PHYSICAL REVIEW A 104, 013706 (2021)

Perfect higher-order squeezing via strong nonlinearity in microwave-modified
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We show that it is possible to obtain perfect higher-order squeezing via strong nonlinearities in the microwave-
modified electromagnetically induced transparency (EIT). In a typical A three-level system coupled to a control
field and a microwave field, the strong nonlinearity is existent under the full-resonant conditions and can
be effectively controlled by the relative intensity of the optical and microwave fields. Via dressed-state and
Bogoliubov mode transformation, we explore that the internal nonlinearity is closely related to the squeezing
parameter and dissipative rate for two cavity modes. As a result, it is found that the two-mode higher-order
squeezing is nearly close to 100% under ideal conditions, which is verified by our numerical and analytical
results. In addition, we reveal that the higher-order squeezing in the present scheme is robust against the
dephasing rate between two lower levels. This may find potential applications in high-precision measurement

and provide a convenient way for experimental implementation.
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I. INTRODUCTION

Squeezing is one of the most important issues in the field
of quantum optics, quantum information, and nonlinear op-
tics since its wide applications in precision measurements
[1-6]. Generally, squeezing is defined with respect to Heisen-
berg’s uncertainty relation. For a pair of quadrature operators,
the squeezing occurs when the quantum fluctuations in one
quadrature are reduced well below the standard quantum limit,
while the other conjugate component increases correspond-
ingly. The theoretical investigation of a squeezed field can be
dated back to the 1970s [7] and the experimental observation
of the squeezed state was first reported in a Na atomic sys-
tem based on the nondegenerate four-wave mixing [8]. Since
then continuous interest has been paid to study the gener-
ation and manipulation of quantum squeezing. The typical
schemes include optical parametric processes [9—11], degen-
erate and nondegenerate four-wave mixing [12-15], stimu-
lated Raman processes [16], and second harmonic generation
processes [17].

Successively, the concept of higher-order squeezing was
first introduced by Hong and Mandel in 1985 [18]. Hillery
proposed another type of higher-order amplitude-squared
squeezing of the light field [19,20]. To our knowledge, there
exist different types of high-order squeezing and correlations
if and only if the uncertainty relation is satisfied. Naturally, the
idea of higher-order squeezing can be generalized to a two-
mode case in various nonlinear optical systems. For example,
Hillery defined one type of two-mode sum squeezing based
on a pair of quadrature operators [21]. The sum squeezing is
usually generated for two uncorrelated modes if one mode is
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squeezed while the other one is in a coherent state; otherwise,
it is absent if both modes are squeezed. Ansari et al. studied
the effect of atomic coherence on higher-order squeezing in a
two-photon three-level cascade atomic system [22]. In recent
years, the theoretical [23-30] and experimental investigation
[31-35] of higher-order nonclassicality has attracted extensive
attention since it plays a significant role in the high-precision
measurement and the detection of gravitational waves. With
the so-called Sen-Mandal approach, the dynamical behaviors
of higher-order squeezing and higher-order entanglement are
discussed in detail in a codirectional nonlinear optical coupler
[26], the Bose-Einstein condensates [27], the Raman process
[28], four-wave mixing process [29,30] and other systems.
Notably, these schemes are mainly focused on the transient
higher-order quantum correlations, in which the squeezing
and entanglement would disappear gradually in a long enough
period due to the saturation effects or environmental noise.
On the other hand, various novel phenomena in electro-
magnetically induced transparency (EIT) are studied widely
based on quantum interference [36—39]. When the light fields
are tuned to be subtle away from dark-state resonance, the
probe field would experience giant Kerr nonlinearity [40,41],
which is the foundation for the high-frequency quantum fluc-
tuations [42—44], quantum memory [39,45-47], and intensity
correlation and anticorrelation [48]. Of great interest, the EIT-
based systems are reported to be good candidates for the
generation of quantum squeezing and entanglement [49-55].
It is demonstrated that quantum entanglement is acquired via
the EIT-based nonlinearity [50,51]. A proof-of-principle way
is proposed by Yang ef al. to generate bipartite and multi-
partite entanglement via spin coherence in EIT [53,54]. More
recently, Chuang et al. revealed that the coherent population
trapping (CPT) nonlinearity can be greatly enhanced by the
optical density to directly prepare squeezed light without any
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optical cavity [55]. In brief, the nonlinearities in EIT and
CPT have great effects on the generation or manipulation of
quantum correlations.

Specifically, it was explored that the higher-order single-
mode squeezing can be generated in the EIT-based system
[56]. By adiabatically eliminating the atomic variables, the
exact nonlinear parametric interaction processes are approx-
imately extracted, which can be used to interpret the origin
of single-mode higher-order squeezing. However, it is worth-
while to note that there are two main imperfections in the
scheme. First, the degree of squeezing, as the order of
single-mode squeezed operator increases, is significantly re-
duced. Second, the steady state higher-order squeezing is hard
to realize because the zero frequency squeezing is always
absent. To overcome these difficulties, Hu et al. utilized
atomic reservoir effects, which were first put forward in
Pielawa’s pioneering work [57], to prepare stable squeezing
and entanglement [58—61]. In their work, by applying a pair
of strong fields to drive the A-type system, the steady-state
two-mode squeezing and entanglement were established via
two-channel dissipation processes [60,61], in which the best
squeezing was enhanced from 50% to nearly 100%. Never-
theless, in these schemes, the good squeezing only existed
in a narrow frequency region, and the nonlinear effects were
very sensitive to the asymmetrical detunings. This brings forth
a challenge in experimental operations. In addition, the EIT-
based nonlinearities in realistic systems usually become worse
as the dephasing rate between the lower levels deteriorates
the atomic coherence, resulting in the reduction of quantum
squeezing.

In this paper, we show that the ideal higher-order squeezing
is possible to obtain in a A-type three-level system driven by
a strong control field and a microwave field. Being different
from previous schemes [57-61], the strong nonlinearity oc-
curs on the exact resonant conditions and can be conveniently
controlled by the relative intensity of the applied fields. This
may provide a feasible way to control the degree of squeezing
in an experiment. Physically, based on the Bogoliubov mode
transformation and adiabatic elimination of atomic variables,
we explore that two dissipation channels are formed in the
dressed-state picture to generate squeezing. In the reservoir
engineering mechanisms, the squeezing parameter, in princi-
ple, as the dissipative rate, is closely related to the nonlinear
effects in the microwave-modified EIT system. Accordingly,
the good squeezing is achieved when the nonlinearity takes a
reasonable value. Our analytical and numerical results demon-
strate that the stable higher-order squeezing is close to 100%
when the relative intensity of the driven fields is near unity.
In addition, we show that the perfect higher-order squeezing
for the output fields is also possible to obtain. The per-
fect higher-order squeezing may find potential applications
in high-precision measurement and long-distance quantum
communications.

The remaining part of the present paper is organized as fol-
lows. In Sec. II, we describe the system model that consists of
a A-type system, a strong coupling field, a strong microwave
field, and a weak probe field, and then derive the master equa-
tions. The strong nonlinearity in microwave-modified EIT is
also analyzed. In Sec. III we present the physical mechanisms
and discuss the analytical and numerical results of the two-

|2)

1)

FIG. 1. The level scheme of three-level A-type atomic ensem-
ble. The ensemble is driven by a strong control field and a strong
microwave field with Rabi frequency 2. and €2,,, and probed by
a weak probe field with Rabi frequency €2,. The detunings of the
atomic frequencies from the corresponding field frequencies are
Ap = W31 — Wy, AC = w3 — W, and Am = W3] — Wy. The three-
wave mixing w, = @, + w,, is satisfied, and then A, = A. + A,,.

mode higher-order squeezing for intracavity fields and output
fields. Finally, the conclusion is given in Sec. IV.

