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In this paper, we introduce the resource theory of unextendibility as a relaxation of the resource theory of
entanglement. The free states in this resource theory are the k-extendible states, associated with the inability to
extend quantum entanglement in a given quantum state to multiple parties. The free channels are k-extendible
channels, which preserve the class of k-extendible states. We define several quantifiers of unextendibility by
means of generalized divergences and establish their properties. By utilizing this resource theory, we obtain
nonasymptotic upper bounds on the rate at which quantum communication or entanglement preservation is
possible over a finite number of uses of an arbitrary quantum channel assisted by k-extendible channels at no
cost. These bounds are significantly tighter than previously known bounds for both the depolarizing and erasure
channels. Finally, we revisit the pretty strong converse for the quantum capacity of antidegradable channels and
establish an upper bound on the nonasymptotic quantum capacity of these channels.
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I. INTRODUCTION

In quantum information theory, an important task is to
quantify the amount of entanglement that a sender Alice and
a receiver Bob can share after using a quantum channel N a
large number of times. That is, if Alice sends one share of a
bipartite state panga» over n uses of a quantum channel, then
what is the amount of entanglement that can be transmitted
from Alice to Bob? One then considers three variations of
the above task depending on the classical communication that
can be employed by Alice and Bob to assist their task. In the
first one, Alice and Bob are not allowed to employ classical
communication (the unassisted case). This is referred to as
unassisted entanglement transmission. In the second case, Al-
ice is allowed to communicate classically with Bob for free.
In the third variation, Alice and Bob are allowed two-way
classical communication for free. In the asymptotic regime of
many channel uses, the entanglement transmission capacity
of a channel assisted by one-way classical communication
is equal to its unassisted entanglement transmission capacity
[1,2].

Since obtaining the exact capacities for these tasks can
be challenging, one important goal is to obtain tight upper
bounds on the rates for these tasks, in order to understand the
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basic limitations of quantum communication. In this context,
Refs. [3,4] have obtained upper bounds for finite n; however,
these hold for entanglement transmission assisted by two-way
classical communication. Therefore, we do not expect them
to be tight for the unassisted entanglement transmission or
entanglement transmission assisted by one-way classical com-
munication (1W-LOCC).

In this paper, we develop the details of the resource the-
ory of unextendibility, which was proposed in our earlier
companion paper [5]. As mentioned previously, this resource
theory is a semidefinite relaxation of the resource theory of
entanglement and thus is connected to fundamental aspects of
quantum mechanics. Furthermore, we put the resource theory
of unextendibility to use by obtaining bounds on the rates
at which entanglement can be transmitted over a quantum
channel assisted by 1W-LOCC. We obtain these upper bounds
by defining and employing monotones in the resource theory
of unextendibility. What we find here is that these bounds are
significantly tighter than bounds previously obtained in [3,4],
primarily because they are tailored to hold for entanglement
transmission with the assistance of 1W-LOCC.

For every integer k > 2, there is a resource theory of k-
unextendibility, and each of these can be understood as a
relaxation of the resource theory of entanglement [1,6]. The
free states in the resource theory of k-unextendibility are
the k-extendible states [7-9], and the free channels are the
k-extendible channels, which we define in Sec. III. These
k-unextendible resource theories have a hierarchical structure,
with the k-unextendible resource theory being contained in
the (k — 1)-unextendible resource theory. By “contained in
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the resource theory,” we mean that the free states in the
k-unextendible resource theory are free states in the (k — 1)-
unextendible resource theory. This implies that the separable
states are free states for all k-unextendible resource theories.
A similar structure is observed for the free channels. The re-
source theories of k-unextendibility are relaxations alternative
to the resource theory of negative partial transpose states from
[10,11], in which the free states are the positive partial trans-
pose (PPT) states and the free channels are the PPT-preserving
channels.

The main application of the resource theory of unex-
tendibility reported here is that we obtain tighter upper bounds
on the nonasymptotic quantum capacity of a quantum chan-
nel. We can get a sense of this by considering the following
example: if we send one share of the maximally entangled
state up = %ZME{O,” li)jla ® |i)j|z through a 50% era-
sure channel with erasure symbol |e)(e|g, then the resulting
state %(QDAB + 14 /2 ® |e)e|p) is a two-extendible state, and is
thus free in the resource theory of unextendibility for k = 2.
However, this state has distillable entanglement via two-way
LOCC [12], and so it is not free in the resource theory of
entanglement. Thus, by relaxing the resource theory of entan-
glement, and as a consequence expanding the set of free states,
we show in what follows how to obtain tighter, nonasymptotic
upper bounds on the entanglement transmission rates of a
quantum channel.

The paper is organized as follows. In Sec. II, we es-
tablish some notation and some definitions required for the
proofs of our results. In Sec. III, we introduce the resource
theory of k-unextendibility. We also define quantifiers of
unextendibility based on generalized divergences, and we es-
tablish their properties. In Sec. IV, we obtain upper bounds
on the nonasymptotic quantum capacity and one-way distil-
lable entanglement. In Sec. V, we showcase our bounds for
depolarizing channels and erasure channels. In Sec. VI, we
revisit the pretty strong converse for the quantum capacity of
antidegradable channels, and we employ the resource theory
of unextendibility to obtain tighter bounds on their nonasymp-
totic quantum capacity. We finally conclude with some open
questions in Sec. VIIL.

Note on related work. The relation of this paper to our
previous one [5] is that, in this paper, we go into far more
detail on the resource theory and many of the proofs of the
claims in [5] are presented here. There is also another paper
[13] that uses k-extendibility to place bounds on entanglement
distillation protocols, but the kinds of protocols they consider
and the particular way that they use k-extendibility are differ-
ent from our approach in [5] and in this paper. Another paper
[14] employed k-extendibility in the context of placing bounds
on the error in quantum communication protocols. They also
introduced a definition of k-extendible channels that is slightly
different from that given in [5].

II. PRELIMINARIES

A. States, channels, isometries, and k-extendibility

The Hilbert space of a quantum system A is denoted by H4.
The state of system A is represented by a density operator p4,
which is a positive semidefinite operator with unit trace. The

set of density operators is denoted by D(H4 ). The density op-
erator of a composite system RA is defined as pga € D(Hga),
where Hra = Hr ® Ha. The notation A" .= AA, ... A, in-
dicates a composite system consisting of n subsystems, each
of which is isomorphic to Hilbert space 4. The fidelity of
7,0 € D(H,)isdefinedas F(t,0) = ||\/?\/E||% [15], where
[| - || denotes the trace norm.

A quantum channel is a completely positive trace-
preserving map (CPTP) map. Let Mu_.p be a quantum
channel, and let |I")g4 denote the following maximally entan-
gled vector:

ID)ra =) _ lidelida, ()

where dim(Hg) = dim(H4) and {|i)g}; and {|i)4}; are fixed
orthonormal bases. We extend this notation to multiple parties
with a given bipartite cut as

IT)RyRp:aB = IT)Ry:a @ T )Ry:5- (2)
The maximally entangled state g4 is denoted as
1
®ra = — I XT|ra, 3)
A

where |A| = dim(#H4). The Choi operator for a channel
M_ p is defined as

Tt = (idg @ Ma—)(ITXT |ra), (4)

where idg denotes the identity map on R.
Let SEP(A:B) denote the set of all separable states o5 €
D(Ha ® Hp), which are states that can be written as

OAB = Zp(x)a)f‘ & Tg, )

where p(x) is a probability distribution, w} € D(H,), and
75 € D(Hp) for all x. These are the free states in the resource
theory of entanglement [6,16].

A local operations and classical communication (LOCC)
channel L4p_, 45 can be written as

Lapap = Zgl{—)A' ®]:§_)Br’ (6)
y

where {£}__ ,/}y and {F}_ ), are sets of completely positive
maps such that Lap_ 4 p is trace preserving. However, note
that there exist separable channels that can be written in the
form in (6) but are not realizable by LOCC [17,18].

A special kind of LOCC channel is a one-way (1W-) LOCC
channel from A to B, in which Alice performs a quantum
instrument, sends the classical outcome to Bob, who then
performs a quantum channel conditioned on the classical out-
come received from Alice. As such, any 1W-LOCC channel
takes the form in (6), except that {£}  , }, is a set of CP maps
such that the sum map Zy &, 4 1s trace preserving, while

{Fp_ g}y is a set of quantum channels.

B. Entropies and information

The quantum entropy of a density operator p,4 is defined as
[19]

S(A)p = S(pa) = —Tr[pa log, pal. (7
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The quantum relative entropy of two quantum states is a
measure of their distinguishability. For p € D(H) and o €
B, (H), where B (H) is the set of positive-semidefinite op-
erators on H, it is defined as [20]

supp(p) < supp(o)
otherwise.
3

The quantum relative entropy is nonincreasing under the ac-
tion of positive trace-preserving maps [21], that is D(p|lo) >
D(M(p)||M(0)) for any two density operators p and o and
a positive trace-preserving map M.

D(p”O,) — {Tr{lo[IOgZ-’:Ooo_ 10g2 U]}a

C. Generalized divergence and relative entropies

Let D be a function from D(H) x B.(#H) to R. Then D
is called a generalized divergence [22,23] if it satisfies the
following data-processing inequality:

D(pllo) = DN (p)IIN (o)), €))

where p € D(H) and o € B (H) and NV is a quantum chan-
nel. Specific generalized divergences of relevance to this work
are the sandwiched Rényi relative entropy [24,25], quantum
relative entropy [20], and e-hypothesis testing relative entropy
[26,27].

The sandwiched Rényi relative entropy [24,25] is denoted
as D, (pllo) and defined for p € D(H), 0 € BL(H), and @ €
0,1)U (1, 0) as

Dy(pllo) = log, Tr { (0% po )"} (10)

a—1
It is set to 400 for o € (1, 00) if supp(p) ;{ supp(o). The

sandwiched Rényi relative entropy is monotone nondecreas-
ing in o [24]:

Dy (pllo) < Dg(pllo), (11)

ifa < B, fora, B e (0,1)U (1, 00). For certain values of «,
the sandwiched Rényi relative entropy D, (p||o) is a particular
kind of generalized divergence:

Lemma 1 ([28,29]). Let N : B (Ha) — By (Hp) be a
quantum channel and let py € D(Hs) and o4 € Bi(Ha).
Then, for all @ € [1/2, 1) U (1, 00),

Do(pllo) = Du(N(0)IN (). (12)

_ In the limit &« — 1, the sandwiched Rényi relative entropy
D, (p|lo) converges to the quantum relative entropy [24,25].
In the limit & — oo, the sandwiched Rényi relative entropy
D, (p|lo) converges to the max-relative entropy [24], which is
defined as [30,31]

Dax(pllo) = inf{r: p <20}, 13)

with Dpax(pllo) = oo if supp(p) ¢ supp(c). Another gen-
eralized divergence of interest is the e-hypothesis-testing
divergence [26,27], defined as

Dj(pllo)
= —logzirkf{Tr{Aa} 0K AKSINAT{Ap} 21 — ¢},
(14)
fore € [0,1], p € D(H), and o € B (H).

