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Generation of maximal three-state field-free molecular orientation with terahertz pulses
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We present a combined analytical and numerical investigation to show how an optimal control field can be
designed to generate maximum field-free orientation of molecules for three populated rotational states. Based on
a model involving pure rotational ladder-climbing excitation between rotational states, a set of optimal amplitude
and phase conditions are analytically derived for the applied control fields. The maximum degree of orientation
can be achieved when the field satisfies amplitude and phase conditions at the two transition frequencies. Multiple
optimal solutions exist, and to examine these conditions, we devise a quantum coherent control scheme using
two terahertz pulses and successfully apply it to the linear polar molecule HCN at ultracold temperature. The
sensitivity of both populations and phases of rotational states to control field parameters, i.e., the detuning,
bandwidth, and time delay, is analyzed so as to understand the optimal orientation mechanism. This work thus
examines the frequency-domain landscape belonging to optimal pulses.
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I. INTRODUCTION

Controlling molecular rotations associated with molecu-
lar alignment and orientation is an active research area of
experimental and theoretical molecular science [1–5], be-
cause of its fundamental importance in physics and chemistry.
An oriented molecular sample has an asymmetric angular
distribution upon reflection, while this distribution for the
aligned molecule is symmetric but not isotropic. As a result,
achieving molecular orientation since it requires the break-
down of inversion symmetry is more challenging than the
well-established alignment in both the adiabatic and nona-
diabatic regimes, where the adiabatic limit implies that the
duration of the applied laser pulses is much longer than the
characteristic timescale of the free rotation of the molecule.
Over the years, extensive efforts in theory and experiment
have been put into generating a postpulse orientation—
known as the field-free orientation of molecules [6–12].
It has potential applications ranging from molecular-
phase modulators, ultrafast x-ray diffraction, and ultrashort
pulse compression to chemical reactivity, nanoscale design,
high-order-harmonic generation, and molecular rotational
echoes [13–20].

The physical mechanism for generating the field-free ori-
entation is to create a rotational wave packet, which consists
of a superposition of rotational states with even and odd
angular momentum quantum numbers. Experimentally, all-
optical techniques in generating such a field-free orientation
have matured thanks to the nonresonant light interactions
with molecular polarizability and hyperpolarizability [6–10].

*cc.shu@csu.edu.cn, he/him/his

As compared with the all-optical techniques, the progress
in the realization of the field-free orientation of molecules
exclusively using resonant terahertz pulses was relatively
slow [21,22] since it was proposed 20 years ago [23–25]. The
technical difficulty was previously attributed to using a highly
asymmetric half-cycle terahertz pulse, which impulsively
transfers angular momentum to the molecule due to a nonzero
(time-integrated) area of the short central part [26–31]. Fur-
ther theoretical investigations have shown that molecules can
be oriented through resonant excitation using symmetric ter-
ahertz pulses with a zero-time-integrated area. In addition,
applying an intense nonresonant ultrashort pulse to align
the molecule prior to the resonant terahertz excitation, com-
prehensive theoretical research has recently resulted in the
experimental demonstration of enhanced field-free orienta-
tion in the sudden-impact limit [32–35]. However, it remains
challenging to obtain a robust field-free orientation without
the additional use of an intense nonresonant pulse or a static
electric field.

Despite the slow progress in experiments, several theo-
retical proposals have been directed toward the realization
of molecular field-free orientation by exclusively using zero-
area terahertz pulses [36–40]. Furthermore, recent theoretical
work has shown that a single half-cycle–zero-area terahertz
pulse can result in steady molecular orientation a long time
after the pulse is turned off [41]. We recently examined
a three-state molecular orientation model with an exper-
imentally available single-cycle terahertz pulse [42]. We
found that the theoretical maximum degree of orientation
for three populated rotational states can be obtained in the
intermediate nonadiabatic limit. The corresponding rotational
excitation processes consist of rotational ladder climbing and
simultaneous multiphoton absorption. It is a fundamentally
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interesting question whether the pure rotational ladder-
climbing excitation can independently generate the maximum
orientation while suppressing simultaneous multiphoton ab-
sorption processes.

