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We investigate the formation and control of stationary optical patterns in a cold Rydberg atomic gas via double
electromagnetically induced transparency. We show that, through the modulational instability of the plane-wave
state of a laser field with two polarization components, the system undergoes a spontaneous symmetry breaking
and hence the emergence of plentiful self-organized spatial optical structures, which can be manipulated by
the ratio between the cross- and self-Kerr nonlinearities, the nonlocality degree of the Kerr nonlinearities, and
the populations initially prepared in the two atomic ground states. Interestingly, a crossover from mixture to
separation in space (optical phase separation) of the two polarization components occurs when the ratio between
the cross- and self-Kerr nonlinearities exceeds a critical value. We also show that the system supports nonlocal
two-component spatial optical solitons and vortices when the parameters of the system are selected suitably. The
rich diversity and active controllability of the self-organized optical structures reported here provide a way for
realizing novel optical patterns and solitons and their structural phase transitions based on Rydberg atomic gases.
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I. INTRODUCTION

In the past two decades, much attention has been paid
to the study of cold Rydberg atomic gases [1,2] working
under condition of electromagnetically induced transparency
(EIT) [3,4]. EIT is an important quantum interference effect
typically occurring in resonant three-level atomic systems, by
which the absorption of a probe laser field can be greatly
suppressed by a control laser field [5]. Due to the strong inter-
action between Rydberg atoms (also called Rydberg-Rydberg
interaction), Rydberg gases are ideal nonlinear optical media
to acquire giant enhancement of optical Kerr nonlinearity if
the Rydberg-Rydberg interaction is mapped to photon-photon
interaction via EIT [6,7].

In addition to the giant enhancement, the Kerr nonlin-
earity in Rydberg gases possesses many other interesting
properties. One of them is its nonlocality, originated from
the long-range character of the Rydberg-Rydberg interac-
tion [8–15]. Based on such nonlocality, Sevincli et al. [8]
showed that a hexagonal optical pattern can spontaneously
form through a modulational instability (MI) of a plane-
wave probe field in a ladder-shaped three-level Rydberg gas
(Rydberg-EIT) with repulsive Rydberg-Rydberg interaction.
Recently, it was demonstrated that a structural phase transi-
tion of optical patterns from a hexagonal lattice to two types
of square lattices may occur in an EIT-based Rydberg gas
with a microwave dressing between two Rydberg states [16].
These investigations enriched our understanding of the MI
and related pattern formation in systems with repulsive (or
with both repulsive and attractive) Kerr nonlinearities, which
are topics explored in different physical systems by many re-
search groups, from which new pattern formation mechanisms

for conservative nonlocal nonlinear systems were found in
recent years [17–36].

In this paper, we consider the formation and manip-
ulation of stationary optical patterns in a cold four-state
Rydberg gas with a repulsive Rydberg-Rydberg interaction.
The atoms under study have an inverted Y-shaped level con-
figuration, interacting with a control field and a probe field
with two orthogonal polarization components and working
under the condition of double Rydberg-EIT [37]. Starting
from Maxwell-Bloch (MB) equations and using an approach
on atom-atom correlations beyond the mean-field approxima-
tion, we derive two coupled three-dimensional (3D) nonlocal
nonlinear Schrödinger (NNLS) equations, in which nonlocal
self- and cross-Kerr nonlinearities display specific characters.
Based on the MI analysis of the plane-wave state of the probe
field, we show that the system can undergo a spontaneous
symmetry breaking, resulting in the emergence of novel self-
organized optical structures.

Through detailed analytical and numerical calculations, we
find that the plane-wave state can be transited into many
(at least eight) types of self-organized spatial optical lattice
patterns. These optical patterns are controlled by the ratio be-
tween the cross- and self-Kerr nonlinearities, the nonlocality
degree of the Kerr nonlinearities, and the populations ini-
tially prepared in the two atomic ground states. Interestingly,
a crossover from spatial mixture to spatial separation (i.e.,
optical phase separation) for the two polarization components
of the probe field may appear when the ratio between the
cross- and self-Kerr nonlinearities reaches beyond a critical
value. We also show that the system can support nonlocal
two-component spatial optical solitons and vortices if the
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FIG. 1. (a) Atomic level diagram and inverted Y-shaped exci-
tation scheme supporting the double Rydberg-EIT. The σ+ (σ−)
polarization component of the probe field [half Rabi frequency �p1

(�p2)] drives the transition |1〉 ↔ |3〉 (|2〉 ↔ |3〉); the strong control
field with half Rabi frequency �c drives the transition |3〉 ↔ |4〉.
|1〉 and |2〉: ground states; |3〉: intermediate excited state; |4〉: highly
excited Rydberg state; �3: one-photon detunings; �2 and �4: two-
photon detunings; �13, �23, and �34: spontaneous emission decay
rates; �12 and �21: rates of incoherent population transfer between
the two ground states; VvdW(r′ − r) ≡ h̄V (r′ − r): the van der Waals
potential describing the interaction between two Rydberg atoms lo-
cated, respectively, at positions r and r′. (b) Possible experimental
geometry, where small solid circles denote atoms, and large transpar-
ent spheres denote Rydberg blockade spheres in which only one atom
is excited into a Rydberg state. (c1)–(c3) Pattern formation via the
modulation instability of a plane-wave probe field, where (c1) [(c2)]
represents the σ+ (σ−) polarization component, and (c3) represents
their superposition (total probe field).

parameters of the system are selected suitably to make the
signs of the Kerr nonlinearities change. The rich diversity in
the types and active controllability in the properties of the
self-organized optical structures found in this work provide
ways for realizing novel optical patterns and solitons and for
manipulating their structural phase transitions by exploiting
Rydberg gases via EIT.

The remainder of the paper is arranged as follows. In
Sec. II, we present the physical model of the double Rydberg-
EIT under study, and we derive two coupled 3D NNLS
equations describing the evolution of the two polarized
components of the probe field beyond the mean-field approx-
imation. In Sec. III, we consider the MI of a plane-wave state,
and we investigate the pattern formation, structural phase tran-
sition, optical phase separation, and nonlocal optical soliton
and vortices in the system. Finally, Sec. IV gives a summary
of the main results obtained in our work.

II. MODEL AND COUPLED NONLINEAR ENVELOPE
EQUATIONS

A. Physical model

We start to consider an ensemble of lifetime-broadened
four-level atoms with an inverted Y-shaped excitation scheme
[see Fig. 1(a)]. Here the σ+ (σ−) polarization component of a
weak probe field Ep [with angular frequency ωp, wave vector
kp+ (kp−), and half Rabi frequency �p1 (�p2)] drives the

transition |1〉 ↔ |3〉 (|2〉 ↔ |3〉); the strong, linearly polarized
control field with half Rabi frequency �c drives the transition
|3〉 ↔ |4〉; |1〉 and |2〉 are two ground states, |3〉 is an interme-
diate excited state, and |4〉 is a highly excited Rydberg state;
�3 and �2,4 are, respectively, one- and two-photon detunings;
�13, �23, and �34 are spontaneous emission decay rates; �12

and �21 are rates of incoherent population transfer between
the two ground states.

The total electric field in the system reads E(r, t ) =
Ep + Ec = ê+Ep+ exp[i(k+ · r − ωpt )] + ê−Ep− exp[i(k− ·
r − ωpt )] + êcEc exp[i(kc · r − ωct )] + c.c., where ê± =
(êx ± iêy)/

√
2 and Ep± are, respectively, unit polarization

vectors and the envelopes of the σ±-polarization component
of the probe field [êx (êy) is the unit vector along the x (y)
direction], and êc and Ec are, respectively, the unit polarization
vector and amplitude of the control field. Note that the
transition paths |1〉 → |3〉 → |4〉 and |2〉 → |3〉 → |4〉
constitute two ladder-shaped level configurations (each of
them displays a Rydberg-EIT), and hence the system supports
a double Rydberg-EIT. The interaction between two Rydberg
atoms located, respectively, at r and r′ is described by the
van der Waals (vdW) potential VvdW(r′ − r) ≡ h̄V (r′ − r). A
possible experimental geometry is presented in Fig. 1(b).

The Hamiltonian of the system is given by Ĥ = Na
∫

d3r
Ĥ0(r, t ) + (Na/2)

∫
d3r Ĥ1(r, t ). Here d3r = dx dy dz, Na

is the atomic density, Ĥ0(r, t ) is the Hamiltonian density de-
scribing the atoms and the interaction between the atoms and
light fields, and Ĥ1(r, t ) is the Hamiltonian density describing
the Rydberg-Rydberg interaction. Under the electric-dipole
and rotating-wave approximations, Ĥ0 and Ĥ1 have the forms

Ĥ0 = −h̄
4∑

α=2

�α Ŝαα − h̄(�p1Ŝ13 + �p2Ŝ23

+�cŜ34 + H.c.), (1a)

Ĥ1 = Na

∫
d3r′Ŝ44(r, t )h̄V (r′ − r)Ŝ44(r′, t ), (1b)

where Ŝαβ = |β〉〈α| exp{i[(kβ − kα ) · r − (ωβ − ωα + �β −
�α )t]} is the atomic transition (for α 	= β) and popula-
tion (for α = β) operators, satisfying the commutation re-
lation [Ŝαβ (r, t ), Ŝα′β ′ (r′, t )] = N−1

a δ(r − r′)[δαβ ′ Ŝα′β (r, t ) −
δα′β Ŝαβ ′ (r′, t )] (α, β = 1–4). The detunings are, respec-
tively, given by �2 = ωp1 − ωp2 − (E2 − E1)/h̄ = −(E2 −
E1)/h̄ (because ωp1 = ωp2 = ωp), �3 = ωp − (ω3 − ω1), and
�4 = ωp + ωc − (ω4 − ω1), with Eα = h̄ωα the eigenenergy
of atomic state |α〉. The half Rabi frequencies of the probe
and control fields are, respectively, defined by �p1 = (êp+ ·
p31)Ep+/h̄, �p2 = (êp− · p32)Ep−/h̄, and �c = (êc · p43)Ec/h̄,
with pαβ the electric-dipole matrix element associated with
the transition between |α〉 and |β〉. The last term on the right-
hand side of Eq. (1) is contributed by the Rydberg-Rydberg
interaction with the vdW potential of the form h̄V (r′ − r) =
−h̄C6/|r′ − r|6 (C6 is a dispersion parameter).

The dynamics of the atoms is controlled by the Heisen-
berg equation of motion for the atomic operators Ŝαβ (r, t ),
i.e., ih̄ ∂

∂t Ŝαβ (r, t ) = [Ĥ, Ŝαβ (r, t )]. Taking expectation values
on both sides of this equation, we obtain the optical Bloch
equation involving one- and two-body reduced density matri-
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ces, which can be cast into the form

∂ρ

∂t
= − i

h̄
[Ĥ0, ρ] − �[ρ] + R̂ [ρtwobody]. (2)

Here ρ(r, t ) is a reduced one-body density matrix (DM)
in the single-particle basis {|1〉, |2〉, |3〉, |4〉}, with the
matrix elements defined by ραβ (r, t ) ≡ 〈Ŝαβ (r, t )〉 [38]; Ĥ0 =
Na

∫
d3r Ĥ0(r, t ) is the Hamiltonian in the absence of the

Rydberg-Rydberg interaction; � is a 4 × 4 relaxation matrix
describing the spontaneous emission and dephasing. Due to
the existence of the Rydberg-Rydberg interaction, a two-body
reduced DM [i.e., ρtwobody with DM elements ραβ,μν (r′, r, t )]
is involved in this equation, represented by the last term
R̂ [ρtwobody], with R̂ a matrix denoting the contribution from
the Rydberg-Rydberg interaction. Explicit expressions of
Eq. (2) and a more detailed discussion on it are presented
in Appendix A.