D. Channels with symmetry

Consider a finite group G. For every g € G, let g — Ux(g)
and g — Vp(g) be projective unitary representations of g act-
ing on the input space H, and the output space Hp of a
quantum channel Nj_ g, respectively. A quantum channel
Na_, p is covariant with respect to these representations if the
following relation is satisfied [32—-34]:

/\/A»B(UA(g)PAUX(g)) = VB(g)-/\[AﬁB(pA)Vg(g)- (15)

In our paper, we define covariant channels in the following
way:

Definition 1 (Covariant channel). A quantum channel is
covariant if it is covariant with respect to a group G for which
each g € G has a unitary representation U(g) acting on H,
such that {U (g)}¢ec is a unitary one design, i.e., the map (-) —
ﬁ > eecU (g)(-)UT(g) always outputs the maximally mixed
state for all input states.

The notion of teleportation simulation of a quantum chan-
nel first appeared in [1], and it was subsequently generalized
in [35, Eq. (11)] to include general LOCC channels in the
simulation. It was developed in more detail in [36] and used
in the context of private communication in [37] and [38,39].

Definition 2 (Teleportation-simulable channel). A chan-
nel My_ p is teleportation simulable if there exists a resource
state wrp € D(Hgp) such that for all py € D(H,)

Nas(pa) = Lrap—5(pa @ wgp), (16)

where Lrap—p is an LOCC channel (a particular example
of an LOCC channel could be a generalized teleportation
protocol [40]).

Lemma 2 ([41]). All covariant channels (Definition 1) are
teleportation simulable with respect to the resource state
Nasp(Pra).

III. FRAMEWORK FOR THE RESOURCE THEORY OF
k-unextendibility

Any quantum resource theory consists of three ingredients
[16,42]: the resourceful states, the free states, and the re-
stricted set of free channels. The resource states by definition
are those that are not free; they are useful and needed to carry
out a given task. These states cannot be obtained by the action
of the free channels on the free states. Also, free channels
are incapable of increasing the amount of resourcefulness of a
given state, whereas free states can be generated for free.

A. k-extendible states

To develop a framework for the quantum resource theory of
k-unextendibility, specified with respect to a fixed subsystem
(B) of a bipartite system (AB), let us first recall the definition
of a k-extendible state [7-9]:

Definition 3 (k-extendible state). For integer k > 2, a state
oag € D(Hap) is k extendible if there exists a state oypt =
0AB,B,..B, € D(Has,s,. 5, ) that satisfies the following two cri-
teria:

(1) The state oap,s,..5, 1S permutation invariant with re-
spect to the B systems, in the sense that for all 7 € S,

OAB\B,...B;, = ng___gk (UABIBZ...Bk)» (17)
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where YW is the unitary permutation channel associated with
7 and Sy is the symmetric group defined over a finite set of k
symbols.

(2) The state p4p is the marginal of o4p, _p,.1.€.,

pas = Trg, 5 {0as,..5.} (18)

Determining whether a bipartite state is separable or not is
a computationally hard task [43,44]. The k-extendible states,
introduced in [7,9], provide a systematic way of testing the
entanglement of a state. If a state is entangled, it is not k
extendible for at least some k; furthermore, it is not k' ex-
tendible for all k¥* > k. However, if the state is separable, then
it is k extendible for all k. Then the question regarding the
separability of the state can be reformulated as the verification
of k-extendibility of a state, which is a semidefinite program
(SDP). The size of the SDP increases with increase in k
because the number of constraints that need to be specified
increases. Nevertheless, checking for k-extendibility of a state
provides a hierarchy of SDPs in the sense discussed above,
which can be insightful in understanding the entanglement of
a bipartite state.

To give some physical context to the definition of a k-
extendible state, suppose that Alice and Bob share a bipartite
state and that Bob subsequently mixes his system and the
vacuum state at a 50:50 beam splitter. Then the resulting state
of Alice’s system and one of the outputs of the beam splitter is
a two-extendible state by construction. As a generalization of
this, suppose that Bob sends his system through the N splitter
of [45, Eq. (10)], with the other input ports set to the vacuum
state. Then the state of Alice’s system and one of the outputs
of the N splitter is N extendible by construction. One could
also physically realize k-extendible states in a similar way by
means of quantum cloning machines [46].

Although the following definition might be obvious, we
nevertheless state it explicitly for clarity:

Definition 4 (Unextendible state). A state that is not k ex-
tendible according to Definition 3 is called k& unextendible.

For simplicity and throughout this work, if we men-
tion “extendibility,” “extendible,” “unextendibility,” or “ex-
tendible,” then these terms should be understood as k-
extendibility, k extendible, k-unextendibility, or k& unex-
tendible, respectively, with an implicit dependence on k.

Let EXTy (A :B) denote the set of all states oap € D(Hap)
that are k extendible with respect to system B. A k-extendible
state is also £ extendible, where ¢ < k. This follows trivially
from the definition.

B. k-extendible channels

In order to define k-extendible channels, we need to gen-
eralize the notions of permutation invariance and marginals
of quantum states to quantum channels. First, permutation in-
variance of a state gets generalized to permutation covariance
of a channel. Next, the marginal of a state gets generalized
to the marginal of a channel, which includes a no-signaling
constraint, in the following sense:

Definition 5 (k-extendible channel). A bipartite channel
Nap_ap is k extendible if there exists a quantum channel
Mup, . p,—a,..p, that satisfies the following two criteria:

A A A A
By B, By B, B/ B/
B B By B By By
TZ 4 02 M 02 - 02 M 02 m 02
° rW ° ° ° ° W °
° ° ° ° . °
ﬁ B, B, By B B,
(a)
A A A A
B, BY B, N BY
Bl g 22 B,
. . .
. . TI' (] Tr
B, B B

(b)

FIG. 1. A visual depiction of the conditions for the channel
Mg, By—A'B|..5, (O be a k extension of Nz, 4. (a) The extension
channel Myp, 5, A'B..B, should be permutation covariant with re-
spect to Bob’s systems. (b) The extension channel Mg, By—AB)..B,
should reduce to the original channel Nz_, 45 When tracing out the
output systems B} . .. B} of MABI,..BWA'B’I,..BL-

(1) The channel Mg, p,—a,. 5, is permutation covari-
ant with respect to the B systems. That is, for all # € S and
for all states pagp,.. 5, the following equality holds:

Mus,..s-n8;..5, (W, .5, (Pab,..5,))
= g/] B, (MABI ..By—>A'B|..B} (PABI ...Bk)) ) (19)

where YW is the unitary permutation channel associated with
the permutation 7.

(2) The channel MNjp.ap is the marginal of
Maus,..B—aB, ., in the following sense: for every state
PAB;...Bi>

Nap— s (pas,)
= Trg,..5 {Mas,..5~u5,.5 (Pan..5)}.  (20)

We can alternatively write (20) as
Trp, g oMap, B —>nB,. B, = Nap—ap o Trg, g . (21)

A channel MAB[...Bk—>A’B’|...B,’( satisfying the above conditions
is called a k extension of Nyp_, 45

The conditions in Definition 5 are depicted in Fig. 1.
The condition in (20) corresponds to a one-way no-signaling
(semicausal) constraint on the extended (k — 1) subsystems
B*~!:= B*\ B; to A’B, for all i € [k] (cf. [47, Proposition 7]).
This condition can be reformulated as [48]

Trg,..5 {Mas,..5—n8,.5 (0as,..5:) }
= Trp,..5 {Mas,..5~a5,..5 (RE, 5 (Pan..5))} 22)

where Ry 5 is a channel that replaces the state in systems
B, ...B; with a mixed state 7p, p, (or any other arbitrary
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state). Equivalently, the condition in (20) can also be ex-
pressed as

Trg,..5 {Mas,..5—ns,.5 (Xas, ® Ys,.5)} =0 (23)

for all Xap,, Ys,..p, such that Tr{Y3, g} = 0 [47].

Classical k-extendible channels were defined in a some-
what similar way in [49], and so our definition above
represents a quantum generalization of the classical notion.
We also note here that k-extendible channels were defined in
a different way in [50], but our definitions reduce to the same
class of channels in the case that the input systems B; through
By, and the output systems A’ are trivial.

We can reformulate the constraints on the k-extendible
channels in terms of the Choi operator Fé‘:, e OF the exten-
sion channel Mg, 5, ;.5 Of Nap—.ap as follows:

T g =0, (24)
Trage (T s ) = Lige, (25)

T g M
(W3, 5 ®Wa_ 5 Tinn,. am.5

]=0,Vres (6

Divss5 = Dhvis, © T by @7
The first constraint corresponds to complete positivity of the
k-extendible channel, while the second constraint corresponds
to trace preservation of the channel. The third constraint
reflects the permutation covariance property of the channel
with respect to the permutation group, and the last constraint
corresponds to the no-signaling condition.

The following theorem is the key statement that makes
the resource theory of unextendibility, as presented above, a
consistent resource theory:

Theorem 1. For a bipartite k-extendible channel Nip_ 45
and a k-extendible state psp, the output state Nap 4 (0ap) is
k extendible.

Proof. Let pap,.p, be a k extension of psp. Let
MAB,___BkﬁAfBrlmBL be a channel that extends Np_ 5. Then
the following state is a k extension of Map_ a5 (0aB):

MABI...BI(%A’B] ...B, (,OAB, ...Bk)~ (28)

To verify this statement, consider that for all = € S, the
following holds by applying (19) and the fact that pap, 5, is a
k extension of pap:

,;51 B (MABI...B,(—>A’B’I ...B, (pAB, ...Bk))

= Map, ..By—>A'B|..B} (ng,,,gk (IOABI ..By )) (29)

= Mus, .,—n..5, (0B, -B,)- (30)
Due to (20), it follows that Nyp_ a5 (pap) is a marginal of
Mg, a8, (PAB,..B,)- u

With the above framework in place, we note here that
postulates I-V of [42] apply to the resource theory of unex-
tendibility. The k-extendible channels are the free channels,
and the k-extendible states are the free states.

Example 1 (IW-LOCC). An example of a k-extendible
channel is a one-way local operations and classical com-
munication (1W-LOCC) channel. Consider that a IW-LOCC

channel Ayz_, 45 can be written as

Napoaw =Y Erw ® Fyp (31)

where {£}_ , ]« is a collection of completely positive maps
such that ) &  , is a quantum channel and {F}_ .},
is a collection of quantum channels. A k extension
MABI...BwA’B;...B; of the channel Np_ 4p can be taken as
follows:

M, BB, B,

=) En®F 5 ®F p® - QF; 5. (32)

It is then clear that the condition in (19) holds for
Map,..B—~nB,..B, as chosen above. Furthermore, the condi-
tion in (20) holds because each .7-';{_) B is a channel for i €
{1,...,k}.

We now define a subclass of k-extendible channels. These
channels are realized as follows: Alice performs a quantum
channel 4,4 ¢ on her system A and obtains systems A'C.
Then, Alice sends C to Bob over a k-extendible channel
Ak . The channel A% _ . is a special case of the bipartite
k-extendible channel Nz_, 45 considered in Definition 5, in
which we identify the input C with A of AVyp_, 45, the output
C' with B’ of Njp_.o» and the systems B and A’ are trivial.
Finally, Bob applies the channel Dcp_.p on system C’ and
his local system B to get B'. Denoting the overall channel by
KX s 4 it is realized as follows:

KKy wp () i=Depop o A oo Eanc(). (33)

Due to their structure, we can place an upper bound on
the distinguishability of a channel in the subclass described
above and the set of IW-LOCC channels, as quantified by the
diamond norm [51]. See Appendix A for the precise statement
and for details of the proof.

