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Multiple-Fano-resonance-induced fast and slow light in the hybrid
nanomechanical-resonator system
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We investigate the multiple-Fano-resonance-induced fast and slow light in a hybrid nanomechanical-resonator
(NR) system, where a doubly clamped suspended NR with an embedded quantum dot driven by two-tone
fields is coupled to another two NRs with different frequencies via the Coulomb interaction. We display the
absorption spectra of the weak probe field under different exciton-pump field detuning, and the sharp peaks in the
absorption spectra are determined by the interaction between the NRs under the resonance. In the off-resonance,
the absorption spectra can exhibit multiple Fano resonance, and the positions of the multiple Fano resonances are
related to the interaction between the NRs and the frequencies of the different NRs. Furthermore, the multiple
Fano resonances are accompanied by the rapid normal phase dispersion, which indicates the slow- and fast-light
effect. We obtain that the group velocity index is tunable by the interaction between the NRs and the detuning,
which can reach the conversion between the fast and slow light.
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I. INTRODUCTION

Over the past decades, various techniques and progresses
have been developed to reach fast and slow light in atomic va-
pors and solid-state devices, which need to control the group
velocity index ng of light pulses to make them propagate either
ng < 0 (fast light) or ng > 0 (slow light) [1,2]. In order to
realize the manipulation of light pulse propagation in different
systems, kinds of techniques have been developed including
electromagnetically induced transparency (EIT) [3–5], stim-
ulated Brillouin scattering (SBS) [6,7], coherent population
oscillation (CPO) [8], and Fano resonance [9–12]. In this
work, we investigate the tunable and controllable fast and slow
light in hybrid nanomechanical-resonator systems, which is
mediated by different mechanical resonators.

Fano resonance presenting a asymmetric feature of a
photoionization cross section in an atom was demonstrated
by Fano [13], which is different from EIT in �-type atoms
[5] leading to a symmetric transparency window. In EIT, an
opaque medium can be made transparent due to quantum
interference between two quantum pathways in �-type atoms,
and the EIT technique has been applied extensively to control
the group velocity of light [3,4], realized the storage of
quantum information [14], obtained the enhanced nonlinear
processes [15], and achieved optical switch [16] and quantum
interference [17]. Compared with EIT, the Fano line profile
shows an asymmetry shape caused by the scattering of light
amplitude when the condition of observing EIT is not met
and an extra frequency detuning is introduced. Since its
discovery, Fano resonance has been a characteristic feature
in different hybrid quantum systems, such as photonics
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crystal systems [18], graphene systems [19], plasmonic
nanoparticles [11,20], quantum dots (QDs) [21,22],
whispering-gallery modes [23–25], and electromagnetic
metamaterials [26,27]. Moreover, many potential applications
induced by Fano resonance have also been demonstrated
in kinds of hybrid systems, which include sensors
[28,29], enhanced light emission and transmission [30],
electromagnetically induced absorption (EIA) [31], and the
coherent optical propagation (such as slow light) [9,12].
In the coherent optical propagation, Fano resonances are
characterized by a rapid steeper dispersion than conventional
Lorentzian resonances, which promises the slow- or fast-light
effect, and even tunable fast-to-slow light propagation (or
vice versa).

On the other hand, nanomechanical resonators (NRs), due
to their high natural frequencies and large quality factors [32],
are applied to ultrasensitive detection of mechanical signal
[33], mass [34,35], mechanical displacements [36], and spin
[37]. Additionally, recent progress in nanotechnology has al-
lowed the fabrication of hybrid systems including a single
two-level system coupled to a NR [38–42], where the quantum
nature of a macroscopic degree of freedom can be revealed
and manipulated [43]. This opens up appealing perspectives
for quantum information technologies [44], and for the explo-
ration of the quantum-classical boundary. As a representative
hybrid system, a two-level QD coupled to a NR has attracted
much interest [45–47], which can be used to study fundamen-
tal quantum effects [48], and also it has possible applications
in high precision measurement [49], zeptogram-scale mass
sensing [50], and laser cooling of a NR mode to its quantum
ground state [45].

