadratures, which means
their P distributions are even more singular than a squeezed
vacuum state. We focus on Wigner functions in this work,
which are always well behaved, at worst, being as singular as
a § function. Still, the fact that deblurring can lead to a 7 that
leaves the Siegel upper-half space is important to remember.

III. GKP ENCODING

In 2001, Gottesman, Kitaev, and Preskill developed the
GKP encoding of a logical, two-dimensional qubit into the
continuous-variable Hilbert space of a bosonic mode [1]. The
GKP encoding, described in detail below, is founded on trans-
lational invariance of the code words. The periodic structure
of 6 functions introduced in Sec. II make these functions
powerful mathematical tools for describing many aspects of
the GKP encoding.
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(a) N Q @ @ (b)
o)
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TovE avm —avm -2y 0 27 Ava

_AE —2yF 0

FIG. 3. Position wave functions for the square-lattice GKP states
[0L) (solid) and |1.) (dashed). Ideal GKP states [Eq. (3.10)] are
shown in (a) and approximate GKP states [Eq. (3.34)] are shown
in (b). Lines capped in circles are § functions.

A major advantage of the GKP code over alternative
bosonic codes is that the full set of encoded Pauli and Clif-
ford operations are implemented via quadrature displacements
and Gaussian unitaries, respectively. Additionally, universal-
ity and fault tolerance require no further resources beyond
the Gaussian Cliffords and a single type of encoded state
[50,51]. In the next subsection, we briefly review the square-
lattice GKP encoding and show how univariate 6 functions
[Eq. (2.5)] and their limit as I1I functions [Eq. (2.14)] describe
pure ideal and approximate GKP states and their transforma-
tions under GKP Pauli and Clifford operations. This serves
as a more recognizable introduction to the main focus of
this work: using multivariate & functions and III functions
to simplify phase-space representations of the GKP encoding.
Importantly, although throughout this work we are using the
square-lattice GKP code, one may easily convert to other
lattices such as the hexagonal code [1,47,63] using the appro-
priate transformation A.

A. GKP states and encoded Clifford operators

A GKP qubit is encoded into a bosonic mode, whose
position- and momentum-quadrature operators are defined in
terms of bosonic creation and annihilation operators

1

o A AT P

q.——(a+a), pP=
V2 V2
which satisfy the canonical commutation relation [g, p] = i,
with # = 1. (With these conventions, the measured vacuum
variance in both quadratures is %.) Respective eigenstates of
the position and momentum operators |s), and |¢),, satisfying

—i

@-a", 3.1

qls, = slsly,  Plt), =tlt), (3.2)

constitute two useful bases, indicated by subscripts g and
p, respectively. An arbitrary pure state |¢) is represented in
either basis using the position and momentum wave functions,
respectively,

Y (s) = (s|¥) (3.3)

V(@) = ),

as

V) = /ds V(s)ls), = /dtlff(t)lt)p- (3.4)

The canonical quadrature operators are generators of displace-

ments through the position- and momentum-shift operators
X(h) = e P,

Z(h) = &M, (3.5)

TABLE I. Position and momentum wave functions for
ideal GKP Pauli eigenstates. Our choice of definition for
III functions, Eq. (2.14), makes these forms simple while
ensuring they all have the same Hilbert-space norm.

o) g0
00) I, =(s) I (1)
1) Hlm[,?z] 5) mﬁ[lﬂ 0
) T (s) I, /-(0)
I-2) mﬁ[lﬂ ®) mzﬁ[&] G

respectively, for 7 € R. General translations in phase space
are described by

V(h) = V(hy, h,) = e Paltild, (3.6)
where h = [h, h,]" is the displacement vector in phase space.
The shift operator in Eq. (3.6) is related to the standard
displacement operator D(a) = eud' —aa (with o € C) via the
relation V (h) = D(%).

The ideal computational-basis states for the square-lattice
GKP encoding are defined

i) = @V Y @+ V),

(3.7
= (W) Y mny), (3.8)

with j € {0, 1} indicating the logical-qubit state. Throughout,
we use the subscript L to label logical states and operators
for the square-lattice GKP code. The states in Eq. (3.7) are
represented in the position and momentum bases as

ljL) = /ds ViLs)ls), = /dt Vi (5)le),, (3.92)

where the position and momentum GKP wave functions are,
respectively,

0

ViL(s) = [sly) = HIN;L /2] (s), (3.10a)
- i/2

Vin(t) = ftly) = H—[ﬁ[ 0 ](t), (3.10b)

and the IIT functions are defined in Eq. (2.14). The position
wave functions are shown in Fig. 3(a). For reference, Table I
provides the wave functions for the other Pauli-basis states’

1
EGOL) £ [1.)).

|4£.) = (3.11)

2The wave functions for the GKP Pauli-Y eigenstates |4i;) =
%UOL) +i|1.)) can be represented as single III functions (with
characteristics) in the %(q + p) basis. In the g or p basis, they
require two I1I functions.
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The different periods for the position and momentum wave
functions in Eq. (3.10) (and those in Table I) are a conse-
quence of the fact that the position and momentum bases are
related by a Fourier transform. The square-lattice GKP wave
functions, described by III functions of periods 2./7 and /7,
halve or double, respectively, under the action of a Fourier
transform, Eq. (2.17). This halving or doubling forms a new
symmetric or antisymmetric superposition of III functions,
described by the half-period transformations in Eq. (2.21). A
consequence is that both the position and momentum wave
functions for an arbitrary pure GKP state

W) =colOp) +c1 [11)

(Icol? + |e1)> = 1) have two key properties: they only have
support on multiples of /7, and they are 2./ periodic.

GKP logical Pauli operators for the square-lattice encod-
ing X; and Z; are position and momentum displacements
[Eq. (3.5)] of magnitude /7,

(3.12)

X =X(J7) = e VP, (3.13a)
21 =2(J7) = &V, (3.13b)

The GKP stabilizers are position and momentum shifts by

27,

Sy = (X.)? =X2Vn), (3.14a)
S, =2 =202J7), (3.14b)

and satisfy [(Sx)", ($7)"]1 =0 for any integers m, n. GKP
Hadamard H; and phase S; gates, which together generate
the single-qubit Clifford group, are realized by the Fourier
transform operator £ and unit-shear operator P, respectively:

= F = 3@+, (3.15a)
S, =P =7, (3.15b)

The full set of encoded single-qubit Pauli and Clifford oper-
ators {XL, 7 H;, S’L} are generated by linear and quadratic
combinations of § and p. Importantly, when operators from
this set are applied to GKP states, they generate half-period
transformations of the I1I functions that comprise the square-
lattice GKP wave functions; see Table 1.

B. Embedded-error operator

Ideal GKP states are unphysical since their wave functions
are not L? normalizable. We consider here physical, normal-
ized approximations to GKP states |1, ), that result from the
application of the nonunitary embedded-error operator [1,64]

A 1

E(Z) :=exp <—§§(TE“§:> (3.16)
to ideal GKP states. The real, symmetric, positive-definite,
matrix E, which encodes the details of the (coherent) errors
applied to the ideal state, is diagonalizable via a rotation

3We focus on the square-lattice GKP encoding, for which an en-
coded Hadamard operator H, is a realized via Fourier transform F .
For other GKP lattices, see Refs. [1,47].

matrix R, € SO(2):

cos — sin
R, = [ 8 ‘1, (3.17)
sin ¢ CcoS ¢
giving
E =R, E(R,. (3.18)

where the elements of the diagonal matrix E( describe en-
velopes in the two principal quadratures determined by ¢ and
@ + 5. Without lack of generality, we parametrize E( using
the standard notation [1]

(3.19)

which, for R, = I, produces envelopes in the 4 and p quadra-
tures. As a consequence of Eq. (3.18), £(E) can also be
written as

- - 11 \»n

§(E) =R'(p)exp X Eo X R(p), (3.20)
where R(¢) = ¢ is the phase delay (rotation) operator. For
symmetric error parameters (A2 = k%2 = B), g = B, the
embedded-error operator is the damping operator [37,64]

N(B) i= e Pl = ¢ 2@+7) — (1Y), 3.21)

A useful, single-parameter measure for the quality of an ap-
proximate GKP state is the squeezing [64], given by

(squeezing in dB) = —10 log(pB). (3.22)

The connection between this notion of squeezing and that in
squeezed vacuum states is given in Ref. [37].

In the limit of small errors Eal < IGe., A% k2 < 1), the
embedded-error operator in Eq. (3.20) can be written as

E(E) = R (p)e 1T+ PR(g) (3.232)
o~ Iéj-((P)e*%Azﬁze%quzlé(fp) (3.23b)
~ R WP PR, (3230

and the exponential operators approximately commute
[64,65].% Each of the exponential operators above has a partic-
ular effect on the wave functions of the input state. In position
space, e 27 applies a Gaussian envelope of variance 1/
to the position wave function

e—%l(ztﬁ |I/f) x fds GK72(S)W(S)|S>¢]7 (324)

noting that the wave function is not square normalized. In
momentum space, it convolves the momentum wave function
with a Gaussian of variance k2

e T 1Y) /dt[/ ds G ()Y (t —s)}mp (3.25)

= /dt [¥ % G 1(0)]e),, (3.26)

“Note that this embedded-error operator is the same as that result-
ing from sequential single-bit teleportation through squeezed states
in a canonical continuous-variable cluster-state setting [4,37,66].
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where the term in the last line in square brackets is the new
momentum wave function (up to normalization). This rela-
tion can be shown by inserting a complete set of momentum
eigenstates in Eq. (3.24) and using the convolution theorem
FLf - gl = FLf1* Flgl. Another way to see this connection
is by noting that the § — i9, when acting on momentum
wave functions, so PR LI N e%"zaﬁ = D,., which is the one-
dimensional version of the blurring operator from Egs. (2.32).
The operator e~ 227 works conversely, applying a Gaussian
envelope of variance 1/A? on the momentum wave function
and convolving the position wave function with a Gaussian of
variance A

Applying the two exponential operators consecutively in
a specified order gives both an envelope and a convolution
on the position or momentum wave function. For example,
e 1P eI A |Yr) gives the (unnormalized) position wave
function

Vouls) = f dt Gpo()Gy2(s — (s —1)  (3.27)

= [(G—2¥) * Gaz](s). (3.28)

Applying the operators in the other order, e 2T g2 AP [¥r),

gives

Vou(s) = GK—Z(S)/dt Gu®ys—1)  (3.29)
= G2 (9)[Y * Ga2l(s).

In the low-noise limit, these operations approximately com-
mute (see Appendix C), and the action on position wave
function ¥ (s) is described by successive applications in either
order:

[(Ge2) * Ga2](5) = G2 ()Y * Ga2](5).

(3.30)

(3.31)

The action of the embedded error on momentum wave func-
tions is identical with the roles of k% and A? reversed.