C. Quantifying k-unextendibility

In any resource theory, it is pertinent to quantify the
resourcefulness of the resource states and the resourceful
channels. Based on the resource theory of unextendibility, any
measure of the k-unextendibility of a state should possess the
following two desirable properties:

(1) data processing: nonincreasing under the action of k-
extendible channels,

(2) attains minimum value if the state is k extendible.

Here we present a measure of unextendibility that is based
on generalized divergence and satisfies both criteria discussed
above:

Definition 6 (Unextendible generalized divergence). The
k-unextendible generalized divergence of a bipartite state psp
is defined as

E.(A;B), = inf D(pazlloas), (34)

o4 €EXTy(A:B)

where D(p||o") denotes the generalized divergence from (9).

We can extend the definition above to obtain an unex-
tendible generalized divergence of a channel, in order to
quantify how well a quantum channel can preserve unex-
tendibility.
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Definition 7. The k-unextendible generalized divergence
of a quantum channel NV,_, p is defined as

E«N):= sup D(Na— 3(Vra)llora),

in
Vra€D(Hps) “kBEEXT(R:B)
(35)

where D(-||-) is a generalized divergence and the optimiza-
tion is over all pure states g4 € D(Hga) with dim(Hg) =
dim(Hpg).

In the definition above, we could have taken an optimiza-
tion over all mixed-state inputs with the reference system R
arbitrarily large. However, due to purification, data process-
ing, and the Schmidt decomposition theorem, doing so does
not result in a larger value of the quantity, so that it suffices to
restrict the optimization as we have done above.

In Definitions 6 and 7, we can take the generalized
divergence to be the quantum relative entropy D, the e-
hypothesis-testing divergence D;, the a-sandwiched-Rényi
divergence D, the traditional Rényi divergence, the trace dis-
tance, etc., in order to have various k-unextendible measures
of states and channels (see Sec. II C for definitions).

1. k-unextendible divergences for isotropic and Werner states

In this section, we evaluate some unextendible diver-
gences for two specific classes of states: isotropic and Werner
states. In particular, we obtain an analytic form for the
k-unextendible generalized divergence (Proposition 1) for
isotropic states [52] and Werner states [53], and, as a con-
sequence, we calculate its k-unextendible relative entropy and
Rényi divergence (Proposition 2).

Definition 8 (Isotropic state [52]). An isotropic state p/g%d)
is U ®U* invariant for an arbitrary unitary U, where
dim(H,) = d = dim(Hp). Such a state can be written in the
following form for ¢ € [0, 1]:

(t.d)

Iip — D¢
Pl = 1o, 4+ (1—1) Z AB

1 (36)

where ®¢, denotes a maximally entangled state of Schmidt
rank d.

Lemma 3 ([54]). An isotropic state pfféd) written as in (36)
is k extendible if and only if r € [0, 2(1 + £1)].

Proof. Isotropic states are parametrized in [54] for y €
[0, d] as

d Isp 1
R [(d —Vr+ (y - [—l)fbﬁis]- (37)
There, as shown in [54, Theorem II1.8], an isotropic state is k
extendible if and only if

y< 14 (d - 1)/k. (38)

Translating this to the parametrization in (36), we find that
d Iup 1
dz—_l[(d - y)ﬁ + <y - E>¢i3]
d d—y 4 d—y 1\ 4
= g o)+ (T )

39
=d;yw+zq>d E40;
d d>—-1 d ¥

Using the fact thatt = y/d to translate between the two differ-
ent parametrizations of isotropic states, the condition in (38)

translates to
r (=t (41)
Sd\ &k ‘

This concludes the proof. ]

Definition 9 (Werner state [53]). Let A and B be quantum
systems, each of dimension d. A Werner state is defined for
p€[0,1]as

2 -
O+ p——I,, (42

wed — (-
iB (1-p) dd -1

_2
d(d+1)

where HXB := (Iqp & Fsp)/2 are the projections onto the sym-
metric and antisymmetric subspaces of A and B.

Lemma 4 ([54]). A Werner state WA(g‘d) is k extendible if
and only if p € [0, $(2 + D).

Proof. Werner states are parametrized in [54] for g €
[-1,1] as

d I 1\ E
pra [(d —9 o+ <q— g)f}. 3)

There, as shown in [54, Theorem III.7], a Werner state is k
extendible if and only if

> —(d—1)/k. (44)

Translating this to the parametrization in (42), and using that
Lig = g + M, (45)

Fpp =}, — T, (46)

we find that
d Iy L\ Fap
_ % ld—nAB _ 2|8
d2—1[( q)d2+<q d)d}

d d—gq _
= |

g 1 _

+ (Z - d—2>(n;B - nAB)} 47)
d d—q q 1 +

=d2—1|:< & +E_d_2>HAB

d—gq g 1 _
(5t (- ) “
1+6] 2 + l_q 2 -
prm— H .
2 dd+1) ast 5 dd—1) 48

Using the fact that p = (1 — ¢)/2 to translate between the two
different parametrizations of Werner states, the condition in

(44) translates to
<! +1 (50)
P s > A .

(49)

This concludes the proof. |
For p, g € [0, 1] and for any generalized divergence D, we
make the following abbreviation:

D(pllg) =Dk (p)lk(q)), 61V
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where
k(x) = x]0)0] + (1 —x)[1)X1]. (52)

We then have the following:
Proposition 1. The k-unextendible generalized divergence
of a Werner state WA(B?“I) and an isotropic state pXéd) are,

respectively, equal to

Ei(A; B)yoa = inf D(pllg), (53)
qel0, L (&L 1))

Ei(A;B)0 =  inf  D(t|q). (54)
qel0, L (& +1)]

Proof. By definition, E;(A; B)y» involves an infimum with
respect to all possible k-extendible states. It is monotone with
respect to all IW-LOCC channels, and one such choice is the
full bilateral twirl:

Tig(@ap) = fdM(U)[UA ® UglwaplUs @ Ugl'.  (55)

Note that this can be implemented by a unitary two-design
[55]. The Werner state is invariant with respect to this chan-
nel, whereas any other k-extendible state o4 becomes a
Werner state under this channel. Let o4 denote an arbitrary
k-extendible state. We thus have

D(W5 ous) = D(T3% (Was ) | Tah(0an))  (56)
=D(W,5"| Ty (oan)) (57)

=DW G [wi"), (58)

where in the last line, we have noted that 7,/ (645) is a Werner

state and can thus be written as W;g‘” for some r € [0, 1]. Fur-

thermore, by Theorem 1, WA(gd) is a k-extendible state since
oap 1s by assumption. Thus, it suffices to consider only k-
extendible Werner states in the optimization of E¢(A; B)w ..
Next, the following equality holds:

D(W5 ' [Wiz") = Depin), (59)
because the quantum-to-classical channel
wap — Tr{ITzwag}|0X0] + Tr{[Tzwap} 1) (1] (60)

takes a Werner state WA(I’;’d) to (1 — p)|0)(0] + p|1)1]| and the
classical-to-quantum channel

+ 2 -
Mg + (t|l) ———=1I1; (61)

T — (0]|7|0) dd -1

2
dd+1)

takes (1 — p)|0)O| + p|1)(1| back to W &), Finally, we can
conclude the first equality in the statement of the theorem.

The reasoning for the second equality is exactly the same,
but we instead employ the bilateral twirl

Th (wng) = / A U)Us ® U lonslUs @ UZT'. (62)

This is a k-extendible channel, the isotropic states are invariant
under this twirl, and all other states are projected to isotropic
states under this twirl. Also, the channel

wap — Tr{ P pwsp}|0) (0] + Tr{(lap — Pap)wap}1)1]
(63)

takes an isotropic state pXéd) to 1|0X0| + (1 — #)|1)(1]| and the
classical-to-quantum channel

Inp — Pyup
dz -1

allows for going back. These statements allow us to conclude
the second inequality.

Lemma 5. Let 1 > p > g > 0. Then the relative entropy
D(pllq) is a monotone decreasing function of g for p > g >
0. That is, for 1 > p > g > r > 0, the following inequality
holds:

T — (0]7]0)®ap + (1] [1) (64)

D(plir) > D(pliq). (65)

Proof. To prove the statement, we show that the derivative
of D(pllq) with respect to g is negative. The derivative of
D(pllq) with respect to g is equal to

d 1—
Zoplg=—L -2 (66)
dq l-q ¢

The condition that diqD(qu) < 0 is thus equivalent to the
condition

4 __P (67)

l—q 1-p
This latter condition holds because the function x/(1 — x)
is a monotone increasing function on the interval x € (0, 1).
That this latter claim is true follows because the derivative of
x/(1 — x) with respect to x is given by

d X 1 x
E(l—x>=1—x+(1_x)2’ (68)

which is positive for x € (0, 1). |

Lemma 6. Let1l > p> g >0andleta € (0, 1)U (1, 00).
Then the Rényi relative entropy D, (p|lg) is a monotone de-
creasing function of g for p > g > 0. That is, for 1 > p >
q > r > 0, the following inequality holds:

Dy (pllr) > Do(pllg)- (69)

Proof. To prove the statement, we show that the derivative
of Dy(pllg) with respect to g is negative. The derivative of
D, (pllq) with respect to g is equal to

-1
1
™

(71)

d
d—Da(pllq) = [1 —q+
q

[/ 55) =+ 1

Since ;&= > L for 1 > p > g > 0 (as shown in the previous
P q
proof), it follows that

q r \"
(—1_q/—1_p> —1<0 (72)

forall @ € (0, 1) U (1, c0). We would then like to prove that

[(_‘1 /_” > —1i|[1—q]+1>0. (73)
l—q/ 1=p
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Note that this is equivalent to

(st 2 Jrean o
l—gq/ 1—p

which follows because

1— <L/L) € (0, 1) (75)
l—q/f 1—p

and 1 — g € (0, 1). Thus, we can conclude that diqDa(qu) <
0 for 1 >p>¢g=>0, and the statement of the lemma
follows. ]
With all of the above, we conclude the following:
Proposition 2. The k-unextendible relative entropies of a
Werner state Wlif;’d) and an isotropic state le'gd) are, respec-
tively, equal to

Ex(A; B)woo
_{ 0 it p e [0, (% +1)]
=1 DGl +1) cle ’
(76)
Ek(A;B)p(ul)
B 0 if pe [0, (L2 +1)]
| D@ (EE + 1)) else
77

Similarly, the k-unextendible Rényi divergences are given for
a € (0,1)U (1, 00) by

E]ft (A;B)W(p.d)
:{ 0 if p e [0.5(F +1)]
D, (pll%(d%1 + 1)) else ’
(78)
El(A;B) j0a
_ 0 1fpe[0,5(%+1)]
Do (1114 (52 + 1)) else.
(719)

2. Properties of k-unextendible divergences of a bipartite state

In this section, we discuss some of the properties of
an unextendible generalized divergence, focusing first on
the quantity derived from quantum relative entropy. The k-
unextendible relative entropy of a state p4p is given by
Definition 6, by replacing D with the quantum relative entropy
D. In particular, we prove several properties of unextendible
relative entropy, including uniform continuity (Lemma 8),
faithfulness (Lemma 9), subadditivity, additivity under tensor-
product states (Lemma 10), and convexity (Lemma 11).