II. MODEL AND EQUATIONS

Here we consider an atomic ensemble of three-level A-type
atomic system with two metastable states |1), |2) and one
excited state |3). As sketched in Fig. 1, a classical coupled
field drives the electric-dipole transition |3) < |2) and a weak
probe field probes the electric-dipole transition |3) <> [1). A
microwave field is applied to drive the electric-dipole forbid-
den atomic transition |2) <> |1) as those in Refs. [62-70].
In the rotating-wave approximation, the Hamiltonian of the
system is given as (i = 1) [1,2]

Hy = 02102 + 31033 + [Q,031e” @52

+ Q(‘USZeii(wrtikCZ) + QmUZIeii(wmtikmz) + H~C']7 (1)

where 0y, = ZIZZI [1,)(m,|(I,m = 1,2, 3) are the projection
operators of N independent atoms for / = m and the flip
operators for [ # m, and w;(j = 2, 3) are atomic transition
frequencies. €2, 2, and €2, are Rabi frequencies of the probe
field, the coupling field, and the microwave field, assumed to
be real with frequencies w,, @, and w,,, respectively. k,, k.,
and k,, are the wave numbers of the corresponding fields. For
simplicity, the initial phases of the three fields are assumed
to be zero. By making a rotating-wave transformation, we
rewrite the system Hamiltonian as

Hy = Ao + Apos3 + [Qe032 + Q,031
+ Q0,2 4 Hel, )

where A, = w1 — Wy, Ap = w31 — ), and A, = w3 — @,
are the detunings of the atomic frequencies from the corre-
sponding field frequencies. We consider the case in which the
three-wave mixing and phase-matching conditions are satis-
fied, Aw = 0w, —w; — 0, =0, Ak =k, — k. — k,, =0, and
A, = A, — A.. The master equation for the density operator
p of the atom-field system is given by

p = —ilHy, pl + Lap 3)
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with

2 Y

Lop = Z yjﬁrrjgp + ?pﬁaﬂpa 4)

j=1
herein the first term on the right of Eq. (4) describes
the atomic relaxations with rates y; from the level |3)
to |j) (j=1,2), and the second term represents the
phase damping between two lower levels with the de-
phasing rate y,, and L,0 = %(20/0dr —o'op — po'o), o=
013,023, 0, = 0 — 011. Then the elements of the density-
matrix equations are derived as follows:

31 = —T31031 +i€2,(p33 — p11) — 2021 + 2,032,

P32 = —I'3203 +1Qc(033 — p22) — i, 012 + 12,1031,

P21 = —T21021 + i, (022 — p11) — iQcp31 + 2,023, (5)
P33 = —(y1 +¥2)p33 +iQ2p(031 — p13) +i2:(032 — 023),
022 = Y2033 + iQm(p21 — p12) + i (023 — p32),

where T3 = 12011 + ) + ¥l +id,, Tn =121 +
v2) +vpl +iA., and I'y; =y, +iA,. Diagonal elements
(p22, p33) represent level populations and off-diagonal
elements (031, P32, p21) represent coherent terms.

As is well known, the response of the atoms to the probe
field is described by the susceptibility [1,2]

H13031
X=" E, (6)
with the free space permittivity &y and the electric dipole
moment (3. E, is the electric field intensity of the probe field
and satisfies €2, = p13E, /. The real and imaginary parts of
the susceptibility describe the dispersion and the absorption of
the atoms, respectively. The ratio of the dispersion to absorp-
tion is introduced as the nonlinear parameter [51,59]
n= X, )

Imy

The absolute value |n| of the nonlinear parameter determines
the strength of the nonlinearity. The larger the value of |7] is,

the stronger the nonlinearity will be.

In Fig. 2(a), assuming that the microwave field €2,, is absent
and setting A, =0, A, = A, we plot the absorption Imx and
dispersion Rey in units of |u3]|?/go versus the probe field
detuning A in units of y for two cases: y, = 0 (dashed line)
and y, = 0.01y (solid line), in which we define y;, = y.
The other parameters are chosen as 2, = 0.1y, Q. = 5y.
The nonlinear parameter n is also plotted as a function of
A in units of y in Fig. 2(c). It is obvious that the typical
EIT phenomenon is generated for y, = 0 since the value of
Imy and Rey are exactly equal to zero Imxy = Rex = 0) at
A = 0. However, when the dephasing rate y,, # 0, as shown in
the insert figure of Fig. 2(a), the exact EIT effect is spoiled due
to Imy ~ 4 x 10~* # 0. Interestingly, despite the deviation
from the zero absorption is subtle, the influence of dephasing
rate y, on the nonlinearity 1 is remarkable. From Fig. 2(c),
for y, = 0, we find that the strong nonlinearity is increased to
infinity (|| — oo) when the probe detuning is close to zero
but it is absent at the exact resonance A = (. Nevertheless,
when y, = 0.01y, the nonlinearity first increases to a maxi-
mum value 24.7 at A = +0.49y and then decreases to zero at
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FIG. 2. The absorption Imy, the dispersion Reyx of the sus-
ceptibility in units of |u3]?/gy and the nonlinear parameter n =
Rey /Imy versus the detuning A. (a), (¢) 2,, = 0. (b), (d) 2, = Sy.
The dashed blue lines denote no dephasing rate. The solid red lines
represent the dephasing rate with y, = 0.01y. The black dot in
(d) means the nonlinearity at exact resonance. The other parameters
are Y12 =y,A =0,A,, =A,Q,=0.1y, Q. =5y.

A = 0. Clearly, the strong nonlinearity is sharply suppressed
when the dephasing rate is considered in the realistic atomic
system.

As we know, the strong nonlinearity contained in the dark-
state system plays an important role in controlling quantum
correlations [48-52,59-61]. In these schemes, the asymmet-
rical detuning is a key factor to modify the nonlinearity,
which is responsible for the generation of squeezing and en-
tanglement. However, under the condition of the two-photon
resonance, the system will evolve into the dark state, resulting
in the disappearance of nonlinearity, quantum squeezing, and
quantum entanglement.

Therefore, this motivates us to investigate the appearance
of strong nonlinearity under the exact resonant conditions.
To do so, we apply a microwave field to couple with the
dipole-forbidden transition |2) <> |1) to modify the EIT sys-
tem [62—70]. As shown by the blue dashed lines in Fig. 2(b),
we plot the evolution of absorption and dispersion versus the
detuning A in units of y with no dephasing rate by choosing
A, = A, = A and Q,, = 5y. The nonlinear parameter 7 is
also shown in Fig. 2(d). Due to A, = 0 and assuming that
the Rabi frequencies of the microwave field and control field
satisfy Q. = Q,, = , the absorption (in units of lp13)?/&0) is
calculated as

—y QH(A +22,)(2* — Q) — AQ,)
G b
where G = Q,Q*[A* +3A2Q% +7Q* + y2(A? +4Q%)] +
QSATQ? — 13A% + (A 4 4Q%)] 4 2AQ,Q%(A% —
49%) + 8AQIQ?* 4 50197 + Q5. Clearly, The probe field

Imy = (®)
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niences for experimental implementation; (ii) compared with
400 y,=0.1y the conventional EIT-based system, the strong nonlinearity is
_____ y,=0.01y robust against the dephasing rate, which may be useful for the

2000 r 0 generation of squeezing and entanglement.

Yp=
=
0 II1I. PERFECT HIGHER-ORDER SQUEEZING
IN MICROWAVE-MODIFIED EIT

—200p In this section, we turn to investigate the physical mech-
anisms for the two-mode higher-order squeezing in the
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3

FIG. 3. The nonlinear parameter 7, at the resonant detuning ver-
sus the amplitude ratio & for different dephasing rates y, = 0.1y
(dotted line), y, = 0.01y (dashed line), and y, = O (solid line). The
other parameters are y;» =y, 2, = 0.1y, Q. = 5y.

is absorbed in the region of A < —2€,(—0.2y) while it is
amplified when A > —2Q,(—0.2y), which is completely
different from the first case in Fig. 2(a). Particularly, at
A =0, the absorption value is Imy = —1.12 x 1072 and
the dispersion is Rey = —1.4. This indicates that the strong
nonlinearity (n = 125) is obtained at the exact resonant
conditions, which is shown in Fig. 2(d) by the black point. In
addition, we note that the strong nonlinearities almost remain
unchanged when the dephasing rate is y, = 0.01, as shown
by the red solid lines in Fig. 2(d), implying that the generated
squeezing may be robust against the dephasing rate in the
present microwave-modified EIT system. This is sharply
different from the exact EIT cases shown in Fig. 2(c).