C. Pure, approximate GKP states

Pure, approximate GKP states are generated by applying
the embedded-error operator (3.20) to an arbitrary ideal GKP
state (3.12):

1
VN

The normalization N == (| [E(E)]1?|¥.) is a function of
the state itself due to the fact that the approximate GKP basis
states are not perfectly orthogonal.> The embedded error in
approximate GKP states spoils their periodicity to a degree
determined by the eigenvalues of E¢ (k2 and A2 in the
original setting [1]). Note that, since the states are still pure,
this error is distinct from that introduced by external deco-

Y1) = —=E(E) |y) . (3.32)

5The fact that physical codewords may not be orthogonal is com-
mon to other bosonic codes, notably cat codes [14], although such
codes can be made orthogonal [17].

herence.® In the limit of low embedded error, A2, k2 < 1,
the approximate GKP states are nearly periodic and approxi-
mately obey the discrete translational symmetries of the GKP
code. (For a detailed study of the case without this approxima-
tion, see Ref. [43].) This periodicity is the basis for the faithful
encoding and decoding of digital quantum information. When
the embedded error is low enough, approximate GKP states
allow for error correction and can be used fault tolerantly [4].

O-function representations of high-quality GKP-state wave
functions

We consider the action of an embedded-error operator, in
diagonal form as in the original GKP setting, E( in Eq. (3.19),
on a state whose wave function is III function of period T.
This replaces each spike in the III function with a Gaussian
of variance A? and introduces a broad Gaussian envelope of
variance k ~2; see Fig. 3(b). These operations are described by
convolution with a sharp Gaussian followed by multiplication
by a broad Gaussian. In the high-quality limit, A%, x? <
1, these operations can be performed in either order [see
Eqgs. 3.31)].

Normalized position wave functions for approximate GKP
states |jr) =N"12Ek, A) |jr)y for j € {0, 1} in the high-
quality limit—that is, using Eq. (3.23)—are derived in Ap-
pendix B. The computational-basis position wave functions
are [1,43]

_ 1
ViL(s) ¥ —=G2()[Ga2 * ¥jL1(s) (3.33)

VN
—\/4_\/KG 0 0 2iA?), (3.34
= V= 2(8) 2ﬁ|:j/2:|(sa TiA”), (3.34)

where the ideal wave functions v ; (s) are given in Eq. (3.10),
and we have used the normalization

1 «
N~ ——. 3.35
4 A ( )
These states are approximately square normalized,

[ds|¥;(s)? ~ 1.7 For momentum wave functions v/; (¢),
the roles of A and « in Eq. (3.34) are swapped: A~2 is
the envelope variance and 2 is the spike variance. The
wave functions in both bases have narrow spikes and broad
envelopes, with the result being that homodyne measurements
of both position and momentum yield outcomes that are
tightly clustered about multiples of /7 (with the frequency
of even or odd multiples depending on the encoded state).
Similar expressions can be found for wave functions of the
other GKP Pauli eigenstates in Table I, each of which is
described by a single 6 function. In the limit of vanishing
error, the normalized computational-basis states (3.34)

®Using a subsystem decomposition [41,67,68], one can restore the
interpretation of embedded error as decoherence arising from entan-
glement between two virtual subsystems.

’Small deviations from 1 arise in the derivation of the normaliza-
tion, which assumes that neighboring spikes have vanishing overlap,
as is the case for small A,
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approach

li Vi 2Ak 11 3.36
im0 ~ V2A M[ I }(s) (3.36)
These are indeed the ideal GKP wave functions in Eq. (3.10)
with an additional “normalization constant” that serves to
connect representations of asymptotic physical GKP states to
their ideal counterparts.

IV. PHASE-SPACE REPRESENTATIONS
OF THE GKP ENCODING

Wigner functions are phase-space representations of
quantum-mechanical states and operators. For any operator
O, the associated Wigner function Wy is given by the Wigner-
Weyl transform:

Wo(q, p) = (4.1)

1 A iy

/dy (g +y|0lg — y),e™.
(The g as subscript merely indicates the position basis.) The
Wigner function for a normalized state p satisfying p" = p,
and Tr[p] = 1 is itself normalized,

/dqdeﬁ(q, p=1, 4.2)

and bounded,

Walg. p)I < — (4.3)

Additionally, W, (q, p) is real valued (as is the Wigner func-
tion for any Hermitian operator), although it is not strictly
non-negative. For this reason, Wigner functions of states are
called quasiprobability distributions, whose marginal distri-
butions over g or p (or any other axis in phase space) describe
bona fide probability distributions for quadrature measure-
ments (homodyne detection) along that axis. Henceforth, we
will occasionally use a vector X = [q1, ... , gnN, P1s--- » pN]T
as the argument of an N-mode Wigner function (in most cases
here, N = 1). This means that Wigner functions may appear
asW(qi,...,qn, P1, ..., pn) or as W(x).

A useful feature of Wigner functions is their sim-
ple transformations under Gaussian unitaries. The Heisen-
berg action of an N-mode Gaussian unitary opera-
tor Us on a (2N x 1) vector of quadrature operators
X =[41,--- 4n, P1, - -- ,ﬁN]T corresponds to an affine sym-
plectic transformation [45,46,69]:

R U} & Ug = Spk+c, (4.4)

where S; € R2V*2V is a symplectic matrix associated with

UG, andc € R¥ isa displacement term. The matrix Sy, allows
us to describe a Schrodinger-type transformation of operator
O (with the understanding that we will later be considering
transformations on quantum states),

0 U;0U, (4.5)
in terms of simple, phase-space transformations on the argu-
ments of its Wigner function

Wieo0,(®) = Wo[Sp! (x — o)]. (4.6)

Consider, in particular, an operator Opy whose Wigner
function is a two-dimensional I1I function

Wy, (x) = 1T Hl|:v1:|(A1x). 4.7)
V2

Vi 1
A[VZ](X) " VTdetAl
Such an operator could represent a GKP state or operator
(for a square lattice or some other lattice configuration). From
Eq (4 6) it follows that the Gaussian unitary transformatlon
UGOLHUG proceeds in phase space by replacing x > S 'x -
¢) in the Wigner function (4.7):

1 —la—
[AT'S; (x —o)]

1 \%
Wosoumo; (X) = —mm[vz} 4.8)

I e L P

- |detA|H_I[Vj[(SUA) x—0¢)] (4.9)

— 111 Vi 4.10

B S’”[vZ—(sgA)lc](x) 10
[ SiTVI }

= TI0,| (x), 4.11)
SV2—A_1C

where S := A~'SyA. Equation (4.11) is useful for describing
transformations on GKP-encoded states and operators since
the Clifford group can be realized with Gaussian operations
[1]. On a single mode, the full set of single-qubit square-lattice
GKP Clifford operations can be generated by the Fourier
transform and unit-shear operations [Eq. (3.15)], whose sym-
plectic matrices are given by

4.12)

4.13)

Moreover, displacement terms of the form ¢ = SAm, where
m € 72, give integer displacements on the characteris-
tics, which lead to transformations of the form given in
Eq. (2.29). Other GKP codes, such as the hexagonal-GKP
code [17,47,50], also have Cliffords generated entirely by
Gaussian operations.

A. Ideal GKP-encoded operators and states

Any operator on a qubit A; can be written in a basis of
Hermitian Pauli operators &,

AL = 3(ro60 + 1161 + 1262 + 1363), (4.14)

where the coefficients r, for u € {0, 1,2, 3} comprise the
four-component Bloch vector

= [ro, r1, 12, 131", (4.15)

and &, = I. For a normalized state within the qubit subspace
PL, ro = 1, and the state is determined by the standard three-
component Bloch vector 7 := [r[, 1, r3]T.

We now focus on the GKP encoding. In this case, the qubit
is encoded in a two-dimensional subspace of the much larger
CV Hilbert space. Within this two-dimensional subspace, the
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GKP Pauli operators are

6=y ol ik, (4.16)
J.k

where j, k € {0, 1} label computational-basis states, and aj’.j(

are matrix elements of the Pauli matrices

10 0 1
0 _ I _
’ _[o 1]’ 7 _[1 0}’
0 —i 10
2 _ 3 _

with ¢° being the two-dimensional identity matrix. For a dis-
crete encoding in a mode, there is an important distinction to
be made here. The GKP Pauli operators (4.16) have support
only within the two-dimensional GKP subspace, while the
Gaussian operators X, and Z; in Eq. (3.13), as well as other
operators, such as those in Eq. (3.15), act both inside and
outside of the GKP subspace. In other words, not only do
those operators generate the specified logical transformations
within the GKP subspace, they also generate nontrivial trans-
formations outside the subspace.®

Since the Wigner transform (4.1) is linear, we can use the
decomposition in Eq. (4.14) and associated Bloch 4-vector
r to write the Wigner function for any operator in the GKP
subspace as

(4.17)

(4.18)

3
1
Wi, () = 5 > W), (4.19)
n=0
where we use the shorthand
WEx) = W (x). (4.20)

The components of the Bloch 4-vector are found by taking the
trace of the operator A; with the GKP Pauli operators’
ry=Tr[A6)] = / / d*x Wi, ()WL (x), 4.21)
which is performed in phase space by taking the total integral
of the product of the Wigner functions.
Thus, the Wigner function for any single-mode GKP
state or operator can be written as a linear combination of
the Wigner functions for the four GKP Pauli operators in

Eq. (4.16). These Wigner functions are expressed as two-
dimensional III functions [Eq. (2.27)]'°:

INZZ v ﬁ
Wi (x) o eVTLRTX Hlﬁl(x+€,LT) (4.22a)

= 1T sy [SZI/Z 2} x), (4.22b)

8Using the modular subsystem decomposition [41], this difference
manifests solely as different actions on the gauge subsystem, with
identical action on the logical one. This difference vanishes entirely
when the states acted upon are ideal GKP states.

°This procedure can also be used to find the projection of some
general CV operator into the GKP subspace, although this is not our
focus here.

'Note that the additional term in the phase is omitted, as £, 2¢,, =
0,ve,.

with A = /71 describing a rectangular lattice of period /7,
and :ox indicating definition up to an overall constant. Here, €2
is the two-dimensional symplectic form [66]

=10 o)

and each of the four Pauli operators is characterized by a two-
dimensional vector £,,:

o[} o~} =} o=}

(4.24)

(4.23)

The Wigner functions for the GKP Pauli operators (4.22b)
are shown in Fig. 4(b). Each is characterized by four two-
dimensional § functions within a unit cell of size 2./ x
2./7. The pattern for each Wigner function then repeats in
all other unit cells and tiles the entirety of phase space.

Note that each Pauli Wigner function occupies its own,
unique set of points in phase space. These sets of points
(and the alternating signs) are compactly described by the
half-period characteristics of the III function in Eq. (4.22b).
The second characteristic shifts the points by \/T; in both ¢
and p according to the vectors in Eq. (4.24), while the first
characteristic determines their phase (sign). The action of the
square-lattice Clifford operators can be compactly expressed
in the form of Eq. (4.11) as unit symplectic matrices (i.e.,
symplectic with binary elements) and displacement terms of
the form ¢ = m/7, m € 72, as these displacements corre-
spond with the GKP qubit operations X; and Z; . Thus, perfect
codewords under Clifford computation evolve as

1< st /)

=0 S¢./2 —m

13 . e8¢, />

_ § : im(S€,) @m

2 Orllve H‘[./T[I|:S£H/2}(X)v
M:

(4.26)

where Ui and S are the Gaussian unitaries and symplectic
matrices associated with the square-lattice Clifford operators.
Simply, increments along the lattice transform the encoded
Pauli operators as per Eq. (2.29) and can induce a phasing
of —1 on the encoded operators depending on m and the first
characteristic. This corresponds to rotations on the encoded
Bloch sphere. Two important features to consider in the con-
text of GKP Clifford computation are the transformed vector
S¢,, (where S is a unit symplectic matrix) and its symplectic
inner product with the displacement term m. These operations
concisely describe how each GKP-encoded Pauli operator
transforms under general GKP logical operations within the
Clifford group.
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FIG. 4. Wigner functions for the ideal square-lattice GKP encoding. These Wigner functions are periodic in phase space, and thus can be

faithfully represented in a single unit cell of area 4. (a) Wigner function for a |+7") GKP state, which has r = [1,

L1
NEREN

%]T. (b) Wigner

functions of the GKP Pauli operators (including identity) [Eqs. (4.22)] in the single unit cell shown in (a). Dots represent § functions, with

different styles giving relative weightings: red dot = % blue dot = —

1. open red dot =

%ﬂ, open blue dot = — -1~

ENER For visual clarity, each

unit cell is depicted with an additional 4 in each positive and negative direction for ¢ and p.