In this paper, we perform a further investigation of the
three-state model. Based on an analytical wave function for a
three-state system that was used in our previous work [42], we
derive amplitude and phase conditions for the control fields,
which are required for generating the theoretical maximum
degree of orientation for three populated rotational states. We
then explain how to use these amplitude and phase conditions
and devise a quantum coherent control scheme to exam-
ine our theoretical analysis using two terahertz pulses. The
proposed coherent control schemes are applied to the linear
polar molecule HCN with four representative simulations.
We find that the pure rotational ladder-climbing excitation
can induce the maximum degree of orientation as long as
the pulses satisfy amplitude and phase conditions at the two
transition frequencies. This work provides deep insight into
optimal molecular rotations by involving the rotational ladder-
climbing excitation mechanism. It also offers an essential
reference for designing an experimental scheme toward real-
izing optimal field-free orientation within a finite rotational
Hilbert subspace.

The remainder of this paper is organized as follows. In
Sec. II, we describe the theoretical methods for analyzing the
three-state-orientation model. We present the results of the
numerical simulations and discussion in Sec. III. Finally, we
conclude with a brief summary in Sec. IV.

II. THEORETICAL METHODS

We consider a general model for producing three populated
rotational states by using linearly polarized terahertz pulses
E(t ), which turn on at t0 and off at t f with E(t0) = E(t f ) =
0. For the molecule in its electronic and vibrational ground
state, the molecular Hamiltonian can be given by Ĥ (t ) =
Ĥ0 + V̂ (t ), where Ĥ0 = BĴ2 is the field-free Hamiltonian for
a linear molecule with the angular momentum operator Ĵ
and rotational constant B and V̂ (t ) denotes the interaction
Hamiltonian. Within the dipole approximation, the interaction
Hamiltonian can be given by V̂ (t ) = −μE(t ) cos θ , where θ

is the angle between the rotor axis and the pulse polarization.
Note that we consider the electric-field strengths of E(t ) in a
relatively weak regime. The contribution of the molecular po-
larizability and hyperpolarizability to the rotational excitation
can be ignored.

The time evolution of the system in the interaction picture
from the initial time t0 to a given time t can be described by a
unitary operator Û (t, t0), which has a solution (h̄ = 1)

Û (t, t0) = I − i
∫ t

t0

dt ′ĤI (t ′)Û (t ′, t0), (1)

where ĤI (t ) = exp(iĤ0t )[−μ̂E(t )] exp(−iĤ0t ) and the matrix
elements of the dipole operator μ̂ read μJJ ′ = μ〈J ′M|
cos θ |JM〉 with 〈J + 1M| cos θ |JM〉 =

√
(J + 1)2 − M2

/
√

(2J + 1)(2J + 3). The time-dependent three-state wave

packet after the laser pulse excitation is given by

|ψJ0M (t )〉 =
2∑

J ′=0

cJ ′ (t f )e−iEJ′Mt |J ′M〉, (2)

where the rotational eigenstates |J ′〉 satisfy Ĥ0|J ′〉 = EJ ′ |J ′〉
with eigenenergies EJ ′ = BJ ′(J ′ + 1) and cJ ′ are the expan-
sion coefficients of |J ′〉, which can be obtained by cJ ′ (t ) =
〈J ′M|Û (t, t0)|J0M〉 with the initial state |J0M〉. The degree
of orientation after the rotational excitation with the selection
rule �J = ±1 can be written as

〈cos θ〉(t ) = 2M1,0|c1(t )||c0(t )| cos(ω01t − φ01)

+ 2M2,1|c2(t )||c1(t )| cos(ω12t − φ12), (3)

where MJ ′,J = 〈J ′M| cos θ |JM〉, the transition frequencies
are defined by ω01 = (E1 − E0) = 2B and ω12 = (E2 − E1) =
2ω01 = 4B, and the relative phases are φ01 = arg[c1(t )] −
arg[c0(t )] and φ12 = arg[c2(t )] − arg[c1(t )]. This shows that
full revivals in the field-free orientation occur at a time inter-
val τ = π/B when φ12 = 2φ01 + kπ (k = 0,±1,±2, . . .) by
generating the coherent superposition of rotational states.