We begin by proving the uniform continuity of unex-
tendible relative entropy. In order to do so, we use the
following result [56] concerning the relative entropy distance
with respect to any closed, convex set C of states, or more
generally positive semidefinite operators:

Dc(p) == inf D(p|ly). (80)
yeC

Lemma 7 ([56]). For a closed, convex, and bounded set C
of positive semidefinite operators, containing at least one of
full rank, let

k= sup[Dc(t) — Dc(t")] (81)

7,7’

be the largest variation of D¢. Then, for any two states p and
o for which §[p — o||; < &, with & € [0, 1], we have that

IDc(p) — De(o)| < ek + g(e), (82)

where g(¢) := (¢ + 1)log,(¢ + 1) — ¢ log, ¢.

Lemma 8 (Uniform continuity). For any two bipartite
states pap and oup acting on the composite Hilbert space
Ha @ Hp, with d = min{|A|, |B|}, and

Hpag — oasll < e €10, 1], (83)
we have that
|Ex(A; B), — Ex(A; B),| < elog, min{d, k} + g(e). (84)

Proof. This follows directly from Lemma 7. To see this,
observe that we have the following inequalities holding for
any states T4z and T,

E(A;B)r = 0, (85)
Ei(A;B): < Eg(A; B), (86)
< min{S(A), S(B).} (87)
< logd, (83)

where Eg(A; B), denotes the relative entropy of entanglement
[6,57].
Finally, we obtain the log, k upper bound on Ei(A;B),

by picking the k-extendible state for Ex(A;B), =
info,,cexT, (4:8) D(TaBlloap) as
1 1
Oa = L Tap + (1 - z)m ® 5. (39)

Such a state is k extendible with a k extension given by

1k
OAB,..B, = % Z B - QTp_, OTap ®Tp,, ® Q1T
i=1
(90)
Then by using the facts that D(p|lo) = D(pllo’) for0 < o <
o’ and D(pllco) = D(pllo) — log, ¢ for ¢ > 0, we find that

Ex(A;B), = HABGEI)?{(A:B)D(TAB||UAB) on
1 1
< D<TAB 7 A8 + (1 — %>TA ® TB) (92)

< D(taslltap) —logy(1/k) =logy k. (93)

This concludes the proof. |

Lemma 9 (Faithfulness). Fix e €0, 1]. The k-
unextendible relative entropy Ei(A;B), of any arbitrary
state psp is a faithful measure, in the following sense: If
Ey(A;B), < ¢, then

inf  |lpag —oagli < Ve21n2 (94)

045 €EXTy (A:B)
o 1
and if inf,,,cexT, 4:8) 5 | 0aB — 0agll1 < &, then

Ey(A;B), < ¢ log, min{d, k} + g(e). 95)
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Proof. The proof of the first statement follows directly
from the quantum Pinsker inequality [58, Theorem 1.15]. The

second statement follows directly from Lemma 8. |
Lemma 10 (Subadditivity and nonextensivity). For a state

1
PA1BIAsB; .. AB, = ")f(h)Bl by “’/(4232 R R a)f{iB”, the k-

unextendible relative entropy is subadditive and nonextensive,
in the sense that

Ek(AlAz .. .An;Ble . .Bn)p
< min {log, k, ZEk(A,-;Bi)wm . (96)
i=1

In fact, the nonextensivity bound
Ek(AlAz...An;Ble...Bn)p < 10g2k (97)

applies to an arbitrary state p4,s,4,8,.. 4,8, -

Proof. The subadditivity proof is straightforward. We show
it for a tensor product of two states and note that the general
statement follows from induction:

Er(A1A2; B1By),

= inf
O41A42B1B) €
EXTk(A]A2 . 3132)

D(wAIBI Q Ta,B, ”UAlAzB]Bz)

< inf
0AB; ® 0ayB, €
EXTx(A1A> : B1By)

D(wAlBl ® TA,B, HGAIBI ® UAZBZ)

- oAy B eEi)lngk(A,;Bl)D(wAlBl ||OAIBI)

+ inf
04,8, EEXTi(A2:B))

= Ex(A1;B1)y + Ex(Az; Bo)-. (98)

D(TAsz ” UAsz)

The first equality follows from the definition. The first in-
equality follows from a particular choice of o4 4,8,5,- The
second inequality follows from additivity of relative entropy
with respect to tensor-product states.

The proof of the nonextensivity upper bound of log, k
follows from the same reasoning as in (91)—(93). |

Lemma 11 (Convexity). Let a Dbipartite state pap =
Y cex Px(X)p)p, where py (x) is a probability distribution and
{pip)x is a set of quantum states. Then, the k-unextendible
relative entropy is convex, in the sense that

Ex(A;B), < Y px(XEL(A; B) . (99)
xeX

Proof. Let o5 be the k-extendible state that achieves the
minimum for p}, in Ei(A; B),«. Then,

EvAB), = inf  D(pasllons) (100)
< D(Z Px(¥)ois| D px (x)agfg) (101)

< ) px@D(pip Ha}B) (102)

(103)

=Y px(DEL(A; B),.

The second inequality follows from the joint convexity of
quantum relative entropy. ]

The following lemmas have straightforward proofs, mak-
ing use of the additivity of sandwiched Rényi relative entropy
with respect to tensor-product states, as well as its joint quasi-
convexity:

Lemma 12 (Subadditivity and nonextensivity). For a state
PA|B\AsB,y.. A,B, = wf(fl)Bl ® wfzgz QK & wﬁ{’} and o€
(0, 1)U (1, 00), the k-unextendible «-sandwiched-Rényi
divergence is subadditive and nonextensive, in the sense that

E*(AiAy... Ay BBy ... By),

n
< min { log, &, Zi;f‘(Ai;Bi)wm .

i=1

(104)

In fact, the nonextensivity bound

EY(AjA; ... Ay BB, ... B,), <log,k  (105)

applies to an arbitrary state pa,,4,8,..4,B,-
Lemma 13. The k-unextendible «-sandwiched-Rényi di-
vergence is quasiconvex, i.e., if pap € D(Hap) decomposes

as pag = Y ey Px(X)p4p, Where D" .. px(x) =1 and each
Pip € D(Hap), then

EY(A;B), < sup EX(A; B) . (106)

IV. UNEXTENDIBILITY, NONASYMPTOTIC ONE-WAY
DISTILLABLE ENTANGLEMENT, AND NONASYMPTOTIC
QUANTUM CAPACITY

In this section, we use the resource theory of unextendibil-
ity to derive nonasymptotic converse bounds on the rate at
which entanglement can be transmitted over a finite number of
uses of a quantum channel. We do the same for the nonasymp-
totic one-way distillable entanglement of a bipartite state.

A. Entanglement transmission codes and one-way
entanglement distillation protocols

An (n, M, ¢) entanglement transmission protocol accom-
plishes the task of entanglement transmission over n indepen-
dent uses of a quantum channel A,_ . The case of n =1 is
known as “one-shot entanglement transmission,” given that
we are considering just a single use of a channel in this case.
However, note that a given (n, M, ) entanglement transmis-
sion protocol for the channel AVy_ p can be considered as a
(1, M, &) entanglement transmission protocol for the channel
Ny

An entanglement transmission code for A is specified by
a triplet {M, £, D}, where M = dim(Hpg) is the Schmidt rank
of a maximally entangled state ®g4/, one share of which is
to be transmitted over N. The quantum channels £, 4+ and
Dg._, 4 are encoding and decoding channels, respectively. An
(n, M, &) code is such that

F(CDRA» a)RA) 2 1— &, (107)

where

wpi = (Dprosj O NE" 50 Enan) (Prar). (108)
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Alice

FIG. 2. Depiction of an entanglement transmission protocol as-
sisted by a k-extendible postprocessing channel. The quantum
channel NV is used n times, in conjunction with an encoding chan-
nel Ey_an and a k-extendible postprocessing decoding channel
Krgn_»ri» in order to establish entanglement shared between Alice
and Bob.

We note that the criterion F'(®y4, wpz) = 1 — € is equivalent
to
Tr{®pi0p4} =21 — €. (109)
We can also consider a modification of the above protocol in
which the final decoding is a k-extendible channel Dy, . p4,
acting on the input systems R : B" and outputting the systems
R : A. See Fig. 2 for a depiction of such a modified protocol.
We call such a protocol entanglement transmission assisted by
a k-extendible postprocessing, and the resulting nonasymp-
totic quantum capacity is denoted by Q}k)(J\/' A—B, 1, ).
Another kind of protocol to consider is a one-way
entanglement distillation protocol. An (n, M, ) one-way en-
tanglement distillation protocol begins with Alice and Bob
sharing n copies of a bipartite state psp. They then act with
a IW-LOCC channel L pm,um, on p5y, and the resulting
state satisfies
F(Lapromams (055), Paramy) =1 — €, (110)
where @y, is a maximally entangled state of Schmidt
rank M. We can also modify this protocol to allow for
a k-extendible channel instead of a 1W-LOCC channel,
and the resulting protocol is an (n, M, ) entanglement dis-
tillation protocol assisted by a k-extendible channel. Let
D®(pap, n, &) denote the nonasymptotic distillable entan-
glement with the assistance of k-extendible channels, i.e.,
D®(pap, n, €) is equal to the maximum value of 1log, M
such that there exists an (n, M, ¢) protocol for psp as de-
scribed above.

B. Bounds on nonasymptotic quantum capacity and one-way
distillable entanglement in terms of k-extendible divergence

We now establish an upper bound on the nonasymptotic
quantum capacity in terms of the unextendible hypothesis
testing divergence:

Theorem 2. The following bound holds for all k € N and
for every (1, M, ¢) entanglement transmission protocol over a
quantum channel N and assisted by a k-extendible postpro-

cessing:
1 ! + ! ! < E;(R;B) (111)
—log,| =+~ — — | <su ;B)e,
£l Tk Mk S
where
E{(R;B), = inf  Dj(tgpllors) (112)
orp€EXTy (R;B)

is the k-unextendible e-hypothesis-testing divergence, tgp =
Na_p(¥ra), and the optimization in (111) is with respect
to pure states Yg4 such that dim(#Hg) = dim(#,4). Similarly,
the following bound holds for any (1, M, ¢) entanglement
distillation protocol for a state psp, which is assisted by a
k-extendible postprocessing:

11 1
_Ing[_ +o - —} < E{(A:B),. (113)

M  k Mk
Proof. Suppose that there exists a (1, M, ) entanglement
transmission protocol, assisted by a k-extendible postpro-
cessing, that satisfies the condition in (107). Let oy, €
EXTy(R;A), and let r4 denote a maximally entangled state.
Then the following chain of inequalities holds:

Dy (wggllogs)

2 —log, Tr{®rz0p4} (114)

—longr{/dU(UR®U§)®RA(UR®U§)TGRA} (115)

= —log, Tr {cl:RA/dU(UR@U;)TaRA(UR ®U/;f)}. (116)

The first inequality follows because the condition in (109)
implies that we can relax the measurement operator A in (14)
to be equal to ® 4. The first equality is due to the “transpose
trick” property of the maximally entangled state, which leads
to its U ® U* invariance. For the last equality, we use the
cyclic property of the trace.