In the present work, we propose a hybrid NR system,
where a doubly clamped suspended NR with an embedded
QD driven by two-tone fields couples to another two NRs with
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FIG. 1. Schematic diagram of the hybrid NRs system, where
a doubly clamped suspended NR 1 with an embedded QD driven
by two-tone fields is coupled to NR 2 and NR 3 via the Coulomb
interaction with coupling strengths λ1 and λ2, respectively.

different frequencies via the Coulomb interaction. We first
investigate the probe absorption spectra of the QD under the
condition of resonance with controlling the coupling between
the NRs, which presents a means to determine the frequencies
of the NRs. Then, in the condition of detuning, the absorption
and dispersion of the QD induced by the coupling between the
NRs are also demonstrated, where the slope of the dispersion
experiences the conversion from negative to positive and the
absorption displays the asymmetric multiple Fano line shapes.
The multiple Fano resonances can be effectively tuned and the
probe absorption spectra can display a series of asymmetric
Fano line shapes with tuning the detuning. Due to Fano reso-
nances being characterized by a rapid steeper dispersion, the
group velocity index ng of light pulses can be accelerated and
decreased significantly, which correspond to the negative and
positive dispersion, respectively. Second, we investigate the
slow light effect by numerically calculating the group delay of
the probe field around the transparency window accompanied
by the steep phase dispersion, and we find that a tunable and
controllable fast-to-slow light propagation (and vice versa)
can be achieved with manipulating the parametric regimes.
However, the tunable slow and fast light phenomenon in our
system is different from the previous NR system [51] which
depends on the incident pump laser being on- and off-resonant
with the exciton frequency; here, in our hybrid NRs system,
we can obtain the conversion from fast to slow light with
controlling the coupling between different NRs.

The paper is organized as follows. In Sec. II, we present
the hybrid system and derive the analytical expression of the
linear optical susceptibility and the group velocity index. In
Sec. III, we discuss the absorption spectra under different
parametric and detuning regimes, and especially in the off-
resonance, the absorption spectra can exhibit multiple Fano
resonance, which accompanies the rapid normal phase disper-
sion, which will lead to the slow- and fast-light effect. Finally,
in Sec. IV, we conclude our results.

II. PHYSICAL PATTERN AND DYNAMICAL EQUATION

The system under consideration is sketched in Fig. 1,
where a QD driven by a strong pump field and a weak probe
field is embedded in NR 1 with frequency ωm1 coupled to
NR 2 with frequencies ωm2 and NR 3 with frequency ωm3,

respectively, and the Hamiltonian of the hybrid system is
given by [45,51–54]

H = h̄ωexSz + h̄ωm1a†
1a1 + h̄ωm2a†

2a2 + h̄ωm3a†
3a3

+ h̄ωm1βSz(a†
1 + a1) + h̄λ1(a†

1a2 + a1a†
2)

+ h̄λ2(a†
1a3 + a1a†

3) − μεp(S†e−iωpt + S−eiωpt )

−μεs(S
†e−iωst + S−eiωst ), (1)

where the first term indicates the Hamiltonian of the QD with
the exciton frequency ωex. Here we consider that the QD is a
two-level system including the ground state |0〉 and the single
exciton state |1〉 [55,56] at low temperature. We introduce
the pseudospin operators Sz and S± with the commutation
relations [Sz, S±] = ±S± and [S+, S−] = 2Sz to describe the
QD. The second to fourth terms indicate the free Hamiltonian
of the three NRs and we use creation (annihilation) operators
a†

1(a1), a†
2(a2), and a†

3(a3) to describe the three NRs. The
fifth term shows the coupling between NR 1 and QD with
the coupling strength β, where the flexion induces extensions
and compressions in the structure, and the longitudinal strain
will modify the energy of the electronic states of QD through
deformation potential coupling.

The sixth and seventh terms mean the interaction between
NR 1 and NR 2 with coupling strength λ1 and NR 1 and
NR 3 with coupling strength λ2, which can be realized via
a substrate-mediated interaction [57] or the Coulomb interac-
tion [54,58,59]. Here, we take the Coulomb interaction as an
example, and we consider the interaction of NR 1 and NR 2
with frequencies ωm1 and ωm2. The two resonators take the
charges C1V1 and −C2V2, where C1(C2) and V1(−V2) being
the capacitance and the voltage of the bias gate, respectively.
Then the Coulomb coupling of the two resonators is HC =

−C1V1C2V2
4πε0|r0+x1−x2| , where r0 is the equilibrium distance between the
two resonators, and x1 and x2 represent the small displace-
ments of the two resonators from their equilibrium positions,
respectively. Due to r0 � x1, x2, with the second-order ex-
pansion, HC can be rewritten as HC = −C1V1C2V2

4πε0r0
[1 − x1−x2

r0
+

( x1−x2
r0

)2], where the linear term may be absorbed into the
definition of the equilibrium positions, and the quadratic term
includes a renormalization of the oscillation frequency for the
two resonators. Then we can obtain a reduced form HC =
h̄λ1x1x2 with λ1 = C1V1C2V2

2π h̄ε0r3
0

. Due to x1 = a†
1 + a1 and x2 =

a†
2 + a2 being the position operators, then HC = h̄λ1(a†

1 +
a1)(a†

2 + a2). When we neglected the nonconservation term
of energy, we finally obtain HC = h̄λ1(a†

1a2 + a1a†
2), i.e., the

sixth term in Eq. (1). Using the same method, we can also
obtain the seventh term of h̄λ2(a†

1a3 + a1a†
3).