A. The maximum degree of orientation for a three-state model

Based on the method of Lagrange multipliers, the maxi-
mum degree of orientation with the three-state subspace can
be estimated by [43,44]

L(|c0|, |c1|, |c2|, λ) = f − λg, (4)

where f = 2M1,0|c1c0| + 2M2,1|c2c1| corresponds to the
amplitude of the orientation at the full revivals by consid-
ering the relative phases in Eq. (3) to satisfy a relation
of φ12 = 2φ01 + kπ (k = 0,±1,±2, . . .) and g = |c0|2 +
|c1|2 + |c2|2 − 1 = 0 is a constraint. The extremum of f sub-
ject to g can be obtained by satisfying

�
L = 0; then we have

M1,0|c1| − λ|c0| = 0,

M2,1|c2| +M1,0|c0| − λ|c1| = 0,

M2,1|c1| − λ|c2| = 0. (5)

By multiplying each equation in (5) by |c0|, |c1|, and |c2|,
respectively, we have

f − λ(|c0|2 + |c1|2 + |c2|2) = f − λ = 0. (6)

The maximum degree of orientation f corresponds to the
maximum value of λ governed by Eq. (5). By multiplying the
first, second, and third equations in (5) by |c0|, −|c1|, and |c2|,
respectively, we can obtain the relation |c0|2 + |c2|2 = |c1|2
when the maximum degree of orientation f is reached. For
the molecules initially in the ground rotational state with J =
0 and M = 0, we can calculate the matrix elements M1,0 =√

1/3 andM2,1 = √
4/15. As a result, the maximum degree

of orientation can be obtained by

λ = M2,1|c2| +M1,0|c0|
|c1| , (7)

which reaches its maximum, 0.7746, with |c0| = √
10/6,

|c1| = √
2/2, and |c2| = √

2/3. Figure 1 illustrates the prin-
ciple of field-free time-dependent orientation. By generating
a coherent superposition of three populated rotational states

013108-2



GENERATION OF MAXIMAL THREE-STATE FIELD-FREE … PHYSICAL REVIEW A 104, 013108 (2021)

FIG. 1. The principle of generating maximal three-state field-
free molecular orientation. A coherent superposition of three
populated rotational states with p0 = |c0|2 = 0.278, p1 = |c1|2 =
0.5, and p2 = |c2|2 = 0.222 is created at t = 0, leading to full re-
vivals with the maximum of 0.7746 at a time interval τ .

with p0 = |c0|2 = 0.278, p1 = |c1|2 = 0.5, and p2 = |c2|2 =
0.222 at t = 0 while satisfying the phase relation between
states, the maximum degree of orientation with the value of
0.7746 can be generated as defined in Eq. (3), showing full
revivals of the field-free orientation at a time interval τ .

B. An analytical solution for the rotational wave packet

We now recall the theoretical analysis used in our previous
work [42] to show the dependence of cJ ′ (t ) on the control
field E(t ). We write the Hamiltonian in the interaction picture
without using the rotating wave approximation [45–47]

ĤI (t ) = −
⎛
⎝ 0 μ10E(t )e−iω01t 0

μ10E(t )eiω01t 0 μ21E(t )e−iω12t

0 μ21E(t )eiω12t 0

⎞
⎠.

(8)

We expand the unitary operator Û (t, t0) by using the Magnus
expansion [48]

Û (t, t0) = exp

[ ∞∑
n=1

Ŝ(n)(t )

]
, (9)

where the first leading term is given by

Ŝ(1)(t ) = −i
∫ t

t0

dt1ĤI (t1). (10)

The corresponding time-dependent wave function |ψ (1)(t )〉 ≡∑2
J ′=0 c(1)

J ′ |J ′0〉 = Û (1)(t, t0)|00〉 starting from the ground ro-
tational state |00〉 can be given by [42]

|ψ (1)(t )〉 = [|θ2(t )|2 + |θ1(t )|2 cos θ12(t )]

θ2
12(t )

|00
〉

+ iθ1(t ) sin θ12(t )

θ12(t )
|10〉

+ θ1(t )θ2(t )

θ2
12(t )

[cos θ12(t ) − 1]|20〉, (11)

where θ12(t ) =
√

|θ1(t )|2 + |θ2(t )|2 with

θ1(t ) = μ10

∫ t

t0

dt ′E(t ′)eiω01t ′
(12)

and

θ2(t ) = μ21

∫ t

t0

dt ′E(t ′)eiω12t ′
. (13)

Thus θi(t ) is the transition dipole moment times the Fourier
transform of the electric field at the transition frequency. A ro-
tational ladder-climbing mechanism is involved in generating
the superposition of rotational states in Eq. (11) [49]. That is,
the molecule is excited resonantly by a one-photon transition
from |00〉 to |10〉 followed by a one-photon transition from
|10〉 to |20〉.