From Eq. (2) we see that, due to the Rydberg-
Rydberg interaction, the evolution of one-body DM elements
ραβ (r, t ) involves two-body DM elements ραβ,μν (r′, r, t ) ≡
〈Ŝαβ (r′, t )Ŝμν (r, t )〉. Thus, Eq. (2) is not a closed equation.
To obtain the solution of the one-body DM elements ραβ ,
we must solve the equations for the two-body DM elements
ραβ,μν , which, however, involve three-body DM elements
ραβ,μν,δσ , and so on. As a result, one obtains a hierarchy
of infinite equations for N-body DM elements (also called
N-body correlators; N = 1, 2, 3, . . . ) that must be solved si-
multaneously. To make the problem solvable, a consistent
and effective approach on such a hierarchy of infinite equa-
tions involving various orders of many-body correlators is
needed. A powerful technique for such an approach is the
reduced density matrix expansion, by which the hierarchy
of the infinite equations is truncated consistently, and the
problem can be reduced to solve the closed equations for the
one- and two-body DM elements [see Eq. (A3)], as shown
recently [12,14].

The probe field is governed by the Maxwell equation
∇2E−(1/c2)∂2E/∂t2=[1/(ε0c2)]∂2P/∂t2, with P=Na

∑2
j=1

p j3ρ3 j exp[i(kp± · r − ωpt )] + c.c. the electric-polarization
intensity. Under paraxial and slowly varying envelope approx-
imations, the Maxwell equation is reduced to [7]

i

(
∂

∂z
+ 1

c

∂

∂t

)
�p j + c

2ωp
∇2

⊥�p j + κ j3ρ3 j = 0 (3)

for the two polarization components ( j = 1, 2), where
∇2

⊥ = ∂2/∂x2 + ∂2/∂y2, κ13 ≡ Naωp|(êp+ · p13)|2/(2ε0ch̄),
and κ23 ≡ Naωp|(êp− · p23)|2/(2ε0ch̄) are coupling constants.
The probe field is assumed to propagate along the z direction,
i.e., kp± = (0, 0, ωp/c). To suppress the Doppler effect,
the control field is chosen to propagate along the negative
z direction, i.e., kc = (0, 0,−ωc/c).

The model described above is widely applicable as the
assumptions made are fulfilled by typical Rydberg gas
experiments. For the latter considerations where numerical
values of system parameters are needed to obtain theoretical
results numerically, here we take cold 87Rb atomic gas as a
realistic example. The assigned atomic levels are [39] |1〉 =
|5S1/2, F = 1, mF = −1〉, |2〉 = |5S1/2, F = 1, mF = 1〉,
|3〉 = |5P3/2, F = 1, mF = 0〉, and |4〉 = |nS1/2〉. The param-
eters are �13 = �23 = 2π × 3.1 MHz, �34 = 2π × 16.7 kHz,

�21 = �12 = 2π × 1.0 kHz, �2 = 2π × 0.2 MHz,
�3 = 2π × 120 MHz, �4 = 2π × 0.1 MHz, �c =
2π × 13 MHz, and Na = 5.0 × 1010 cm−3. For principal
quantum number n = 60, C6 = −2π × 140 GHz μm6 (i.e.,
the Rydberg-Rydberg interaction is repulsive) [4,40].

B. Enhanced Kerr nonlinearities

Since the probe field is weak, a standard perturbation ex-
pansion developed in Refs. [12,14,41] can be applied to solve
Eq. (2) by taking �p j as small parameters. Then we can
acquire the solutions of Eq. (2) up to a third-order approxima-
tion, which are given in Appendix A; in particular, the result
of the one-body DM elements ρ31 and ρ32 exact to third-order
approximation can be obtained analytically. With the results
of ρ31 and ρ32, we can obtain the optical susceptibility for
the jth polarization component of the probe field, i.e., χ j =
Na(êp± · p1 j )ρ3 j/(ε0Ep±), given by

χ j = χ
(1)
j + [

χ
(3,s)
j,loc +χ

(3,s)
j,nloc

]|Ep±|2+[
χ

(3,c)
j,loc + χ

(3,c)
j,nloc

]|Ep∓|2,
(4)

where χ
(1)
j , χ (3,s)

j,loc [χ (3,c)
j,loc ], and χ

(3,s)
j,nloc [χ (3,c)

j,nloc] are linear suscep-
tibility, local self-Kerr (cross-Kerr) nonlinear susceptibility,
and nonlocal self-Kerr (cross-Kerr) nonlinear susceptibility,
respectively. The explicit expressions of these susceptibilities
are presented in Appendix B.

Using the system parameters given in the preceding sub-
section, we obtain χ

(3,s)
j,loc ≈ χ

(3,c)
j,loc = (5.81 + 0.46i) × 10−12

m2 V−2 and χ
(3,s)
j,nloc ≈ χ

(3,c)
j,nloc=(−6.31+0.21i) × 10−9 m2 V−2.

We see that (i) the real parts of all the optical Kerr susceptibil-
ities are much larger than their corresponding imaginary parts,
which is due to the double EIT effect induced by the control
field; (ii) the nonlocal Kerr nonlinear susceptibilities are much
larger (around three orders of magnitude) than the local Kerr
nonlinear susceptibilities. The reason for this is that the strong
atom-atom interaction contributed by the Rydberg excitations
plays a dominant role over the photon-atom interaction to the
nonlinear optical polarization in the system [12,14].

C. Coupled nonlocal NLS equations

With the results of ρ31 and ρ32 obtained by the perturbation
expansion exact to the third-order approximation, coupled
envelope equations controlling the dynamics of the two po-
larization components of the probe field can be derived from
the Maxwell Eq. (3), which read

i
∂�p j

∂z
+ c

2ωp
∇2

⊥�p j +
2∑

l=1

Wjl |�pl |2�p j

+
2∑

l=1

∫
d2r′N ′

jl (r
′
⊥ − r⊥)|�pl (r′

⊥, z)|2�p j (r⊥, z) = 0

(5)

for the two polarization components ( j = 1, 2), where d2r′ =
dx′dy′. Note that, when deriving the above equations, we
have assumed that the probe field is a spatial light beam,
i.e., its envelopes are stationary (i.e., �p j is time-independent
everywhere). Such an assumption is valid for the probe field
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FIG. 2. Effective nonlinear interaction potentials between pho-
tons N ′

jl as functions of the separation R = |r′
⊥ − r⊥|. Curves

illustrated, respectively, by solid blue, dotted red, dashed purple, and
dotted-dashed green lines are for N ′

11, N ′
22, N ′

12, and N ′
21, which

are approach finite values when R → 0. For comparison, the re-
sult obtained by using the mean-field approximation is also shown
(dashed black line), which diverges rapidly when R becomes small.
The shadow region on the left-hand side is the one for small inter-
atomic distance, where the effective interaction tends to be finite and
saturated due to the atomic correlations.

having a large time duration, so that a continuous-wave (CW)
approximation can be applied [7,8,16]; moreover, the spatial
width of the envelopes in the z direction is assumed to be large
so that a local approximation in the z direction for the effective
nonlinear interaction potentials between photons [7,8,14,16]
(or called spatial response functions) N jl (r′ − r) can be made,
which gives

∫ +∞
−∞ N jl (r′ − r)dz′ = N ′

jl (r
′
⊥ − r⊥). For a de-

tailed derivation of the coupled 3D NNLS equations (5), see
the Appendix B.

Shown in Fig. 2 are N ′
jl as functions of the interatomic

separation R = |r′
⊥ − r⊥|, calculated by using the parameters

given in Sec. II A. Curves plotted by solid blue, dotted red,
dashed purple, and dotted-dashed green lines are for N ′

11,
N ′

22, N ′
12, and N ′

21, respectively. We see that all four non-
linear response functions approach finite values for small R
(indicated by the shadow region on the left-hand side of the
figure). This is contributed from the Rydberg-Rydberg inter-
action that induces strong correlations between the atoms and
causes the effective interaction potentials between photons to
be saturated for small R. In the figure, the region of the Ryd-
berg blockade (with radius Rb) for the atom-atom interaction
is indicated by the shadow one. For comparison, the result
obtained by using a mean-field approximation is also shown
in the figure (see the dashed black line), which is divergent for
small R due to the improper neglect of the atomic correlations
in such a calculation.

Since the local Kerr nonlinear susceptibilities are much
smaller than the nonlocal ones, the third term on the left side
of Eq. (5) plays no significant role and can be safely neglected.
For the convenience of the following physical discussions and

numerical simulations, we recast Eq. (5) into the dimension-
less form

i
∂u j

∂s
+ ∇̃2

⊥u j

+
∑
l=1,2

∫
d2ζ ′[� jl (�ζ ′ − �ζ )|ul (�ζ ′, s)|2]u j (�ζ , s) = 0, (6)

where uj = �p j/U0, s = z/(2Ldiff ), ∇̃2
⊥ = ∂2/∂ξ 2 + ∂2/∂η2,

�ζ = (ξ, η) = (x, y)/R0, d2ζ ′ = dξ ′dη′, and � jl (�ζ ′ − �ζ ) =
2Ldiff R2

0U 2
0 N ′

jl [(�ζ ′ − �ζ )R0] [42], with U0, Ldiff ≡ ωpR2
0/c, and

R0 typical half Rabi frequency, diffraction length, and trans-
verse size (e.g., the lattice separation of optical patterns) of
the probe field, respectively [43]. Equations (6) can be cast
into the form

i
∂v j

∂s
+ ∇̃2

⊥v j

+
∑
l=1,2

∫
d2ζ ′[Il� jl (�ζ ′ − �ζ )|vl (�ζ ′, s)|2]v j (�ζ , s) = 0,

(7)

where I j = ∫ |u j (�ζ )|2d2ζ is the power of the jth polar-
ization component; v j (�ζ ) = u j (�ζ )/I1/2

j , which satisfies the

normalization condition
∫ |v j (�ζ )|2d2ζ = 1. The property of

the reduced response functions � jl depends significantly on
the nonlocality degree of the Kerr nonlinearity, defined by

σ ≡ Rb/R0. (8)

Here Rb is the blockade radius of the Rydberg blockade
sphere, given by Rb = |C6/δEIT|1/6 [6,7], with δEIT the width
of the EIT transparency window. One has δEIT = |�c|2/γ31

for �3 = 0, and δEIT = |�c|2/�3 for �3 � γ31. With the
system parameters used here, we have Rb ≈ 5.40 μm. The
value of σ can be varied by changing R0, used in the following
calculations.