From now on we only focus on the cases that the driven
fields are exactly resonant with the atoms throughout the paper
(A = 0). Then the analytical expression of 1 is simplified as

2Q.Q2 - 229, — Q)

= : 9
n 2%,y 9)

herein we take y, = 0. For Q, < Q,, the nonlinear parameter
n can be approximately written as

Q2-¢§
pr 28

wherein § = Q./€2,, is the amplitude ratio of the optical
and microwave fields. It is found that the nonlinear effect
disappears 1 = 0 at the critical point £ = +/2. In the region
of 0 < & < +/2, the strong nonlinearity decreases monotoni-
cally, but the absolutely value of |n]| is increased in the region
of £ > +/2 as the ratio & increases. Despite the analytical
expression of the nonlinear parameter including the dephasing
rate can be obtained, it is not given here due to its cumbersome
expression. In Fig. 3 we plot the numerical dependence of
n on & for different dephasing rates y, = 0.1y (dotted line),
¥p = 0.01y (dashed line), and y, = 0 (solid line). The other
parameters are chosen as y1o =y, 2, =0.1y, Q. =5y. It
is found that the phase damping has little influence on the
nonlinear effect. In short, the main properties are summarized
as follows: (i) the strong nonlinearity is obtained under the
exact resonant conditions and can be modified by the relative
strength of the applied fields, which may provide great conve-

n= (10)

microwave-modified EIT system. The approximate analyti-
cal results and numerical results for two kinds of two-mode
fourth-order squeezing are discussed in the following subsec-
tion.

A. Analysis of physical mechanisms

We first discuss the internal mechanisms for the generation
of two-mode squeezed state in the present microwave-
modified EIT system. For the A-type atomic system, we apply
a control field €2, and a microwave field €2,, to resonantly
drive the corresponding transitions |3) <> |2) and |2) < |1),
respectively. Two quantized field modes a; , are coupled with
a common transition |3) < |1), simultaneously. The possible
atomic level structure is plotted in Fig. 4(a). Taking %’Rb
atoms as an example, we select [1) = [5S0, F = 1), [2) =
[5S1/2, F = 2), and |3) = |5P;;;, F = 2). Our scheme may
be realized in a geometrical configuration of collinear three
wave-mixing as shown in Fig. 4(c). In detail, a Rb cell is
installed in a microwave cavity which provides the standing
microwave field. Meanwhile, a two-mode cavity (DCM;-
DCM,) is applied to provide the two-mode fields a; and a,.
The cavity fields are combined with the coupling field by
a dichroic cavity mirror DCM; and then travel through the
sample cell and the microwave cavity collinearly with the
microwave field. After the microwave cavity, the cavity fields
can be filtered by another dichroic cavity mirror DCM,.

The master equation for the density operator p of atom-
field interaction system is written in an appropriate rotating
frame as

p=—ilH, pl+ Lap + Lcp (1D
with the total system Hamiltonian
H=H,+H,, (12)

where

H = Q.(032 + 023) + Qu(o21 + 012),
2
Hy = Zgj(ajowe_m’t +ajo31eh), (13)
=1

where a; and aj are the annihilation and creation operators for
the cavity modes, g; are the coupling strengths of interactions
of the jth cavity fields with the atoms, and §; = w3 — v; are
the detunings of the atomic transition frequency ws3; from the
cavity field frequencies v; (j =1, 2). The cavity loss term
L.p takes the form

2
Ecp = ZKjﬁa_,ﬂ: (14)
j=1
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FIG. 4. (a) Configuration with hyperfine levels of ’Rb atoms.
The microwave field is coupled resonantly with two hyperfine ground
states 581 ,,(F = 1) and 55, ,(F = 2). The coupled field is provided
by a diode laser, which is tuned to be resonant at the transition
5812(F =2) < 5P 5(F = 2). Two mode quantum cavity fields are
coupled to the transition 55, 5 (FF = 1) <> 5P »(F = 2). (b) The res-
onant dressed transitions representation, in which the cavity mode
ay(ay) is resonant with the sideband (—<), respectively. The
dressed atomic transition |+) (|—)) — |0) is simultaneously accom-
panied with creation of one cavity mode a; (a,) and annihilation of
the other cavity mode a, (a;). (c) The possible experimental setup
for two-mode higher-order squeezing, wherein DCM, , represent
dichroic cavity mirrors, €2.,, indicate the control field and microwave
field and a, , are two quantized modes.

where L, p = %(Zaj,oa; — a;aj,o - ,oajaj)(j =1,2), k; are
the cavity loss rates.

To describe clearly the physical mechanisms and the corre-
sponding conditions for dissipative reservoir effects, we resort
to the dressed atomic picture by diagonalizing the Hamilto-
nian H, under the conditions of Q. > y;, «;, g;(j =1,2).
The dressed atomic states are expressed in terms of bare states
as [4]

1
V2
|0) = —sin@|1) + cos6|3), (15)

1
—(cosO|1) — |2) +sin6]3)),

V2

with cosf = 2, sinf = %, and Q.:.\/Qg + Q2. The
dressed states |0), [+), and |—) have their eigenvalues Ao+ =
0, ££2, respectively. It means that the spacings between these
dressed states are identical. Now the free Hamiltonian H/
becomes the diagonal form in the dressed-state picture

H; = Q(U++ —0--), (16)

+) = (cosO|1) + |2) + sinB|3)),

|-) =

o]

and the interaction Hamiltonian Hj is expressed as

glai‘e_"g”(cos2 0o, — sin® Oop_)

H=—
)

o, ,
+ —é,?lcﬂle_“s”(cos2 Ho_o — sin® Hop,)

V2

1 iyt 2 )
+—grare" (cos” Bops — sin” Ho_g)

V2

1 isyt 2 .2
+ —grare'™ (cos” Boy_ — sin“ Ooyg)

V2

sin @ cos 6 . .
T(glafe_"s" + gra2e™")

x (04— +0o_y+04y —200+0-__)+ Hec.,, (17)

where oy = Zﬁ';l |k, ) (L, |(k, I =0,%) are the projection
operators (k =) and the flip operators (k # [) of the en-
semble in terms of the dressed states. Making a further
unitary transformation to H; with U = exp(—iH,t), i.e.,
UH;U", choosing Rabi sideband resonance 8; = —8, = —
and neglecting fast oscillating terms such as exp(£i€2t) and
exp(:i:ZiQt) due to the well-separated dressed states €2, ,, >
Vj, Kj, we retain the second line, the third line, and the cor-
responding complex conjugate terms in Eq. (17). Then the
reduced effective Hamiltonian can be obtained as

1 2 .2 T
——=[cos” Bg1a; — sin” 0gra;]og-

Her = NG
1 N
+ —2[cos2 Ograr — sin® Hglal]aw + H.c. (18)

\/_

By transforming the bare atomic relaxation terms £, into
the dressed-state picture according to Eq. (15) and neglecting
the quantized modes temporarily, we obtain the steady-state
populations (N; = (oy;)) of the dressed states

N, =N = N(cos? 6 + cos* )
1 +3cos*d

. N sin* 6
" 1+3cos*f’

Then the population differences z = Ny — Ny = N_ — Ny of
the dressed states are derived as follows:

2cos 6 — sin% 6

14 3cos*6

No 19)

z=Nt —Ny=N (20)
It is clear that we have z > 0 for 0 < & < \/5 and z < O for
&> \/E The dressed atoms as an engineered reservoir will
play either a dissipative or amplifying role in different regimes
of &.