C. The amplitude and phase conditions

Based on the above analysis, the maximum degree of ori-
entation in Eq. (7) requires that θ1(t f ) and θ2(t f ) satisfy the
following relations:

∣∣c(1)
0 (t f )

∣∣ ≡
∣∣∣∣ |θ2(t f )|2 + |θ1(t f )|2 cos θ12(t f )

θ2
12(t f )

∣∣∣∣ =
√

10

6
,

∣∣c(1)
1 (t f )

∣∣ ≡
∣∣∣∣ iθ1(t f ) sin θ12(t f )

θ12(t f )

∣∣∣∣ =
√

2

2
,

∣∣c(1)
2 (t f )

∣∣ ≡
∣∣∣∣θ1(t f )θ2(t f )

θ2
12(t f )

[cos θ12(t f ) − 1]

∣∣∣∣ =
√

2

3
. (14)

From Eq. (14), we can derive

4∑

=0

a


[
|θ2(t f )|
|θ1(t f )|

]


= 0, (15)

with the coefficients a0 = 2/9, a1 = a3 = −2
√

2/3, a2 =
17/18, and a4 = 13/18.

By setting s = |θ2(t f )|/|θ1(t f )|, there exist two real solu-
tions to Eq. (15) with s1 = 0.9967 and s2 = 0.3087. To that
end, we obtain two conditions for generating the maximum
orientation, i.e.,

|θ1(t f )| =
∣∣ arccos

(
1 −

√
2

3s1
−

√
2s1
3

) + 2 jπ
∣∣√

1 + s2
1

,

|θ2(t f )| = s1|θ1(t f )|, (16)

and

|θ1(t f )| =
∣∣ arccos

(
1 −

√
2

3s2
−

√
2s2
3

) + 2 jπ
∣∣√

1 + s2
2

,

|θ2t f | = s2|θ1(t f )|, (17)

where j = 0,±1,±2, . . .. To make the relative phases
in Eq. (3) meet the relation φ12 = 2φ01 + kπ (k =
0,±1,±2, . . . ), θ1(t f ) and θ2(t f ) in Eq. (11) are required to
satisfy the phase condition

2 arg[θ1(t f )] − arg[θ2(t f )] =
(

k ± 1

2

)
π. (18)
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Note that the theoretical maximum value for the degree of
orientation is independent of the excitation scheme. The above
amplitude and phase conditions only work to generate the
rotational wave packet subject to the first-order Magnus de-
scription in Eq. (11). As can be seen from Eqs. (16) and (17),
there exist multiple optimal combinations of the amplitude
and phase of the control fields, capable of generating the
maximal three-state field-free molecular orientation. There is
no need for any prior knowledge in choosing one or the other
of the analytical conditions, as both of them lead to the same
populations of three rotational states. The physical picture
behind the two solutions can be analyzed with Eq. (14). The
large value of θ1(t f ) with the second condition corresponds
to a strong Rabi coupling between states J = 0 and 1, indi-
cating that Rabi oscillations occur while resulting in the same
population distributions among states after the pulse turns off.