III. MODULATION INSTABILITY, PATTERN FORMATION,
PHASE SEPARATION, SOLITONS, AND VORTICES

A. Modulation instability for the two polarization components
of the probe field

We now consider the MI and related pattern formation
that may occur in the system based on the coupled NNLS
equations obtained above. MI is a nonlinear instability of
constant-amplitude continuous waves under the influence of
small perturbations, occurring in a variety of contexts where
Kerr nonlinearities are attractive and local [44,45]; it can also
arise in systems with repulsive but nonlocal Kerr nonlinearity
when the perturbations have both long [46,47] and short [8,30]
wavelengths.

To explore the MI in the present system, we consider
the plane-wave solution of the coupled NNLS Eq. (7), i.e.,
vpw, j (�ζ , s) = v j0 exp(iμ j s) with μ j = ∫∫

d2ζ [I jv
2
10� j j (�ζ ) +

I3− jv
2
20�3− j, j (�ζ )] ( j = 1, 2). Since any perturbation can be

expanded as a superposition of many Fourier modes, the mod-
ulation of the plane-wave solution by the perturbation can be
cast into the form

ṽ j (�ζ , s) =[v j0 + a1 je
i�β·�ζ+λs + a∗

2 je
−i�β·�ζ+λ∗s]eiμ j s, (9)
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FIG. 3. Growth rate of the MI for the two-component plane-wave probe field as a function of the dimensionless wave number β =√
β2

1 + β2
2 [β1 ≡ R0kx , β2 ≡ R0ky] for different nonlinearity parameters α jl [defined in Eq. (11), with α11 = α22, α12 = α21] and the nonlocality

degree σ = Rb/R0 of the Kerr nonlinearities. Here kx, ky are, respectively, wave numbers in the x and y directions; R0 and Rb are, respectively,
the typical transverse beam radius of the probe field and the radius of the Rydberg blockade sphere. (a) λ2 as a function of β for the cross-Kerr
nonlinearity parameter α12 = 0.5 α11 (dashed gray line), α12 = α11 (dotted red line), and α12 = 2 α11 (solid blue line), respectively. Here σ = 1,
α11 = 500, and ρ

(0)
22 /ρ

(0)
11 = 1 (ρ (0)

11 and ρ
(0)
22 are the initial populations at the two atomic ground states) are assumed. (b) λ2 as a function of β for

the nonlocality degree of the Kerr nonlinearities σ = 0.5 (dashed gray line), σ = 1 (dotted red line), and σ = 2 (solid blue line), respectively.
Here α11 = 1500, α12 = α11, and ρ

(0)
22 /ρ

(0)
11 = 1 are assumed. (c) λ2 as a function of β for ρ

(0)
22 /ρ

(0)
11 = 0.1 (dashed gray line), ρ

(0)
22 /ρ

(0)
11 = 0.5

(dotted red line), and ρ
(0)
22 /ρ

(0)
11 = 1 (solid blue line), respectively. Here α11 = 500, α12 = 0.5α11, and σ = 1.5 are assumed. Colorful regions

in all the panels are ones for �(λ) > 0, where MI occurs and hence the two-component plane-wave probe field is unstable [48].

where a1 j and a2 j are small complex amplitudes of the pertur-
bation, �β = (β1, β2) (β1 ≡ R0kx, β2 ≡ R0ky; kx, ky are wave
numbers in the x and y directions, respectively) is a dimen-
sionless 2D wave vector, and λ is the growth rate of the
perturbation.

Substituting the perturbation solution (9) into Eqs. (7) and
keeping only linear terms of a1 j and a2 j , we can obtain λ =
λ±. The result is given by

λ2
± = β2A+ − β4 ± β2

√
A2− + 4I1I2�̃12(�β )�̃21(�β ),

(10)

where A± = I1�̃11(�β ) ± I2�̃22(�β ), β =
√

β2
1 + β2

2 , and

�̃ jl (�β ) is the response function in momentum space [i.e., the
Fourier transformation of � jl (�ζ )]. We find the growth rate
λ has four branches, i.e., λ+(1,2) and λ−(1,2), in which only the
positive branch can result in MI. The property of λ depends
on the power of the input probe fields I j and the shape of
the response function �̃ jl . For convenience, we define the
nonlinearity parameters

α jl = Il

∫
� jl (�ζ )d2ζ . (11)

Due to the symmetry of the inverted Y-type level structure
considered here [Fig. 1(a) ], if I1 = I2 one has approximately
α11 = α22 and α12 = α21. Other cases for I1 	= I2 may give
very rich behaviors of the pattern formation for the two
polarized components of the probe field. In this work, for
simplicity, we discuss only the particular case I1 = I2.

The MI can be controlled by manipulating the physical
parameters of the system. Figure 3 shows λ2 as a function
of the dimensionless wave number β for different nonlin-
earity parameters α jl , the nonlocality degree σ , and the
ratio of initial populations prepared in two atomic ground
states, i.e., ρ

(0)
22 /ρ

(0)
11 [48]. Plotted in Fig. 3(a) is the curve

of λ2 as a function of β for the cross-Kerr nonlinearity
parameter α12 = 0.5 α11 (dashed gray line), α12 = α11 (dot-
ted red line), and α12 = 2 α11 (solid blue line), respectively
(here σ = 1, α11 = 500, and ρ

(0)
22 /ρ

(0)
11 = 1 are assumed).

We see that the MI may happen in different domains of
the wave number β. The reason for the appearance of the
second MI domain stems from the cross-Kerr nonlinearity of
the system.

The nonlocality degree of the Kerr nonlinearities can also
be used to control the MI. Figure 3(b) shows λ2 as a function
of wave number β for the nonlocality degree σ = 0.5 (dashed
gray line), σ = 1 (dotted red line), and σ = 2 (solid blue line),
respectively (here α11 = 1500, α12 = α11, and ρ

(0)
22 /ρ

(0)
11 = 1

are assumed). In this case the MI domain is significantly
modified when σ is varied, which is quite different from those
modifications induced by the Kerr nonlinearities illustrated
in Fig. 3(a); furthermore, the critical wave number for the
appearance of the MI is also enlarged greatly.

The populations initially prepared in the two atomic ground
states |1〉 and |2〉 (i.e., ρ

(0)
11 , ρ

(0)
22 ) also play an important

role for the appearance of the MI. Plotted in Fig. 3(c)
is λ2 as a function of β for the ratio of the populations
ρ

(0)
22 /ρ

(0)
11 = 0.1 (dashed gray line), ρ

(0)
22 /ρ

(0)
11 = 0.5 (dotted

red line), and ρ
(0)
22 /ρ

(0)
11 = 1 (solid blue line), respectively

(here α11 = 500, α12 = 0.5α11, and σ = 1.5 are assumed). In
this situation, the MI domain is dramatically changed when
ρ

(0)
22 /ρ

(0)
11 is varied; moreover, the critical wave number for

the appearance of the MI decreases with the increase of
ρ

(0)
22 /ρ

(0)
11 .

From these results we see that the MI depends not only on
the nonlinearity parameters (α jl ), but also on the nonlocality
degree of Kerr nonlinearities (σ ) as well as the population
initially prepared in the two atomic ground states (ρ (0)

22 /ρ
(0)
11 ).

This provides many ways to manipulate the MI and thereby
the optical patterns in the system, discussed in the next
subsections.
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FIG. 4. Pattern formation of the two-component probe field controlled by the nonlinearity parameters α11 and α12, by taking the
dimensionless normalized probe-field intensity |v|2 ≡ |v1|2 + |v2|2 as a function of the dimensionless coordinates ξ = x/R0 and η = y/R0

(with σ = 1 and ρ
(0)
22 /ρ

(0)
11 = 1) for different nonlinearity parameters: (a) (α12/α11, α11) = (0.03, 245); (b) (α12/α11, α11) = (0.06, 550);

(c) (α12/α11, α11) = (0.44, 550); (d) (α12/α11, α11) = (0.65, 550); (e) (α12/α11, α11) = (0.83, 450); (f) (α12/α11, α11) = (1.1, 550). In the
figure, the region with a brighter (darker) color means that the light intensity in that region is higher (lower). (g) Phase diagram for the optical
pattern formation, in which different domains (phases) are obtained by using different values of (α12/α11, α11) corresponding, respectively, to
those used in (a)–(f). The inserted schematics in each domain stands for the optical pattern obtained with the indicated value of (α12/α11, α11),
where the distributions of two probe-field components are illustrated by the solid blue circles (denoting |v1|2) and solid red circles (denoting
|v2|2), respectively. Large solid circles with different colors in six domains (with numbers 1, 2, 3, 4, 5, 6 indicated, respectively) of the phase
diagram are used to guide the look for the correspondence between different phases and different optical patterns given in (a)–(f), respectively.
Note that a spatial phase separation occurs in the case shown in (f), where the light-intensity distributions of the two polarization components
are separated in space.

B. Pattern formations controlled by the ratio between the cross-
and self-Kerr nonlinearities

We now explore the outcome of the MI discussed above.
To demonstrate the appearance of optical patterns, we seek
the stationary-state solutions of the system, for which the
total energy

E =
2∑

j=1

∫
|∇̃⊥v j |2d2ζ +

2∑
j,l=1

Ejl (12)

is minimal. Such solutions of Eq. (7) are sought in the
form v j = v j0 exp(iE0s) (with E0 the ground-state energy),
which can be obtained numerically by using an imaginary
propagation together with split-step Fourier method [49] (for
details, see Appendix C). In the above expression, the first
term is the kinetic energy and the second term [with Ejl ≡
1
2

∫∫
d2ζd2ζ ′� jl (�ζ ′ − �ζ )|v j (�ζ ′, s)|2|vl (�ζ , s)|2] is the interac-

tion energy. The initial condition used in the numerical
simulation is a plane wave, perturbed by a random noise.

Due to the spontaneous symmetry breaking induced by the
MI, the plane-wave state of the system is transferred into new
states, manifested by the emergence of structured optical pat-
terns. Figure 4 shows the optical patterns [Figs. 4(a)–4(f)] and
the related phase diagram [Fig. 4(g), where “homogeneous”
means the plane-wave state] of the two-component probe field
controlled by the nonlinearity parameters α11 and α12 [α jl is

defined in Eq. (11)], by taking the dimensionless, normalized
field intensity |v|2 ≡ |v1|2 + |v2|2 [50] as a function of the di-
mensionless coordinates ξ = x/R0 and η = y/R0 (with σ = 1
and ρ

(0)
22 /ρ

(0)
11 = 1). In Figs. 4(a)–4(f), the region with brighter

(darker) color means that the light intensity in that region is
higher (lower). For convenience, in each domain of Fig. 4(g)
an insertion is provided to distinguish the distributions |v1|2
and |v2|2, denoted by solid blue and red circles, respectively.