To understand the internal interactions, we further intro-
duce a pair of Bogoliubov modes as b; = a; coshr — a; sinh r
and b, = a, coshr — aI sinh r [1,2]. Then the effective inter-
action Hamiltonian is rewritten as

Heir = ga(b100- + brooy) +He. for & <1, on
Her = g4(b1040 + brog) + He. for & >1,
where we have effective coupling constant g, =

g\/51|cos(29)| by assuming g;» =g The squeezing
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4t r unstable s/ 104

FIG. 5. The squeezing parameter r (solid line) and the dissipa-
tion rate R in units of «C (dashed line) versus the amplitude ratio &.
The changing trends of 7 and R are completely opposite. The shaded
regime shows the unstable region (1 < & < V2).AsE — 1,5 — o0,
and it is possible to obtain a good squeezing. For & — 0 or oo, r is
so small that the obtainable squeezing is weak.

parameter 7 in the two cases is defined through the hyperbolic
tangent function as

tanhr = £2 for & <1,

1
tanhr = ? for

E>1. (22)

It is seen from the effective Hamiltonian in Eq. (18) that
the interactions are established between the quantized modes
(aj, ap) and the dressed atomic spins (og;+, 0g9—), which is
plotted in Fig. 4(b). Clearly, the absorption of mode a;(a)
and the creation of modes a,(a;) are accompanied by a com-
mon dressed transition |—) — |0)(]+) — |0)), respectively.
Physically, the interactions between two parties a; and oy—
(ay and oy ) are referred to as squeezing processes while the
other ones between a; and op_(a; and opy) are named as
transferring processes. Accordingly, the two-mode squeezed
state of a;» can be established since the squeezing between
a; and oy_ is transferred to the mode a,, i.e., a; <> og_ ™ as.
It is known that the best squeezing degree via such a single
chain is about 50% under ideal conditions [57]. Here we can
obtain the perfect two-mode squeezing because there exists
an alternate chain a, <> op+ ™ a; [59-61], which is verified
by our analytical and numerical results in the following sub-
section. Essentially, the strong applied fields €2, and €2,, are
used to establish atomic reservoir engineering, in which the
strong nonlinearity causes the generation of squeezing. We
find that the realization of squeezing is strongly dependent on
the following two points.

1. Dependence of squeezing parameter r on the nonlinear effects

From Eq. (7), it is seen that the nonlinear parameter n
becomes large when the probe field experiences the nonzero
dispersion (Rey # 0) and negligible absorption (Imyx — 0).
As shown in Figs. 3 and 5, as & — 0, we have n — oo and
r — 0. At Q. = 0, the atoms would stay in a superposition
of ground states |2) and |1). Reasonably, the nonlinear effects
disappear since the absorption and dispersion for the probe
field are equal to zero. In this case, we can see that the
terms of sin® @ in Eq. (18) vanish, giving rise to the absence

of transferring processes between a;(a,) and oy (0p—). The
two-mode squeezed state would not be generated because the
two chains are destroyed in this manner, a; <> 09— - a, and
a, <> ooy — ay. For the other extreme case § — oo, we also
have n — oo and r — 0 when Q. > Q,,. Being different
from the first case, the atoms will be entirely trapped into
the dark state |[1) due to Q. > Q, and A, = A, =A =0,
which is the very case of typical EIT. It is well known that
the entanglement and squeezing are impossible to generate
since the nonlinear effects disappear on dark-state resonance
[50,51,59,60]. From Eq. (18), we find that the squeezing pro-
cesses are not existent due to cos2 @ — 0, which implies that
the two above-mentioned chains are spoiled in this way, i.e.,
ay «» gg— ~ay and ap «» opy M a;. Specifically, as seen
from the strong nonlinear dependence of the squeezing pa-
rameter r on the amplitude ratio £ in Eq. (22), when & — 1,
we have r — o0, and then the good squeezing may happen
since we have the strong nonlinearity n = 125 at£ = 1. Ina
word, the generation of two-mode squeezing is closely related
to the nonlinear effects in the present scheme.

2. Analysis of nonlinear dissipative rate

We assume that the atomic variables decay much more
rapidly than the cavity modes y,; » > k| ». Following the stan-
dard quantum optics techniques [1,2], we derive the master
equation of the two Bogoliubov modes by adiabatically elim-
inating the atomic variables by taking the case of £ < 1 as an
example

p= [;2<A£b,p +BL,7) + LD, (23)

where the two Bogoliubov modes b » have identical absorp-
tion coefficient A and amplification coefficient B,

2¢°T'N. 2¢°T'N,
A= %}; = F;‘ny(; (24)
where  I'=%(1+cos’6 +sin’fcos’d) and y. =

—% sin? @ cos? @ are the decoherence rate of the dressed atoms
and the transfer rate of the degenerate dressed transitions,
respectively. Ly, p and Eb;,b have the same form as £, p in

Eq. (14) and the additional term £’p has the form of

L'p = C(b1pbs + bapby) — D1pb1by — Dab1b2p + Hec.,
(25)

which originates from the coherence transfer between de-
generate dressed-state transitions |+) ~» |0) and |0) ~~ |—).
The parameters are C = 2Ny, (N + No)/(I'* — y?), D; =
nglNycNo/(F2 — yf), D, = nglNycN+/(F2 — ycz). Note that
L'p is negligibly small because of (C, D1 ,) < (A, B) (y. <
I'). Thanks to the dependence of population differences z in
Eq. (20) on the parameter £, the atomic system leads to either
absorption or amplification of Bogoliubov modes b;,. By
defining the dissipation rate R = A — B, the system is stable
when R > 0 (absorption is dominant over amplification) while
is unstable for R < 0 (amplification is dominant over absorp-
tion). To observe the nonlinear properties of dissipation rate
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R, we analytically solved the dissipation rate as

(' 487 +2)(E - 1)(E* - 2)
(E0 + TE% + 1282 4 4)(6* + 282+ 4)°

where the cooperativity parameter C = 2g*N/(xy) with
k12 = k. InFig. 5, we plot the evolution of squeezing param-
eter r and dissipation rate R (in units of «C). We note that the
evolution of dissipation rate R is divided into three regions.
In the regions of £ < 1 and & > /2, the system is stable for
R > 0. It implies that the absorption is dominant over ampli-
fication, resulting in the possibilities of generated squeezing
are confined into the two regions. Nevertheless, in the region
of 1 <& < +/2 (shown in Fig. 5 by the gray region), the
system is unstable since the amplification is dominant over
absorption. Thus, the squeezing is impossible to generate in
this region. Particularly, at £ = 1, we have R = 0 due to the
effective coupling constant g, = gv/3|cos? 6 — sin® 6| = 0.
Correspondingly, the two-channel interactions of the Bogoli-
ubov modes b, in Eq. (21) are no longer existent. When
£ = +/2, we also have R = 0 since the dressed-state popula-
tions satisfy the relation Ny = Nj. In this case, the squeezing
is impossible to obtain due to the nonlinearity n = 0 and dissi-
pation rate R = 0 although both the transferring and squeezing
processes in Eq. (18) seem to be coexistent.

According to the above analysis, we find that the squeezing
parameter r and the dissipative rate R are closely related to
the nonlinear effect 1. Generally, in the reservoir engineering,
good squeezing can be realized when both the squeezing pa-
rameter r and the dissipation rate R take large values [57-61].
However, from Fig. 5\, we find that as the ratio £ increases, the
squeezing parameter first increases rapidly to infinity and then
drops quickly to zero, while the variation trend of R is inverse.
This demonstrates that the two conditions are hard to meet
simultaneously. Obviously, good squeezing can be achieved
when the squeezing parameter and the dissipation rate have a
compatible value.

(26)

B. Higher-order squeezing of intracavity fields

As proposed by Hong and Mandel in Ref. [18], a pair of
quadrature operators are defined as X, = x,, — x,, and P, =
Pa; + Pa, With the individual operators x,, = %(a_,‘ + a;),

Pa; = %(a = aj) (j =1,2). The two-mode fourth-order
squeezing occurs if the following inequalities are satisfied:

AX} <1, or AP <1. 27)

On the other hand, we choose the sum squeezing operator
V, = %(alaz — aTa;) [21] as the other example to study the
four-order squeezing. Similarly, the squeezing is obtainable
when

2 A Vaz
Vi =28 <1, (28)

with a normalized factor R = (1 + (alar) + (alan)).

It should be pointed out that the quantum fluctuations for
Bogoliubov modes b;, are closely related to the original
modes a; » with the relation of

AX!=e " AX,), AP} =e VAP, (29)

1.0 T T T T 1.0
0.8} (a) 0.8} (b)
+5 0.6 = 0.6
ﬁ >
04r . analytical <04 analytical
02l — numerical 02l — numerical
0.0 - - - - 0.0 - - - -
00 02 04 06 08 1.0 00 02 04 06 08 1.0
¢ §

FIG. 6. Analytical (dashed line) and numerical (solid line) results
of the normalized variance AX? (=AP?}) and AV} versus the ampli-
tude ratio &. The analytical results are in very good agreement with
the numerical results except for the shadow region near £ — 1. The
parameters of the numerical results are chosen as y1, =y, y, =0,
k =0.001y, g/N = 1.5y.

and
AV2 = AV (30)
N — R ’
with  V, = 4(b1by —bjb}) and R=i[1+2sinh’r+

cosh(2r)((biby) + (biba))].