B. Ideal GKP states: Pure and mixed

An ideal square-lattice GKP state, parametrized by Bloch
4-vector r = [ry, 717, is given by

(4.27)

where 61-L are GKP Pauli operators [Eq. (4.16)] and rp = 1
for a normalized state. The associated Wigner function is thus
represented just as in Eq. (4.19):

1 3
We(x) = Wy, (X) = 5 (rOWOL(x) +> ruwgf(x)) (4.28)

pn=1

with the usual constraints for quantum states: the Bloch 3-
vector for pure states satisfies |#|> = 1, while for mixed states
it satisfies |F|? < 1.

Owing to the periodicity of I1I functions, Wigner functions
for ideal GKP states appear simply as a convex sum of the
four phased lattices in the unit cell shown in Fig. 4, each of
which itself contains four points. GKP Pauli eigenstates are
particularly simple: each is characterized by a single nonzero
element in 7 taking a value 1, giving Wigner functions that
are a sum of the four positive points corresponding to the
GKP identity operator and the four points (two positive, two
negative), associated with the given GKP Pauli operator. The
discrete translational invariance of the GKP Pauli-operator
Wigner functions allows us to visualize any ideal state within a
single unit cell; an example is shown in Fig. 4(a). Importantly,
both pure and mixed ideal GKP states (described below)
can be represented by GKP Wigner functions in a single
unit cell.

Mixtures of ideal GKP states

We consider a random displacement channel

£p = / &y pyV (y) © V(). 4.29)

where V (y) is the shift operator in Eq. (3.6). For a physical
channel, p(y) is a two-dimensional probability distribution
satisfying [ d*y p(y) = 1. In phase space, a displacement
generates a shift in the argument of the Wigner function as
in Eq. (4.6), giving a general relation for the displacement
channel acting on operator O, namely,

Wfb(o)(x) = /dZYP(Y)WV(y)Om(y)(X) (4.30)

= / d*y p(y)Wp(x —y) (4.31)

= [p* Wpl(x),

where the convolution * is defined in Eq. (2.30). For a Gaus-
sian probability distribution p(y) = Gx(y) from Eq. (2.23),
Ep is a Gaussian displacement channel. The associated Gaus-
sian convolution in phase space, Eq. (4.32), generates the
same transformation as the blurring operation defined in
Eq. (2.31). When this channel acts on an operator Oy whose
Wigner function is a two-dimensional I1II function [Eq. (4.7)],
the resulting Wigner function is

(4.32)

Vi .
We, (00 (X) = 04 [v }(x, 2wiY). (4.33)
2

The blurring operation broadens each § function into a Gaus-
sian parametrized by X, producing a Siegel € function [see
Eq. (2.33)]. From Eq. (4.33), we find that a Gaussian random
displacement channel on an ideal square-lattice GKP state
Ep(pr) gives the Wigner function

2

¢,

3
Wex) =Y 1.0 ﬁl[ //2 2} (x, 27i%), (4.34)
n=0

where the tilde indicates an approximate version of W;.. This
blurred ideal GKP Wigner function retains its periodicity and
thus is still unphysical. However, the periodic marginal dis-
tributions (within a unit cell) have been smeared out and are
no longer pointlike. Finally, we remark that p; may be mixed
before the Gaussian displacement channel is applied. Thus,
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in general, there are two potential types of mixing involved:
logical GKP level and CV level.

V. APPROXIMATE GKP STATES IN PHASE SPACE:
EFFECTS OF AN ENVELOPE

GKP states can be approximated in many ways, some
of which are laid out, analyzed, and compared in Matsuura
et al. [43]. A feature of useful approximations is that in some
parameter limit, the spikes of the Wigner function approach
Dirac § functions, thus periodically localizing the Wigner

support near appropriate multiples of ﬁ; this is the case
for the Gaussian mixtures of ideal states in Eq. (4.34) for
limy_,9 Gx(y). An important additional requirement for phys-
ical approximations is that they are normalizable: this requires
an envelope function, which ensures that the spike amplitudes
get smaller with distance from the origin. We call states with
both of these properties approximate GKP states.

We focus on several useful approximate GKP states
and their phase-space representations, with attention to the
high-quality limit where such states are useful for quantum
computing and error correction. We first consider phase-space
descriptions of the approximate GKP states considered in
Sec. III B, those generated by acting the embedded-error oper-
ator on ideal GKP states. A Wigner-function approach allows
us to represent not only pure states of this type but also
mixed states, which arise when the embedded-error operator
is applied to mixed ideal states. A feature of these states is
that the spike and envelope covariances saturate a minimum
uncertainty relation: for fixed spikes, smaller envelopes than
the minimum are unphysical. As such, we refer to this type
of state as a minimum-envelope approximate GKP state. (We
cannot generically call these states “pure approximate GKP
states” because the encoded logical information may still be
mixed.) In the section below, we derive the conditions for
physical envelopes from the embedded-error operator in the
limit of low noise.

A. Embedded-error operator

In Sec. III B, we introduced the embedded-error operator
£(Z) and examined the approximate GKP states that result
when applying it to a pure ideal GKP state. In phase space, the
effects of this operator are twofold: It broadens the spikes of a
GKP Wigner function and also applies the minimum envelope
commensurate with those spikes. A phase-space treatment
allows us to widen its application significantly: £(E) can
also be applied to mixed ideal GKP states to produce mixed,
approximate GKP states, again with a minimum envelope
that normalizes the state. These are examples of minimum-
envelope approximate GKP states. Generally, the (Hermitian,
nonunitary) embedded-error operator £(Z) can be applied to
any CV operator O via

0 =E(E)OE(E). (5.1
This nonunitary transformation can be performed directly in
phase space, where the composition of two operators AB is

described by the Moyal product [70,71] (or star product)
between their respective Wigner functions [found individually
using Eq. (4.1)]:

Wiz(q, p) = [Wi x W31(q, p)
2 ’ I’ / // / /
= dq'dq"dp'dp"Wiq+4'.p+p) (5.2)
x Wy(qg+q", p+ pe? v =—ria), (5.3)

Since the Moyal product is associative [70,71], the Wigner
function for the operator in Eq. (5.1) can be written as

W (X) = We(z)06(2)(X) (5.4)
= Wiz rorrez,) ReX) (5.5)
= [Weczy) * Weok: * We(zo) | RpX), (5.6)

where the subscript operators R are shorthand for R(¢), and
the noise matrix E is diagonalized by R, [Eq. (3.18)].

Low-noise limit

In the limit of low noise E < I (all eigenvalues «1), the
embedded-error operator factorizes into approximately com-
muting exponential operators [see Eq. (3.23b)]. Its Wigner
function factorizes accordingly with respect to the Moyal
product [70,71]:

We(zy () % [W o W20 ](%) (5.7a)
~ [We_ 2o W 2 2. (5.7b)

In this limit, the exponential operators can be applied succes-
sively in either order by substituting either of the forms above
into Eq. (5.6).

On wave functions, each exponential operator applies
an envelope or a convolution (depending on the basis)
[Eq. (3.34)]. In phase space, however, the enveloping and
convolution operations are not independent of one another.
For example, a physical transformation that applies an en-
velope in one quadrature is always accompanied by blurring
of the conjugate quadrature, necessary in order to ensure the
state remains physical. The converse is not true, however:
blurring alone is a physical operation, and as such, it does not
necessitate a conjugate envelope. Such envelope-free blurring
does not preserve purity, and an example is blurring from a
Gaussian random displacement channel [Eq. (4.33)].

The resulting Moyal products can be evaluated simply
using a result derived in Appendix E and summarized here.
Specifically, the Moyal products for an arbitrary operator di-
agonal in § or in p, x(§) and ¢(p), respectively, acting on
some operator O can be expressed as a simple convolution
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[Egs. (E21) and (E26), respectively]:

W, o @ @ P) = Wy * Wo x Wy )1(q, p)

= /dw Wi (g, wWo (g, p — w),
(5.82)

Woi500(3)(@> P) = [Wy(p) * Wo % Wy (5)](q, p)

- / dw Wiy (0, pYWo(q + w, p).
(5.8b)

Note the appearance of W,y (g, p) and W4y (g, p), which
are Wigner functions for the (potentially unnormalized or
even unnormalizable) states

) = / ds x()ls), = V2T @10},  (5.9)

lp) = / dt o(t)lt), = 21 (p)|0),, (5.9b)

generated by acting the diagonal operators x (§) and ¢(p) on
an unbiased state in the conjugate basis. Note that |¢) is a
state whose momentum wave function is ¢(¢). The relations
in Egs. (5.8) have an operational interpretation in a telepor-
tation setting: they describe the Kraus map that arises for an
operator O (typically taken to be a state ) undergoing single-
mode teleportation with ancilla state | x ) or £ |¢), respectively
[37].

For use with GKP encodings, we consider the embedded-
error operator acting on operators O, whose Wigner
functions are two-dimensional III functions [Eq. (4.7)]. This
includes but is not limited to ideal square-lattice GKP states.
Using the decomposition of the embedded-error operator
(5.7), and the Moyal product relation (5.8), we show in
Appendlx El that the Wigner function for the noisy op-

erator OIH S( )Omé( ) is given in the low-noise limit
by

Vi
W(")m(x) = [Wé(so) * g, A [v } * Wé(Eo):| (Ryx) (5.10)
2

T Vi
~ HGQEU(RQOX)[HISRA[VZ} * G19=19T1|(R¢X)
(5.11)
1 .
= A—sz (x)eA[ }(x, 27 T pike ). (5.12)
\p)

The factor  /(Ak) arises from the exponential operators in
Eq. (3.23) (see Appendix El), and plays no physical role
for approximate GKP states whose Wigner functions must
be normalized after application of the noise operator anyway.
Equation (5.12) describes a broad two-dimensional Gaussian

envelope that damps a set of Gaussian spikes, with respective
covariance matrices given by'!

1

Ty = EE, (5.13a)

Yovike = lszT"—'sz I = (5.13b)
P 2 2 det E

The last equality holds because the 2 x 2 noise matrix is
symmetric E = ET. The covariance matrices for the spike

and envelope are thus directly proportional to each other:

Espike zenv

_Teike Y e = —— (5.14
det 2T pike) e = e zay oY

Tenww =

This critical relationship is the minimum-envelope condition.
As shown below in Sec. V C, in the context of approximate
GKP states with a fixed Zgpixe, smaller envelopes than allowed
by Eq. (5.14) are unphysical, and larger envelopes correspond
to mixtures over minimum envelopes: such states are physical
but can never be pure.