Shown in Fig. 4(a) is the optical pattern for the case of
(α12/α11, α11) = (0.03, 245), where the circular and elliptical
spots are for the v1 (i.e., σ+) and v2 (i.e., σ−) polarization
components, respectively. We see that both the v1 and v2

components form hexagonal lattices, which are located at
different positions. An obvious feature is that the spots of the
v2-component are elliptical, but those of the v1-component are
circular. The reason for the appearance of such a phenomenon
is that the v1-component gives a hexagonal lattice structure
with circular bright spots (where light intensity is maximal) in
a dark background, while the v2-component gives a hexago-
nal lattice structure but with circular dark spots (where light
intensity is minimal) in a bright background. As a result, the
intensity superposition of the two polarized components (i.e.,
|v1|2 + |v2|2) gives an optical pattern in which the circular and
elliptical spots appear alternatively in space. For details, see
Appendix D. This case corresponds to the domain 1 of the
phase diagram given in Fig. 4(g).
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Figure 4(b) shows the result for (α12/α11, α11) =
(0.06, 550). The optical patterns for both the v1 and v2 com-
ponents obtained here are also hexagonal lattices, but their
superposition |v1|2 + |v2|2 forms a honeycomb lattice, i.e.,
one circular spot of one component is surrounded by three cir-
cular spots of the other component. This situation is relevant to
the domain 2 in the phase diagram shown by Fig. 4(g). As an
example, we also show the formation process of the hexagonal
lattices for v1 and v2 components and the honeycomb lattice of
their superposition |v1|2 + |v2|2 via the MI starting from an in-
homogeneous plane-wave state; see Figs. 1(c1)–1(c3), where
(c1) [(c2)] represents the σ+ (σ−) polarization component and
(c3) represents their superposition (i.e., the total probe field)
for different propagation distance z.

The ratio of nonlinearity α12/α11 plays an important role
for forming different optical structures. To test this idea, we
increase α12 to make the nonlinearity parameters adjusted to
be (α12/α11, α11) = (0.44, 550). In this case, a different opti-
cal structure emerges in the system, as illustrated in Fig. 4(c),
where two hexagonal lattices (each consisting of circular
spots) are staggered and they form a square lattice pattern for
their superposition |v1|2 + |v2|2. This case corresponds to the
domain 3 of the phase diagram given in Fig. 4(g).

Shown in Figs. 4(d) and 4(e) are (α12/α11, α11) equaling
(0.65, 550) and (0.83, 450), respectively. Both cases still give
hexagonal lattice patterns; the lattice spots in Fig. 4(d) are
elliptical, while the lattice spots in Fig. 4(e) are circular.
The reason is that in Fig. 4(d) the lattice-point positions of
the v1-component have a small separation from those of the
v2-component, while in Fig. 4(e) the lattice-point positions of
the v1-component coincide with those of the v2-component.
This point can be clearly seen from the phase diagram of these
two cases [i.e., the domains 4 and 5 of Fig. 4(g)], where the
light-intensity distributions of |v1|2 and |v2|2 have been given
by the inserted schematics.

Interestingly, when the cross-Kerr nonlinearity is increased
further, i.e., (α12/α11, α11) = (1.1, 500), an optical phase sep-
aration occurs in the system, as shown by Fig. 4(f), where the
light-intensity distributions of |v1|2 (displayed by solid blue
circles) and |v2|2 (displayed by solid red circles) are separated
in space, which is relevant to the domain 6 in Fig. 4(g). Such a
phase separation phenomenon is very similar to that occurring
in a mixture of binary fluids [51–60]. We shall discuss this
topic in more detail in Sec. III E.

C. Pattern formations controlled by the nonlocality degree of
the Kerr nonlinearities

The nonlocality degree of Kerr nonlinearities can also be
used to manipulate the MI [see Fig. 3(b)], trigger symmetry
breaking, and generate different optical patterns in the system.
Similar to the last subsection, one can find the stationary-state
distributions of the probe field [for which the total energy (12)
is minimal] through a numerical simulation on Eq. (7) for dif-
ferent values of the nonlocality degree of Kerr nonlinearities.
Figure 5 shows the optical patterns [Figs. 5(a)–5(f)] and the
related phase diagram [Fig. 5(g)] of the two-component probe
field controlled by the ratio of nonlinearity α12/α11 and the
nonlocality degree σ by taking |v1|2 + |v2|2 as a function of
ξ = x/R0 and η = y/R0 (with α11 = 550 and ρ

(0)
22 /ρ

(0)
11 = 1).

Similar to Fig. 4(g), in each domain of Fig. 5(g), an insertion
is given for distinguishing the distributions |v1|2 (denoted by
solid blue circles) and |v2|2 (denoted by solid red circles).

Plotted in Fig. 5(a) is the intensity distribution |v1|2 + |v2|2
of the optical pattern for the case of (α12/α11, σ ) = (0.1, 1.1).
We see that both the v1 and v2 components form hexagonal
lattices, locating at different positions, but the circular and
elliptical spots are for the v1 (i.e., σ+) and v2 (i.e., σ−)
polarization components, respectively, which is similar to that
of Fig. 4(a) (see the explanation given in Appendix D). This
case corresponds to the domain 1 of the phase diagram given
in Fig. 5(g).

Shown in Fig. 5(b) is the result for (α12/α11, σ ) =
(0.3, 1.2), which is similar to that in Fig. 4(b). The optical
patterns for both the v1 and v2 components obtained are also
hexagonal lattices, but their superposition |v1|2 + |v2|2 forms
a honeycomb lattice. This situation is relevant to the domain
2 in the phase diagram shown by Fig. 5(g).

Compared to Fig. 5(b), a different optical structure emerges
for (α12/α11, σ ) = (0.3, 0.4), as shown in Fig. 5(c). Here
two hexagonal lattices (each consisting of circular spots) are
staggered and they form a square lattice pattern for their super-
position |v1|2 + |v2|2. This case corresponds to the domain 3
of the phase diagram given in Fig. 5(g). However, if we further
reduce the nonlocality degree σ to be smaller than 0.05, no
regular optical pattern appears, corresponding to the gray do-
main on the leftmost side of the phase diagram [Fig. 5(g)]. The
reason for the disappearance of the pattern is that the interac-
tion between photons [characterized by the response function
� jl (�ζ ′ − �ζ ) in Eqs. (7)] becomes short-ranged, which does
not support MI for the repulsive Rydberg-Rydberg inter-
action, and hence the formation of optical patterns is not
possible.

Figures 5(d) and 5(e) show the results for the case
(α12/α11, σ ) = (0.7, 1.2) and (α12/α11, σ ) = (0.9, 0.9), re-
spectively. We see that both cases give hexagonal patterns
with circular spots for the v1 and v2 components; the lat-
tice spots for their superposition |v1|2 + |v2|2 are elliptical
in Fig. 5(d), but circular in Fig. 5(e). The reason for the
elliptical lattice pattern displayed in Fig. 5(d) is that the
lattice-point positions of the v1-component have a small sepa-
ration from those of the v2-component; in the case of Fig. 5(e),
however, the lattice-point positions of the v1-component co-
incide with those of the v2-component. One can see this
point clearly from the domains 4 and 5 of Fig. 5(g), where
the light-intensity distributions of |v1|2 (solid blue circles)
and |v2|2 (solid red circles) have been given by the inserted
schematics.

Illustrated in Fig. 5(f) is the case (α12/α11, σ ) =
(0.98, 1.1). In this situation, an optical phase separation
happens, by which the light-intensity distributions of |v1|2
(displayed by solid blue circles) and |v2|2 (displayed by solid
red circles) are separated in space. This situation corresponds
to the domain 6 in the phase diagram given in Fig. 5(g). We see
from the top part of the phase diagram that the domain of the
phase separation is enlarged when the nonlocality degree σ in-
creases. This finding tells us that, in addition to the cross-Kerr
nonlinearity, the nonlocality degree of the Kerr nonlinearities
can also be employed to control the optical phase separation
in the system.
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FIG. 5. Pattern formation of the two-component probe field controlled by the ratio of nonlinearity α12/α11 and the nonlocality degree
σ , by taking the dimensionless normalized probe-field intensity |v|2 = |v1|2 + |v2|2 as a function of the dimensionless coordinates ξ = x/R0

and η = y/R0 (with α11 = 550 and ρ
(0)
22 /ρ

(0)
11 = 1) for different α12/α11 and σ : (a) (α12/α11, σ ) = (0.1, 1.1); (b) (α12/α11, σ ) = (0.3, 1.2);

(c) (α12/α11, σ ) = (0.3, 0.4); (d) (α12/α11, σ ) = (0.7, 1.2); (e) (α12/α11, σ ) = (0.9, 0.9); (f) (α12/α11, σ ) = (0.98, 1.1). (g) Phase diagram
for the optical pattern formation, in which different domains (phases) are obtained by using different values of (α12/α11, σ ) corresponding,
respectively, to those used in (a)–(f). The inserted schematics in each domain stands for the optical pattern obtained with the indicated value of
(α12/α11, σ ), where the distributions of two probe-field components are illustrated by the solid blue circles (denoting |v1|2) and solid red circles
(denoting |v2|2), respectively. Large solid circles with different colors in six domains (with numbers 1, 2, 3, 4, 5, 6 indicated, respectively) of
the phase diagram are used to look for the correspondence between different phases and different optical patterns given in (a)–(f), respectively.
A spatial phase separation occurs in the case shown in (f), where the distributions of the two polarization components are separated in space
(the solid blue circles are for |v1|2 and the solid red circles are for |v2|2). Note that no regular pattern occurs in the thin domain (gray color) on
the leftmost side of (g) where σ is very small (i.e., about σ < 0.05).

D. Pattern formations controlled by the initial populations in
the two atomic ground states

We now explore what will happen when the preparations
of the initial populations in the two atomic ground states are
changed. The initial populations in the ground states |1〉 and
|2〉 [see Fig. 1(a)] are, respectively, given by ρ

(0)
11 and ρ

(0)
22 ; ex-

cept for the normalized condition (i.e., ρ
(0)
11 + ρ

(0)
22 = 1), they

are quite arbitrary. In the above discussions, we have taken
ρ

(0)
22 /ρ

(0)
11 = 1 (i.e., ρ

(0)
11 = ρ

(0)
22 = 0.5) for simplicity. Because

different initial populations can be prepared experimentally
(e.g., by optical pumping or applying a microwave field to
couple |1〉 and |2〉), one can use different preparations of the
initial populations to control the MI [see Fig. 3(c)] and hence
to create new optical patterns in the system.

We consider a general case by assuming the initial popula-
tions in the ground states |1〉 and |2〉 can be adjusted arbitrarily
(with σ = 1.5 and α11 = 500 fixed). As done above, we look
for the stationary states of the system through numerically
solving Eq. (7) under the condition of minimum energy.
Figure 6 shows the optical patterns [Figs. 6(a)–6(f)] and
the related phase diagram [Fig. 6(g)] of the two-component
probe field.

Illustrated in Figs. 6(a)–6(c) are, respectively, the inten-
sity distributions |v1|2, |v2|2, and |v1|2 + |v2|2 as functions
of ξ = x/R0 and η = y/R0 by taking (ρ (0)

22 /ρ
(0)
11 , α12/α11) =

(0.05, 0.5) (with the other parameters the same as those used
in Fig. 5). One sees that a new type of optical structure appears
in the system. The pattern for the v1-component is a hexagonal
lattice consisting of bright circular spots [small, solid yellow
circles; see Fig. 6(a)], while the pattern for the v2-component
is very different, in which there is a bright background with
inserted low-intensity hexagonal optical spots [large, solid
blue circles; see Fig. 6(b)]. The superposition of the two
components, i.e., |v1|2 + |v2|2, is displayed as a hexagonal
lattice with the spots of dark circular rings [Fig. 6(c)]. This
situation is relevant to the domain 1 in the phase diagram
shown by Fig. 6(g).