Let

ORi = /dU(UR ®U§)TURA(UR®U§)~ (117
The state 04 is k extendible because oy is and because the
unitary twirl can be realized as a 1W-LOCC channel. The
symmetrized state o 54 is furthermore isotropic because it is
invariant under the action of a unitary of the form U Q U*.
From Lemma 3, we find that

Li — ®pi
Tri :t(bRA—f-(l—t)%, (118)

—1
for some ¢ € [0, . + 1 — 377]. Combining (118) with (116)
leads to

Dj(wgillogs) = —logy (119)

111
] (120)

> —logy| — + - — —
°g2[M+k Mk
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Since the above bound holds for an arbitrary state og; €
EXTy(R;A), we conclude that

Ef(R;A), = inf D (wgillogs) (121)
0i EEXTi (R;A)
> —1 ! +1 ! (122)
z —log|—+-——1.
8l Tk Mk

Let prp = Na—p(pra), Where pga = Eq—a(Pra), and let
orp € EXTx(R; B). Then for a k-extendible postprocessing
channel Dyy_, 4, we have that

Dj(prellors) 2 Dj(Dgp_, gi(Pre) | Drg— gi(ors))  (123)

= Dj(wpillogg) (124)

> E{ (R;A),. (125)
The first inequality follows from the data-processing inequal-
ity for the hypothesis testing relative entropy. The channel
Drp_ri 18 a k-extendible channel, and given that ozp €
EXTy(R; B), Theorem 1 implies that o; € EXTx (R;A). The
last inequality follows from the definition in (112). Since this

inequality holds for all ogp € EXTk(R; B), we conclude that
E{(R;B), > E{(R;A),,. (126)

We now optimize E; with respect to all inputs pg4 to the
channel NVy_ p:

sup E (R B)n(p) 2 E; (R B)nr(p)-

PRA

(127)

Using purification, the Schmidt decomposition theorem, and
the data-processing inequality of E} (R; B),, we find that

sup E; (R; B)nr(p) = sup E; (R; B) vy (128)

PRA VYra

for a pure state Yg4 with |R| = |A|. Combining (121), (126),
and (128), we conclude the bound in (111).

By employing similar reasoning as above, we arrive at the
bound in (113). |

Remark 1. Note that Theorem 2 applies in the case that
the channel N is an infinite-dimensional channel, taking in-
put density operators acting on a separable Hilbert space to
output density operators acting on a separable Hilbert space.
In claiming this statement, we are supposing that an entangle-
ment transmission protocol begins with a finite-dimensional
space, the encoding then maps to the infinite-dimensional
space, the channel A/ acts, and then finally the decoding chan-
nel maps back to a finite-dimensional space. Furthermore, an
entanglement distillation protocol acts on infinite-dimensional
states and distills finite-dimensional maximally entangled
states from them. We arrive at this conclusion because
the e-hypothesis-testing relative entropy is well defined for
infinite-dimensional states.

Remark 2. Due to the facts that Dj(p|lo) > D} (pllo”) for
0 <o <o/, Di(pllco) = Dj(pllo) —log, ¢ for ¢ >0 [59,
Lemma 7], D;(pllp) = logz(llj), and by applying the same
reasoning as in (91)—(93), we conclude that

1
sup E{(R; B); < log2<:) + log, k, (129)

“/fRA

which provides a limitation on the (e, k) unextendibility of
any quantum channel.

By turning around the bound in (111), we find the follow-
ing alternative way of expressing it:

Remark 3. The number of ebits (log, M) transmitted by a
(1, M, ¢) entanglement transmission protocol over a quantum
channel N and assisted by a k-extendible postprocessing is
bounded from above as

—1 ) _ 10g2 <2 SUPy,, E;(R;B), __ %) ,

(130)

k
log, M < logz(

where Ef (R; B), is defined in (112).

1. On the size of the extendibility parameter k versus the error &

By observing the form of the bound in Remark 3, we see
that it is critical for the inequality
27 SUPypy ECRB) _ 1 >0 (131)
to hold in order for the bound to be nontrivial. Related, we
see that this inequality always holds in the limit k — oo, and
in this limit, we recover the e-relative entropy of entanglement
bound from [4,38]. Here, we address the question of how large
k should be in order to ensure that the inequality in (131)
holds.

Proposition 3. For a fixed ¢ € (0, 1), the following in-
equality holds:

27BN % >0 (132)
or, equivalently, that
E;(N) < log, k (133)
as long as
k> 26iNg 41, (134)
where
I (N) = sup Dy (Nas p(Yra) ¥R @ Nassp(¥a))  (135)

Yra

is the channel’s e-mutual information.
Proof. This follows because the condition in (133) is equiv-
alent to

E;(N) = sup inf

an ORBEEXTL(R;B)

D, (Nas(Yra)llors) < log, k.

(136)

We can pick the k-extendible state a}é, for a fixed Yga4, as
follows:

1 1
Ry = z/\/AeB(wRA) + <1 - ;)IIIR ® Nap(a), (137)

implying that

E{(W) < sup D (Navs(Wra)|ogs).  (138)
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The choice a;‘,/jg is k extendible because the following state

constitutes its k extension:
1 &
o‘]&]...Bk = E ZA[A*)B] (WA) ® e ® NA%B,'_] (wA)
i=1

QNa—p,(Vra) @ Nassp,,,(Ya) ® - - -
®~/\/:4HBI<(WA)-

The  optimal measurement
Dy (Na—p(Yra)llopy) satisfies

Tr{A"Naop(Yra)} 2 1 — e,

which means that

(139)

operator A* for

(140)

1
Tr {A*oy,} = % Tr{A"Na—p(Yra)}
1
n (1 _ E) Tr{A* [V @ N5 ()]

1 1
> —[1— 1— = |2V, 141
k[ S]+( k) (141)

and in turn that

D (Nass(Yrra) || 0;513)

1 1
< —log2|:z[1 —e]+ <1 - z)z—’ﬂm] (142)

The goal is to have the right-hand side above less than log, k
for all Yga, and this condition is equivalent to

1 1 .
—logg[%[l —el+ (1 - %>21hw>] <log, k. (143)

Rewriting this, it is the same as

1 1 1
—[1- 1—— )27V S — 144
k[ el + ( k) > 7 (144)
which is in turn the same as
£ 1 ¢
—— 4 (1== )27 M 50 145
R () (145)
& (k— 127N 5 ¢ (146)
&k > 2Ng 41, (147)
This concludes the proof. |

Remark 4. We note that the lower bound on k from Propo-
sition 3 is not necessarily optimal and certainly could be
improved. For example, when ¢ < % and the channel V is a
two-extendible channel, k = 2 suffices in order for the bound
from Theorem 2 to apply, and thus the bound in Proposition
3 can be very loose. The value of Proposition 3 is simply
in knowing that a finite lower bound on k exists for every
channel, such that one can always find a finite k for and
beyond which our bound on entanglement transmission rates
applies.

C. Nonasymptotic quantum capacity assisted by
k-extendible channels

In this section, we define another kind of nonasymptotic
quantum capacity, in which a quantum channel is used n

times, and between every channel use, a k-extendible channel
is employed for free to assist in the goal of entanglement
transmission. Such a protocol is similar to those that have been
discussed in the literature previously [60-62], but we review
the details here for completeness.

In such a protocol (see Fig. 3 for a depiction of an exam-
ple), a sender Alice and a receiver Bob are spatially separated
and connected by a quantum channel A, 5. They begin by
performing a k-extendible channel K which leads to

@—)A&A]B’l ’
a k-extendible state P/(;I'Z;I p» Where A| and B are systems that
1 1

are finite dimensional but arbitrarily large. The system A; is
such that it can be fed into the first channel use. Alice sends
system A; through the first channel use, leading to a state

ag,]lng,l =N, B (pf(xl/li‘]B,] ). Alice and Bob then perform the

k-extendible channel X

A BB A4, Which leads to the state
1 1 2 2

2) — @ )
Paya.By = ICA’]BIB’I—>A’2AZB’2 (%;Bly1 )-

(148)
Alice sends system A, through the second channel use
N4, - p,, leading to the state cr/g;gz B = Mzﬁgz(pfxl,zzz B’z)' This
process iterates: the protocol uses the channel n times. In
general, we have the following states for alli € {2, ..., n}:

O =K (o4 3w ) (149

Paias; A Bi 1B, —AAB\CA B

)

O'.ASI)?,'B; = NA[—>B; (’OA;AiB,’.)’ (150)

where C A BBl —~AAB, is a k-extendible channel. The fi-

nal step of the protocol consists of a k-extendible channel
ICXZ;:I);;Q m,m,» Which generates the systems My and Mp for
Alice and Bob, respectively. The protocol’s final state is as

follows:

. -(n+1) ()
ommy =Ko p g vy (GA;B"B;)'

(151)
The goal of the protocol is that the final state wyy, p, 1s close
to a maximally entangled state. Fix n, M € N and ¢ € [0, 1].
The original protocol is an (n, M, ¢) protocol if the channel is
used n times as discussed above, |My| = [Mpg| = M, and if

F(omy Patonty) = (Plasamty@rant, | Phmaam,  (152)

>1—e. (153)
Let Qﬁ{ )(Nap, n, &) denote the nonasymptotic quan-
tum capacity assisted by k-extendible channels, i.e.,
;{‘)(J\/A%B,n, ¢) is the maximum value of %logzM such
that there exists an (n, M, ¢) protocol for N, as described
above.

A rate R is achievable for k-extendible-assisted quantum
communication if for all ¢ € (0, 1], § > 0, and sufficiently
large n, there exists an (n,2"®=% ¢) protocol. The k-
extendible-assisted quantum capacity of a channel NV, denoted
as O (\), is equal to the supremum of all achievable rates.

Theorem 3. The following converse bound holds for every
integer kK > 2 and for every (n, M, ¢) k-extendible assisted
quantum communication protocol over n uses of a quantum
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Al’ Az)
k-EXT A B, k-EXT A B, k-EXT
Bl, Bz)

A, M,
[ X N ]
eee | kEXT A By k-EXT
(XX} B;l M;

FIG. 3. Depiction of a quantum communication protocol using a quantum channel N\ assisted by k-extendible channels before and after
every channel use. The quantum channel A is used n times, in conjunction with the assisting k-extendible channels, in order to establish

entanglement shared between Alice and Bob.

channel \V:
1 1 1

1
— -
n 0g2|:M+k Mk

1 1
:| < EM™N) + ;1()%2(1 —8)’
(154)

where E;™*(N) is the k-unextendible max-relative entropy of
the channel V/, defined as

E/inax(R;B)p = Dmax(pRB||URB)v (155)

inf
orp€EXTy (R:B)
Trp ‘= Ma_p(¥ra), and the optimization is with respect to
pure states pgra With |R| = |A]|.

Proof. The above bound can be derived by invoking Propo-
sition 6 and following arguments similar to those given in the
proof of [62, Theorem 3]. We also require the amortization
collapse of E™*(N), as given in Appendix B. [ ]

Similar to the observation in Remark 3, by turning around
the bound in (154), we find the following alternative way of
expressing it:

Remark 5. The number of qubits (log, M) transmitted by
an (n, M, ¢) k-extendible assisted quantum communication
protocol conducted over a quantum channel A is bounded

from above as
—1 max 1
) — 10g2<2—"5k M1 —¢g] - %>,

(156)

k
log, M < 10g2<

where E;"* () is the k-unextendible max-relative entropy of
the channel V, as defined in (B7).