The last two terms in Eq. (1) indicate the interactions
between the QD and two laser fields including a strong pump
field with frequency ωp and a weak probe field with fre-
quency ωs simultaneously irradiating to the QD, where μ is
the electric dipole moment of the exciton, εp and εs are the
slowly varying envelope of the pump field and probe field,
respectively. In a frame rotating with the frequency ωp of the
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pump field, Eq. (1) can be rewritten as

H = h̄�pSz + h̄ωm1a†
1a1 + h̄ωm2a†

2a2 + h̄ωm3a†
3a3

+ h̄ωm1βSz(a†
1 + a1) + h̄λ1(a†

1a2 + a1a†
2)

+ h̄λ2(a†
1a3 + a1a†

3) − h̄	p(S† + S−)

−μεs(S
†e−iδt + S−eiδt ), (2)

where �p = ωex − ωp is the exciton-pump field detun-
ing, δ = ωs − ωp is the probe-pump detuning, and 	p =
μεp/h̄ is the Rabi frequency of the pump field. The
Heisenberg-Langevin equations of the operators including the
corresponding noise and damping terms can be written as
follows [60]:

∂t S
z = −�1(Sz + 1/2) + i	p(S+ − S−) + iμεs

h̄
(S+e−iδt − S−eiδt ), (3)

∂t S
− = −(i�p + �2)S− − iωm1βx1S− − 2i	pSz − 2iμεsSze−iδt

h̄
+ τin, (4)

∂2
t x1 + γm1∂t x1 + ω′2

m1x1 + λ′
1x2 + λ′

2x3 = −2ω2
m1βSz + ξ1, (5)

∂2
t x2 + γm2∂t x2 + ω′2

m2x2 + λ′
1x1 + λ12x3 = −2λ1ωm1βSz + ξ2, (6)

∂2
t x3 + γm3∂t x3 + ω′2

m3x3 + λ′
2x1 + λ12x2 = −2λ2ωm1βSz + ξ3, (7)

where �1 (�2) is the exciton relaxation rate (exciton dephasing rate), and γm1, γm2, and γm3 are the decay rate of the three NRs.
ω′2

m1 = ω2
m1 + λ2

1 + λ
2

2, ω′2
m2 = ω2

m2 + λ2
1, ω′2

m3 = ω2
m3 + λ

2

2, λ′
1 = λ1(ωm1 + ωm2), λ′

2 = λ2(ωm1 + ωm3), and λ12 = λ1λ2. τin is
the δ-correlated Langevin noise operator with zero mean, and ξk is Langevin force arising from the interaction between the kth
mechanical resonator and its environment.

Using ρ = ρ0 + δρ (ρ indicates the operators: Sz, S−, x1, x2, x3), Eqs. (3)– (7) can be divided into the steady parts and the
fluctuation ones. Substituting the division forms into Eqs. (3)– (7) and setting all the time derivations at the steady parts to be
zero, we obtain the steady state solutions of the variables as follows:

�1(w0 + 1) = 2i	p(S∗
0 − S0), (8)

(i�p + �2)S0 + iωm1βx10S0 = −iw0	p, (9)

ω′2
m1x10 + λ′

1x20 + λ′
2x30 = −w0ω

2
m1β, (10)

ω′2
m2x20 + λ′

1x10 + λ12x30 = −w0ωm1βλ1, (11)

ω′2
m3x30 + λ′

2x10 + λ12x20 = −w0ωm1βλ2, (12)

which determine the steady-state population inversion (w0 = 2Sz
0) of the exciton. As all the pump fields are assumed to be

sufficiently strong, all the operators can be identified with their expectation values under the mean-field approximation 〈Qc〉 =
〈Q〉〈c〉 [61]. After being linearized by neglecting nonlinear terms in the fluctuations, the Langevin equations for the expectation
values are

〈∂tδSz〉 = −�1〈δSz〉 + i	p(〈δS+〉 − 〈δS−〉) + iμεs

h̄
[S∗

0e−iδt − S0eiδt ], (13)