B. Minimum-envelope approximate GKP states

Minimum-envelope approximate GKP states p; are those
generated by applying the embedded-error operator to an ideal
GKP state py, [Eq. (4.27)]:

A 1, A
o = —E(E)pLE(B), 5.15
oL Né( )PLE(E) (5.15)
with normalization N = Tr{p [£ (E)]?} required because the
embedded-error operator is not unitary. If the ideal GKP state
is a pure state p;, = |1,0L) (Y], then the approximate GKP state
is also a pure state p; = |Y.) (V.| (as established above in
the context of wave functions). The Wigner function for the
approximate GKP state in Eq. (5.15) is

W (x) = W, (x) =

Wez) * W Wiz |(X) - (5.16)

N[

NZM Wiy * Wy % Wyz) | (),

n=0

(5.17)

where r is the Bloch 4-vector parametrizing the qubit
state, WE(x) is the ideal-GKP Wigner function [Eq. (4.28)],
W;(z)(x) is the Wigner function for the embedded-error op-
erator, and the normalization factor N is inherited from
Eq. (5.15). The second line is written in terms of the
embedded-error operator acting directly on the Wigner func-
tions for the GKP Paulis [Eq. (4.22b)], which gives rise to
“noise-broadened” GKP Pauli Wigner functions.

The limit of low embedded error £ « I is examined in
general in Sec. V A. From Eq. (5.12), the Wigner function can

"'"The parameters x> and A? are variances of Gaussian terms in the
approximate GKP wave functions. The elements of the covariance
matrices here correspond to measured quadrature variances [propor-
tional the square modulus of the wave functions (2.3)], which is the
origin of the § factor.
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FIG. 5. Wigner functions for minimum-envelope approximate
GKP states (5.18). Panel (a) shows the approximate Pauli eigenstate
|0.) with Bloch 3-vector r = [1, 0, 0]7, and (b) shows the approxi-
mate T-type magic state |[+7;) with r = [%, % %]T. Both states

have spike covariance matrix X = % (0'02)2 (02)2
ated minimum envelope given by Eq. (5.14). Panels (c), (d) show the
same logical states, respectively, but with skewed spike covariance
0.2 0
0 (0.4)
where R; 3 is a rotation matrix [Eq. (3.17)]. Ovals are 2-o0 contours

for the Gaussian envelopes, and ticks indicate integer multiples of

JT.

] and associ-

matrix Xgike = %R; /3[ ]Rn ,3 and associated envelope,

be written

1 3 et/
v [

Wex) ~ =Gz, (0 Y rifm| /2]<x, 271 Tpie).

n=0

(5.18)

with each term in the sum resulting from the embedded-error
operator acting on the GKP Pauli operators. The features of
approximate GKP states in phase space are similar to those for
wave functions [Eq. (3.34)]: the lattice of points (a III func-
tion) is convolved with and enveloped by Gaussian functions.
The Gaussian envelopes damp distant regions of quasiprob-
ability and, along with the Gaussian convolutions, ensure
that the Wigner function and its marginals are normalizable.
For these minimum-uncertainty states, the spike and envelope
covariance matrices are related by the minimum-envelope
condition in Eq. (5.14). Examples are shown in Fig. 5.

The normalization factor in Eq. (5.18) is given by a sum of
four integrals, one for each of the noise-broadened GKP Pauli
operators including the GKP identity operator

20,/

3
N = /dzx GEW(X) Z r,ﬂﬁl[ eu/Z i|(X, Zﬂizspike).
n=0
(5.19)

The Wigner functions for ideal GKP Pauli operators: (u =
1,2,3) [Eq. (4.22b)] are traceless (their integral over phase
space is zero). This fact is visually evident in Fig. 4: each
has two positive and two negative spikes within a unit cell.

In Eq. (5.19), the envelope arising from the embedded-error
operator disturbs this property. However, when the noise is
low enough, the associated integrals rapidly approach zero
(see Fig. 9 in Appendix D). In this limit, the envelope can
be ignored and the integrals performed, with each becoming a
0 function evaluated at the origin (referred to as a 6 constant
[53]). The nonidentity terms vanish, and the normalization is

0 . 1
N~ 9ﬁ1[0:|(0a 271 Beny) A W A2 kP 1. (5.20)

Further details of the calculation are given in Appendix D, and
a complementary description can be found in Matsuura et al.
[43].

C. Envelope condition for physical states

The minimum-envelope condition given in Eq. (5.14)
suggests that some enveloped 6 functions correspond to ap-
proximate GKP states, pure or mixed, but when the envelopes
are too small, the Wigner functions no longer represent
physical states. Here, we make this statement concrete and
emphasize that with it one can construct physical descriptions
of GKP-encoded information directly in phase space.

We begin by generalizing the minimum-envelope GKP
Wigner function in Eq. (5.18). By first displacing the Wigner
function of an ideal GKP state by x’, applying the embedded-
error operator, and then displacing back, we produce a GKP
Wigner function with the spikes in the appropriate places and
the same spike covariance Xk, but with a shifted envelope:

_ 1 e L, />
We(x) = -G, (x = x )y rueﬁ[ o i|(x, 27 Egpite)-
u=0 g

(5.21)

This state is also a minimum-envelope state [X.,, satisfies
Eq. (5.14)], meaning that if the original ideal GKP state were
pure, this state will also be pure. Taking mixtures of these dis-
placements (prior to applying the embedded-error operator)
with positive distribution i(x) > 0 produces a GKP state with
Wigner function

@4, /2

/ .
" }(x, 2miTgike)  (5.22)

3
_ 1
We(x) = Wg(x)Zrueﬁ[
n=0
with the same, fixed spike covariance Xpike, and with the en-
velope g(x) given by a convolution of A(x) with the minimum
envelope Gy, (X):
¢ = [ G, 100 = [ @X h(x)Gs,. (x = x). (529

Inverting this relation using a deconvolution gives a sufficient
condition for physically allowed envelopes when the spike
covariance Xgpke 18 fixed. In terms of the deblurring operator
(2.32), this physical-envelope condition is

D! g(x) > 0. (5.24)

In short, admissible envelopes for physical GKP Wigner
functions are positive semidefinite under the action of the
deblurring operator associated with the minimum envelope.
Minimum-envelope states have singular distributions A(x) =
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FIG. 6. Envelope effects for approximate GKP states. In the first row, we plot Wigner functions of the form in Eq. (5.22) for fixed spike

2
covariance g = %R;/s [(0-02) (08‘)2]&,/3 [R5 is a rotation matrix, Eq. (3.17)], all of which encode a logical |0.). The solid ovals are

2-0 error ellipses for the Gaussian envelopes, red is positive, blue is negative, and the color scale is normalized for each plot separately.
(a) A minimum-envelope state, Eq. (5.18), with X,, given by Eq. (5.14). (b) A larger-than-minimum envelope, which indicates mixing over
minimum envelopes, and (c) an envelope that is too small, meaning that this Wigner function does not represent a physical quantum state.
In the second row, we plot Wigner functions for a logical |[+H) state with Bloch 3-vector r = [%f, 0, %]T with fixed spike covariance
v o1 [(0.25)2 0

spike = 21 ¢ (0.25)%
the minimum envelope with a § function at each point using Eq. (5.23). (e) A convolution of the minimum envelope with the enclosed triangular
region. The minimum envelope is shown on the plot for reference. (f) A hard-boundary exclusion envelope determined by the triangle. In this
case, the minimum envelope is incompatible with this Wigner function [deconvolving with the minimum envelope violates Eq. (5.24)], and
such a Wigner function does not represent a physical state. This is apparent visually in the fact that the triangle contains features sharper that

] whose envelopes are related to a triangle, indicated in blue. (d) A “spotlight” envelope arises from a convolution of

those of the minimum envelope, so the minimum envelope cannot “fit into” the triangle.

8(x — x') that saturate Eq. (5.24) and can describe pure states.
Other physical envelopes describe mixed states.

A key benefit of the physical envelope condition in Eq.
(5.24) is that representations of GKP-encoded information can
be constructed directly in phase space. One begins by laying
out a periodic array of Gaussian spikes, described by four
two-dimensional 6 functions of covariance matrix Xgpixe (cor-
responding to noise-broadened Pauli Wigner functions) and
a Bloch vector r determined by the state. Then, an envelope
is applied, and the physical-envelope condition in Eq. (5.24)
determines whether this envelope (a) is physically valid, (b)
corresponds to a minimum-envelope state, or (c) corresponds
to a mixture (either discrete or continuous) over minimum
envelopes. Examples of these scenarios are given in Fig. 6.

Our discussion here has focused on varying the envelope
for a fixed spike covariance ke in order to introduce the
concept of mixing over minimum envelopes. For these states,
the minimum-envelope condition (5.14) implies that larger
spikes have smaller minimum envelopes. This is contrary to

the case of a minimum-uncertainty approximate GKP state fed
through a displacement channel, Eq. (4.29). In this case, the
spike size is increased by the channel, but so is the envelope.
This is another way to see that such a state must be a mixed
state (since its envelope is no longer minimal).

D. Connection between low amounts of coherent
and incoherent noise

A Gaussian mixture of ideal GKP states, Eq. (4.34) arises
from a convolution of III functions that yields 6 functions,
which remain unnormalizable and are thus unphysical. To
map these states to normalizable, approximate GKP states,
Eq. (5.18), one applies an appropriate envelope at least as
large as that specified by the minimum-envelope condition in
Eq. (5.20).

How is this performed in the other direction, i.e., what
is the map that takes approximate GKP states and produces
blurred ideal GKP states? The answer, given by Noh and
Chamberland [9], is to take the approximate GKP state oL
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and apply random multiples of 2./7 shifts in position and
momentum, via powers of the primitive stabilizers Sy and Sz
in Eq. (3.14):

Br =Y 1821 [8x 1" huISx 1" [821™.

ncZ?

(5.25)

In phase space, the shifts are translations of the argument of
the approximate GKP Wigner function

Wy (x) = Y W, (x+20y/7)

neZ?

o« Y Gs, (x+2ny7)

neZ?

(5.26)

3 2,/
XY rub ﬁl[ ) :|(x, 27iEgpike),  (5.27)
n=0

where we used the quasiperiodicity of the 6 function
[Eq. (2.26)] to eliminate the n dependence. This is unsur-
prising since the stabilizers are designed to act trivially on
properly periodic codewords. The pulse train of Gaussian
envelopes can also be written as a 6 function,

3 G, (x+204/7T) o 0, /1 (X, 271 Beny)

neZ?