Related to the discussion in Sec. IVBI1, it is necessary for
the inequality 275" NV)[] — ¢] — % > 0 to hold in order for
the bound in (156) to be nontrivial. The following proposition
gives a sufficient condition on the size of k in order for the
inequality in (156) to hold. This condition can be checked
numerically.

Proposition 4. Fix ¢ € (0, 1), achannel N, andn > 1. The
following inequality holds:

max 1
o —nE; (N)[l —e]— Z >0 (157)
or, equivalently,
) 1
nEIEndX(N) + 10g2(1 — 8) < log, k, (158)
as long as
klfl/n
k> 21““(]\/)[—1 —(1- zlmx(/\f))i|’ (159)
[1—e]'/"

where

]max(N) = Supoax(NAaB(l/fRA)”I/fR X NA%B(I/IA)) (160)

YR

is the channel’s max-mutual information.
Proof. The condition in (158) is equivalent to

max _ .
EM(N) = ?//IZE URBEEl)I(l’Ifk(R:B) Drnax (Na—s 5(Wra)llorB)

< log, k. (161)

We can pick the k-extendible state Ul‘fB, for a fixed gy, as
follows:

o — %NH(W) + (1 - %)WR ® Nis(¥a), (162)
implying that
EM(N) < Sup Do (Nasss(Wra) || o) (163)
KA
Now defining, for a fixed g4,
AW) = Inax (R; B)N (v (164)

‘= Dinax(Na—s(Yra) 1¥r @ Nassp(¥a)), (165)
we find that

1 1

GRV/B = %M—us(l/fRA) + (1 — %)VIR ® Naop(¥a)  (166)
1 1

> zN;HB(WRA) + <1 - z>2’\('/’)/\/;x—>B(WRA) (167)

(168)

L[t (1 D) ot

Now exploiting the fact that Dy (p]|o) < Dmax(pllo”) for
o >20"2>0, as well as D (pllco) = Dnax(pllo) —log, ¢
for ¢ > 0, we find that

f/jup Dinax (N5 (Wra) o)

g Sl//up {Dmax (M—)B(I//RA ) ||~/V:4—>B(WRA ))

1 1
—1 _ 1 — = |22
w4 (-]
1 1
= sup {—log [— + (1 - —)2_’\("’)“
Vi 2Lk k

(169)

(170)
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(171)

1 1
= —1 — 1 —— 2_Imax(N)
w[i+(-7)

1
— _ 10g2 [zlmax(-/\[) + z(l _ 21max(N))]. (172)

The goal is to have the inequality in (158) holding, and, by the
above analysis, this results if the following inequality holds:

1
—n logz{ [z_lmax(N) + E(l _ Z_Imax(N))] }

> < log, k. (173)

+log2<1 —

Rewriting this, it is the same as

1 ! 1
|:21mux(N) + - Pt ))} [1—el> o

1
—Inax(N) 201 — = InaxN) _ ol/n
& [2 + (-2 )}[1 ' >

& [k2 7N (1 — 27l Ny — ]V s 121 (174)

- - K-/
¢> k2 Imax(N) + (1 _ 2 ImmX(N)) > [1 - g]l/n (175)
kl—l/n
ok > 2’mﬂx(N)[[1 — 8]1/” - - 2_Imax(N))}. (176)
This concludes the proof. |

A similar comment as
Proposition 4.

We now define k-simulable channels and observe how the
upper bounds on nonasymptotic quantum capacity simplify
for these channels.

Definition 10 (k-simulable channels). A channel Ny_ p is
k-simulable with associated resource state wgy if the follow-

in Remark 4 applies to

8
ol ,"
8 P
= e
g 6| |--- KDWW PR
= -----TBR .~
=R A WFD P "
4
:5 4 - , |
= T
& e
(- Ll
o Ll
5 SR 4
B 2 [ /’:‘ ———_, |
= p PR
z RSP

0 [~ | | | |

2 ) 10 15 20 25

Number 7 of channel uses

FIG. 4. Upper bounds on the number of qubits that can be re-
liably transmitted over a depolarizing channel with p = 0.1 and
& = 0.05. The red dashed line is the bound from Theorem 2. The
green dashed-dotted and blue dotted lines are upper bounds from [4]
and [3], respectively.

ing holds for every input state ps € D(H,):

Nas(pa) = Krap_g(pa ® wgp), (177)

where Krap_. g is a k-extendible channel.

Note that a teleportation-simulable channel, as given in
Definition 2, is a particular example of a k-simulable channel,
whenever the LOCC channel in (16) is a IW-LOCC channel.

For a k-simulable channel, an (n, M, ¢) quantum commu-
nication protocol assisted by k-extendible channels simplifies
in such a way that it is equivalent to an (n, M, &) entangle-
ment distillation protocol starting from the resource state w;?f’
and assisted by a k-extendible postprocessing channel. This
kind of observation was made in [1,36] and extended to any
resource theory in [61]. See Figure 5 of [61] for a summary of
the reduction that applies to our case of interest here. We then
have the following:

Corollary 1. Let N be a k-simulable channel as in Defi-
nition 10. The following bound holds for all k € N and for
every (n, M, ) quantum communication protocol conducted
over the quantum channel N and assisted by k-extendible
channels:

111 R
—1og2[ 7 —} S EL (R B )wen, (178)

R

where wgp is the resource state in Definition 10.

V. EXAMPLES

We now showcase the above bounds for depolarizing and
erasure channels.

A. Depolarizing channel

The action of a qubit-depolarizing channel D}, on an
input state p is as follows:

Dl 5(0) = (1 = p)p + S(XpX +YpY¥ +2pZ). (179)

where p € [0, 1] is the depolarizing parameter and X, Y, and Z
are the Pauli operators. A depolarizing channel is a covariant
channel for all p € [0, 1], which is a fact that is easy to see
after expressing its action as Di _ ,(p) = (1 — q)p + ql/2,
for ¢ = 4p/3. This property is crucial to obtain an upper
bound on the unextendible e-hypothesis-testing divergence of
the depolarizing channel.

To this end, we first argue that the optimal input state
for n independent uses of the depolarizing channel is an n-
fold tensor product of the maximally entangled state gy =
% Zi,je{(),l} [i)jlr ® |i){jla. For tensor-product channels, we
can restrict the input state to be invariant under permutations
of the input systems, due to Lemma 16 in Appendix C. Also,
for covariant channels, the input states that optimize the k-
extendible relative entropy are of the form given in Lemma
16 in Appendix C. Therefore, it suffices to restrict the input
state to be a tensor-power maximally entangled state; i.e., we
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FIG. 5. Upper bounds on the number of qubits that can be re-
liably transmitted over a depolarizing channel with p = 0.25 and
& =5 x 1073, The red dashed line is the bound from Theorem 2. The
green dashed-dotted and blue dotted lines are upper bounds from [4]
and [3], respectively.

conclude that
E{([DP1®")

= inf

®
ogngn €EEXTy (R":B") D}i ([DI{‘:A)B((DRA )] ' ” GR”B") ' (1 80)

We make a particular choice of the k-extendible state ognpe
above (which is not necessarily optimal) to be a tensor product
of the isotropic states UI&;Z), defined as

td) _ . ad Iip — P4y
phi = 19+ (1= )22 (181)

2_1°
where @4, denotes a maximally entangled state of Schmidt
rank d, and ¢ € [0, 1]. Note that the action of D’ on

a maximally entangled state results in an isotropic state

oP? parametrized by p. Since the states (o2”)®" and
(0&32) )®" are diagonal in the same basis, the e-hypothesis-

testing relative entropy between the two states is equal to
the e-hypothesis-testing relative entropy between the product
Bernoulli probability distributions {1 — p, p}*” and {r, 1 —
1}*". We therefore obtain the following bound on the number
of ebits transmitted by n channel uses of the depolarizing
channel:

—11 M<—11 !
() (0]
22 A 22 i

_ 1 log, (205}({1%}7}”{1,11}”) _ l) (182)
n k

The resulting classical hypothesis testing relative entropy be-
tween the product Bernoulli distributions can be distinguished
exactly by the optimal Neyman-Pearson test [63].

Note that (182) converges to the upper bound given in [4] in
the limit as k — oo. Refer to Figs. 4 and 5 for a comparison
of various upper bounds on the nonasymptotic quantum ca-
pacity of the depolarizing channel. For tensor products of the

isotropic states UX;), the numerics suggest that the minimiz-

ing state is either a k = 2 extendible state or a separable state.
If the minimizing state is a separable state, then the bound in
(182) is equal to the TBR bound from [4].

B. Erasure channel

The action of a qubit erasure channel [64] on an input
density operator p is as follows:

EV_p(pa) = (1 — p)pp + pleXels, (183)

where p € [0, 1] is the erasure parameter and |e)(e| is a pure
state, orthogonal to any input state. The optimal input state
for n uses of the erasure channel, when considering its unex-
tendible generalized divergence, is the n-fold tensor product
maximally entangled state ®%;. This follows also from the
covariance of the erasure channel and Lemma 16.

Our goal is to obtain upper bounds on the entanglement
transmission rate when using the erasure channel n times.
Consider sending n shares of the maximally entangled state
@44 over n uses of the erasure channel £, ;. The output
state pA,B,A,B,..A,B, has the form

PA BB AB, = ) p(x”)<®rj:;3j>, (184)
j=1

xmef0, 1}
where for all j € [n],

Tip, € {Pan,. T, ® leNels, }. (185)

and for all x" € {0, 1}", p(x") € [0, 1] is a product distribu-
tion such that ) o, P(x") = 1. Due to an independent
and identically distributed application of the channels, we
find that the probabilities p(x*) corresponding to a state
T3 B ALB,.. 4,5, With the same number of erasure symbols are
equal. The total probability for having £ erasure symbols in
the state pa,p,4,8,..4,8, 15 equal to (})(1 — p)"~‘p’, where
£e{0,...,n}

Without loss of generality, the block-diagonal form of the
output state of n uses of an erasure channel, when inputting a
tensor-power maximally entangled state, allows us to restrict
the class of k-extendible states 0 € EXT\(A”; B"), over which
we optimize the unextendible e-hypothesis-testing relative
entropy, to be of the form in (184), except with p(x") a prob-
ability distribution that is not necessarily product and chosen
such that the state is k-extendible. This follows because the
state pa,B,A,B,. 4,8, 15 invariant under n independent bilateral
twirls, along with n independent and incomplete measure-
ments of the form {|0)}0| + |1)(1], |e){e|} by Bob, while such a
1W-LOCC channel symmetrizes the k-extendible state to have
the aforementioned form. We let 04, ,4,5,..4,8, be of the form
in (184) with coefficients (probabilities) set to g(x"). Further-
more, we note that p4,,4,5,..4,8, 1S permutation invariant after
Alice and Bob perform a coordinated random permutation
channel on their composite systems locally. This allows us to
restrict the form of 04, p,4,8,..4,8, t0 be permutation invariant
under such a symmetrizing permutation channel because it is
a k-extendible channel.

From the argument above, we find that the minimizing state
has the block structure given in (184), and the coefficients for
states in the sum with the same number of erasure symbols are
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equal. We now want to obtain conditions on the probabilities
q(x"), where x" € {0, 1}", from the k-extendibility of the state
OA,B,AB,..A,B,- Lhe constraints that we impose on g(x") are
not unique. That is, there could exist other constraints such
that the state o4,5,4,8,..4,8, 15 still k extendible.