〈∂tδS−〉 = −(i�′
p + �2)〈δS−〉 − iωm1βS0〈δx1〉 − 2i	p〈δSz〉 − iμw0εs

h̄
e−iδt , (14)

〈
∂2

t δx1
〉 + γm1〈∂tδx1〉 + ω′2

m1〈δx1〉 + λ′
1〈δx2〉 + λ′

2〈δx3〉 = −2ω2
m1β〈δSz〉, (15)

〈
∂2

t δx2
〉 + γm2〈∂tδx2〉 + ω′2

m2〈δx2〉 + λ′
1〈δx1〉 + λ12〈δx3〉 = −2λ1ωm1β〈δSz〉, (16)

〈
∂2

t δx3
〉 + γm3〈∂tδx3〉 + ω′2

m3〈δx3〉 + λ′
2〈δx1〉 + λ12〈δx2〉 = −2λ2ωm1β〈δSz〉, (17)

which is a set of nonlinear equations and the steady-state response in the frequency domain is composed of many frequency
components. �′

p = �p + ωm1βw0α, where

α = βω2
m1

(
ω′2

m2ω
′2
m3 − λ2

12

) + λ1ωm1β
(
λ′

2λ12 − λ′
1ω

′2
m3

) + λ2ωm1β
(
λ′

1λ12 − λ′
2ω

′2
m2

)
ω′2

m3λ
′2
1 − 2λ′

1λ
′
2λ12 + ω′2

m2λ
′2
2 + ω′2

m1λ
2
12 − ω′2

m1ω
′2
m2ω

′2
m3

. (18)

To solve these equations, we make the ansatz [62] 〈δρ〉 = ρ+e−iδt + ρ−eiδt , and substituting it into Eqs. (13)–(17), ignoring
the second-order terms, and working to the lowest order in εs but to all orders in εp, we obtain the linear optical susceptibility as
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χ
(1)
eff (ωs) = μS+(ωs)/εs = (μ2/h̄�2)χ (1)(ωs), and χ (1)(ωs) is given by

χ (1)(ωs) = [�4θ2 − θ1θ8]�2

�1�4 + θ1θ7
, (19)

where

�1 = λ′
1

ω′2
m1 − iγm1δ − δ2

, �2 = λ′
2

ω′2
m1 − iγm1δ − δ2

, η1 = −2ω2
m1β

ω′2
m1 − iγm1δ − δ2

,

�3 = λ′
1

ω′2
m2 − iγm2δ − δ2

, �4 = λ12

ω′2
m2 − iγm2δ − δ2

, η2 = −2λ1ωm1β

ω′2
m2 − iγm2δ − δ2

,

�5 = λ′
2

ω′2
m3 − iγm3δ − δ2

, �6 = λ12

ω′2
m3 − iγm3δ − δ2

, η3 = −2λ2ωm1β

ω′2
m3 − iγm3δ − δ2

,

� = (�4�6 − 1)η1 + (�1 − �2�6)η2 + (�2 − �1�4)η3

(�4�6 − 1) + �5(�2 − �1�4) + �3(�1 − �2�6)
, θ1 = 2	2

p + ωm1βS0�	p

�1 − iδ
,

θ2 = S∗
0 (ωm1βS0� + 2	p) − iw0(�1 − iδ)

�1 − iδ
, θ3 = 2	2

p + ωm1βS0�
∗	p

�1 + iδ
,

θ4 = μεsS0(ωm1βS0�
∗ + 2	p)

�1 + iδ
, θ5 = −2	2

p + ωm1βS∗
0�

∗	p

�1 + iδ
,

θ6 = μεsS0(ωm1βS∗
0�

∗ + 2	p) − iμεsw0(�1 + iδ)

�1 + iδ
, θ7 = −2	2

p + ωm1βS∗
0�	p

�1 − iδ
,

θ8 = μεsS∗
0 (ωm1βS∗

0� + 2	p)

�1 − iδ
, �1 = i�′

p + �2 − iδ + θ1, �2 = i�′
p + �2 + iδ + θ3,

�3 = −i�′
p + �2 + iδ − θ5, �4 = −i�′

p + �2 − iδ − θ7, (20)

The imaginary and real parts of χ (1)(ωs) indicate absorption and dispersion, respectively.
As the light group velocity is [63,64] υg = c/[n + ωs(dn/dωs)], where n ≈ 1 + 2πχ

(1)
eff , then we obtain

c/υg = 1 + 2πReχ (1)
eff (ωs)ωs=ωex + 2πωsRe

(
dχ

(1)
eff

/
dωs

)
ωs=ωex

. (21)