(5.28)

with spike covariance X.,,. In the high-quality limit, the
eigenvalues of X, are much larger than the square of the
period 2,/7, and 0 y71(X, 27iZeny) ~ 1. Equation (5.27) then
becomes

3 2¢,/2
Wi (x) ~ Z 7.0 ﬁl[ 0 i|(x, 271 T pike)s (5.29)
n=0
which is the Wigner function for Gaussian mixture of ideal
GKP states [Eq. (4.34)]. This shows the connection between
coherent and incoherent noise in the high-quality GKP-state

limit.
VI. GKP ERROR CORRECTION IN PHASE SPACE

GKP error correction is a procedure designed to detect and
correct CV-level errors on GKP-encoded quantum informa-
tion. GKP error correction proceeds in two steps. First, the
state to be corrected py, is coupled to an ancilla mode prepared
in a GKP state |0z), which is then measured in the position
basis, yielding a measurement outcome . Then, this process
is repeated using another GKP ancilla, which is measured
in momentum without outcome m1,. We refer to this part of
the procedure as syndrome extraction as it involves acquiring
the measurement-outcome syndrome {m,,, m,}. In the second
part of the procedure, the syndrome is used in a decoder to
determine the likelihood of a logical error having occurred. As
determined by the decoder, a recovery operation consisting of
shifts in phase space is applied.

This entire procedure projects the noisy input state p;, into
the GKP code space, with CV-level noise being projected into
potential qubit-level errors. When nonideal GKP ancillae are
used, the input state is projected into a subspace commen-
surate with the quality of these ancillae [37]. That is, the
error-correction procedure cannot reduce the CV-level noise
on the input state to below that of the ancillae.

A. Kraus operator for GKP error correction

The simplest decoder for the square GKP code takes each
measurement outcome and divides it into two pieces: the near-
est integer multiple of /7 and a remainder. For example, the
first half of GKP syndrome extraction gives outcome n1, € R
that splits as

my = |mgl 7+ {mg} 7, (6.1

where the nearest integer and remainder of real number r (with
respect to some « > 0) are given by the functions

r 1
1y = “L& + EJ’ 6.2)
{rle =r—[ra, (6.3)

and |-] is the floor function. Note that |r], is an integer
multiple of «, and {r}, € [—%, %). Then, a recovery is given
by a shift in position by the remainder Xy = X (—{m,} /).
An analogous procedure applies for the other half of GKP er-
ror correction: the outcome m, is divided as m, = |m,] 7 +
{m} sz, and a momentum shift Zree = Z(—{m,,}ﬁ) is ap-
plied.
The circuit for GKP error correction using this decoder is

Xrec (in)
117(7% | —e— [01)

AT | —e———{0)

(out) Zrec |

(6.4)

which is read in a right-to-left fashion. We represent a pro-
jective measurement of observable B with outcome m using
the bra gz(m|. In the circuit, a two-mode position-controlled
momentum-shift gate is

|
I

Cy = 191 =

I
I

(6.5)
and a two-mode position-controlled position-shift gate is
—o— —ri{rk

(6.6)

where the second wire is the control and the first wire is
the target, indicated by the superscripts on C‘)((z’l) . We also
note that e=7®4 = FI'I'CA'ZI%, where F| is the Fourier transform
operator, Eq. (3.15), on the first mode.

The Kraus operator for GKP error correction I%Ec(mq, mp,)
describes the map from the input state to the output state
through the error-correction procedure

5 1 > A pt
Pout = WKEC(”% mp)pinKEC(mq’ mp)-

(6.7)
The output state is normalized by the probability to obtain the
outcomes

Pr(mq» mp) = Tr[legc(mqa mp)kEC(mqa mp):bin]- (6.8)
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Since the two pieces of syndrome extraction and subsequent
correction occur independently, we express the Kraus operator
as

Kec(my, my) = K,(m,)K,(m,). (6.9)

Note that a benefit of the right-to-left circuit convention we
employ is that we can read off unitaries and Kraus operator
(as below) from the circuit in the same order that they appear
in equations.

To allow for both ideal and approximate GKP states,
we consider the Kraus operator for each of the two halves
of GKP syndrome extraction (one for position and one for
momentum) using arbitrary ancillae, both in the pure state
Ix) = [dsx(s)|s), = [dt 3(t)|t),. The circuit for the first
syndrome extraction is

(out) —e— (in)

Mg —e— [x)

(6.10)

and the second is nearly identical, with the measurement
replaced by p(m »| and the Fourier transforms in Eq. (6.11) in-
cluded. The Kraus operators for syndrome extraction (before
the corrective shift) are

qu,syn(mq) = p<mq|éZ |X) = X(mq - (i)» (611)

Ry n(mp) = (mp|EC2Fy 1 x) = X(mp — ). (6.12)

For GKP error correction, we use pure, approximate GKP
states |0.) [Eq. (3.32)] with symmetric noise £ oI as an-
cillae. Such states have the property that £ |0,) = F¥|0,) =
|[+.), where the noise in |+.), Zpike and Xeqy, is the same as
for |0;). Ideal GKP states have this property trivially. These
GKP ancillae, [0.) = [ ds $o(s)|s), with position wave func-
tion Y (s) that represents either ideal GKP states [Eq. (3.10)]
or approximate GKP states [Eq. (3.34)], yield Kraus operators

kq(mq) = X({mq}ﬁ)l/;+(mq - 4), (6.13a)
Iep(mp) = Z({mp}ﬁ)l/;Jr(mp - D)s (6.13b)

where 1/, (s) is the position wave function for |+;) since
Yo(s) = V4 (s) for these states. Note that we have dropped
the L subscript on wave functions for brevity. Together, these
operators give the Kraus operator for GKP error correction
using the simple decoder in Eq. (6.7).

We can transform the Kraus operators into a useful form by
extracting the outcome-dependent shifts in Egs. (6.13), e.g.,
Uy (my — §) = X" (m )V (§)X (m,), where we also use the
fact that v, (x) = ¥, (—x). Performing the analogous trans-
formation on ¥4 (m, — p), we get

R, (mg) = X (—mg1 )W+ (@)X (my), (6.14a)
Ry(mp) = Z(=mp] o)W (P)Z(my). (6.14b)

Each describes a shift (position or momentum) by the respec-
tive measurement outcome on the input state, followed by
application of v, (§) or ¥, (p), and then finally by another
shift by an integer multiple of /7. When combined together,

the full Kraus operator is
Rec(mg, my) =X (=m,1 m)2(—my) )
X P (P (X (mg)Z(m,),
with phase ¢ = —{m,} /z|m,] /7. The important term in this
expression is ¥, (p)¥(¢), which becomes the projector onto

the square-lattice GKP subspace when the ancillae are ideal
GKP states [37,50], as we show in Sec. VIB2.

(6.15)

B. GKP error correction in phase space

GKP error correction can be described directly in phase
space using the Moyal product, Eq. (5.2),

KEC (mqs mp);binlegc (mq B mp)

= [Wiee * Wo * Wer 1@, p). (6.16)

where Wg (g, p) is the Wigner function for the GKP error-
correction Kraus operator. Since I?Ec(m,,, m,) is the product
of two operators, Eq. (6.9), we can also separate its Wigner
function using the Moyal product:

Wi (g, p) = [Wlep * W;eq](q, D)s

where Wy (¢, p) and Wy (q, p) are the Wigner functions for
the two halves of GKP error correction. This allows us to
apply each half of GKP error correction separately in phase
space.

To isolate the key features of GKP error correction, we con-
sider the specific case of outcomes {m,, m,} = {0, 0}, noting
that the shifts associated with other outcomes in the general
expression in Eq. (6.15) can be applied in phase space using
Eq. (4.6). In this case, Kgc(0, 0) = ¥, (p)¥,(§), with each
half of GKP error correction given by a Kraus operator di-
agonal in either g or p. Then, we make use of Egs. (5.8),
which show that Moyal products with such diagonal operators
describe phase-space convolutions. Each half of GKP error
correction gives a map in phase space:

(6.17)

W@(g)pl/}j(q)(q, p) = /dw Wi(q, w)Wy(g, p — w),
(6.18a)

Wi, opiz (@ P) = /dw Wo(w, p)W;(q + w, p),
(6.18b)

where W, (g, p) is the Wigner function for GKP state |+),
and Wy(q, p) is the Wigner function for GKP state |0, ). This
Wigner function is described either by a two-dimensional
I function for an ideal GKP ancilla (4.28) or by a two-
dimensional 6 function with a Gaussian envelope for an
approximate GKP ancilla (5.18). The phase-space map for the
error-correction circuit in Eq. (6.4) with {m,, m,} = {0, 0} is
found by applying Eq. (6.18a) followed by Eq. (6.18b):

LEROTRC RO ROIC )
104 // dw'dw” Wo(w', p)Wi(g +w', w'")

x Wy, (g +w', p—w"). (6.19)
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Noting that the Wigner functions for the symmetric |0z) and
|+1) states considered here are related by swapping their
arguments Wy (g, p) = W4 (p, g), we can interpret the two con-
volutions together as a map that performs the same operation
in position as in momentum, which periodically filters support
in a one quadrature while replicating periodic features of the
ancilla in the conjugate quadrature. We discuss this process
more thoroughly in the following section.

The phase-space error-correction formula in Eq. (6.19) can
be used for other measurement outcomes by simply using
pn — X (mq)Z(mp)f)inZT(mp)X T(mq) and then applying the
corrections (displacements) specified in Eq. (6.15) to get the
final output state. Note that if one were to perform the two
halves of error correction in the other order, i.e., p correction
before g correction, then the phase-space map is different.
A more general form of Eq. (6.19) that allows for arbitrary
pure (and different) ancillae is given in Eq. (E28). Finally, we
note that for mixed states (ancillae and/or the input state), the
linearity of Wigner functions enables us to consider syndrome
extraction as a weighted sum of error-corrected pure states.

1. Phase-space effects of GKP error correction

The effects of GKP error correction can be understood
by inspecting each half of GKP error correction separately.
Consider the first half, described by Eq. (6.18a), that corrects
CV errors in position. The input state W), (g, p) experiences
a convolution in momentum with W, (g, p), weighted by the
pointwise product in position. We refer to this phase-space
operation as “raking” in a single quadrature since the periodic
spikes of the GKP ancilla act to clear away any parts of
W5, (g, p) that do not align with the /m-periodic GKP grid
in position. (The other half of GKP error correction performs
raking in momentum.) Second, the momentum convolution
periodically replicates features of Wj, (g, p) along the p di-
rection in phase space (up to the envelope associated with the
ancilla state). This feature arises from the convolution of a
function f(x) with a univariate III function,

|:f * [y |:Ul:|:|(x) = \/WZEJM'”"]”()C +nT 4+ v, T),
V2

nez
(6.20)

that periodically replicates the function f over the comb while
respecting the characteristics of the III function that give half-
period displacements and periodic negativity.

For high-quality approximate GKP states, raking from
Eq. (6.18a) multiplies the Gaussian spikes of the input state
by the Gaussian spikes of the ancilla. A product of Gaussians
yields another Gaussian

Gy, (x)Gy, (x) x Gy, (X), (6.21)

with the key feature that the precision (inverse covariance
matrix) is additive:
-1 —1 —1

X, =X +X. (6.22)
This means that the precision of the output Wigner function’s
spikes is bounded from below by the precision of the ancilla
spikes, regardless of whether the spikes have the same mean.
Since the precision of a Gaussian can only increase under
multiplication with another Gaussian, the quality of the ancilla

(0), W0 e (b)

T

VA

ot # »— —_—
F 4 momentum |
_oymt ] rake
AT 1 L
position q position
rake rake

4 momentum [

| I
Il -

FIG. 7. Applying GKP error correction, step by step, to an input
vacuum state for syndrome {m,, m,} = {0, 0}. (a) Vacuum state.
(b) Momentum-raked vacuum. (c) Position-raked vacuum. (d) Vac-
uum raked in both quadratures gives a GKP H-type magic state [50].
As discussed in Sec. VI, when high-quality GKP ancilla states are
used for error correction, the two raking operations approximately
commute, and we plot (d) under this assumption.

states (Zgpike) sets the lower bound for the quality of the output
state after error correction.