Let us first consider n = 2 channel uses. By what we dis-
cussed above, the minimizing k-extendible state o4, 5,4,5, then
has the form

Oa BB = CoPap, ® Pa,p, + €1 (Payp, @ 7a, @ le)els,

+ Py,5, ® 7a, ® le)els,)

+cama, ® le)elp, ® ma, ® |e)els,, (186)

where {c;}; for i € {0, 1, 2} is a probability distribution such
that ¢y 4+ 2¢1 + ¢, = 1. Focusing on the special case k = 2,
we now want to obtain constraints on each ¢; such that
O4A,B,A,B, 18 a two-extendible state. To this end, we replace all
the terms @4 p, in the above state with the two-extendible state
%CDA,.BI + (1 - %)nA, ® |e)e|p,. We obtain the following state,
which is guaranteed to be two-extendible by construction:

Co Co Cq
ZCDAIBI ® DB, + (Z + 5>(¢A181 ® 74, ® |eXelp,

+ 74, @ le)els, ® Pa,s,)
c
+(£4wn+q)@m®kmmﬂ®mh®wme
(187)
Abbreviating the new coefficients as by, by, and b,, the above

approach leads to the following constraint on them such that
the state o4, p,4,8, 1S two-extendible:

1
bo 4 0 0 Co
bi|=|% 3 0f|a (188)
b 1 1 c
2 o231 2

We now generalize the above procedure of obtaining
two-extendible states for two channel uses to obtaining k-
extendible states for n channel uses. We obtain the following
condition on the coefficients b;:

ho @m
b] (1)6‘1
by | =M| (3)e2 |, (189)
b.ﬂ n:
(n)cn

where the general form of the matrix M, 1)x(n+1) = [74,,] 18

given as
_ n—v 1 1 u—v 1 n—u
M = u—v k k

if u > v and, otherwise, m, , = 0, where n is the number of
channel uses and u, v € {0, ..., n}. The coefficients are such
that co, c1, ..., ¢, € [0, 1]and Y (;f)cj = 1. We then have
that

(190)

inf D;(p. o, )
, h\PAB,..AyB, ||9AB,...A,B,
4, B;...AnBn SEXTk o
< rbnin Dj({ao, ai, - .., ax}ll{bo, b1, ..., bu}),
050150045 n
(191)

8 T ;
= /'/
[«B) ’
= 6 |--- KDWW i
% -----TBR ,."
5 .
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FIG. 6. Upper bounds on the number of qubits that can be re-
liably transmitted over an erasure channel with p = 0.35 and ¢ =
0.05. The red dashed line is the bound from Theorem 2. The green
dashed-dotted line is an upper bound from [4].

where the distribution {ay, ay, ..., a,} is induced by measur-
ing the number of erasures in pa,p, 4,5, and the coefficients
{bo, b1, ..., b,} are chosen as discussed above. The inequality
follows from restricting the form of the minimizing state.
By exploiting the dual formulation of the hypothesis-testing
relative entropy [65], we can now write the expression in (191)
as the following linear program:

L'Urgllinc D({ag, ay, ..., an}ll{bo, by, ..., by})
=—1lo max 1—¢)— o ), 192
E2 <{co,m ..... cn},{a,},,yy( ) ; ) (192)
such that
Viel0,n], o —ya+b; =0, (193)
bi=Y mjcj,  (194)
Jj=0

0<¢ <1, (195)
y20, 020, (196)

- n
§:<,>c,=1 (197)

J

For the plots in Figs. 6 and 7, we have taken 04,p,4,5,..4,B,
to be in a particular set of extendible states as defined above.
Within this set, we have optimized over at most k = 10 ex-
tendible states.

VI. PRETTY STRONG CONVERSE FOR
ANTIDEGRADABLE CHANNELS

As a direct application of Theorem 3, we revisit the
“pretty strong converse” of [66] for antidegradable channels.
A channel V,_, p is antidegradable [67,68] if the output state
Na_ p(pra) is two-extendible for every input state pr4. Due to
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this property, antidegradable channels have zero asymptotic
quantum capacity [12,69]. Theorem 3 implies the following
bound for the nonasymptotic case:

Corollary 2. Fix ¢ € [0, 1/2). The following bound holds
for every (n, M, &) quantum communication protocol employ-
ing n uses of an antidegradable channel N interleaved by
two-extendible channels:

11 M<11 !
—lo <-lo .
n &2 n £ 1—2¢

Proof. Let Ns_.p be an antidegradable channel, and sup-
pose that pg4 is a state input to the channel. Then the output
state My_ g(ora) is always a two-extendible state (due to an-
tidegradability) [68]. As a direct consequence of Theorem 3,
the following bound applies to every (n, M, ¢) quantum com-
munication protocol employing n uses of an antidegradable
channel NV interleaved by two-extendible channels:

Lol Ll 17 1, |
——log,| = +=—=—|[<-1o .
By Ty T o | S\

This follows by setting k=2 and noticing that
sup,,, ES™(R;B), =0, where tgp := Na_p(Yra), for
such antidegradable channels. After some basic algebraic

steps, for ¢ < %, we can rewrite this bound as

(198)

(199)

(200)

1 i 1
Zlog, M < ~log,| ——|.
nooB2MS ng[z(l—e)—l]

These steps are as follows:

& logz[z—M:| < log2< : ) (201)
M+1 1—¢
& 2 < ! (202)
1+1/M " 1-—¢
S 2(l—-e)<1+1/M (203)
s 2(l—-e)—1<L1/M (204)
& 1—-2e < 1/M. (205)
This concludes the proof. |

We conclude from the above inequality that, for an an-
tidegradable channel, there is a strong limitation on its ability
to generate entanglement whenever the error parameter & < %
as is usually desired for applications in quantum computation.
We also remark that the bound above is tighter than related
bounds given in [66] and, furthermore, the bound applies
to quantum communication protocols assisted by interleaved
two-extendible channels, which were not considered in [66].

More generally, if the output of the channel is always a
k-extendible state, then we have the following bound:

Corollary 3. Fix ¢ € [0,1 —1/k). Let Ny_p be a k-
extendible channel, in the sense that ANy_z(pora) is k
extendible for every input state pgs. Then the following
bound holds for every (n, M, ¢) quantum communication pro-
tocol employing n uses of the channel A interleaved by

8
e e
Q .
§ K
= 6 |--- KDWW o
% -----TBR 7
= .
-+~ e
3 4| L N
S .
[op ./'
Gy Ra
o R
o] 2 [~ e e 1
= e
=] Ra
Z PR
O-'—’;——r —————— |m === == - === === -- "
6 10 15 20

Number n of channel uses

FIG. 7. Upper bounds on the number of qubits that can be re-
liably transmitted over an erasure channel with p = 0.49 and ¢ =
0.05. The red dashed line is the bound from Theorem 2. The green
dashed-dotted line is an upper bound from [4].

k-extendible channels:

1 1 1
—log, M < —log,\ ——— |-
n n l—leé‘

(206)

Proof. This follows by the same reasoning as in the pre-
vious proof. If the output of the channel is k extendible, then
employing Theorem 3 gives that

—%logz[ﬂl/[—i-%—ﬁ} <%10g2<118). (207)
We then employ the following algebraic steps:
—llogz[L + l - L] < llogz( : ), (208)
n M  k Mk n 1—¢
1 1og2[k_1—+M] < llog2< ! ) (209)
n kM n 1—¢
kM 1
k—l—l—Mgl—a’ 210)
k 1
< , (211)
k—1)/M +1 1—¢
kl—-e)<k=-1D/M+1, (212)
[M] < 1M, (213)
k—1
1— k e < 1/M. (214)
k—1
We then get that
llogzM < llog2<;>. (215)
n n 1-— kf—ls
This concludes the proof. |

Thus, for afixed ¢ € [0, 1 — 1/k), we conclude that the rate
of quantum communication for a single-sender single-receiver
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k-extendible channel decays to zero as n — oo. Related, if the
communication rate for a sequence of codes used over such a
channel is strictly greater than zero, then it must be the case
that the error in communication is greater than or equal to
1 — 1/k, which is a higher jump than discussed in the previous
case. An example of a channel for which this effect occurs is
a quantum erasure channel with erasure probability 1 — 1/k.

Another example of a channel for which the bound in
Corollary 3 holds is the universal cloning machine channel
(a1 — k universal quantum cloner followed by a partial trace
over k — 1 of the clones) [46]. When the dimension of the
channel input is M, the bound in Corollary 3 is in fact satu-
rated, as observed in the proof of [54, Theorem III.8].

VII. CONCLUSIONS

In this paper, we obtained tight nonasymptotic bounds on
the rates of entanglement transmission of a channel assisted
by a k-extendible channel. To obtain these tight bounds, we
developed the resource theory of unextendibility. The free
states in this resource theory are k-extendible states, which
have been studied previously for quantifying the entanglement
present in a quantum state. We define k-extendible chan-
nels, and prove that these are free channels in the resource
theory of k-unextendibility. We then obtain nonasymptotic
upper bounds on the rate at which qubits can be transmitted
over a finite number of uses of a given quantum channel, by
utilizing the monotones introduced for the resource theory
of unextendibility. We show that these bounds are signifi-
cantly tighter than those in [3,4] for depolarizing and erasure
channels.

An interesting research direction would be to further ex-
plore the resource theory of unextendibility. One plausible
direction would be to use this resource theory to obtain
nonasymptotic converse bounds on the entanglement distilla-
tion rate of bipartite quantum interactions and compare with
the bounds obtained in [70]. Another direction is to analyze
the bounds in Theorem 2 for other noise models that are
practically relevant. Finally, it remains open to link the bounds
developed here with the open problem of finding a strong
converse for the quantum capacity of degradable channels
[66]. To solve that problem, recall that one contribution of
[66] was to reduce the question of the strong converse of
degradable channels to that of establishing the strong converse
for symmetric channels.
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APPENDIX A: CLASS OF k-EXTENDIBLE CHANNELS

Before stating the proposition, we state an alternate repre-
sentation of 1W-LOCC channels, which is of relavance in the
proof. IW-LOCC channels can also be represented as

Dcp—p o Peoser © Meoe 0 Easac, (A1)

where £4_, 4¢ is an arbitrary channel, M _ ~ is a measure-
ment channel, Pr_, is a preparation channel, such that C is
a classical system, and D¢rp_, p is an arbitrary channel.

Proposition 5. The diamond distance of the channel
Ky up in (33) to a IW-LOCC channel is bounded from
above as

inf I ~ Lagaw |, <IC| 21CF
LapywelW-LOCC I AB=AB T ZAB=AB o = T a7y g
(A2)

where |C| = |[ABA'B’|, and 1W-LOCC denotes the set of all
IW-LOCC channels acting on input systems AB and with
output systems A’B’.