Obviously, when Reχ (1)
eff (ωs)ωs=ωex = 0, the dispersion is steeply positive or negative, and the group velocity is significantly

reduced or increased. We further define the group velocity index ng as

ng = c

υg
− 1 = c − υg

υg
= 2πωexρμ2

h̄�2
Re

(
dχ

(1)
eff

dωs

)
ωs=ωex

= �2�Re

(
dχ

(1)
eff

dωs

)
ωs=ωex

, (22)

where � = 2πωexρμ2/h̄�2
2 . One can observe the slow light if

ng > 0, and the superluminal light when ng < 0 [2].
We use the realistic hybrid QD-NR system to illustrate

the numerical results [45]: the exciton relaxation rate �1 =
0.3 GHz, and the exciton dephasing rate �2 = 0.15 GHz.
The physical parameters of GaAs NR 1 are (ωm1, m, Q) =
(1.2 GHz, 5.3 × 10−15 g, 3 × 104), where m and Q are the
effective mass and quality factor of the NR 1, respectively.
The decay rate of the NR 1 is γm = ωm/Q = 4 × 10−5 GHz,
the coupling strength between QD and NR 1 is β = 0.06,
and the frequencies of another two NRs are ωm2 = 0.9ωm1,
ωm3 = 1.1ωm1.

III. NUMERICAL RESULTS AND DISCUSSION

We first show the probe absorption, i.e., the imaginary
part (Imχ (1) ) of linear optical susceptibility, as a function
of probe-exciton detuning �s = ωs − ωex on the condition of
resonance (i.e., �p = 0) under different parameter regimes as

shown in Fig. 2. In Fig. 2(a), the interaction of NR 1 and
NR 2 is λ1 = 0 and NR 1 and NR 3 is λ2 = 0, i.e., only
NR 1 in the system and two sharp sideband peaks at both
sides of the probe absorption spectrum just correspond to the
frequency of the NR 1 with frequency ωm1 = 1.2 GHz. The
physical origin of the phenomenon has been demonstrated in
a coupled NR system [35]. In Fig. 2(b), we consider the case
of λ1 = 0.1ωm1 and λ2 = 0 with the resonator frequencies
ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, and ωm3 = 1.1ωm1. We find
that four sharp sideband peaks appear in the probe absorption
spectrum, and the peaks locate at ±ωm1 ± λ1 and ±ωm2 ∓ λ1,
i.e., ±1.1ωm1 and ±0.8ωm1, respectively. In Fig. 2(c), the
parameter regimes are (λ1 = 0, λ2 = 0.1ωm1) and (ωm1 =
1.2 GHz, ωm2 = 0.9ωm1, ωm3 = 1.1ωm1); four sharp sideband
peaks locating at ±ωm3 ± λ2 and ±ωm1 ∓ λ2, i.e., ±1.2ωm1

and ±0.9ωm1, respectively, appear in the probe absorption
spectrum. In Fig. 2(d), both NR 2 and NR 3 are also con-
sidered that couple to NR 1, i.e., λ1 = 0.1ωm1 and λ2 =
0.1ωm1, and we consider the frequencies of the three NRs:
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FIG. 2. The probe absorption spectra as a function of probe-exciton detuning �s = ωs − ωex on the condition of resonance (�p = 0) for
different parameter regimes. (a) λ1 = 0, λ2 = 0; (b) λ1 = 0.1ωm1, λ2 = 0; (c) λ1 = 0, λ2 = 0.1ωm1; (d) λ1 = 0.1ωm1, λ2 = 0.1ωm1. The other
parameters are ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, ωm3 = 1.1ωm1, and 	2

p = 0.1 (GHz)2.

ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, ωm3 = 1.1ωm1. It is obvious
that six sharp sideband peaks appear in the probe absorption
spectrum, which locate at ±ωm3 ± λ2, ±ωm1, and ±ωm2 ∓ λ1,
i.e., ±1.2ωm1, ±ωm1, and ±0.8ωm1, respectively. Therefore,
the locations of the sharp peaks in the absorption spectrum
are determined by the coupling strengths between the three
NRs and their resonator frequencies, and we can also present
a means to measure the frequencies of the NRs.