Another type of optical structure can be found when
the population in the ground state |2〉 is increased, by tak-
ing (ρ (0)

22 /ρ
(0)
11 , α12/α11) = (0.5, 0.5). The optical patterns in

this case for |v1|2, |v2|2, and |v1|2 + |v2|2 are shown in
Figs. 6(d)–6(f), respectively. We see that the distribution of the
v1-component is a hexagonal lattice consisting of small, solid
yellow circles [Fig. 6(d)]; the distribution of the v2-component
is also a hexagonal lattice, but the spots of the lattice are large,
yellow circular rings [Fig. 6(e)]. As a result, the superposition
of the two components |v1|2 + |v2|2 displays an interesting
hexagonal lattice consisting of two-ring spots [Fig. 6(f)]. The
case considered here corresponds to the domain 2 in the phase
diagram shown by Fig. 6(g).
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FIG. 6. Pattern formation of the two-component probe field controlled by the ratio of initial populations in the two atomic ground
states |1〉 and |2〉, i.e., ρ

(0)
22 /ρ

(0)
11 , and by the ratio of nonlinearity α12/α11, by taking the dimensionless normalized probe-field intensity

|v|2 = |v1|2 + |v2|2 as a function of the dimensionless coordinates ξ = x/R0 and η = y/R0 (with σ = 1.5 and α11 = 500) for different ρ (0)
22 /ρ

(0)
11 .

(a)–(c) Optical patterns of |v1|2, |v2|2, |v1|2 + |v2|2 for ρ
(0)
22 /ρ

(0)
11 = 0.05 and α12/α11 = 0.5. (d)–(f) Similar to (a)–(c) but for ρ

(0)
22 /ρ

(0)
11 = 0.5

and α12/α11 = 0.5. (g) Phase diagram for the optical pattern formation, in which different domains (phases) are obtained by using different
values of (ρ (0)

22 /ρ
(0)
11 , α12/α11). Domains 1 and 2 correspond to the optical patterns illustrated in (c) and (f), respectively. The optical patterns

corresponding to domains 3–6 are similar to those of Figs. 4(b)–4(e) (omitted here). The domain on the top of (g) (white color) is the one with
phase separation; the domain on the leftmost side (black color) is the one where the v2-component disappears.

We have made further simulations on the optical pattern
formation in the system by choosing other initial populations
in the atomic ground states |1〉 and |2〉, with the results given
in the following:

(i) When ρ
(0)
22 /ρ

(0)
11 ∼ 0 (i.e., the initial populations are

nearly prepared in the ground state |1〉), we find that the
optical pattern occurs only for the v1-component, which has
a hexagonal-shaped structure. This case corresponds to the
thin domain, with gray color shown in the leftmost side
of Fig. 6(g). This is easy to understand because in this
situation the system is reduced into a ladder-shaped excita-
tion scheme (i.e., the single Rydberg-EIT involved only the
atomic states |1〉, |3〉, and |4〉) when ρ

(0)
22 /ρ

(0)
11 ∼ 0. Simi-

larly, if ρ
(0)
11 /ρ

(0)
22 ∼ 0, the optical pattern occurs only for the

v2-component, which has also a hexagonal-shaped structure
allowed by the single Rydberg-EIT involved the atomic states
|2〉, |3〉, and |4〉.

(ii) The two types of optical lattice patterns shown in
Figs. 6(c) and 6(f) can be converted to each other through
adjustments of ρ

(0)
22 /ρ

(0)
11 and α12/α11.

(iii) When the ρ
(0)
22 /ρ

(0)
11 is close to 1, i.e., the initial pop-

ulations in two ground states are approximately equal (e.g.,
ρ

(0)
22 /ρ

(0)
11 > 0.8), the optical patterns are similar to those found

in Figs. 5(b)–5(e), which are relevant to the domains 3–6 of
Fig. 6(g) (not shown here to save space).

In addition, an optical phase separation can occur for large
α12/α11, as indicated by the white color domain on the top of
Fig. 6(g), which will be discussed in detail in the following
section.

E. Optical phase separations and their control

We now investigate the optical phase separation in the
system mentioned in the last three subsections in detail. Phase
separation is a ubiquitous phenomenon in nature [51–60],
which refers to a state of the system where two or more phases
occur in different parts of the system, and the most common
type of phase separation is between two immiscible fluids
such as oil and water. We have shown that a similar phe-
nomenon may appear in the present Rydberg atomic system,
as illustrated in Figs. 4(f) and 5(f), where the distributions
of two polarization components of the probe field appear
separately in space.

The physical reason for the appearance of such an opti-
cal phase separation can be understood as follows. In many
aspects, the motion of a light field behaves like that of a
fluid flow [61]. In our system, the probe field has two com-
ponents, which is similar to a mixture of two fluids. Since
the interaction between Rydberg atoms under our study is
repulsive, the system behaves like a two-fluid mixture, and
the two components of the probe field will be immiscible
if the cross-Kerr nonlinearities (denoted by the nonlinearity
parameter α12, which controls the mutual-interaction between
the two components) reach a critical value.

From the phase diagrams shown in panel (g) of Figs. 4–6,
we see that optical phase separations occur principally for
the case of α12 > α11. This is easy to understand because to
realize the phase separations, the mutual-interaction between
the two probe components (characterized by the cross-
Kerr nonlinearities) must be larger than the self-interaction
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FIG. 7. Separation degree describing the optical phase separation and the phase diagram describing the transition from miscible to
immiscible states. (a) Separation degree J as a function of the ratio of nonlinearity α12/α11 (with α11 = 500) and nonlocality degree of the
Kerr nonlinearities σ . The solid blue, dashed red, and dotted black lines are for σ = 1, 1.5, and 2, respectively. (b) The circled solid red line is
the separation degree J as a function of σ (with α11 = 500 and α12/α11 = 0.95). (c) Phase diagram describing the transition from miscible to
immiscible states in the parameter plane (α12/α11, σ ). The circled solid red line is the boundary of the transition; the gray domain is relevant
to Figs. 4(f) and 5(f) where optical phase separations occur.

(characterized by the self-Kerr nonlinearities) in the two probe
components.

To quantify the optical phase separations in the system, we
define the separation degree

J = 1 −
∫ |v1(�ζ )||v2(�ζ )|d2ζ

[
∫ |v1(�ζ )|2d2ζ × ∫ |v2(�ζ )|2d2ζ ]1/2

. (13)

J = 0 (J = 1) describes a complete spatial overlap–
miscibility (complete spatial separation–immiscibility) of the
two components of the probe field. If 0 < J < 1, the two
components have a mixture in space, with the degree of the
separation determined by the value of J . For example, in
panels (d), (e), and (f) of Fig. 5, the values of J are 0.37,
0, and 1, respectively. When J has an intermediate value
between 0 and 1 [e.g., Fig. 5(d) for which J = 0.37], the
intensity distributions of both polarization components are full
of whole space, with the bright spots locating in different po-
sitions. This is different from the case for J = 1 [i.e. Fig. 5(f)],
where the distributions of the two polarization components are
completely separated in space.

Shown in Fig. 7(a) is the separation degree J as a function
of the ratio of nonlinearity α12/α11 (with α11 = 500 fixed)
for different nonlocality degree of the Kerr nonlinearities σ .
The solid blue, dashed red, and dotted black lines in the
figure are for σ = 1, 1.5, and 2, respectively. We see that the
two probe components are miscible (i.e. J < 1) for smaller
α12/α11 but immiscible (i.e., J = 1) for larger α12/α11, agree-
ing with the analysis given above and the results obtained in
Figs. 4(a)–4(c) and Figs. 5(a)–5(c).

The circled solid red line in Fig. 7(b) is the separation
degree J as a function of nonlocality degree σ (with α11 =
500 and α12/α11 = 0.95 fixed). One sees that the two probe
components are miscible when the nonlocality degree σ is
small, but they are immiscible when σ is large. This shows
that the nonlocality degree of the Kerr nonlinearities can be
used to manipulate the optical phase separation in the system.

To find a criterion for the transition between the miscible
and immiscible states, following Refs. [53,56,60], the ex-
pression of the energy difference between the miscible and

immiscible states of the system can be derived, given by

�E = I1I2

Vtot

[ ∫
1

2
[�12(�ζ ) + �21(�ζ )]d2ζ

−
( ∫

�11(�ζ )d2ζ ×
∫

�22(�ζ )d2ζ

)1/2]
, (14)

with the derivation presented in Appendix E. Here Vtot =
V1 + V2, with V1 and V2 the volumes occupied by the v1-
and v2-components, respectively. If �E > 0 (�E < 0), i.e.,
if the arithmetic mean of the nonlocal response functions for
the cross-Kerr nonlinearities �12 and �21 is larger (smaller)
than the geometric mean of the response functions of the
self-Kerr nonlinearities �11 and �22, the system will have
higher (lower) energy and hence will tend to go into an im-
miscible (miscible) state. The case �E = 0 defines the critical
value (boundary) for the transition from a miscible to an
immiscible state [62].

Plotted in Fig. 7(c) is the result on the phase diagram
describing the transition from the miscible to the immiscible
state in the parameter plane (α12/α11, σ ) by using the criterion
(14). The circled solid red line in the figure is the boundary
for the transition; the gray domain corresponds to Figs. 4(f)
and 5(f), where optical phase separations occur. We see that
the domain for the optical immiscibility can be enlarged by
increasing the nonlocality degree of the Kerr nonlinearities σ ,
which can be realized in the Rydberg atomic gas since the
long-ranged Rydberg-Rydberg interaction plays an important
role in such a system.

F. Nonlocal two-component optical solitons and vortices

In all of the considerations given above, the system is
assumed to work in regimes where the four nonlocal response
functions � jl ( j, l = 1, 2) in Eqs. (7) are negative, based on
which various optical patterns are obtained. Since the Rydberg
atomic gas under consideration can be actively manipulated,
one can choose different parameters to make the signs of
� jl change, and hence it is possible to generate nonlocal
two-component spatial solitons and vortices in the system. For
example, all four response functions can be made to be pos-
itive if the system parameters are chosen to be �2 = −2π ×
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FIG. 8. Formation of the nonlocal spatial optical soliton and vor-
tex pairs. (a) Spatial distributions of the bright-bright soliton pair for
s = z/(2Ldiff ) = 1, 2, 3, 4 by taking |v1|2 and |v2|2 as functions of
ξ = x/R0 and η = y/R0 for σ = 1. (b) Spatial distributions of the
vortex-vortex pair for s = 1, 2, 3, 4 for σ = 1.8.

0.4 MHz, �3 = −2π × 3.0 MHz, �4 = −2π × 250 MHz,
�12 = �21 = 2π × 6 MHz, �3 = �4 = 2π × 16.7 kHz, �c =
2π × 25 MHz, and Na = 2.0 × 1011 cm−3. In this situation,
the interaction between the two probe components becomes
attractive; a plane-wave state may undergo a MI, which does
not result in the formation of (extended) optical patterns but
(localized) bright-bright soliton pairs.