From the reduced density matrix equation in Eq. (23),
the analytical results of the steady higher-order moments for
Bogoliubov modes can be solved by discarding of the cavity
losses temporary. The nonvanishing second-order and fourth-
order correlation terms are (bIbl) = (b;bz) = No/(Ny — Np),
(b1bibiby) = (bibibaby) = 2(blbibiby) = 2(b!b;)2.  Then
the normalized variances for the above-mentioned operators
are calculated as

—4r (N+ + ZVO)2

AX* = AP* = = 31
, = Ny NP (31)
and
N2 + N?
AVE = NN (32)
4AR(N, — Ny)?

The approximately analytical results of AX* and AV;? in
the case of £ < 1 are plotted in Fig. 6. We find that the
two-mode higher-order squeezing is possible to obtain in a
wide region of £. Notably, it should be pointed out that the
analytical results are only valid when £ deviates away from
& = 1 appropriately. Since the effective coupling constant g,
and the dissipation rate R are equal to zero at £ = 1, the
two-mode squeezing is impossible to generate at this point.
Not only that, when & is very close to unity, the engineered
dissipation is not dominant over the vacuum dissipation. As a
consequence, the analytical solution does not hold in a small
region around £ = 1, which is depicted by the square shadows
in Fig. 6.

To verify the validity of the analytical calculations, we re-
sort to the numerical simulations without discarding the cavity
losses x1 2. Applying the master equation, we can numerically
obtain the results of second-order and fourth-order moments
for original cavity modes, which are listed in Appendix B. For
simplicity, we define the second-order moments as

D; = (a,a),

D; = (a1ay), Dy = (dla)), (33)
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1.0 1.0

0.8 0.8} (b)
+5 0.6 = 0.6
3 N
<04 k=0.1y <04 k=0.1y

Y x=0.01y Y «k=0.01y

k=0.00ly S/ ¥=0.001y
0.0 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0
& &

FIG. 7. The normalized variance AX* (= AP}) and AV} ver-
sus the amplitude ratio £ for different cavity decay rates x = 0.1y
(dotted line), ¥k = 0.01y (dashed line), and « = 0.001y (solid line)
by assuming «;, = k. The optimal squeezing of AX? and AV?
approaches 100% and 90% below what is for the minimal uncertainty
state at £ — 1. The other parameters are the same as in Fig. 6.

and the fourth-order moments

X = (ajajaqa), X;=(alaiajar),

Y = (dlajaiay), Y = (dlalaid)), .
Z) = (aIaza;ag),

W, = (a;al'a;a;),

Z) = (aayara;),
Wi = (a1a1a0ay),

where [ = 1, 2. The normalized fourth-order squeezing for X,
and P, are derived as

AX} =1+42(Di + Dy —2D3) + 5(Xi + X»
+4Xs +2W; — 4Y; — 4Z)), (35)

and AP = AX*. We also used the real correlations D3 = Dy,
Y1 =Y, Wi =W,, and Z; = Z,. Similarly, the sum squeezed
operator has its variance

2(X3 — W)
1+D,+D;p

From Fig. 6, it is clear that the numerical results are
very in agreement with the analytical results except for the
shadow region around & = 1. As the numerical results are
strongly dependent on the cavity losses, we plot the fourth-
order squeezing AX?* and AV} for in Fig. 7 by choosing
& = 0.1 (dotted line), x = 0.01 (dashed line), and ¥« = 0.001
(solid line), respectively. With the decreasing of cavity losses,
the best squeezing for AX; is changed from 70% at § = 0.77
to 100% at & = 0.97 and for AV} is from 30% at £ = 0.84 to
90% at & = 0.98. This indicates that the perfect higher-order
squeezing is obtained in the good cavity limit.

In addition, we showed that the strong nonlinearity is
robust against the dephasing rate for the present microwave-
modified EIT system in Fig. 3. Reasonably, the two-mode
higher-order squeezing may remain stable with the increase of
vp- In Fig. 8, the normalized variance of AX;1 and AVA% versus
the ratio & are plotted for different dephasing rates y, =0
(solid line), y, = 0.5y (dashed line), and y, = y (dotted line).
Clearly, the variances of two-mode higher-order squeezing
AX? and AVA% nearly keep unchangeable with the increasing
of dephasing rate y,. Finally, we should point out that the
analytical and numerical results of the higher-order squeez-
ing in the other stable region & > /2 are also calculated by
following the similar procedure. However, we find that the

AVy =1+ (36)

1.0

0.8 0.8
&30.6 N;0.6
<04 Q04
02 02
0.0 0.0
0.0 00 02 04 06 08 1.0
¢ ¢

FIG. 8. The normalized variance AX? (=AP#) and AV} versus
the amplitude ratio & for different dephasing rates y, = 0 (solid
line), y, = 0.5y (dashed line), and y, = y (dotted line). AX;‘ (AP;)
and AV} are robust against the dephasing rates. We have taken
k = 0.001y. The other parameters are the same as in Fig. 6.

two types of higher-order squeezing are nonexistent since the
squeezing parameter r shown in Fig. 5 becomes small.

C. Higher-order squeezing of the output fields

Here we consider the higher-order squeezing of the output
fields by defining a pair of EPR-like operators as X" =
xgt —xgt and P = pott 4 pott with the individual op-
erators x\" = \/Li(aj?ut + a?”ﬁ), Pt = ;;(az?“‘ — a?m) (j =
1, 2), wherein the operators a;?“t represent the output fields.
According to the input-output theory a;’-‘“ = aij" + /k;aj, the
quantum correlation of the output fields can be easily ob-
tained. The detailed calculation is presented in Appendix C.

In Fig. 9, the output spectra of AX?*[w] (=AP?[w]) and
AVZ[w] are plotted as a function of transformation frequency
o (units of y). The cavity decay rates and the amplitude ratios
in Fig. 9(a) are chosen as k = 0.1y, & = 0.82 (dotted line),
k = 0.05y, § =0.89 (dashed line), x = 0.01y, & =0.973
(solid line). The cavity decay rates and the amplitude ratios in
Fig. 9(b) are chosen as k = 0.1y, & = 0.85 (dotted line), k =
0.05y, &£ = 0.89 (dashed line), k = 0.01y, & = 0.95 (solid
line). The other parameters are the same as in Fig. 6. It
is found that the higher-order squeezing spectra are always
below the standard quantum limit in a wide frequency domain
and the minimal value appears at @ = 0. These results indicate
that the perfect higher-order squeezing of the output fields can
also be obtained in the present scheme.

1.0 = ——== 1.0
0.8} (a) 3 0.8t (b)
306 i 306
+ = i oz
%04 o=0ly 3§ Z 04
0ol «k=0.05y 3 020" «=0.05y
—k=0.01y —«=0.01y
0.0 0.0
-1.0 =05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
w (units of y) w (units of y)

FIG. 9. (a) The output spectra of AX*[w] (= AP} w]) for k =
0.1y, &€ =0.82 (dotted line), « = 0.05y, & = 0.89 (dashed line),
k = 0.01y, & = 0.973 (solid line). (b) The output spectra of AV,&[w]
for k = 0.1y, & = 0.85 (dotted line), k = 0.05y, & = 0.89 (dashed
line), k = 0.01y, & = 0.95 (solid line). The other parameters are the
same as in Fig. 6.
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Finally, we would like to stress the differences between the
previous schemes and the present microwave-modified EIT
system. In conventional EIT-based systems, the generation
of squeezing and entanglement is strongly dependent on the
asymmetrical detunings of the driven fields [51,54,59-61].
If the two-photon resonance is satisfied, the atoms would
be driven into a superposition of two ground states, which
is named as a “dark state.” In this case, the absorption and
dispersion of the atoms are equal to zero, leading to the
disappearance of strong nonlinearity. Consequently, quantum
entanglement and squeezing are no longer existent. In addi-
tion, the EIT-based nonlinear effects usually deteriorate with
the increase of the dephasing rate between the lower levels in
realistic atomic systems, resulting in the reduction of quantum
entanglement and squeezing. However, the main advantages
of our scheme are summarized as follows. First, when the
applied strong fields are resonant with the transitions, the
nonlinearity is obtained and can be modified conveniently by
the relative intensity of the two fields. Second, we note that
the generated squeezing is robust against the dephasing rate
of two lower states. Third, the perfect higher-order squeezing
is realized at a steady state by the two-channel squeezing and
transferring processes. The internal mechanisms are different
from the transient higher-order squeezing in the codirectional
nonlinear optical coupler [26], the Bose-Einstein condensates
[27], the Raman process [28], and four-wave mixing pro-
cess [29,30]. In past years, a large number of experimental
investigations on higher-order correlations are performed in
different quantum optics systems [31-35]. Allevi et al. imple-
mented a direct detection scheme of measuring higher-order
correlations in the experiment with a pair of hybrid pho-
todetectors [31]. Avenhaus et al. experimentally observed the
higher-order nonclassicality up to the eighth order with a
time-multiplexing detector [32]. Specifically, the higher-order
quantum correlations were usually generated based on the
nonlinear processes. The perfect higher-order squeezing in
the present scheme originates from the microwave-modified
strong nonlinearities, which may find potential applications
in high-precision measurement and quantum information
tasks.