D. A coherent control scheme with the use of two
terahertz pulses

To use the above amplitude and phase conditions, we
design a quantum coherent control scheme by using two ter-
ahertz pulses. From the frequency-domain point of view, the
complex values of θ1(t f ) and θ2(t f ) are related to the Fourier
transform of the control field E(t ),

E (ω) ≡ A(ω)eiφ(ω) =
∫ t f

t0

dt ′E(t ′)e−iωt ′
, (19)

where A(ω) and φ(ω) denote the spectral amplitude and spec-
tral phase of the field, respectively. By comparing Eq. (19)
with Eqs. (12) and (13), we can obtain the two relations

θ∗
1 (t f ) = μ10A(ω01)eiφ(ω01 ) (20)

and

θ∗
2 (t f ) = μ21A(ω12)eiφ(ω12 ). (21)

Thus the amplitude and phase conditions can be satisfied by
optimizing the values of A(ω01), A(ω12), φ(ω01), and φ(ω12),
and all pulses that satisfy Eqs. (16)–(18) will give the maxi-
mum degree of orientation within the three-state model.

To be specific, we use two Gaussian terahertz pulses to
design the complex spectral field by

E (ω) =
∑
i=1,2

Aie
− (ω−ωi )2

2�ω2
i eiφi (ω)e−iωτi , (22)

where Ai, ωi, �ωi, φi, and τi denote the amplitude, funda-
mental frequency, bandwidth, spectral phase, and center time
of the ith pulse, respectively. By setting the values of ω1

and ω2 to the transition frequencies ω01 and ω12, the optimal
amplitudes of θ1(t f ) and θ2(t f ) can be obtained by scaling the
amplitudes A1 and A2, and the phase conditions can be satis-
fied by modulating the combined values of φ1(ω01) − ω01τ1

and φ2(ω12) − ω12τ2. Note that the maximum orientation is
only obtained when the two pulses do not overlap in frequency
space, and therefore two narrow-bandwidth terahertz pulses
consisting of multiple cycles will be required to satisfy the
criteria of Eqs. (16) and (17). This implies that the present
two-pulse scheme is different from our previous work [42]
using a single-cycle terahertz pulse, for which the rotational

FIG. 2. Schematic of rotational excitation of a linear polar
molecule within a three-state model by using two terahertz pulses.
The first pulse E1(t ) is centered at t = 0 with a fundamental fre-
quency ω0, and the second pulse has a time delay τ0 and a center
frequency of 2ω0. A1(ω) and A2(ω) correspond to the spectral ampli-
tudes of the pulses. θ denotes the angle between the rotor axis and
the polarization of the pulsed fields. The three-state model consists
of states with rotational quantum numbers of J = 0, 1, and 2. ω01 and
ω12 are the transition frequencies between states.

excitation involves optical processes governed by high-order
Magnus terms, going beyond the present rotational ladder-
climbing mechanism.

III. RESULTS AND DISCUSSION

We now perform simulations to examine the above model
by using two terahertz pulses, as illustrated in Fig. 2, which
are applied to the linear polar molecule HCN. The pulses
used are composed of the fundamental frequency ω1 = ω0

and the second-harmonic frequency ω2 = 2ω0. We consider
two pulses with the same bandwidth �ω1 = �ω2 = �ω.
The optimal amplitudes of A1 and A2 are chosen with A1 =
|θ1(t f )|/μ10 and A2 = |θ2(t f )|/μ21. We fix the center time of
the first pulse at τ1 = 0 and set the second one at τ2 = τ0. Thus
the time-dependent electric field E(t ) can be given by

E(t ) = 1

π
Re

{∫ ∞

0
dω

[ |θ1(t f )|
μ10

e− (ω−ω0 )2

2�ω2 eiφ1

+ |θ2(t f )|
μ21

e− (ω−2ω0 )2

2�ω2 eiφ2 e−iωτ0

]
eiωt

}
. (23)

Based on the above analysis, we find that the spectral am-
plitude and phase at the two transition frequencies is all
that matters. The frequency-domain shaping analysis from
Eq. (19) to Eq. (23) helps us understand how to design the
control fields to satisfy the amplitude and phase conditions.
To that end, we can give the time-dependent control field in
Eq. (23) by

E(t ) =
√

2

π

1

τ

{ |θ1(t f )|
μ10

e− t2

2τ2 cos (ω0t + φ1)

+ |θ2(t f )|
μ21

e− (t−τ0 )2

2τ2 cos [2ω0(t − τ0) + φ2]