Figure 8(a) shows the spatial distributions of a bright-
bright soliton pair when it propagates, respectively, to the
positions s = z/(2Ldiff ) = 1, 2, 3, 4 by taking |v1|2 (top row)
and |v2|2 (bottom row) as functions of ξ = x/R0 and η =
y/R0 for σ = 1 (which gives Ldiff = 0.94 mm). The result
is obtained by numerically solving Eqs. (7) based on the
above parameters and with the initial condition v1 = v2 =
2 sech(

√
ξ 2 + η2/2). We see that the soliton pair is quite sta-

ble during propagation.
Illustrated in Fig. 8(b) are the spatial distributions of a

vortex-vortex pair when propagating, respectively, to the po-
sitions s = z/(2Ldiff ) = 1, 2, 3, 4 for σ = 1.8 (which gives
Ldiff = 0.29 mm). The result is obtained also by numeri-
cally solving Eqs. (7) with the initial condition v1 = v2 =
2.3 ζ L1

0 (− ξ 2+η2

2 ) exp(− ξ 2+η2

4 )eiφ . Here Lm
p is a generalized

Laguerre polynomial, with (p, m) the mode indexes [63];
φ = arctan(η/ξ ) is a phase. One sees that the vortex-vortex
pair is also quite stable during propagation.

If other system parameters are suitably chosen, one can re-
alize the condition �11 < 0, �12 < 0, �21 > 0, and �22 > 0.
In this case, the system supports stable bright-dark soliton
pairs. The reason for the stability for both the 3D soliton-
soliton and vortex-vortex pairs described above is that the Kerr
nonlinearities in the Rydberg gas are nonlocal.

IV. DISCUSSION AND SUMMARY

The predictions of the stationary optical patterns and re-
lated structural phase transitions presented above may be
observed experimentally by using a cold Rydberg atomic gas
with the inverted Y-shaped level configuration. Since these
lattice patterns form in the transverse x-y plane and the typ-
ical lattice separation is around 7 μm, one should prepare a
Rydberg gas of transverse size of several tens of micrometers
(e.g., 30 μm); furthermore, to form a clear optical pattern
based on the MI starting from a plane-wave probe field plus
a random initial condition, the longitudinal size of the gas
should be larger than the nonlinearity length Lnon and the
diffraction length Ldiff ; both of them are around 0.2 mm [see

Figs. 1(c1)–1(c3)], which can be realized by current experi-
mental techniques [64]. Comparably, the observation of the
spatial optical solitons and vortices needs flexible conditions,
for which the transverse size of 10 micrometers is enough
because the typical transverse size of the solitons and vortices
is only several micrometers. To realize the predicted optical
structures, one can inject a continuous-wave probe beam with
two orthogonally polarized components; under the condition
of the double EIT and by setting suitable system parameters,
the probe beam will undergo MI and then be transformed into
the spatial optical patterns, solitons, and vortices along the
z-direction for several millimeters.

In the present work, as in Ref. [18], we have limited our
considerations only for stationary optical structures based
on the assumption that the probe field is a CW spatial
light beam; the spatial optical structures are obtained by us-
ing an “imaginary-time” propagation method [i.e., z → iz in
Eq. (5)], by which the ground-state solutions can be acquired
very quickly for a short propagation distance. A canonical
approach for the optical pattern formation relevant to exper-
imental observation would be to propagate the light fields
through the medium along the z direction and look at the
transverse patterns after some propagation distance by using a
real-time propagation method [which has been used only for
Fig. 1(c) in our work]. It is available to get temporally oscilla-
tory optical structures in the system through Hopf bifurcations
by considering the case beyond the CW approximation, so
that the eigenvalues of the eigenequations in MI analysis may
have both real and imaginary parts (such as those described
in Refs. [65–67]), an interesting topic that deserves to be
explored further.

In conclusion, we have investigated the formation and
control of spatial optical patterns in a cold Rydberg atomic
gas via double Rydberg-EIT. Based on the analysis on the
coupled 3D NNLS equations derived from the MB equations,
we found that through the MI of the homogeneous plane-wave
state of the two-component probe field, the system undergoes
a spontaneous symmetry breaking and hence the emergence
of various self-organized optical lattice structures, which can
be controlled by the ratio between the cross- and self-Kerr
nonlinearities, the nonlocality degree of the Kerr nonlineari-
ties, and the populations initially prepared in the two atomic
ground states. In particular, a crossover from phase mixture
to phase separation of the two components of the probe field
may appear when the ratio between the cross- and self-Kerr
nonlinearities passes over a critical value. We also found that
the system supports a nonlocal two-component spatial optical
soliton and vortices when the parameters of the system are
selected suitably. The results obtained in this work are not
only useful for obtaining novel optical structures and realizing
their active manipulations, but they are also promising for
practical applications, e.g., for the design of nonlinear optical
splitters based on the optical phase separation reported here.
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APPENDIX A: OPTICAL BLOCH EQUATION AND ITS SOLUTIONS

1. Optical Bloch equation

The explicit expression of the optical Bloch equation (2) is given by [68]

i
∂ρ11

∂t
+ i�21ρ11 − i�12ρ22 − i�13ρ33 + �∗

p1ρ31 − �p1ρ13 = 0, (A1a)

i
∂ρ22

∂t
− i�21ρ11 + i�12ρ22 − i�23ρ33 + �∗

p2ρ32 − �p2ρ23 = 0, (A1b)

i
∂ρ33

∂t
− i�34ρ44 + i�3ρ33 + (�p1ρ13 + �p2ρ23 + �∗

cρ43 − c.c.) = 0, (A1c)

i
∂ρ44

∂t
+ i�34ρ44 − �∗

cρ43 + �cρ34 = 0 (A1d)

for diagonal elements, and(
i
∂

∂t
+ d21

)
ρ21 + �∗

p2ρ31 − �p1ρ23 = 0, (A2a)

(
i
∂

∂t
+ d31

)
ρ31 + �∗

cρ41 + �p1(ρ11 − ρ33) + �p2ρ21 = 0, (A2b)

(
i
∂

∂t
+ d32

)
ρ32 + �∗

cρ42 + �p1ρ12 + �p2(ρ22 − ρ33) = 0, (A2c)

(
i
∂

∂t
+ d41

)
ρ41 + �cρ31 − �p1ρ43 − 1

2
Na

∫
d3r′V (r′ − r)ρ44,41(r′, r, t ) = 0, (A2d)

(
i
∂

∂t
+ d42

)
ρ42 + �cρ32 − �p2ρ43 − 1

2
Na

∫
d3r′V (r′ − r)ρ44,42(r′, r, t ) = 0, (A2e)

(
i
∂

∂t
+ d43

)
ρ43 − �∗

p1ρ41 − �∗
p2ρ42 + �c(ρ33 − ρ44) − 1

2
Na

∫
d3r′V (r′ − r)ρ44,43(r′, r, t ) = 0 (A2f)

for nondiagonal elements. Here d3r′ = dx′dy′dz′; dαβ = �α − �β + iγαβ (α, β = 1, 2, 3, 4; α 	= β); �1 = 0, �2 = ω1 − ω2,
�3 = ωp − (ω3 − ω1), and �4 = ωc + ωp − (ω4 − ω1) are, respectively, one- and two-photon detunings; γαβ = (�α + �β )/2 +
γ

dep
αβ with �α = ∑

α<β �αβ (�αβ and γ
dep
αβ are the spontaneous emission decay rate and dephasing rate from |β〉 to |α〉,

respectively).
Although Eq. (2) describes the evolution of the matrix elements ραβ (r, t ) of the one-body reduced DM ρ(r, t ), they involve

two-body reduced DM ρtwobody(r′, r, t) with matrix elements defined by ραβ,μν (r′, r, t ) = 〈Ŝαβ (r′, t )Ŝμν (r, t )〉 (or called two-
body correlators) due to the Rydberg-Rydberg interaction. So Eq. (2) is not a closed one, and one must solve the equations for
the two-body DM elements. For example, the equation of two-body matrix element ρ44,41 ≡ 〈Ŝ44(r′, t )Ŝ41(r, t )〉 reads

[
i
∂

∂t
+ d41 + i�34 − V (r′ − r)

]
ρ44,41 − �∗

cρ43,41 + �c(ρ34,41 + ρ44,31) − �p1ρ44,43

−Na

2

∫
d3r′′V (r′′ − r)ρ44,44,41(r′′, r′, r, t ) = 0. (A3)

We see that it involves three-body DM element ρ44,44,41(r′′, r′, r, t ) ≡ 〈Ŝ44(r′′, t )Ŝ44(r′, t )Ŝ41(r, t )〉. The equations for other
two-body DM elements are too lengthy and hence are omitted here to save space. Thus, to solve the equations of the one-body
and two-body DM elements above, we need the equations of three-body DM elements. In a similar way, we can get the equations
of motion for the three-body DM elements, which, however, involve four-body DM elements (omitted here), and so on. To
solve such a chain of infinite equations for N-body (N = 1, 2, 3, . . . ) DM elements, a suitable truncation technique beyond the
mean-field approximation is needed, which has been developed recently [12,14,41]. Based on such an approach, we can solve
the MB equations (2) and (3) by using an asymptotic expansion in a consistent and standard way.

2. Equations of motion of density-matrix elements and their solutions up to third-order approximations

We are interested in stationary states of the system, and hence the time derivatives in the MB equations (2) can be neglected
(i.e., ∂/∂t = 0), which is valid if the probe and control fields have a large time duration. We adopt the method developed in
Refs. [12,14,41] to first solve the Bloch equation (2) under the condition of Rydberg-EIT. We assume that all the atoms are
initially prepared in the ground states |1〉 and |2〉.
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Since the probe field is weak, we can take �p j ∼ ε as an expansion parameter, and make the expansion ραβ = ερ
(1)
αβ +

ε2ρ
(2)
αβ + · · · (β = 1, 2; α = 2, 3, 4; β < α). Substituting the expansions into Eq. (2), and collecting coefficients of εl (l =

0, 1, 2, . . . ), we obtain a series of linear but inhomogeneous equations that can be solved order by order:
(i) First-order solution: At the first order (l = 1), we obtain

ρ
(1)
i j = [δi3d4 j − δi4�c]ρ (0)

j j �p j/Dj (A4)

for i = 3, 4 and j = 1, 2 (other ρ
(1)
αβ are zero), with Dj = |�c|2 − d3 jd4 j .

(ii) Second-order solution: Solving the second-order (l = 2) equations yields

ρ
(2)
21 = a(2)

21 �p1�
∗
p2, (A5a)

ρ (2)
αα = a(2)

αα,1|�p1|2 + a(2)
αα,2|�p2|2 (α = 1 − 4), (A5b)

ρ
(2)
43 = a(2)

43,1|�p1|2 + a(2)
43,2|�p2|2, (A5c)

in which

a(2)
33, j = ρ

(0)
j j Nj/(i�3),

a(2)
21 = (

ρ
(0)
22 d∗

42/D∗
2 − ρ

(0)
11 d41/D1

)
/d21,

a(2)
44, j = ρ

(0)
j j |�c|2

[
Mj + NjM3/(i�3)

]
/(i�34 + M3|�c|2),

a(2)
22, j = −[

(�13 + �21)a(2)
33, j + �21a(2)

44, j + δ1 j iN1ρ
(0)
11

]
/�2,

a(2)
43, j = −�c

[
ρ

(0)
j j /Dj + a(2)

33, j − a(2)
44, j

]
/d43,

a(2)
11, j = −(

a(2)
22, j + a(2)

33, j + a(2)
44, j

)
.