In summary, each half of GKP error correction rakes an
input Wigner function, which periodically damps support in
each quadrature and replicates in the other, with the noise in
the GKP ancillae determining the strength of the effect. When
performed consecutively, the two halves produce a projection
into an approximate GKP subspace defined by the ancillae
[37]. This projection can be applied to any state (not just
noisy GKP states), as illustrated in Fig. 7, where an input
vacuum state is consecutively raked in both quadratures for
syndrome {0, 0}. Additionally, this projection applies even
for {my,, m,} # {0, 0} since the error-correction procedure (in-
cluding the corrective shifts) realigns the spikes with the
phase-space grid that defines square-lattice GKP encodings.
Although the quality of a damaged GKP state is restored
to that of the GKP ancillae and the state is realigned with
the proper grid, in general there may still be qubit-level er-
rors incurred during this process. In a fault-tolerant setting,
these errors are dealt with by concatenation [9-11,35]. An
equivalent perspective on using GKP error correction for error
mitigation and for GKP magic-state preparation was given by
Fabre et al. [44] using a modular decomposition of the phase
plane.

2. Error correction with ideal GKP ancillae

For ideal GKP ancillae in the GKP error-correction circuit
[Eq. (6.4)], analysis of an error-corrected state is simpler
due to the properties of III functions under integration. In
this setting, error syndromes arise only from the input state.
Just as above, we focus on {m,, m,} = {0, 0}, noting that
outcome-dependent shifts can be applied first to the input state
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and then after the error-correction projection as described by
Eq. (6.15). In this case, the Kraus operator for ideal GKP
ancillae is

Y (@Y (p) =T,

Kec(0,0) =

V(PG = (6.23)

where 1, is the projector onto the square-lattice GKP sub-
space [37,50]

= [0.)(O] + (1) (1] . (6.24)
Thus, the error-correction map, Eq. (6.7),
Rec(0, 0)pinKi (0, 0) o< I1, pin 1, (6.25)

simply projects the input state into the ideal GKP subspace. In
phase space, the convolutions in Eq. (6.19) can be evaluated
using the Wigner functions for the ideal GKP ancillae (3.10),
giving the error-corrected Wigner function in terms of two-
dimensional ITI functions

KEC Pin K (x)

_27i( L xT
o Iz (x) Y e TUEEEMy (X +myT).
2
meZ?

(6.26)

Other measurement outcomes are found by using a modified
input state that has been displaced by X (im,)Z(m,), as is evi-
dent in Eq. (6.15). This III function restricts the support of the

distribution to multiples of ‘/7; in both g and p. In the extreme
limit of perfect ancillae, the only nonzero quasiprobability
that can exist in the output is in some way associated with
the encoding. In fact, one can consider the identity

0

Simply, the only nonzero coordinates in the output distribution
are exclusively within the set of encoded coordinates, with
distinct subsets of nonzero coordinates for each component of
the encoded Bloch 4-vector. We can expand in this basis and
use the properties of each III function

3
WKch?mkgc (x) o = Z |: :| (x)

Z 2nt(fx Qm)W "(X _I_mﬁ)

13
72

u=0

Iz (%) = (6.27)

meZ2
(6.28)
3
1
= 52 > 8<x+nﬁ+tu%;>
1=0n,meZ?

s« @2 il(34,)" 2m]

xW,gm( —ny7 — ¢, vr +mf)
(6.29)

which with the new index j := n — m has the form

-y y

1=0 j neZ?

jez2

(6.30)

m

6.31)

Notice that this is just an expansion in GKP Pauli Wigner
functions Wt, so the remaining sum must represent the Bloch-
vector coefficients r,, of the output state, as indicated. To make
the connection to what we know already about Bloch-vector
components, we rewrite the sum as an integral and obtain

SZZ/
ry = /d Xﬂlfl[ o)) j|(x)me(x) (6.32)
= / d*x WE(x)Wp, () (6.33)
= Tr [6} Pin]- (6.34)

One might wonder where the projection onto the GKP sub-
space I, has gone. In fact, it gets absorbed into the GKP Pauli
operators when tracing the error-corrected state Iy p;, [1; with
the GKP Pauli operators [50]

(6.35)

rp =Tr[6 11, pinTlL] = Tr[67 pin]

A

since f[L&[;HLz 5%, which justifies the final form of
Eq. (6.26):
3
Wity 00 = 5 S WEGO [ 35 WEGOW, ). (636
/J.:O

up to normalization.

VII. TELEPORTATION-BASED GKP ERROR
CORRECTION

A key result in Ref. [50] is that applying GKP error cor-
rection to unencoded states, particularly those that are simple
to prepare, like the vacuum state, probabilistically produces
GKP magic states, which are useful for universal, fault-
tolerant quantum computing. One can use the complementary
phase-space description of the GKP error-correction circuit in
Eq. (6.4), presented in the previous section, to find the same
result.

An alternate method of implementing GKP error correction
involves teleporting the input state through a GKP Bell pair
[37], which can also be interpreted as performing heterodyne
detection on one half of the GKP Bell pair [50]. We review
this protocol in phase space. The teleportation circuit for GKP
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error correction is

| We | Wy 1 We
q<m/q ‘ T T T Pin
| | |
| — ¥ L J4)
| | |
(ot) ——————t i [0z

(7.1)

where the circuit is read right to left, and the homodyne
measurements in bases ¢ and p with outcomes m, and m,
are depicted in using bras. The arrow between modes 1 and
2 indicates the 50:50 beam splitter [37]

——
Bjk‘ = e*i%(‘jJ@ﬁk*ﬁJ@@k) —

— k (7.2)
and the GKP Bell pair on modes 2 and 3 is generated by
coupling two |+, ) GKP states with a C'}((l’z) gate, Eq. (6.6). The
vertical dashed lines indicate places along the circuit where
we calculate the joint Wigner function below.

This circuit can be analyzed easily in phase space by virtue
of the fact that the measurements and unitaries are all Gaus-
sian. Gaussian unitary action is given by a transformation of
the Wigner function’s arguments [Eq. (4.6)], using a sym-
plectic matrix Sy associated with the unitary. The symplectic
matrices for the beam splitter in Eq. (7.2) and the CA‘)((I’Z) gate
are

1 -1 0 0
1
Sz, = — , (7.3)
U210 001 —1
| 0 11
0 0 0
1 1 0
Seao = 0 0 1 1 (7.4)
[0 0 0 1

We will proceed step by step through the teleportation circuit
beginning from the three-mode input state

Wa(x) = Wy, (X)W (%) Wy (%3), (7.5)
indicated at the top of the circuit [Eq. (7.1)]. The argu-
ments of the Wigner functions, x = [q1, ¢2, g3, p1, P2, p3l",
are the phase-space coordinates of the joint system and x; =
lg;. p j]T for each mode j, respectively. Note that since uni-
taries above are two-mode, evolution along the circuit at each
step requires padding the symplectic matrix with a 2 x 2
identity matrix I; for the unaffected mode. First, applying the
C§2’3) gate creates the GKP Bell pair, manifesting as a trans-
formation on the Wigner-function coordinates of the second
and third modes,

Wo(x) = Wa((1 @ Sz )x) (7.6)

= W, xOWEx + p)W (x5 — qy),  (7.7)

where, in a slight abuse of notation, p; = [0, p3]T and q, =
[g2, 0]T.'2 Next, the beam splitter B, is applied,

Wex) = Wy((S;. @ L)x)

= W, (xp ) WEX_ + p)WE(xs —q_),

which transforms the phase-space coordinates on the first and

second modes,
o [qz i91j|
4+ = —= .
NAVZESD

Finally, modes 1 and 2 are measured via homodyne detec-
tion, giving outcomes m, and m,. Homodyne measurement
is also a Gaussian operation, and its effect in phase space is
simple. For destructive homodyne measurement, set the argu-
ment of the measured quadrature equal to the measurement
outcome, and then integrate over the conjugate argument.'?
Doing this on modes 1 and 2 gives the post-measurement state
on mode 3,

vv(out) (X3 )

(7.8)
(7.9)

(7.10)

= /dp1d612Wi>in(X/+)W+L(Xl +p)Wy(xs —q), (7.11)
where the measurement outcomes have been substituted into

Eq. (7.10),
-
* \/E mp:tpl ’

(g2 — my, 0]". Performing the inte-

(7.12)

and analogously q_ = \/%

gration gives
VV(out)(X)
i(—=xTQj .
oIz () Y W, (x o+ v2m ),
jez?

(7.13)

where m = [m,, m,]". This expression is of the same form
as Eq. (6.26). Thus, it can also be rewritten, using the same
techniques used to derive Eq. (6.36), to give the output state
(up to normalization)

3

1
Woow (%) = 5 3 ruW (%), (7.14)
n=0
with GKP Bloch-vector components
ry = / d*x WEOW;, (x' + V2m). (7.15)

This agrees with the result reported in Eq. (5) of Ref. [50]
for a displacement of ~/2m. The +/2 comes about due to

A GKP Bell pair can also be created by sending two GKP
qunaught states, also called sensor states [72], through a beam splitter
[37].

13 Alternatively, the Wigner-function maps in Egs. (6.18) can be
used to describe nondestructive position and momentum homodyne
measurements using as ¥ the wave functions for the appropriate
quadrature eigenstates describing the projective measurements.
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the definition of V [Eq. (3.6)] versus the Glauber displace-
ment operator D, which appears when deriving this same
result using circuit identities [37]. The GKP Bloch-vector
components, Eq. (7.15) depend on both the input state and
the measurement outcomes, with the result that the Bloch
vector does not, in general, correspond to a GKP Pauli eigen-
state. Consider the case where pj, is the vacuum state. In
this setting, the circuit in Eq. (7.1) has two equivalent in-
terpretations. In one interpretation, it describes teleportation
of the vacuum state through a GKP Bell pair and, in the
other, it describes heterodyne detection on one half of a GKP
Bell pair. For both, the error-corrected state for measurement
outcomes m = {0, 0} is an approximate Hadamard eigenstate
[50], which is a GKP magic state, i.e., a state that can be used
to teleport an encoded non-Clifford gate to achieve universal
quantum computation. The creation of the magic state is vi-
sualized in phase space by raking the vacuum state in both
quadratures, as illustrated in Fig. 7. While other outcomes
m produce other states, almost all of these are outside the
Paulihedron (convex hull of Pauli eigenstates), which means
they can be distilled into higher-quality magic states [73,74].
The only exceptions, which are rare [50], are those outcomes
that give states that are too close to Pauli eigenstates. Magic-
state production through GKP error correction is not limited
to input vacuum states, either. Even some mixed input states
can be used, as was shown for thermal states with low enough
thermal occupancy [50].