}
, (24)

where the pulse duration is defined by τ = 1/�ω. Thus the
control scheme shown in Fig. 2 corresponds to the com-
monly used pump-pump control in experiments involving two
time-delayed pulses composed of the fundamental frequency
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FIG. 3. Numerical simulations with two zero-delayed pulses using the condition in Eq. (16). The maximum orientation values |〈cos θ〉|max

are shown vs the bandwidth and the detuning of the pulses. The left panels [(a)–(c)] correspond to the exact simulations using the time-
dependent unitary operator defined by Eq. (1). The right panels [(d)–(f)] correspond to the analytical simulations using Eq. (11). 1/τ ′ = 2ω01/π

used as the unit corresponds to the bandwidth of a single-cycle pulse, i.e., the shortest possible pulse of a given wavelength.

and the second-harmonic frequency. The amplitude and phase
conditions in Eqs. (16)–(18) can be fulfilled by controlling
the values of the amplitude and center frequency of the pulses
while fixing the phase. That is, the center frequency, strength,
and absolute phase of the laser fields can be used as the control
parameters to generate the maximum degree of orientation.

A. Simulations with two zero-delayed pulses

We first examine the case of the time delay τ0 = 0, i.e.,
the two pulses act on the molecule simultaneously. The first
amplitude condition [Eq. (16)] is used by considering j = 0,
i.e., |θ1(t f )| = 0.3412π and |θ2(t f )| = 0.3401π . The phases
are fixed at φ1 = φ2 = −π/2 by Eq. (18). Figure 3 shows the
dependence of the maximal orientation on the bandwidth �ω

and the detuning � = ω0 − ω01, in which the exactly calcu-
lated results using Eq. (1) are compared with the analytical
results by using the first-order Magnus approximation. Both
simulations show the maximum value of the orientation and
its dependence on the parameters, and the exact result and
the analytical result match better and better as the bandwidth
becomes narrower. To further show this change, Figs. 3(b)
and 3(e) show the maximum degree of orientation versus the
bandwidth by fixing � = 0, and Figs. 3(c) and 3(f) exhibit
its dependence on detuning by fixing the bandwidth at �ω =
0.02/τ ′ with τ ′ = π/2ω01. In the broad-bandwidth regime,
the maximum orientation value is smaller than the theoreti-
cal maximum 0.7746, and there are some slight differences
between the exact and analytical results. The former can be
attributed to the overlap between the frequency distributions
of the two pulses. That is, the fundamental-frequency pulse
with a broad bandwidth also results in transitions between
the states |10〉 and |20〉, and the second-harmonic one for the
same reason also induces transitions between the states |00〉
and |10〉. The latter is caused by optical transitions beyond
the rotational ladder climbing, as discussed in our previous
work [42]. The simultaneous two-photon transitions from |00〉
to |20〉 play a role.

To gain insight into the underlying excitation mechanism,
Fig. 4 shows the final populations and phases versus the band-
width by setting the detuning � = 0, which corresponds to
the orientation in Figs. 3(b) and 3(e). The populations and
phases of the rotational states are strongly dependent on the

FIG. 4. The final (a)–(c) populations and (d)–(f) phases of the
three rotational states |00〉, |10〉, and |20〉 vs the bandwidths of the
pulses at a detuning � = 0. The exact (dash-dotted lines) populations
and phases, i.e., |cJ ′ (t f )|2 and arg[cJ ′ (t f )], are compared with the
analytical (solid lines) ones, i.e., |c(1)

J ′ (t f )|2 and arg[c(1)
J ′ (t f )].
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FIG. 5. (a)–(f) The same simulations as in Fig. 3, but for the second condition [Eq. (17)].

pulse bandwidths and gradually converge to the maximum
theoretical values by decreasing the pulse bandwidths, leading
to the theoretical maximum degree of orientation. We can see
that there are visible differences between the exact results
and analytical results by using the first-order approximation,
indicating that the optical transitions via the higher-order
terms in the Magnus expansion occur in the broad-bandwidth
regime. However, when the laser pulses turn into the narrow-
bandwidth regime, the exact results are in good agreement
with the analytical model, indicating that the optical processes
via high-order Magnus terms are suppressed. As a result, the
optical transitions via the rotational ladder climbing described
by Eq. (11) determine the orientation dynamics in the narrow-
bandwidth regime.