IV. CONCLUSION

In conclusion, we showed that the two-mode fourth-order
squeezing can almost approach 90%—-100% in the microwave-
modified EIT system. When the control field and microwave
field are exactly resonant with the atomic system, the strong
nonlinearity is generated and can be controlled by the relative
intensity of the dressed fields. In the dressed-state picture, it is
found that the atomic system acts as a reservoir, by which the
perfect higher-order squeezing is achieved at a steady state via
two-channel dissipation processes. Since the evolution of the
squeezing parameter and the dissipation rate are opposite each
other, good squeezing is usually obtainable when the strong
nonlinearity takes a proper value. Moreover, we explore that
the higher-order squeezing in the present scheme is robust
against the dephasing rate between two ground states. This
provides a feasible way for experimental realization and may
find promising applications in high-precision measurement.

ACKNOWLEDGMENTS

The authors would like to thank Prof. Xiangming Hu
and Cheng Gong for their enlightening discussions. This
work is supported by the National Natural Science Foun-
dation of China (Grant No. 11574179), and Fundamental
Research Funds for the Central Universities (Grant No.
CCNU19TS036).

APPENDIX A: REDUCED DENSITY MASTER EQUATION

The reduced master equation in terms of the original a;
modes in an explicit form

pe = ari(aipeal — alaipe) + axn(alpeay — aralp,)
+ ,311(020561; - a;azpc) + ﬁzz(a;pcaz - QZG;OC)
+an(apal —dlalp.) + oz (ai pear — azarp,)
+ Bia(a) pedl — ayal pe) + Par(arpear — a1axpe)
K1 K2
+ 5(a1pcaf —alaip.) + 7(azpca§ — dlaxp.)

+H.c, (A1)
wherein the parameters are given as follows:

ay; = g [(Tysin* @ — y,., sin? @ cos? 0)N,

+ (T cos* O — Ve, sin® 6 cos® 0)N_]1/0,
ay = g [(Tysin* @ — y,, sin® 6 cos? )N,

+ (T cos* 6 — Ve, sin® 6 cos® 0)Nyl/ O,
Bi1 = g3[(T2cos* @ — v, sin® @ cos” O)N,,

+ (T sin*6 — Ve, sin? 6 cos® 0)Npl/ O,
Bar = g3[(T2 cos* @ — v, sin? @ cos” O)N,

+ (T sin*6 — Ve, sin? 6 cos® 0)N_]1/0,
ar = 81820y, cos* @ — I sin® 6 cos? )Ny

+ (¥, sin* @ — Ty sin? @ cos® O)N_1/0O,
oy = g182[(ye, sin* 6 — T sin? 6 cos” O)N,

+ (e, cos*6 — I'y sin? 6 cos® 0)N_]1/0,
Bz = g182[(ye, sin® & — 'y sin® 6 cos® )N,

+ Ve, cos*6 — I'y sin? 6 cos® 0)Nyl/ O,
B = g182[(ye, cos* & — T sin” 6 cos® )N,

+ (¥, sin* @ — Ty sin? 6 cos® O)Np]/®,  (A2)

with © = 21Ty — ve,7e,), T1 =y + 5 +van )+
Sor+riotyotyy) Da=yy + 500+ +
%(y+0 + vo— + v—0 + v+-); No, N+ represent the steady-state
populations of the dressed states. The damping rates in terms
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of the dressed atomic states are

vor = 7o = 1! sin6  y,sin?20
0+ 0— 5 6
_ _yicost®  yyco8?6 | y,sin® 20
Y+0 = V-0 = ) ) 6
) .2 2 2
_ _nsin®20  yrsint0 yp(costO + 1)
Vi =Vt = 16 + n + 3 )
0+ o0- Wi sin” 26 Vp sin* 6
yph - yph - 4 2 )
.. wnsin’20  y,sin®6  y,sin’6
oh = 8 2 2
‘2 .2
y18in“ 260  y,sin” 20
Ye, = Ve, = — 3 B 16 . (A3)

APPENDIX B: SECOND-ORDER AND FOURTH-ORDER
CORRELATIONS OF TWO INTRACAVITY FIELDS

A closed set of equations for the second-order and fourth-
order moments between the modes a; and a, can be derived
from the reduced master equation Eq. (A1) as

d{ajar) _— .
= El(alar) + m(a1az) + (ajab)) + 2a,
digja) _ . S
dt - §2<€12612> + 772((&1612) + (ala2>) + 1322’
d{a,ay)
dlt = = —n(mar) + mlaja) + mlajas) — s,
d{a}al) )
dlt 2 _ —Elz(aIaZ) + Uz(alral) + mialas) — n3, (B1)
and
d(aTaTa ap) )
#ll = —4& (aldlaja)) + 21 ((a]ayaraz)
+(alalaial)) + 8axn(alar),
d{alalarar) .
% = —4& (ajabarar) + 2m((araiaras)
+ (aTa;a;az)) + Sﬂzz(a;az),
d{alajala)
% = 2&p(alayalar) + m((alaiaras)

+(alalaral)) + ni ((aaaraz)
+(alabalar)) + 2B (alar) + 200 (afas)
—m((aia) + (alad)),

d(aTa ajay)
+ = —(2& + Ep)dlaraiar) + 2y (alarabas)

+

+ni{aiaiazas) + malalalaiar)

—2n3(ajar) + dan(araz),

d(aIaiala;) ot toot
——— = —(2& +&p)ayaya1a;) + 2ni{ayara,az)

dt
ot T
+ nl(a|a|a2a2) + 772(ala]alal>
—2n3(alar) + dan(alal),
d(alaTazaz) 4
d—zt = —(2& + En)aajarar) + 2m(alaraiar)

+mlaiaiaras) + milajabarar)

—2n3{alas) + 4Banlaan),

%ﬁ“z‘”) = —(26 + &n)(a|ajajar) + 2ma(ajarajaz)
+m (aTakaéa;) +m (azazazaz)
- 2773(%“2) + 482 (a1a2>a

W = —2&p{a1a1axa) + 2malaraiar)
+2n1{a1ajarar) — 4nz(araz),

%J{:;a;) = —2&‘12(a1a}La§a;) + 2, (aJ{a}Lalaz)

+2mi{ajalalar) — 4nz(ajaj), (B2)
with & =ay —an+ 5, =01 —Pu+5, En=6+
&, m = o1 — a1z, M2 = a1 — Pra, N3 = a1z + Pio. By set-
ting % = 0, we can solve for the steady-state values for the
second-order and fourth-order moments.