Here Nj = 2i Im(d4 j/Dj ), Mj = 2i Im[1/(D∗
j d

∗
43)], M3 = 2i Im(1/d∗

43), �2 = �12 + �21, and �3 = �13 + �23 ( j = 1, 2).

(iii) Third-order solution: The solutions of ρ
(3)
α1 and ρ

(3)
α2 (α = 3, 4) are given by

ρ
(3)
α1 = [

a(3)
α1,1|�p1|2 + a(3)

α1,2|�p2|2
]
�p1 + Na�

∗
c/D1

∫
d3r′V (r′ − r)

[
a(3)

44,41,1|�p1|2 + a(3)
44,41,2|�p2|2

]
�p1, (A6a)

ρ
(3)
α2 = [

a(3)
α2,1|�p1|2 + a(3)

α2,2|�p2|2
]
�p2 + Na�

∗
c/D2

∫
d3r′V (r′ − r)

[
a(3)

44,42,1|�p1|2 + a(3)
44,42,2|�p2|2

]
�p2, (A6b)

in which

a(3)
31, j = [

�∗
ca(2)

43, j + d41
(
a(2)

11, j − a(2)
33, j

) + δ2 ja
(2)
21 d41

]
/D1,

a(3)
32, j = [

�∗
ca(2)

43, j + d42
(
a(2)

22, j − a(2)
33, j

) + δ1 ja
∗(2)
21 d42

]
/D2,

a(3)
41, j = [

�c
(
a(2)

33, j − a(2)
11, j

) − d31a(2)
43, j − δ2 j�ca(2)

21

]
/D1,

a(3)
42, j = [

�c
(
a(2)

33, j − a(2)
22, j

) − d32a(2)
43, j − δ1 j�ca∗(2)

21

]
/D2,

where the coefficients of two-body DM elements a(3)
44,4 j,α = a(3)

44,4 j,α (r′, r, t ) ( j = 1, 2; α = 1, 2) are functions of r′, r, and t , yet
to be determined (see below).

(iv) Second-order solution for two-body DM elements: Notice that for obtaining the solution of ρ
(3)
αβ (α = 3, 4; β = 1, 2),

equations for some two-body DM elements ραβ,μν must be solved simultaneously. These two-body DM elements are nonzero
starting at ε2-order, so they can be assumed to have the form ραβ,μν = ε2ρ

(2)
αβ,μν + ε3ρ

(3)
αβ,μν + · · · . Then we have the equations

for the second-order two-body DM elements ρ
(2)
α j,β j (α, β = 3, 4; j = 1, 2):

⎛
⎜⎝

d3 j �∗
c 0

�c d3 j + d4 j �∗
c

0 2�c A

⎞
⎟⎠

⎛
⎜⎝

ρ
(2)
3 j,3 j

ρ
(2)
4 j,3 j

ρ
(2)
4 j,4 j

⎞
⎟⎠ = −

⎛
⎜⎝

a(1)
3 j

a(1)
4 j

0

⎞
⎟⎠ρ

(0)
j j �2

p j, (A7)

⎛
⎜⎜⎜⎝

B �c �c 0

�∗
c d41 + d32 0 �c

�∗
c 0 d42 + d31 �c

0 �∗
c �∗

c d32 + d31

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

ρ
(2)
42,41

ρ
(2)
41,32

ρ
(2)
42,31

ρ
(2)
32,31

⎞
⎟⎟⎟⎟⎠ = −

⎛
⎜⎜⎜⎜⎝

0

a(1)
41 ρ

(0)
22

a(1)
42 ρ

(0)
11

a(1)
32 ρ

(0)
11 + a(1)

31 ρ
(0)
22

⎞
⎟⎟⎟⎟⎠�p1�p2, (A8)
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with A = 2d4 j − 1
2V (r) and B = d41 + d42 − 1

2V (r). We obtain ρ
(2)
α j,β j = Q0 j/[P0 j + P1 jV (r)], where P0 j, P1 j, Q0 j are func-

tions of the detunings, spontaneous emission decay rate, and dephasing rates of the system (their explicit expressions are
omitted here).

(v) Third-order solution for two-body DM elements: The third-order solution of the two-body DM elements satisfies
the equation

M · ρ = C1|�p2|2�p1 + C2|�p1|2�p1, (A9)

where

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m1 −�∗
c �c �c 0 0 0 0

−�c m2 0 0 �c �c 0 0
−�∗

c 0 m3 0 �∗
c 0 −�c 0

�∗
c 0 0 m4 0 −�∗

c �c 0
−i�34 �∗

c −�c 0 m5 0 0 �c

0 �∗
c 0 −�c 0 m6 0 �c

0 0 −�∗
c −�∗

c 0 0 m7 �∗
c

0 0 0 −i�34 �∗
c �∗

c −�c m8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

C1 = [
0, a(2)

42,41, a∗(2)
42,14,−a(2)

44,2ρ
(0)
11 , a(2)

41,32 − a(2)
41,23, a(2)

42,31 − a(2)
43,2ρ

(0)
11 , a∗(2)

42,13 + a∗(2)
43,2ρ

(0)
11 , a(2)

32,31 − a(2)
33,2ρ

(0)
11 − a∗(2)

32,13

]T
,

C2 = [
0, a(2)

41,41, a∗(2)
41,14,−a(2)

44,1ρ
(0)
11 , a(2)

41,31 − a(2)
41,13, a(2)

41,31 − a(2)
43,1ρ

(0)
11 , a∗(2)

41,13 + a∗(2)
43,1ρ

(0)
11 , a(2)

31,31 − a(2)
31,13 − a(2)

33,1ρ
(0)
11

]T
,

ρ = [
ρ

(3)
44,41, ρ

(3)
43,41, ρ

∗(3)
43,14, ρ

(3)
44,31, ρ

(3)
41,33, ρ

(3)
43,31, ρ

∗(3)
43,13, ρ

(3)
33,31

]T
,

with m1 = i�34 + d41 − 1
2V , m2 = d43 + d41 − 1

2V , m3 = d∗
43 + d∗

14, m4 = i�34 + d31, m5 = d41 + i�3, m6 = d43 + d31, m7 =
d∗

43 + d∗
13, and m8 = i�3 + d31.

The equation for ρρ
(3)
44,42 reads

N · ρ = C3|�p2|2�p2 + C4|�p1|2�p2, (A10)

where

N =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n1 −�∗
c �c �c 0 0 0 0

−�c n2 0 0 �c �c 0 0
−�∗

c 0 n3 0 0 �∗
c −�c 0

�∗
c 0 0 n4 −�∗

c 0 �c 0
0 �∗

c 0 −�c n5 0 0 �c

−i�34 �∗
c −�c 0 0 n6 0 �c

0 0 −�∗
c −�∗

c 0 0 n7 �∗
c

0 0 0 −i�34 �∗
c �∗

c −�c n8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

C3 = [
0, a(2)

42,42, a(2)
42,24,−a(2)

44,2ρ
(0)
22 , a(2)

42,32 − a(2)
43,2ρ

(0)
22 , a(2)

42,32 − a(2)
42,23, a∗(2)

42,23 + a∗(2)
43,2ρ

(0)
22 , a(2)

32,32 − a(2)
32,23 − a(2)

33,2ρ
(0)
22

]T
,

C4 = [
0, a(2)

42,41, a(2)
42,14,−a(2)

44,1, a(2)
41,32 − a(2)

43,1, a(2)
42,31 − a(2)

42,13, a∗(2)
41,23 + a∗(2)

43,1ρ
(0)
22 , a(2)

32,31 − a(2)
32,13 − a(2)

33,1ρ
(0)
22

]T

ρ = [
ρ

(3)
44,42, ρ

(3)
43,42, ρ

∗(3)
43,24, ρ

(3)
44,32, ρ

(3)
43,32, ρ

(3)
42,33, ρ

∗(3)
43,23, ρ

(3)
33,32

]
,

with n1 = i�34 + d42 − 1
2V , n2 = d43 + d42 − 1

2V , n3 = d∗
43 + d∗

24, n4 = i�34 + d32, n5 = d43 + d32, n6 = d42 + i�3, n7 = d∗
43 +

d∗
23, and n8 = i�3 + d32.

By solving Eqs. (A9) and (A10), we obtain the solution ρ
(3)
44,4 j with the form

ρ
(3)
44,41 = a(3)

44,41,1|�p1|2�p1 + a(3)
44,41,2|�p2|2�p1, (A11a)

ρ
(3)
44,42 = a(3)

44,42,1|�p1|2�p2 + a(3)
44,42,2|�p2|2�p2, (A11b)

in which

a(3)
44,4 j,l =

∑2
m=0 PjlmVm(r′ − r)∑3
n=0 QjlnVn(r′ − r)

. (A12)

Here Pjln and Qjln ( j, l = 1, 2) are constants, depending on the spontaneous emission and dephasing rates, detunings, half Rabi
frequency of the control field, as well as other parameters of the system. Thereby, based on the first-, second-, and third-order
solutions given above, one can obtain the explicit expression of the one-body DM elements up to third-order approximation, i.e.,
ρ3 j ≈ ρ

(1)
3 j + ρ

(2)
3 j + ρ

(3)
3 j ( j = 1, 2).