Figures 5 and 6 show the same simulations as in Fig. 3
and 4, now for the second optimal condition [Eq. (17)] with
j = 0, i.e., |θ1(t f )| = 0.7021π and |θ2(t f )| = 0.2167π . The
results in Figs. 5 and 6 show similar behaviors to those
in Figs. 3 and 4, but there is a visible difference between
the exact simulations and the first-order analytical ones. The
maximum orientation for both simulations is highly sensitive
to both detuning and bandwidth. We first examine the case
of � = 0, for which the exact results can reach the theo-
retical maximum degree of orientation, which is the same
as the analytical one in the narrow-bandwidth regime; see
details in Figs. 5(b) and 5(e) and in Fig. 6. By comparing
the phases of the second condition in Figs. 6(d)–6(f) with
the first one in Figs. 4(d)–4(f), it is interesting to see that
the phase of the ground rotational state flips by π after the
pulse radiations. This phenomenon can be explained by using
Eq. (11) with θ1(t f ) = 0.7021π and θ2(t f ) = 0.2167π , which
does lead to a phase flip for the ground state |00〉, showing
an essential difference from that satisfying the first amplitude
condition. In the broad-bandwidth regime, the differences
in both populations and phases become obvious because of
the pulse overlap in the frequency domain and the optical
transitions via high-order terms in the Magnus expansion,
which reduce the orientation values below the theoretical
maximum.

As shown in Fig. 5, the analytically calculated value of
the orientation shows strong oscillations as a function of de-

tuning even in the narrow-bandwidth regime. However, this
phenomenon is not clearly visible in the exact simulations.
Figure 7 shows the population and phase dependence on the
detuning at �ω = 0.02/τ ′, corresponding to the orientations
in Figs. 5(c) and 5(f). We can see that the exactly calculated
population-against-detuning changes for the state |20〉 follow
those of the analytical one well. The visible difference in
phases implies that the optical transition processes via high-
order Magnus terms play a role even in the narrow-bandwidth
region, as shown in Fig. 7(f). For the state |10〉, the analyt-
ically calculated population shows strong Rabi oscillations

FIG. 6. (a)–(f) The same simulations as in Fig. 4, but for the
second condition [Eq. (17)].
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FIG. 7. The dependence of (a)–(c) populations and (d)–(f) phases
on the detuning for the control field with a narrow bandwidth of
�ω = 0.02/τ ′. The dashed lines show the exactly calculated pop-
ulations and phases, i.e., |cJ ′ (t f )|2 and arg[cJ ′ (t f )], and the solid lines
correspond to analytical ones, |c(1)

J ′ (t f )|2 and arg[c(1)
J ′ (t f )]. Note that

the phases for larger detunings where the populations of the states
|10〉 and |20〉 are nearly zero are meaningless and therefore are set to
zero in our simulations.

concerning the detuning, which is caused by a larger Rabi
coupling between the states |00〉 and |10〉 in the second case
with θ1(t f ) = 0.7021π than that in the first case with θ1(t f ) =

0.3412π . The analytically calculated phases as expected from
Eq. (11) in Figs. 7(d)–7(f) are unchanged for small changes
in detuning. The corresponding optical transition processes
via higher-order Magnus terms strongly affect the phases of
rotational states. As a result, the oscillations of the analytically
calculated orientations observed in Fig. 5(f) are suppressed by
optical processes beyond the first-order Magnus description.
For the excitation with extremely small detuning, i.e., � ≈ 0,
the exactly calculated results nicely fit the analytical predic-
tions by satisfying the amplitude and phase conditions of the
control fields.