APPENDIX C: OUTPUT SECOND-ORDER AND
FOURTH-ORDER CORRELATION SPECTRA

The equations of motion for two cavity fields operators can
be also derived from the reduced master equation Eq. (A1) as

dair inf

= —&1a] + may = Fp (1) — Jiaa!" (1),

da i

2 s o] — Fo() — VR 0). (1)

Here the input noise operators aij“ satisfy the nonzero cor-
relations (a.i]-“(t)aij',ﬁ(t’)) =8;78(t —t'). The F's are the zero
means noise operators from the atomic reservoir and sat-
isfy the correlations (F,(t)Fy(t')) = Dwré(t —t'), where the
nonzero diffusion coefficients D =2u11, Daial = 2w,
Dt =2B11, Dy, = 2822, Doy = DT @, = s
By Aperformmg the Fourier transformation o) =
f_oooo e~ Olwldw/~/2m on Eq. (C1), we have

—iwd|[~0] = —§i1a][~] + nalo] - F[-o]
_ \/—amT[ C()]
—iva)[0] = —Era[w] + mdl[-o] — F, o] — ko],
(C2)

With the input-output relations a?‘“[w] = aij“[w] + JKjaj[w],
we can express the output fields in terms of the input
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ones as
ai"[w] = My F, (o] + My Fil-owl + M3al[w]
+Myay [~o],
aMw] = M21Fa§[_w] + MyF, [w] + Mo ailn'{'[_w]

+ Mydy ], (C3)
where
Mylo) = — 0t BIVE
mn2 + (o + i) (o + &)
M (o] = 771\/.16_1 —,
mn2 + (o + &) (o +i&)
_ (o + &)+ + (0 + i) (@ + &)
Mis[w] = : - )
mn2 + (o + i&)(w + ié)
Nia/Kikz
M = s C4
Ml = @+ @ 1 &) ()
M o] = nzﬁ —,
nn2 + (o + i) (o + i)
Mplo] = — @ TEVE
mn + (o + i) (w + ié)
Mas[w] = LA L
mn + (o + &) (w + ié)
(ot &)k +mn + (0 + i) (w + i&)
Mylw] = .

mn2 + (o + &) (w + i&)

The second-order correlation spectra can be obtained as
follows:

(@ [~wlad w])
= [Mu[~l’D,,, + IMi[-wlI’D,,,;
+ Mp[—o)*" My [—w]Dgyq,
+ M=ol Mp[-olD,;; + Mis[-o]?,
(@ [~ wlas" [w])
= |Mai[~]’D, ;i + IMn[~wlI’D,,
+ (Mo [—w])* My [~w]Dgya,
+(Mpl=0]) Mar[~lD,; + IMa[-0],
(a" [w]as" [o])
= MulolMal-wlD, ;; + MilolMn[-wlD,,
+MilwlMxul=0lDae, + MilolMa[—wlD,;
+ Miz[w]lMas[—o]. (C5)

By performing the Fourier transformation on Eq. (B2),
we can obtain the fourth-order correlation spectra
Xi[w], Yjlw], Zj[w], Wilwltk =13, j =1,2), respec-
tively. The output spectra of AX;‘ [w] (:AP; [w]) and AVA% [w]
can be derived from the second-order and fourth-order
correlation spectra.

[1] D. F. Walls and G. J. Milburn, Quantum Optics (Springer-
Verlag, Berlin, 1994).
[2] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, England, 1997).
[3] R. W. Boyd, Nonlinear Optics 3rd ed. (Academic, New York,
2008).
[4] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Atom-
Photon Interactions (Wiley, New York, 1992).
[5] P. Meystre and M. Sargent, III, Elements of Quantum Optics
(Springer, New York, 2007).
[6] R. Loudon and P. L. Knight, J. Mod. Opt. 34, 709 (1987).
[7] D. Stoler, Phys. Rev. D 1, 3217 (1970).
[8] R. E. Slusher, L. W. Hollberg, B. Yurke, J. C. Mertz, and J. F.
Valley, Phys. Rev. Lett. 55, 2409 (1985).
[9] L. A. Wu, H. J. Kimble, J. L. Hall, and H. F. Wu, Phys. Rev.
Lett. 57, 2520 (1986).
[10] Z. Y. Ou, S. F. Pereira, H. J. Kimble, and K. C. Peng, Phys. Rev.
Lett. 68, 3663 (1992).
[11] Y. Zhang, H. Wang, X. Y. Li, J. T. Jing, C. D. Xie, and K. C.
Peng, Phys. Rev. A 62, 023813 (2000).
[12] R. S. Bondurant, P. Kumar, J. H. Shapiro, and M. Maeda, Phys.
Rev. A 30, 343 (1984).
[13] M. D. Reid, D. F. Walls, and B. J. Dalton, Phys. Rev. Lett. 55,
1288 (1985).
[14] R. Guzman, J. C. Retamal, E. Solano, and N. Zagury, Phys. Rev.
Lett. 96, 010502 (2006).
[15] R. M. Shelby, M. D. Levenson, S. H. Perlmutter, R. G. De Voe,
and D. F. Walls, Phys. Rev. Lett. 57, 691 (1986).

[16] J. Perina, Quantum Statistics of Linear and Nonlinear Optical
Phenomena (Kluwer, Amsterdam, 1991).

[17] L. Mandel, Opt. Commun. 42, 437 (1982).

[18] C. K. Hong and L. Mandel, Phys. Rev. Lett. 54, 323 (1985).

[19] M. Hillery, Opt. Commun. 62, 135 (1987).

[20] M. Hillery, Phys. Rev. A 36, 3796 (1987).

[21] M. Hillery, Phys. Rev. A 40, 3147 (1989).

[22] N. A. Ansari and M. S. Zubairy, Phys. Rev. A 44, 2214 (1991);
N. A. Ansari, ibid. 48, 4686 (1993).

[23] M. H. Mahran, Phys. Rev. A 45, 5113 (1992).

[24] A. V. Chizhov, J. W. Haus, and K. C. Yeong, Phys. Rev. A 52,
1698 (1995).

[25] G. S Agarwal and A. Biswas, New J. Phys. 7, 211 (2005).

[26] K. Thapliyal, A. Pathak, B. Sen, and J. Pefina, Phys. Rev. A 90,
013808 (2014).

[27] S. K. Giri, B. Sen, C. H. Raymond Ooi, and A. Pathak, Phys.
Rev. A 89, 033628 (2014).

[28] S. K. Giri, B. Sen, A. Pathak, and P. C. Jana, Phys. Rev. A 93,
012340 (2016).

[29] M. Das, B. Sen, A. Ray, and A. Pathak, Ann. Phys. (Leipzig)
530, 1700160 (2018).

[30] J.J. Gong and P. K. Aravind, Phys. Rev. A 46, 1586 (1992).

[31] A. Allevi, S. Olivares, and M. Bondani, Phys. Rev. A 85,
063835 (2012).

[32] M. Avenhaus, K. Laiho, M. V. Chekhova, and C. Silberhorn,
Phys. Rev. Lett. 104, 063602 (2010).

[33] J. Pefina, Jr., V. Michdlek, and O. Haderka, Phys. Rev. A 96,
033852 (2017).

013706-11


https://doi.org/10.1080/09500348714550721
https://doi.org/10.1103/PhysRevD.1.3217
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/PhysRevLett.68.3663
https://doi.org/10.1103/PhysRevA.62.023813
https://doi.org/10.1103/PhysRevA.30.343
https://doi.org/10.1103/PhysRevLett.55.1288
https://doi.org/10.1103/PhysRevLett.96.010502
https://doi.org/10.1103/PhysRevLett.57.691
https://doi.org/10.1016/0030-4018(82)90283-8
https://doi.org/10.1103/PhysRevLett.54.323
https://doi.org/10.1016/0030-4018(87)90097-6
https://doi.org/10.1103/PhysRevA.36.3796
https://doi.org/10.1103/PhysRevA.40.3147
https://doi.org/10.1103/PhysRevA.44.2214
https://doi.org/10.1103/PhysRevA.48.4686
https://doi.org/10.1103/PhysRevA.45.5113
https://doi.org/10.1103/PhysRevA.52.1698
https://doi.org/10.1088/1367-2630/7/1/211
https://doi.org/10.1103/PhysRevA.90.013808
https://doi.org/10.1103/PhysRevA.89.033628
https://doi.org/10.1103/PhysRevA.93.012340
https://doi.org/10.1002/andp.201700160
https://doi.org/10.1103/PhysRevA.46.1586
https://doi.org/10.1103/PhysRevA.85.063835
https://doi.org/10.1103/PhysRevLett.104.063602
https://doi.org/10.1103/PhysRevA.96.033852

JUN XU AND FEI WANG

PHYSICAL REVIEW A 104, 013706 (2021)

[34] E. E. Rowen, N. Bar-Gill, and N. Davidson, Phys. Rev. Lett.
101, 010404 (2008).