Proof. Letting Sé

AL ., observe that

IO denote an extension channel for

- k
inf K g EAB A'B’
Loponw €IW—LOCC [k as s,

: k
< 7)lgljf\'/l ”Trck—l OSC—>C,’C2’...C,£ [¢) 5A—>A’C

— ,P(f*)C/ o MC»C‘ o &asnc H<> (A3)
: k
= 7)12/{4 Hn/}?AX HTrck—] OSC»C;C;...C,; 0 Eaac(Yra)
—Pecr 0 Mec 0 Eamac(Wra)| (A4)

: k
< inf | Trcer 0S¢ crep. ;= Peoso o Mg, (AS)

The first inequality follows from (33), by choosing a particular
IW-LOCC and from the monotonicity of trace norm with re-
spect to quantum channels. The first equality follows from the
definition of diamond distance. The second inequality follows
from the definition of diamond distance, which has an implicit
maximization over all the input states. We now observe that

1?{/1 | Trea oSé—)CiCé...C,i —Pewc o Mceoe ”<>

P
< [C inf [TR2/ICI = TRE /I, (A6)
R'C!
2|C/|2
<o e A7
| I|C’|2 +k o7
where
FIke’/g//'C| = Trew-1 OSé‘eC{Cé...C,L(CDRC) (A8)
€ EXTk(R:C), (A9)
Fg[lé,/|c| = PC—>C’ o MC—)C(q)RC) (AIO)
€ SEP(R:C)). (A1D)

The first inequality follows from bounding the diamond dis-
tance between the two channels by the trace norm between the
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corresponding Choi operators (see, e.g., [71, Lemma 7]). The
last inequality follows from [72, Eq. (11)], which in turn built
on the developments in [73]. |

APPENDIX B: AMORTIZATION DOES NOT ENHANCE
THE MAX-k-unextendibility OF A CHANNEL

The amortized entanglement E,(N) of a channel NV,_ p is
defined as the following optimization [61] (see also [74—78]):

Es(N) = sup [E(Rs;BRp). — E(RaA;Rp),l, (B

PRAARp

where E is an entanglement measure, tg, gr, = Na—5(0r,AR;)
for a state pg,ar, and R4, Rp are reference systems associated
with the systems A, B, respectively. The supremum is with
respect to all input states pgr,4z, and the systems Ry, Rp are
finite dimensional but could be arbitrarily large. Thus, in
general, E4(N') need not be computable. The amortized en-
tanglement quantifies the net amount of entanglement that can
be generated by using the channel N, _, p, if the sender and the
receiver are allowed to begin with some initial entanglement
in the form of the state pg,ag,. Thatis, E(RsA; Rp), quantifies
the entanglement of the initial state pg,ar,, and E(Rs; BRp).
quantifies the entanglement of the final state produced after
the action of the channel.

The purpose of this Appendix is to prove that the un-
extendible max-relative entropy of a quantum channel does
not increase under amortization. Similar results are known
for the squashed entanglement of a channel [60], a channel’s
max-relative entropy of entanglement [76], and the max-Rains
information of a quantum channel [62]. Our proof of this
result is strongly based on the approach given in [62], which
in turn made use of the developments in [3].

We begin by establishing equivalent forms for the unex-
tendible max-relative entropy of a state and a channel. Let
E)_(?Fk(A;B) denote the cone of all k-extendible operators.
This set is defined in the same way as the set of k-extendible
states, but there is no requirement for a k-extendible opera-
tor to have trace equal to one. Then we have the following
alternative expression for the max-relative entropy of unex-
tendibility:

Lemma 14. Let pap € D(Ha ® Hp). Then,

E™(A;B), = log, Wi(A;B),, (B2)
where

Wi(A;B), = inf

1nf {Tr{Xup} : pap < Xup). (B3)
Xps €EXTy (A:B)

Proof. Employing the definition of k-unextendible max-
relative entropy, consider that

E]inax(A;B)p = Drax(paglloas) (B4)

inf
GABEEXTR(AZB)
= log, ”inf {12 pap < oap, oap € EXTx(A:B)} (BS)
»OAB
. —

= log, 1an{Tr {Xa} : pap < Xap,  Xap € EXTi(A; B)).
(B6)
This concludes the proof. ]

Let E{"*(N) denote the unextendible max-relative entropy
of a channel WV, as defined in (35), but with the generalized
divergence D replaced by the max-relative entropy Dp.x. We
can write E"™* () in an alternate way, by employing similar
reasoning as given in the proof of [79, Lemma 6]:

EM™(N)= max inf Do (02 TN 012 1 665).
e V) ps€D(Hs) ospEXTy (S:B) max (05 Tspps’” | osn)

(B7)

where Fé\g is the Choi operator for the channel .

An alternative expression for the unextendible max-relative
entropy E;"* () of the channel V' is given by the following
lemma:

Lemma 15. For any quantum channel N, _, g,

EM™(N) = log, Zi(N), (B8)
where

SN)=  inf

inf  {I| Tra{¥ss}loo : T4 < Ysp}.  (BY)
Y5 €EXT(S;B)

and Fé\é is the Choi operator for the channel N_, p.
Proof. The proof follows by employing (B7) and Lemma
14, and following arguments similar to those needed to prove

[62, Lemma 7], given that Eyi“;C is also a cone. |

Proposition 6 (Amortization inequality). Let pg,ar, be a
state, and let AV/y_, 3 be an arbitrary quantum channel. Then the
following inequality holds for the k-unextendible max-relative
entropy of a channel \V:

E™ (Ra; BRp)w < E{"™ (RaA;Rp), + ES™(N),  (B10)

where wg,gr, = Nas(PR,AR,)-

Proof. We adapt the proof steps of [62, Proposition 8] to
show that amortization does not enhance the unextendible
max-relative entropy of an arbitrary channel.

By removing logarithms and applying Lemmas 14 and 15,
the desired inequality is equivalent to the following one:

Wi(Ra; BRp)ow < Wi(RAA; Rp), T (N), (B11)

and so we aim to prove this one. Exploiting the identity in
Lemma 14, we find that

Wk(RAA;RB)p = inf Tr {CRAARB}’ (B12)
subject to the constraints
—
Croar, € EXTr(R4A; B), (B13)
CRr,ARs 2 PR,ARg> (B14)
while the identity in Lemma 15 gives that
(W) = inf || Trp{¥sp}loos (B15)
subject to the constraints
——
Ysp € EXTi(S; B), (B16)
Ysp > Ty (B17)

The identity in Lemma 14 implies that the left-hand side of
(B11) is equal to

Wi(Ra; BRp),, = inf Tr {Eg,sr, }. (B18)
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subject to the constraints

—
ER,Br, € EXTi(R4; BRp), (B19)
Er,8ry = Nas(PruaR,)- (B20)

Once we have these optimizations, we can now show that
the inequality in (B11) holds by making an appropriate choice
for Eg,pr,. Let Cg,ar, be optimal for Wi (R4A; Rp),, and let
Yr.Br, be optimal for (N). Let |[')s4 be the maximally
entangled vector. Choose

ER,Bry = (T'saCr,ary; ® Ysp|T')sa. (B21)

We need to prove that Eg, gg, is feasible for Wi (R4; BRp),,. To
this end, we have

(T|saCroars © Ysp)IT)sa
2 (Tlsaor,ar, ® F?;ﬁ)W)SA
= Nass(ProARy)- (B22)

. e —
Now, since Cg,ar, € EXTr(RaA;Rp) and Ysp € EXTi(S; B),

it immediately follows that (I'|saCr,ar, ® Ysp)|I')sa €
—
EXTk(RA;RBB).
Consider that
Tr{Er,sr,} = Tr {(Tlsa(Croar, ® Ys5)IT)sa}
=Tr {CRAARB Ty (YAB)}
= Tr {Cr,ar, Ta(Tra{Yap)}}

< Tr {Croar, Y1 TA(Tra{Yas})l oo
= Tr {Croar, }| Tra{Yas} o

= Wi(RaA; Rp), Z(N). (B23)

The inequality is a consequence of Holder’s inequality [80].
The final equality follows because the spectrum of a positive-
semidefinite operator is invariant under the action of a full

J

transpose (note, in this case, T4 is the full transpose as it acts
on reduced positive-semidefinite operator Yy ).

Therefore, we can infer that our choice of Eg, g, is feasible
for Wy(R4; BRg),,. Since Wi (R4; BRg),, involves a minimiza-
tion over all Eg, gg, satisfying (B19) and (B20), this concludes
our proof of (B11). |

Remark 6. We briefly remark here that if a channel Ny _.p
can be simulated by the action of a k-extendible channel
Karp—p on the channel input p4 as well as a resource
state wgp [i.e., Nasp(pa) = Karp—p5(0a ® wgp)], then the
k-unextendible divergence of that channel does not increase
under amortization, for divergences that are subadditive with
respect to tensor-product states. This is a special case of the
more general observation put forward in [61, Section 7] for
general resource theories.

APPENDIX C: EXPLOITING SYMMETRIES

In this Appendix, we provide the following Lemma 16,
similar to Proposition 2 of [81], which is helpful in deter-
mining the form of the state that optimizes the unextendible
generalized channel divergence of a quantum channel that has
some symmetry. Its proof is identical to that given for [81,
Proposition 2], but we give it here for completeness.

Lemma 16. Let Ny_,p be a covariant channel with re-
spect to a group G. Let ps € D(H,), and let yr, be a
purification for it. Define pgp = NAHB(ng) and py =
ﬁ > ecg Un (2)paU] (g). Let ¢f, be a purification of p4 and

PRB ‘= NA—»B(¢£A)- Then,

Ei(R; B); > Ex(R; B),. (&)
Proof. Define
] 1
O)era = ngj 19)p Lk ® Ua()1 )R, (C2)

so that ¢pga is a purification of p4. Let tprp € EXTk(PR:B),
and, given that a local channel is a k-extendible channel,
observe that

> lakglrtrrslalsls = 3 p(leNelr ® Ty € EXTL(PR:B), ©
geg geg
where ©f, = —L- (gfterplg)p and p(g) = Tr{(glteralg)p). Then,
1
DN s(@rrn)litrrn) = D| Nacos{ D =188 p @ Ur @ Us(@)Wigalle ® Ux ()] | | o ()
$8€g
1
>D|( > g8l ® Nams(Ur(@Via UL (®) | D p(8)lgisle ® T ©
e geg
1
-p|}" GrleKelr @ Va@Nas(Va)V5 (@] Y p(@)le)elr ® T (C6)
¢e0 g€g
| .
=p( Y gyleelr Naeo(Va) | D P(@leelr ® Vi ()75Vi(2) €7
<G 8€9
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> D[ Nass(Vha) | D P(OVE (2)Ti5Vi(2) (C8)
g€y
> inf DN s(ra)lThg) (C9)
T4 €EXTi(R;B)
= Ei(R;B),. (C10)

The first inequality follows because any general divergence is
monotonically nonincreasing under the action of a quantum
channel, which in this case is the completely dephasing chan-
nel (-) — deg |gXglp(-)Ig)glp. The second equality follows
because the channel A is covariant. To arrive at the third
equality, we use the fact that any generalized divergence is
invariant under the action of isometries. To get the second
inequality, we apply the partial trace over the classical register
P, which is a quantum channel. The last inequality follows
because the state ) ,.g P(8)Vy (8)TrpVe(8) is k extendible,
given that it arises from the action of a IW-LOCC channel

(

on the k-extendible state tpgp. Noticing that the chain of
inequalities holds for arbitrary tprg € EXTx(PR; B), we can
then take an infimum over all possible tprp € EXTk(PR; B),
and we arrive at the following inequality:

Ei(PR; B)n(g) 2 Ex(R; B),. (C11)

The desired inequality in the statement of the lemma then fol-
lows because all purifications of a given state are related by an
isometry acting on the purifying system, and the unextendible
generalized divergence is invariant under the action of a local
isometry. |
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