VIII. DISCUSSION

We have laid out a broadly applicable description of ideal
and approximate GKP states in phase space using 6 functions
and their limiting case, III functions. GKP states in phase
space decompose into a sum of two-dimensional I1I functions,
each representing an encoded GKP Pauli operator. We have
shown that the set of GKP Pauli Wigner functions are related
to each other via simple half-period transformations on their
characteristics, which can be generated by Gaussian unitary
operations.

The fact that Gaussian operations correspond to simple,
linear transformations on a Wigner function’s arguments al-
lows straightforward modeling of GKP Clifford quantum
computation, as well as lattice transformations between differ-
ent types of GKP encodings, e.g., square lattice to hexagonal
lattice and back again. Furthermore, the remaining operations
required for GKP error correction can also be implemented
using Gaussian operations, singling out the GKP code as
the only known bosonic code to admit a fault-tolerant, all-
Gaussian, universal gate set [50,51].

High-quality approximate GKP states are represented in
phase space as enveloped two-dimensional 6 functions. We
derived conditions that relate the covariance matrix for the
spikes to that of the envelope. With this, one can immediately
write a Wigner function for a physical approximate GKP
state simply by specifying the state’s Bloch vector r, which
could represent a pure or mixed logical state, and the spike
covariance matrix, thus circumventing the need to first write
an approximate GKP wave function and then calculate its
Wigner function [1,43,75].

A useful feature of 6 functions and IIT functions is how
they relate simply via Gaussian blurring and deblurring.
Gaussian blurring in phase space corresponds to a purely
positive-imaginary offset to the T parameter while preserv-
ing the characteristics of the function (which encode the
discrete quantum information). In the context of quasiprob-
ability distributions, this operation also maps between the
Wigner function and other distributions, such as the Husimi
Q function and the Glauber-Sudarshan P function. In this
way, the GKP Wigner functions we have presented may be
extended to the whole spectrum of s-ordered quasiprobability
functions [60,61] through transformations of t'*. Moreover,
as pure loss can be transformed into an effective Gaussian
noise channel through phase-insensitive amplification [47],
we can also consider this process in terms of a valid t pa-
rameter proportional to the effective additive Gaussian noise.
Lastly, although we have presented, throughout this work,
results for a square-lattice GKP code, we reemphasize that
any of these properties can equally be expressed in the context
of other GKP lattices, including the hexagonal GKP code
[1,47,63].

In general, there are several technicalities in describing
general GKP phase-space distributions, as the effects of
finite squeezing at higher noise levels and how the higher-
dimensional encoded spaces are represented in phase space
is more intricate [43]. By working within a high-squeezing
approximation and restricting to qubits, we may simplify
the phase-space features of generically encoded qubits into
a basis of 8 functions in proportion to the encoded Bloch
vector. In this way, we provide a compact representation of
GKP-encoded information, allowing for both pure and mixed
states to be handled with the same mathematical tools. These
tools, furthermore, generate an intuitive, visual representation
of GKP error correction in phase space as “raking” and exem-
plified by a demonstration of magic-state generation from the
vacuum.

Although we have presented results for a GKP ancilla in
the application of GKP error correction, there are many alter-
native choices for “raking” functions. From a resource-based
perspective, the Wigner negativity [75,76] of the ancillary
mode can be effectively transferred into an output mode with
this procedure [51,52] such that, in general, this may have
other applications in quantum information theory. There also
remains the open question for future research in using gen-
eralized forms of these operations for other forms of bosonic
state preparation.
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For well-prepared GKP states, however, some orderings (P func-
tion, for instance) will result in values of T outside the Siegel
upper-half space, making the resulting functions ill defined.
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APPENDIX A: RELATION BETWEEN GAUSSIAN PULSE
TRAINS AND 6 FUNCTIONS

We expand a Gaussian pulse train with period T € R
15

> e M Goa(x + nT + 0,T)

as

nez
1 1 (Zv+vz) 2m[ n 777(2v+v2)] 727”,”)]
NS XZ:
(A1)
where we have defined new parameters
by 2mic?
0 = —, Tr = A2
=7 f 72 (A2)
Absorbing the translation v, into a new argument z, := z; +
vy and reindexing the sum as m = —n, Eq. (A1) can then be
written as a 6 function,
1 1 _im 27'[1[1 2= ]er( @ +u1)]
Y
r —itr meZ
1 1 _m2 07/ 70 —1
- e (B2 (A3)
T —ITyf U1 Tr Ty
Using an inverse Jacobi identity [53-55]
0 2 w2 [V
9[ }(5 ’—) = —ite' 9[ 2](z, 7)., (Ad)
v\t T 0

which describes the how 6 functions are modified under the

transformation T — ’—, gives

— e -, — == 7, T
T /=it v )T o

Restoring z,; from zg,, we have the result

. 1
> e Goa(x + 0T + 0yT) = T
neZ

vy
[ }(zs, 7). (A6)
v

Using Eq. (2.5), this 6 function can be written as the 6
function in Eq. (2.13).

APPENDIX B: GKP WAVE-FUNCTION NORMALIZATION
FOR LOW-NOISE STATES

In this Appendix we explicitly derive the L? normalization
for a damped Gaussian pulse train in terms of 6 function
of arbitrary characteristics in the limit of low noise. For the
function

f@) = —=Ge2(0) Y e ™ Galx + (n + )T,

1
W neZ
B1)

SWe consider only positive periods here for the sake of brevity.
Negative-period pulse trains are simply reflections of pulse trains
of positive period; however, in 8-function form, the direction of the
second characteristic is also reflected. Although some pulse trains
may be even functions, in some cases, such as for [1/2, 1/2]" char-
acteristics, the pulse train is odd (see Fig. 1).

the square-normalization factor N = [ dx|f(x)? is

dx G 72 (x) eZm(m n)vy
Zx/mc / Z

n,meZ
X Gpa2[x+ (n+v)TIGp2[x + (m +v2)T], (B2)

where we used

[Ge2 (X)) = G2 (). (B3)

1
22
For small A? (compared to the period T'), any product of
Gaussians arising from the pulse trains is approximately zero
unless the Gaussians share the same mean, which can be
expressed as'®

Gar[x + (n+v2)T)Gp2[x + (m + v2)T]

o 8y m[Gazlx + (n+ )T, (B4)
such that
1
Nay — / dx G2 (x) WEXZ:[GAZ [x + (n + v) T
(BS)
41 : dx G2 () 3 Galx+(+v)T]  (B6)

neZ

In the limit of small spikes A% — 0, the Gaussian G x4
2

(n + v2)T] is a nascent § function, giving

N~——ZG72[ (n+v2)T] (B7)

! 0 2
=59 0, 7€ ). (B8)
AT A | —v, T2

For small «, the 6 constant is approximately 1 for all charac-
teristics v,, such that
1 «

N~ —— B9

AxT A’ (B9)

An alternative derivation of the normalization result can

be found be considering Eq. (B7) as a Riemann sum. By

multiplying the periodically sampled Gaussian by the period

T, the sum in the expression gives an approximation of the
area under a normalized Gaussian

Z TG [—(n+v)T]~ /dx G2 (x —vT) = 1.
neZ E 2
(B10)

This leads to the normalization in Eq. (B9). An illustration
of this procedure is given in Fig. 8. Explicitly including the

16The order of this approximation can be found by asymptotically
expanding the product of neighboring Gaussians in the limit of small
A. This product is proportional to A"eiﬁ, which gives an expan-
sion of O(A?"~!) in the limit of A — 0%, for any positive integer
nezr.
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' ' ' —dq
VT 27 3T AT
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FIG. 8. Illustration of the Riemann sum concept in Eq. (B10).
For symmetric noise, k> = A? = B, the envelope (dashed line) in
the position wave function of a normalized approximate GKP state
flattens, such that the area under the envelope can be related to a sum
of rectangles, each with width /7 and height given by the value of

the envelope at the center of every spike in the 6 function.

normalization factor, the damped Gaussian pulse train f(x) in
Eq. (B1) can be written as

S A2
f(x)=\/W,/éGKz<x>le[vl](x 2”;A) (B11)
K T 1%)

T T2

= JE\/%GKz(x)eT[ i|(x, 27iA?Y), (B12)

V]
V2
where the second line uses the 67-function relation (2.5).

APPENDIX C: RELATIONS BETWEEN ENVELOPED I1I
FUNCTIONS AND ENVELOPED 0 FUNCTIONS

The product of the two normalized Gaussian distributions

G,2(x)and G,2(x — ) is

Go2(xX)Gp2(x — ) = Ga2+a*2(M)G(az+0*~)*l(x - M/)s
(C1)

where G,2,,(u) is the normalization factor, and the mean
W' is given by

w = >+ o p. (C2)
For 0% « 1, the approximations 0% + 02~ o2, (0% +

o7 2) '~ 2, and i’ ~ pu give for Eq. (C1) an approximate
product

Go2(X)Go2(x — ) = Go2 (1) Go2 (x — ). (C3)

This is an instance of a narrow Gaussian behaving as a nascent
8 function.

For a Gaussian pulse train with means u,, = nT forn € Z,
this approximation gives

D G2 (0)Gor(x = nT) ~ Y Gor(nT )Gy (x — nT),

neZ neZ
()
which can be expressed in terms of convolutions as
G2 (D)7 * Gy21(x)
~ /dy G2 (M7 (»)Gy2(x — y) (C5)
= [(GyII7) * Gy2](x). (Co)

This indicates the approximate result that small spike vari-
ance and large envelope variance o2 < o ~2, an enveloped I11
function under convolution is approximately an enveloped 6
function.

APPENDIX D: NORMALIZATION OF APPROXIMATE GKP
WIGNER FUNCTIONS

The Wigner function of a high-quality approximate GKP
state is given in Eq. (5.18). In this limit, A% k% <1,
the Gaussian for each spike Gy, (X) acts as a nascent
8 function, and we may approximate the total integral of
the Wigner function for each noise-broadened GKP Pauli
operator as

f d*>x WE(x)

5 Q. />

= f d°x Gzenv (X)Qﬁl[ p /2 i|(X, 2ni25pike) (Dl)

= vx [ ixGs,. 0

X Z Gz (X +nym + eu?)e"’”"ml“ (D2)

neZ?

~ T Z G,;em,<— nJm — Z,Lg)e””ﬁm”. (D3)
neZ?

Multiplying this by the area (/7 )? gives an approximation to
a Riemann sum, similar to Eq. (B10),

fdsz:(x)
1 N AN
~N—=> nsz< —nJ7 — eu—>e—”"‘ e (D4)
ﬁ neZ? 2
1 A
~ NG / d*x Gy, (X — Zu%ﬁ>elﬁxme“ (D5)
1
U oy
= ——¢ ThTate (Do)
N

In the limit of low noise, this factor vanishes for all Pauli
Wigner functions other than the identity, and the normal-
ization factor for any GKP state approaches 1/./7. This is
indeed as expected since the Pauli operators are traceless. This
behavior is plotted in Fig. 9 for GKP states with symmetric
noise.