[35] C. M. Li, K. Chen, A. Reingruber, Y. N. Chen, and J. W. Pan,
Phys. Rev. Lett. 105, 210504 (2010).

[36] S. E. Harris, Phys. Today 50(7), 36 (1997).

[37] J. P. Marangos, J. Mod. Opt. 45, 471 (1998).

[38] M. D. Lukin, Rev. Mod. Phys. 75, 457 (2003).

[39] M. Fleischhauer, A. Imamoglu, and J. P. Marangos, Rev. Mod.
Phys. 77, 633 (2005).

[40] S.J. Li, X. D. Yang, X. M. Cao, C. H. Zhang, C. D. Xie, and H.
Wang, Phys. Rev. Lett. 101, 073602 (2008).

[41] G. Dmochowski, A. Feizpour, M. Hallaji, C. Zhuang, A. Hayat,
and A. M. Steinberg, Phys. Rev. Lett. 116, 173002 (2016).

[42] M. Fleischhauer, Phys. Rev. Lett. 72, 989 (1994).

[43] P. Barberis-Blostein and M. Bienert, Phys. Rev. Lett. 98,
033602 (2007).

[44] J. A. Souza, E. Figueroa, H. Chibani, C. J. Villas-Boas, and G.
Rempe, Phys. Rev. Lett. 111, 113602 (2013).

[45] M. T. L. Hsu, G. Hétet, O. Glockl, J. J. Longdell, B. C. Buchler,
H. A. Bachor, and P. K. Lam, Phys. Rev. Lett. 97, 183601
(20006).

[46] G. Heinze, C. Hubrich, and T. Halfmann, Phys. Rev. Lett. 111,
033601 (2013).

[47] Y. E Hsiao, P. J. Tsai, H. S. Chen, S. X. Lin, C. C. Hung, C. H.
Lee, Y. H. Chen, Y. F. Chen, I. A. Yu, and Y. C. Chen, Phys.
Rev. Lett. 120, 183602 (2018).

[48] V. A. Sautenkov, Y. V. Rostovtsev, and M. O. Scully, Phys. Rev.
A 72, 065801 (2005).

[49] P. Barberis-Blostein and N. Zagury, Phys. Rev. A 70, 053827
(2004).

[50] V. Josse, A. Dantan, L. Vernac, A. Bramati, M. Pinard, and E.
Giacobino, Phys. Rev. Lett. 91, 103601 (2003).

[51] A. Dantan, J. Cviklinski, E. Giacobino, and M. Pinard, Phys.
Rev. Lett. 97, 023605 (2006).

[52] A. Sinatra, Phys. Rev. Lett. 97, 253601 (2006).

[53] X. Yang, J. Sheng, U. Khadka, and M. Xiao, Phys. Rev. A

85, 013824 (2012); X. Yang, Y. Zhou, and M. Xiao, ibid. 85,
052307 (2012).

[54] X. Yang, Y. Zhou, and M. Xiao, Sci. Rep. 3, 3479 (2013); X.
Yang and M. Xiao, ibid. 5, 13609 (2015); X. Yang, J. Shang, B.
Xue, Y. Zhou, and M. Xiao, Opt. Express 22, 12563 (2014).

[55] Y. L. Chuang, R. K. Lee, and I. A. Yu, Phys. Rev. A 91, 063818
(2015); Y. L. Chuang, I. A. Yu, and R. K. Lee, ibid. 96, 053818
(2017).

[56] F. Wang and X. M. Hu, Europhys. Lett. 108, 54007 (2014).

[57] S. Pielawa, G. Morigi, D. Vitali, and L. Davidovich, Phys. Rev.
Lett. 98, 240401 (2007).

[58] F. Wang, W. Nie, and C. H. Oh, J. Opt. Soc. Am. B 34, 130
(2017); E. Wang, W. Nie, X. L. Feng, and C. H. Oh, Phys. Rev.
A 94, 012330 (2016).

[59] X. M. Hu, Q. P. Hu, L. C. Li, C. Huang, and S. Rao, Phys. Rev.
A 96, 063824 (2017).

[60] X. M. Hu, Phys. Rev. A 92, 022329 (2015); G. L. Cheng, X. M.
Hu, W. X. Zhong, and Q. Li, 78, 033811 (2008).

[61] W. Wang, X. M. Hu, and J. Xu, Opt. Exp. 27, 30530 (2019).

[62] M. P. Winters, J. L. Hall, and P. E. Toschek, Phys. Rev. Lett. 65,
3116 (1990).

[63] H. Li, V. A. Sautenkov, Y. V. Rostovtsev, G. R. Welch, P. R.
Hemmer, and M. O. Scully, Phys. Rev. A 80, 023820 (2009).

[64] A. Karigowda, A. KV, P. K. Nayak, S. Sudha, B. C. Sanders, F.
Bretenaker, and A. Narayanan, Opt. Express 27, 32111 (2019).

[65] X.J. Zhang, Z. H. Shi, H. H. Wang, Z. H. Kang, and J. H. Wu,
Phys. Rev. A 99, 033817 (2019).

[66] E. A. Wilson, N. B. Manson, C. Wei, and L. Yang, Phys. Rev.
A 72,063813 (2005); E. A. Wilson, N. B. Manson, and C. Wei,
ibid. 72, 063814 (2005).

[67] N. Radwell, T. W. Clark, B. Piccirillo, S. M. Barnett, and S.
Franke-Arnold, Phys. Rev. Lett. 114, 123603 (2015).

[68] S. Sharma and T. N. Dey, Phys. Rev. A 96, 033811 (2017).

[69] Rajitha K. V. and T. N. Dey, Phys. Rev. A 94, 053851 (2016).

[70] A.Jagannathan, N. Arunkumar, J. A. Joseph, and J. E. Thomas,
Phys. Rev. Lett. 116, 075301 (2016).

013706-12


https://doi.org/10.1103/PhysRevLett.101.010404
https://doi.org/10.1103/PhysRevLett.105.210504
https://doi.org/10.1063/1.881806
https://doi.org/10.1080/09500349808231909
https://doi.org/10.1103/RevModPhys.75.457
https://doi.org/10.1103/RevModPhys.77.633
https://doi.org/10.1103/PhysRevLett.101.073602
https://doi.org/10.1103/PhysRevLett.116.173002
https://doi.org/10.1103/PhysRevLett.72.989
https://doi.org/10.1103/PhysRevLett.98.033602
https://doi.org/10.1103/PhysRevLett.111.113602
https://doi.org/10.1103/PhysRevLett.97.183601
https://doi.org/10.1103/PhysRevLett.111.033601
https://doi.org/10.1103/PhysRevLett.120.183602
https://doi.org/10.1103/PhysRevA.72.065801
https://doi.org/10.1103/PhysRevA.70.053827
https://doi.org/10.1103/PhysRevLett.91.103601
https://doi.org/10.1103/PhysRevLett.97.023605
https://doi.org/10.1103/PhysRevLett.97.253601
https://doi.org/10.1103/PhysRevA.85.013824
https://doi.org/10.1103/PhysRevA.85.052307
https://doi.org/10.1038/srep03479
https://doi.org/10.1038/srep13609
https://doi.org/10.1364/OE.22.012563
https://doi.org/10.1103/PhysRevA.91.063818
https://doi.org/10.1103/PhysRevA.96.053818
https://doi.org/10.1209/0295-5075/108/54007
https://doi.org/10.1103/PhysRevLett.98.240401
https://doi.org/10.1364/JOSAB.34.000130
https://doi.org/10.1103/PhysRevA.94.012330
https://doi.org/10.1103/PhysRevA.96.063824
https://doi.org/10.1103/PhysRevA.92.022329
https://doi.org/10.1103/PhysRevA.78.033811
https://doi.org/10.1364/OE.27.030530
https://doi.org/10.1103/PhysRevLett.65.3116
https://doi.org/10.1103/PhysRevA.80.023820
https://doi.org/10.1364/OE.27.032111
https://doi.org/10.1103/PhysRevA.99.033817
https://doi.org/10.1103/PhysRevA.72.063813
https://doi.org/10.1103/PhysRevA.72.063814
https://doi.org/10.1103/PhysRevLett.114.123603
https://doi.org/10.1103/PhysRevA.96.033811
https://doi.org/10.1103/PhysRevA.94.053851
https://doi.org/10.1103/PhysRevLett.116.075301