013511-14



SELF-ORGANIZED STRUCTURES OF TWO-COMPONENT … PHYSICAL REVIEW A 104, 013511 (2021)

APPENDIX B: EXPRESSIONS OF THE NONLINEAR OPTICAL SUSCEPTIBILITIES AND THE DERIVATION OF THE
COUPLED NLSES

The optical susceptibility χ j of the jth polarization component of the probe field is given by χ j = Na(êp± · p j3)ρ3 j/(ε0E±)
( j = 1, 2), which has the form

χ j = χ
(1)
j + [

χ
(3,s)
j,loc + χ

(3,s)
j,nloc

]|Ep±|2 + [
χ

(3,c)
j,loc + χ

(3,c)
j,nloc

]|Ep∓|2, (B1)

where

χ
(1)
j = Na|p j3|2d4 jρ

(0)
j j /(ε0h̄D j ), (B2a)

χ
(3,s)
j,loc = Naa(3)

3 j, j |p j3|4/(ε0h̄3), (B2b)

χ
(3,c)
j,loc = Naa(3)

3 j,3− j |p13|2|p23|2/(ε0 h̄3), (B2c)

χ
(3,s)
j,nloc = N 2

a �∗
c

2ε0 h̄3Dj

∫
d3r′V (r′ − r)a(3)

44,4 j, j (r
′, r)|p j3|4, (B2d)

χ
(3,c)
j,nloc = N 2

a �∗
c

2ε0 h̄3Dj

∫
d3r′V (r′ − r)a(3)

44,4 j,3− j (r
′, r)|p13|2|p23|2. (B2e)

Substituting the results of ρ31 and ρ32 [Eqs. (A6) and (A11)] into Maxwell Eq. (3), we obtain the envelope equations
controlling the dynamics of the two polarization components of the probe field, which have the form of the coupled 3D
NNLS equations

i
∂�p1

∂z
+ c

2ωp
∇2

⊥�p1 + (W11|�p1|2 + W12|�p2|2)�p1 +
∫

d3r′N11(r′ − r)|�p1(r′)|2�p1(r)

+
∫

d3r′N12(r′ − r)|�p2(r′)|2�p1(r) = 0, (B3a)

i
∂�p2

∂z
+ c

2ωp
∇2

⊥�p2 + (W22|�p2|2 + W21|�p1|2)�p2 +
∫

d3r′N22(r′ − r)|�p2(r′)|2�p2(r)

+
∫

d3r′N21(r′ − r)|�p1(r′)|2�p2(r) = 0, (B3b)

where

W1l = κ13
[
�∗

ca(2)
43,l + d41(a(2)

11,l − a(2)
33,l ) + δl2a(2)

21

]
/D1, (B4a)

W2l = κ23
[
�∗

ca(2)
43,l + d42(a(2)

22,l − a(2)
33,l ) + δl2a∗(2)

21

]
/D2, (B4b)

N jl = 1

2
κ13�

∗
cNaV (r′ − r)a(3)

44,4 j,l (r
′ − r)/Dj . (B4c)

The coefficient Wjl [N jl (r′ − r)] characterizes the local (nonlocal) self-Kerr ( j = l) and cross-Kerr ( j 	= l) nonlinearity of
the jth polarization components of the probe field. For simplicity, we assume that the probe field is slowly varied along the z
direction, so that a local approximation in this direction can be made for the nonlinear response function. Then Eqs. (B3) are
reduced to

i
∂�p1

∂z
+ c

2ωp
∇2

⊥�p1 + (W11|�p1|2 + W12|�p2|2)�p1 +
∫

d2r′[N ′
11(r′

⊥ − r⊥)|�p1(r′
⊥, z)|2

+N ′
12(r′

⊥ − r⊥)|�p2(r′
⊥, z)|2]�p1(r⊥) = 0, (B5a)

i
∂�p2

∂z
+ c

2ωp
∇2

⊥�p2 + (W22|�p2|2 + W21|�p1|2)�p2 +
∫

d2r′
⊥
[
N ′

22(r′
⊥ − r⊥)|�p2(r′

⊥, z)|2

+N ′
21(r′

⊥ − r⊥)|�p1(r′
⊥, z)|2]�p2(r⊥) = 0, (B5b)

where r⊥ = (x, y) and d2r⊥ = dx′dy′, and the reduced nonlocal nonlinear response function reads N ′
jl (r⊥) = ∫

N jl (r)dz.
Equations (B5) can be cast into the dimensionless form

i
∂u1

∂s
+ ∇̃2

⊥u1 + (w11|u1|2 + w12|u2|2)u1 +
∫

d2ζ ′[�11(�ζ ′ − �ζ )|u1(�ζ ′)|2 + �12(�ζ ′ − �ζ )|u2(�ζ ′)|2]u1 = 0, (B6)

i
∂u2

∂s
+ ∇̃2

⊥u2 + (w22|u2|2 + w21|u1|2)u2 +
∫

d2ζ ′[�22(�ζ ′ − �ζ )|u2(�ζ ′)|2 + �21(�ζ ′ − �ζ )|u1(�ζ ′)|2]u2 = 0, (B7)
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where u j = �p j/U0 (U0 is the typical half Rabi frequency of the probe field), s = z/(2Ldiff ) (Ldiff = ωpR2
0/c is the typical

diffraction length; R0 is the typical transverse radius of the probe beam), w jl = 2U 2
0 LdiffWjl ( jl = {11, 22, 12, 21}) are the

dimensionless local nonlinear coefficients, � jl (�ζ ′ − �ζ ) = 2Ldiff R2
0U 2

0 N ′
jl [(�ζ ′ − �ζ )R0], ∇̃2

⊥ = ∂2/∂ξ 2 + ∂2∂η2, �ζ = (ξ, η) =
(x, y)/R0, and d2ζ ′ = dξ ′dη′.

APPENDIX C: A SHORT DESCRIPTION OF
NUMERICS DETAILS

In this Appendix, we give a simple description on the
imaginary-time propagation method [49] for numerically find-
ing the steady-state solutions (including stationary optical
patterns, solitons, and vortices) of the dimensionless nonlinear
Schrödinger equation (7) used in the main text. The basic
ideas are the following: (i) Replacing s by −is in the equation,
and (ii) normalizing the solution after each step of integration,
i.e., v(ξ, η, s + �s) = v(ξ,η,s+�s)

‖v(ξ,η,s+�s)‖ to keep the power of the
solution to a fixed value.

Based on these ideas, first we replace s → −is in Eq. (7),
which results in the new equation

∂v j

∂s
=∇̃2

⊥v j+
∑
l=1,2

∫
d2ζ ′[Il� jl (�ζ ′ − �ζ )|vl (�ζ ′, s)|2]v j (�ζ , s).

(C1)

Secondly, we solve the above equation (C1) by a split-step
Fourier method. The first step is to integrate the diffrac-
tion term in momentum space by a fast Fourier transform,
and then go back to the spatial coordinate by an inverse
Fourier transform; the second step is to carry out the integra-
tion on the terms with nonlocal interactions, which is solved
by a numerical convolution. Thus we have

d ṽ j

ds
= −β2ṽ j, (C2a)

dv j

ds
=

∑
l=1,2

IlF−1{F[� jl (�ζ )]F[|vl (�ζ , s)|2]}v j (�ζ , s),

(C2b)

where −β2 and ṽ j are, respectively, the Fourier transforms of
∇̃2

⊥ and v j ; F and F−1 are, respectively, the symbols of the
Fourier transform and the inverse Fourier transform.

The imaginary-time propagation is made in a square do-
main until the convergence of the intensity distribution |v j |2
within the error less than 10−6. In the simulation, the initial
condition is a plane wave perturbed by Gaussian noise; the
boundary condition is a periodic one. The simulations are
implemented by using different numerical grids (i.e., 256,
512, and 1024) in the transverse (i.e., ξ and η) directions,
which can ensure that the results (including the ones for the
MI with short wavelengths) for the different grids will be in
agreement with each other.

APPENDIX D: DETAILS FOR THE ALTERNATIVE
EMERGENCE OF THE CIRCULAR AND ELLIPTICAL

SPOTS IN FIG. 4(a)

Here we give a detailed illustration of the alternative emer-
gence of circular and elliptical spots shown in Fig. 4(a).
This steady-state pattern is obtained by numerically solv-
ing Eq. (7) by using imaginary propagation together with

split-step Fourier methods, by taking the system parameters
(α12/α11, α11) = (0.03, 245), σ = 1, and ρ

(0)
22 /ρ

(0)
11 = 1.

Shown in panels (a), (b), and (c) of Fig. 9 are results
of dimensionless and normalized probe-field intensities |v1|2,
|v2|2, and |v|2 = |v1|2 + |v2|2 as functions of the dimension-
less coordinates ξ = x/R0 and η = y/R0, respectively. We
see that both of the light intensities |v1|2 and |v2|2 of the
two probe-field components form hexagonal lattices, given,
respectively, by Figs. 9(a) and 9(b). However, their super-
position, |v1|2 + |v2|2, gives a lattice pattern in which the
v1-component appears to be composed of circular spots but
the v2-component appears to be composed of elliptical spots
[see Fig. 9(c)]. The reason for the appearance of such an
interesting pattern is that the v1-component has a hexago-
nal structure composed of circular bright spots (where light
intensity is maximal) in a dark background, while the v2-
component has a hexagonal structure composed of circular
dark spots (where light intensity is minimal) in a bright back-
ground. As a result, the intensity superposition of the two
polarized components (i.e., |v1|2 + |v2|2) gives a pattern in
which the circular and elliptical spots appear alternatively. A
similar phenomenon also occurs in Fig. 5(a), with the physical
reason the same as given above.

APPENDIX E: DERIVATION OF THE CRITERION FOR
THE OPTICAL PHASE SEPARATION

We follow the method used in Refs. [53,56,60] to
find the criterion for the transition between miscible and
immiscible states through minimizing the energy of the sys-
tem. For the miscible state, the distribution of v j = v j (�ζ , s) is
in the whole space. Using Eq. (12), we have

Emis =
2∑

j=1

∫
|∇̃⊥v j |2d2ζ + 1

2

2∑
j,l=1

Ejl , (E1)

where Ejl = ∫∫ � jl (�ζ ′ − �ζ )|v j (�ζ , s)|2|vl (�ζ ′, s)|2d2ζd2ζ ′.
For simplicity, we consider a homogeneous solution of
Eqs. (7). The corresponding energy reads

Emis = 1

2Vtot

∫ {
I2
1 �11(�ζ ) + I2

2 �22(�ζ )

+ I1I2[�12(�ζ ) + �21(�ζ )]
}
d2ζ , (E2)

where Vtot = d2ζ is the volume of the whole space. For the
immiscible state, the two components occupy different posi-
tions in space. Assuming V1 (V2) is the volume occupied by
component 1 (component 2), the overlap integrals in Eq. (E2)
will be zero. So the energy of the immiscible state is given by

Eimmis =
2∑

j=1

∫
|∇̃⊥v j |2d2ζ + 1

2

2∑
j=1

Ej, (E3)
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FIG. 9. Optical patterns of the two-component probe field as functions of ξ = x/R0 and η = y/R0, by taking (α12/α11, α11) = (0.03, 245),
σ = 1, and ρ

(0)
22 /ρ

(0)
11 = 1. (a) The result for |v1|2, which is a hexagonal lattice with circular bright spots in a dark background. (b) The result

for |v2|2, which is also a hexagonal lattice but with circular bright spots in a bright background. (c) The result for |v|2 = |v1|2 + |v2|2, which is
a linear superposition of the two polarized components, giving a pattern where the circular and elliptical spots appear alternatively.

where Ej = ∫∫ � j j (�ζ ′ − �ζ )|v j (�ζ , s)|2|v j (�ζ ′, s)|2d2ζd2ζ ′.
The integral for � j j is for the component j which occupies
the volume Vj , with V1 and V2 satisfying Vtot = V1 + V2.
We obtain

Eimmis = 1

2Vtot

[ ∫ {
I2
1 �11(�ζ ) + I2

2 �22(�ζ )
}
d2ζ

+ I1I2

( ∫
�11(�ζ )d2ζ ×

∫
�22(�ζ )d2ζ

)1/2]
.

(E4)

The energy difference between the miscible and immisci-
ble state is

�E = I1I2

Vtot

[ ∫
1

2
[�12(�ζ ) + �21(�ζ )]d2ζ

−
( ∫

�11(�ζ )d2ζ ×
∫

�22(�ζ )d2ζ

)1/2]
. (E5)

Therefore, �E = 0 defines the critical value (boundary) for
the transition from miscible to immiscible systems.
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