Second, switching the detuning �p from the resonance
(�p = 0) to the red sideband (�p = ωm1), we investigate
the evolution of the absorption (Imχ (1)) for different cou-
pling strengths with different frequencies of NRs (such as
ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, and ωm3 = 1.1ωm1) as shown
in Figs. 3(a1)–3(a4), and Figs. 3(b1)–3(b4) are the details
corresponding to Figs. 3(a1)–3(a4), respectively. In Fig. 3(a1),
the coupling strengths between the three NRs are λ1 = 0 and
λ2 = 0, i.e., only in NR 1 in our hybrid system does the imagi-
nary part exhibit zero absorption at �s = 0 as shown the detail
in Fig. 3(b1), i.e., transparent transmission without any ab-
sorption, which was termed as phonon-induced transparency
[65] due to mechanically induced coherent population os-
cillation when the pump-probe detuning δ = ωs − ωp equals
the resonator frequency ωm1 [35]. As demonstrated in cavity
optomechanical systems, the appearance of a transparent win-
dow around �s = 0 in the probe transmission spectrum (here,
in our hybrid system, it is the probe absorption spectrum)
will lead to the slow light effect [61,66–68]. In Figs. 3(a2)

and 3(a3), the coupling strengths between the three NRs are
(λ1 = 0.1ωm1, λ2 = 0) and (λ1 = 0, λ2 = 0.1ωm1), i.e., there
are two NRs (NR 1 and NR 2, or NR 1 and NR 3) in the
system. We find that not only the zero absorption peak around
�s ≈ 0 but also a Fano resonance peak induced by another
NR appear in the absorption spectrum. The location of the
sharp peaks are related to the coupling strengths of NRs and
the resonator frequencies as shown the detail in Figs. 3(b2)
and 3(b3). If the system includes three NRs (i.e., NR 1, NR
2, and NR 3), it is obvious that three absorption peaks appear
in the probe absorption spectrum, which includes one peak
around �s = 0 like in Fig. 3(a4) and another two Fano peaks
induced by another two different NRs (NR 2 with frequency
ωm2 = 0.9ωm1 and NR 3 with frequency ωm2 = 1.1ωm1) under
the coupling strengths of the three NRs λ1 = 0.1ωm1 and
λ2 = 0.1ωm1 as shown in the detail in Fig. 3(b4).

As to the dispersion (i.e., the real part of the linear opti-
cal susceptibility Reχ (1)), we also plot the evolution of the
dispersion Reχ (1) as a function of �s under the red sideband
(�p = ωm1) for different coupling strengths with the NR fre-
quencies ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, and ωm3 = 1.1ωm1

as shown in Figs. 3(c1)–3(c4), and Figs. 3(d1)–3(d4) are the
details corresponding to Figs. 3(c1)–3(c4), respectively. Fig-
ures 3(c1) and 3(c4) give the dispersion under the coupling
regimes: (λ1 = 0, λ2 = 0) and (λ1 = 0.1ωm1, λ2 = 0.1ωm1),
respectively; it is obvious that the dispersion, exhibiting the
positive steep slope at �s = 0, which combines the zero
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FIG. 3. The absorption as a function of �s at the red sideband �p = ωm1 for different coupling regimes: (a1) λ1 = 0 and λ2 = 0; (a2)
λ1 = 0.1ωm1 and λ2 = 0; (a3) λ1 = 0 and λ2 = 0.1ωm1; (a4) λ1 = 0.1ωm1 and λ2 = 0.1ωm1. Panels (b1)–(b4) are the details corresponding
to (a1)–(a4). The dispersion as a function of �s at the red sideband �p = ωm1 for different coupling regimes: (c1) λ1 = 0 and λ2 = 0; (c2)
λ1 = 0.1ωm1 and λ2 = 0; (c3) λ1 = 0 and λ2 = 0.1ωm1; (c4) λ1 = 0.1ωm1 and λ2 = 0.1ωm1. Panels (d1)–(d4) are the details corresponding to
(c1)–(c4). The insets in (d1)–(d4) are the amplification of (d1)–(d4) around �s = 0. The other parameters are ωm1 = 1.2 GHz, ωm2 = 0.9ωm1,
ωm3 = 1.1ωm1, and 	2

p = 0.1 (GHz)2.