Matsuura et al. [43] considered various types of approx-
imate GKP states outside of the low-noise limit, where the
parameter

y =1 - A%?

determines how close to “low noise” the state is. For A2, k2 <
1, then y — 1, which is the low-noise situation we consider
throughout this paper. The normalization for their approxi-
mate GKP Wigner functions is given by a pair of 8 constants,
each arising from the total integral of a damped 6 function
with periodicity 2,/7 in position and 4 in momentum. Here,
we connect our formulation to that in Ref. [43]. This proce-
dure gives the normalization for low-noise approximate GKP
Wigner functions as an analytic sum of four 6 constants, one
arising from each GKP Pauli operator (including identity).
We begin with a two-dimensional III function with period
v/ and characteristics {v;, vo} damped by an (unnormal-

(D7)

022408-23



MENSEN, BARAGIOLA, AND MENICUCCI

PHYSICAL REVIEW A 104, 022408 (2021)

1
1073
1076
10—9 [

10722 ¢

10715

0.05 0.1 0.15 0.2 0.25

L L L L

W; Wg, W, Wy
FIG. 9. Trace of the Wigner functions (phase-space integral) of
each noise-broadened Pauli operator (including identity) for symmet-
ric noise E = diag(g8, B). For small 8, only the trace of the identity

is nonvanishing.

ized) Gaussian

T

oo = o

where the covariance matrix of the Gaussian is defined to be!’
R
V= 1 2 = Xeny — Zspike~ (D9)

0 W T T

(D8)

Integrating over the phase plane gives a 6 constant

/ dzxﬁlyﬁl,v[ }(x) Kefl[ 2}(0 2 S env).-
(D10)

Applying a blurring operation (Weierstrass transform) with
covariance matrix Xgike [Eq. (2.32)] to the damped III func-
tion in Eq. (D8) gives

Ds il |0

v :

= —Gs,, (")Q%[Vj (x. ZEgpe). (DI
Note that this expression differs from the low-noise square-
lattice GKP Wigner functions in Eq. (5.18). The Gaussian
envelope is the same, but there are two differences. First, the
period in both quadratures is #ﬁ > /7 meaning that the
spikes are slightly off the intended grid. Second, the covari-
ance of each spike is #Zspike 2 Xgpike- In the low-noise limit
of y — 1, the forms agree. However, the blurring operation
does not change the total integral, meaning that the functions
in Eq. (D11) are normalized by the 6 constant in Eq. (D10).

This procedure can be performed to identify Wigner func-
tions for each of the GKP Pauli matrices. For low noise,
y — 1, the expression for a normalized, approximate GKP

17We consider the case of ¢ = 0 since rotations that diagonalize the
covariance matrix preserve the size and shape of error ellipses.

state parametrized by Bloch 4-vector r is

- 1 @/ .
W (x) ~ NGEH,\ (x) Z ru9f1|: ) :|(X7 27”25pike)a
n=0
(D12)

where the normalization is the sum of four # constants,

l/ 1
N = j{:ruevrl[ o }(0 WiTen) N 7= (DI3)

which agrees with our approximation earlier, Eq. (D6).

APPENDIX E: MOYAL PRODUCT FOR UNIVARIATE
WIGNER FUNCTIONS

In this Appendix, we show that Wigner-function transfor-
mations generated by arbitrary operators that are diagonal in
position or momentum are simple convolutions. For arbitrary
operator O and diagonal operators

x(§) = /dSX(S)ISk,q(SI, (Ela)

o)== [ drpwin, . (Elb)

we wish to find the Wigner functions for the transformed
operators

x(@O0lx @] —
e(POlp(PIT — W,

(q)Ox (q)(q p), (E2)
000" (4> P)> (E3)

noting that [x(§)]" = x*(§) and [@(p)]" = ¢*(p). We ap-
proach this task using an alternate form of the Moyal product
[70,71] [Eq. (5.2)]

Wis(q, p) = (Wi » Wil(q, p) (E4)
=2 Wiq. etV Wyq. p). (ES)

B —
where the Bopp operators V and V are defined by partial
derivatives of position and momentum acting in the direction
of the arrow [70]

<« —
<~ aq —> aq
Vi=|_| Vi=|_] (E6)
8[7 8[7

The Wigner functions for the operators in Egs. (E1) are
functions of only ¢ or p, respectively,

1

Wy@)(q, p) = EX(Q)’ (E7)
1

W@@xq,p)==§;axp) (E8)

Such univariate functions are useful when calculating Moyal
products using the Bopp-operator form of the Moyal product
(ES). We begin by considering Eq. (E2) and separating the
Moyal products

W, 0y (@ P) = Wy * W x Wyp1(q, p).  (E9)
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Using Eq. (ES), performing the first Moyal product gives

W0 p) = Wy * Wol(g, p) (E10)

i—
= x(q + §8p>Wo(q, D), (E11)

where Wj(q, p) is the Wigner function for O. Then, perform-
ing the second Moyal product gives

i«
Wyawo* Wer@)a. P) =W, g0 p)X*<‘1 3 a,,)

(E12)

. i =
=x\4= 5% )Wy@o'4. P)-
(E13)
Plugging Eq. (E11) into Eq. (E13) gives
. i i
W, @ox-@4> P) = X (q - Eap)x <q + §3p>Wo(q, P,
(E14)

where we drop the arrow in our notation since the partial
derivatives all act on Wy (q, p). We now evaluate Eq. (E14).
First, we introduce a 6 function and then change variables,
w=p—p,toget'®

W @ox@4> P)

= /dp/x*<q - %Bp)x (q + %8,])5(1? — P Wu(q. p)
(E15)

= fdw Wolg, p — w)x*<q - %Bu))x(q + %8w>8(w).
(E16)

Using the Wigner function for a pure (unnormalized) state

V) Z/dSW(S)IS),, :/dm}(r)n),, (E17)

in terms of its position wave function ¥ (q),

1 .
Wipyui(q, p) = = [ dyy* (g +y)¥(g—y)e*”  (E18)
T

1 1 j .

;w*(q - %%)w(q + %31;) /dyez”’y
(E19)

w*(q = %ap)w(q + %ap)a(px (E20)

it is straightforward to write Eq. (E16) as a convolution be-
tween two Wigner functions

W, @ox-@ (4 P) = /dw Wo(gq, p — W)Wy (g, w),
(E21)

8Decompositions of Dirac § functions in this form and their appli-
cations is discussed far more rigorously in Ref. [59].

where we have defined

X = [ dsxlsy = VErx @00, ©2)
which is not, in general, a normalized state.

For maps given by diagonal operators of p, Eq. (E3), a
similar procedure gives

\ i
Wopop (4> P) = /dw Wo(q + w, p)g <p — an)

5 (E23)

Using the Wigner function for a pure (unnormalized) state |/)
[Eq. (E17)] in terms of its momentum wave function i (p),

X (p(p + i.8w>8(—w).

1 - - .
Wipyui(q, p) = — | dx¥*(p+x)¥ (p — x)e 2™ (E24)
T

= xﬁ*(p - %%)tﬁ(p + §8q>8(—q) (E25)

yields the result

W¢(ﬁ)0¢*(ﬁ)(qv p) = /dw WO(‘] + w, P)Wlw(zp\(wa D)-
(E26)

Here, |¢) is defined to be a state whose momentum wave
function is given by ¢(#):

o) = / dtgOIt), = V2me(p)0).  (E27)
The Wigner-function maps in Eqs. (E21) and (E26) are the
major results of this Appendix. Each describes a “raking” (see
Sec. VIB1), where the input Wigner function is raked in either
position or momentum by the the state | x ) or |¢), respectively.

Applying the operators x (4) and x (p) consecutively to O,
we have

Woiprx@0x@e (4> P)
e f/ dw'dw"” Wipye (W', p)Wyyy (g + w', w")

x Wolg+w', p—w"), (E28a)

W, @ep00 oy (> P)
x // dw'dw” Wiy (g, w)Wigye (W', p — w")

x Wolg+w', p—w"). (E28b)

Note that these two forms are not the same, which is
due to the fact that x(§) and ¢(p) do not, in general,
commute.

1. Action of the embedded-error operator
We use the general result above to describe the action of
the embedded-error operator & (E) [Eq. (3.20)] on an operator
O in phase space

0 = £(E)OE(E) — Ws(q, p). (E29)
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In the low-noise limit, £(E) separates into two exponential
operators, Eq. (3.23), each being diagonal in either § or p.
Following the previous section, we label these operators as
x(§) and ¢ (p):

x(G) = e K7, (E30a)

1 AZﬁZ
)

p(p)=e> (E30b)

also noting that x(§) =[x (ci)]T and ¢(p) = [p(p)]". Their
Wigner functions are univariate,

1 1 _lKZqZ

Wu@ (@ p) = 5—x(q) = 5—e™> 1, (E31)
1 1 —LA2p2

Wop) (9. P) = 5—¢(p) = 5—e727 0 (E32)

The states associated with each of these operators |yx)
[Eq. (E22)] and |¢) [Eq. (E27)] have Wigner functions

W@, p = Y26 L @G ). (E3)
Won(@.) = Y Go@G (). (E34

which are found using Eqs. (E18) and (E24), respectively.
We now find the Wigner function for the transformed op-
erators

01 = (M X @OX(@De(P),

02 = x(@e(P)Oe(P)x (@),

using Eq. (E28a). The Wigner function for Eq. (E35) is

(E35)

(E36)

T / /
Ws,(q, p) = A—KGﬁ(p)/dq GG (d =9

X /dw Wo(q', p— w)G 2 (w). (E37)

When the operators are applied in the other order, Eq. (E36),
the Wigner function is

T / / /
Ws, = A—KGZK%(q)/dp Ga(p = p)G_(P)

x /dw/ Wp(g + w', p’)GATz (w). (E38)

As we are are interested in the low-error limit AZ, k2 <
1, where O’ ~ 0 ~ 0),. We apply the approximation in
Eq. (C3), with the result that both Egs. (E37) and (E38) yield
the Wigner function

T / /
Woﬁ(X) ~ EG%EO(X) / d2X Wo(X — X/)G%Eal (2x")
(E39)
T / / /
= A—KG);e"v (x) / d*x Wo(x — x)Gx,,, (X)), (E40)

where we have used Eqgs. (5.13) and (5.14), and we have

written the arguments in terms of x for convenience. The

convolution above can also be written as a blurring operation
(2.31) on the Wigner function for 0:

/ d*x Wo(x —X)Gs,,.(X) = Dz, Wp(x).  (E41)

We now consider an operator Oy;; whose Wigner function

is a two-dimensional III function, Eq. (4.7). The convolution

in Eq. (E40) replaces each é function with a Gaussian of co-
variance Xgpike, yielding a two-dimensional 6§ function, giving

T Vi .
We,, (X) = A—KGZW (x)0a [Vz](X, 27 i Epie ) (E42)

recognizing that the factor 7w /(Ax) arises from the definitions
of the exponential operators, Eq. (E30), but is of no particular
physical consequence. An important example is O = Py,
where p; is an ideal GKP state with Bloch 4-vector r. The
approximate GKP state p; has the Wigner function

1 QL />

3
/ :
NGZenv (X) I;) r/l-gﬁl [ eu/2 }(Xa 27lespike)y
(E43)

Wr(x) ~

with all prefactors absorbed into the normalization AV,

Finally, we estimate the order of the approximation by
comparing the convolved envelopes to their unconvolved
counterparts. We express the error € as

€(x) = [Gazpy * G2l (x) — G2 (x),

whose L? norm

(E44)

1 22
dxfe) = L<1 - )
/ xle] 2w - VI+2A?2 /24 k2A?
(E45)

is of order O(«k%>A?) and thus negligible in our approximation.
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