absorption at �s = 0 in Figs. 3(a1) and 3(a4), will lead to the
slow light effect. In Figs. 3(d1) and 3(d4), we give the details
of Figs. 3(c1) and (c4), and the difference of Figs. 3(c1) and
3(c4) is that the dispersion in Fig. 3(c4) shows three peaks
at the conditions of λ1 = 0.1ωm1 and λ2 = 0.1ωm1. When we
further magnify the dispersion around �s = 0 as shown the
insets in Figs. 3(d1) and 3(d4), obviously the positive steep
slope is steeper in the coupling regimes (λ1 = 0.1ωm1, λ2 =
0.1ωm1) than in (λ1 = 0, λ2 = 0). In other words, if the hybrid
system includes three NRs (i.e., NR 1, NR 2, and NR 3), the
slow light effect will be more remarkable in the single NR
system (i.e., only NR 1). In Figs. 3(c2) and 3(c3), we display
the dispersion under the coupling regimes of (λ1 = 0.1ωm1,
λ2 = 0) and (λ1 = 0, λ2 = 0.1ωm1), which correspond to the
system including two NRs i.e., NR 1 and NR 2, or NR 1 and
NR 3, and Figs. 3(d2) and 3(d3) are their details. We can
see that the dispersion shows the negative steep slope around
�s = 0 as shown in the insets in Figs. 3(d2) and 3(d3), which
will result in the fast light effect.

No matter what regimes induce the zero absorption, once a
transparency window appears in the probe absorption spectra,
the remarkable phenomena of slow light or fast light can
appear in the hybrid system. When the transparency appears
in the absorption, the slope around the transparency window

of the dispersion will experience the conversion between the
negative to positive. As we know, the positive steep slope
of dispersion will induce the group velocity index ng > 0,
then the slow light phenomenon will appear in the system.
Conversely, if the dispersion shows the negative steep slope,
the group velocity index ng < 0, and the fast light will be
achieved. Figure 4 plots the group velocity index ng versus the
Rabi frequency 	2

p for the NR frequencies ωm1 = 1.2 GHz,
ωm2 = 0.9ωm1, ωm3 = 1.1ωm1 at the red sideband �p = ωm1.
When one NR with coupling regimes (λ1 = 0, λ2 = 0) corre-
sponding to Figs. 3(a1) and 3(c1) or three NRs with coupling
regimes (λ1 = 0.1ωm1, λ2 = 0.1ωm1) corresponding to Figs.
3(a4) and 3(c4) are in the system, one can see that the group
velocity index ng is positive varying with the Rabi frequency
	2

p, which represents the slow light effect, and the slow light
effect in three NRs (the dot dash red line) is more significant
than in the single NR (the black solid line) system. How-
ever, when two NRs are considered, i.e., NR 1 and NR 2
with coupling regimes (λ1 = 0.1ωm1, λ2 = 0) corresponding
to Figs. 3(a2) and 3(c2) or NR 1 and NR 3 with coupling
regimes (λ1 = 0, λ2 = 0.1ωm1) corresponding to Figs. 3(a3)
and 3(c3) in the hybrid system, we find that the group velocity
index ng manifests the fast light effect as shown the inset in
Fig. 4. Although the fast light effect was demonstrated in a
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FIG. 4. The group velocity index ng vs Rabi frequency 	2
p for

four different coupling strengths of λ1 and λ2 in the parameters of
ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, ωm3 = 1.1ωm1 under the red side-
band �p = ωm1.

carbon nanotube resonator [51], which needs the condition
of resonance (�p = 0), in our hybrid system, the fast light
effect can even be achieved at the red sideband �p = ωm1 by
controlling the coupling strengths between the three NRs.

In Fig. 5, we further present the absorption and dispersion
profiles as a function of the probe detuning �s at the fixed

coupling strengths (λ1 = 0.1ωm1, λ2 = 0.1ωm1) and the
frequency of the NRs (ωm1 = 1.2 GHz, ωm2 = 0.9ωm1,
ωm3 = 1.1ωm1) for different pump detuning �p. The left parts
show the absorption, and it is obvious that the triple-Fano
resonances appear in the absorption spectra, where the middle
Fano resonance is induced by the coupling between exciton
and NR 1 causing quantum interference between NR 1 and
the two optical fields via the exciton as δ = ωm1, and the right
and the left Fano resonance come from the NR 1 coupling
to the NR 2 and NR 3. In addition, with increasing the
detuning �p from �p = 0.7ωm1 to �p = 1.3ωm1, the middle
Fano resonance moves to the right. The right parts plot the
dispersion, and we show that the evolutionary process of
the dispersion as a function of �s with increasing detuning
�p from �p = 0.7ωm1 to �p = 1.3ωm1, which combines
the absorption, will induce the slow light effect because the
dispersion manifests a positive steep slope around �s = 0.
The details of absorption and dispersion around �s = 0 are
presented in the following figures.

Then, in Fig. 6(a), we give the details of the absorption in
Fig. 5 around �s = 0; the absorption spectra present asym-
metrical zero absorption deep (i.e., Fano resonance) and the
Fano shapes are changed significantly under different detun-
ing �p. In Fig. 6(b), the details of the dispersion in Fig. 5
around �s = 0 are also plotted, and the dispersion experi-
ences the conversion from peak to deep with increasing the
detuning �p from �p = 0.7ωm1 to �p = 1.3ωm1. However,
no matter how the detuning �p changes, there is still an
invariant result, i.e., the dispersion shows a positive steep

FIG. 5. Left: The probe absorption as a function of �s for several different detuning �p. Right: The dispersion as a function of �s for
several different detuning �p. The other parameters are ωm1 = 1.2 GHz, ωm2 = 0.9ωm1, ωm3 = 1.1ωm1, and 	2

p = 0.1 (GHz)2.
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FIG. 6. (a) The details of the absorption of Fig. 5 around �s = 0. (b) The details of the dispersion of Fig. 5 around �s = 0. (c) The group
velocity index ng versus the Rabi frequency 	2

p for several different �p. (d) The detailed parts in (c). The other parameters are the same as
in Fig. 5.

slope around �s = 0. Therefore, we also investigate the triple-
Fano resonances that induce the coherent optical propagation
properties as shown in Figs. 6(c) and 6(d). In Fig. 6(c), we
plot the group velocity index ng versus the Rabi frequency
	2

p for different detuning �p under the parameters as shown
in Fig. 5. When the detuning �p diverges from the red side-
band �p = ωm1 (such as �p = 0.8ωm1 and �p = 1.2ωm1), the
group velocity index ng experiences the switch from fast light
to slow light with increasing the Rabi frequency 	2

p as shown
by the double dot dashed pink line and dot dashed blue line
in Fig. 6(c). However, if the detuning �p approximates to
�p = ωm1, only the slow light effect arrives in the system. The
detailed parts are given in Fig. 6(d). Thus, with controlling the
detuning regimes and the coupling strengths between the three
NRs, the fast-to-slow light can be achieved straightforwardly
in the hybrid system.

IV. CONCLUSION

In conclusion, we have proposed a hybrid NR system con-
sisting of a suspended NR with an embedded QD driven by
a pump field and a probe field is coupled to another two
NRs with different frequencies via the Coulomb interaction,
and we have investigated the absorption spectra of the probe
field both under the conditions of the resonance (�p = 0) and

off-resonance (�p = ωm1). In the situation of resonance, the
sharp peaks in the absorption spectra depend on the interaction
between the NRs. When in the off-resonance, we theoretically
studied the multiple Fano resonance, and the positions and
the shape of the multiple Fano line shapes are closely related
to the detuning and the coupling strengths between the NRs.
Moreover, the narrow transparency window in the probe trans-
mission and the corresponding rapid phase dispersion allow
for reaching the slow light effect. We have shown that the
group velocity index of the probe field can be effectively tuned
by the coupling strengths of the NRs and the pump detuning,
and even obtain the conversion from slow light to fast light in
the hybrid NR system.

As we elaborated that the NR 1 coupled to NR 2 and NR 3
via the Coulomb interaction, actually, the coupling between
the NRs can be tuned by the gate voltage on the NRs, which
has been demonstrated in coupled ion-nanomechanical sys-
tems [65,69]. When a gate voltage V (t ) = V0 cos(ωact ) with
frequency ωac is applied to the NRs via Ohmic contacts, the
charge on the NRs oscillates with time and results in oscil-
lating forces on the NRs [69]. Although we can reach the
conversion from slow light to fast light based on the hybrid
NR system, the total magnitude of slow light and fast light
is determined by the number density of the QD and NRs.
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Fortunately, an optically tunable delay of 50 ns and superlumi-
nal light with 1.4 ms signal advance have been observed with
electromagnetically induced transparency in a cavity optome-
chanical system [67] which is very similar to our hybrid NR
system. Then the results in the optomechanical system maybe
give a reference to our NR system.

In addition, the hybrid coupled NRs system with coherent
phonon manipulation will be not only useful for controlling
classical oscillations but can also be extended to the quan-
tum regime, which will open up the prospect of entangling
two distinct macroscopic resonators [65]. Further, our pro-
posal can also apply to photonics waveguide systems such
as photonic nanocavities [70], especially the optomechanical
crystals [71] in an optomechanical system [57], which is a
particularly promising integration platform given the large

attainable radiation-pressure coupling and the ability to create
photonic and phononic band-gap waveguides. The advances
in photonic integration have revealed the ability to interface
hybrid material platforms to enhance light-matter interac-
tions, which will lead to the development of on-chip signal
processors and potential application in quantum information
processing [72].
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