B. Simulations with two time-delayed pulses

We further examine the scheme by considering two time-
delayed terahertz pulses. To satisfy both amplitude and phase
conditions, we perform the following simulations using two
pulses with a narrow bandwidth of �ω = 0.02/τ ′ with τ ′ =
π/2ω01. We apply the first condition [Eq. (16)] to the sim-
ulations and fix the phases φ1 = φ2 = 0. Figure 8 shows the
maximum value of the orientation versus the delay time τ0 and
detuning � of the pulses. We can see that the maximum orien-
tation values are highly sensitive to the two laser parameters.
At the excitation condition of � = 0, the orientation values
can reach the theoretical maximum at τ0 = 0.5τ ′ and 1.5τ ′,
where the phases φ1, φ2, and ω12τ0 satisfy the phase condition
in Eq. (18), and the exactly calculated results are in good
agreement with the analytical ones. To see how the delay time
affects the orientation values, Fig. 9 shows the populations
and phases of the three rotational states versus the time delay
after the pulses are turned off. We can see that the populations
stay unchanged as the time delay varies, and the phase of the
state |20〉 changes as expected from Eqs. (11) and (23). Note
that the exactly calculated results in Figs. 8(a)–8(c) follow the
analytical ones in Figs. 8(d)–8(f) very well, only with slight
differences concerning detuning.

Figures 10 and 11 display the same simulations as Figs. 8
and 9 by satisfying the second condition [Eq. (17)]. In both

FIG. 8. Numerical simulations with two time-delayed pulses for the first condition [Eq. (16)] with a narrow bandwidth �ω = 0.02/τ ′. The
maximum orientation values |〈cos θ〉|max are shown vs the time delay and the detuning of the pulses. The left panels [(a)–(c)] correspond to
the exact simulations using the time-dependent unitary operator in Eq. (1). The right panels [(d)–(f)] correspond to the analytical simulations
using Eq. (11).
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FIG. 9. The dependence of exactly calculated (a) populations and
(b) phases, i.e., |cJ ′ (t f )|2 and arg[cJ ′ (t f )], on the time delay τ0 for
� = 0, corresponding to the orientation in Fig. 8(b).

simulations, the maximum values of orientation exhibit strong
dependences on the laser parameters, i.e., detuning and time
delay. For the resonant excitation with � = 0, the exactly
calculated orientation in Fig. 10(b) is consistent with the ana-
lytical result in Fig. 10(e). The corresponding populations and
phases in Fig. 11 show the same behaviors as those in Fig. 9,
i.e., changing the delay time leads to a phase change of the
state |20〉. When we look at the orientation and its dependence
on the detuning for a given time delay, the exact results are
different from the analytical ones. The latter show clear os-
cillations concerning the detuning in Fig. 10(f), whereas this
phenomenon is strongly suppressed in Fig. 10(c). As analyzed
for the second case of the zero delay in Fig. 7, the underlying
physics can be attributed to the strong laser coupling between
the states |00〉 and |20〉, where the high-order Magnus terms
play roles for both populations and phases. As a result, the
second amplitude and phase conditions of Eqs. (17) and (18)
can only be used for extremely small detuning.

Note that in the above simulations, two kinds of conditions
in Eqs. (16)–(18) are examined for the case of j = 0, i.e.,
θ1(t f ) and θ2(t f ), within the range of [0, π ]. In principle,
the theoretical conditions of Eqs. (16)–(18) can be analyzed
for the case of j > 0, for which the Rabi couplings between
states [i.e., the off-diagonal elements in Eq. (8)] become
stronger than those for j = 0. As a result, the effect of optical
excitations by high-order Magnus terms on the orientation
may become more pronounced. Therefore the requirements

FIG. 11. (a) and (b) The same simulations as in Fig. 9, but for the
second condition [Eq. (17)].

that lead to the maximum degree of orientation are strictly
limited for using the two conditions. To that end, the exper-
imental realization would be more accessible when j = 0 in
Eqs. (16)–(18).

IV. CONCLUSION

We performed a combined analytical and numerical anal-
ysis to find optimal control fields for achieving the maximum
field-free molecular orientation within a three-state model.
Using the first-order Magnus expansion to the time-dependent
unitary operator, we obtained an analytical solution for a
three-state time-dependent wave function. We then derived
amplitude and phase conditions, i.e., Eqs. (16)–(18), for the
control fields, resulting in the theoretical maximum orienta-
tion value with an optimal combination of populations and
phases for the three rotational states. Based on the ampli-
tude and phase conditions, we suggested a quantum coherent
control scheme and successfully applied it to the linear polar
molecules HCN with four different simulations. Multiple opti-
mal solutions exist, and we investigated the frequency-domain
landscape of the optimal terahertz pulses. As a result, we
showed how pure rotational ladder-climbing excitation could
generate the maximal three-state molecular orientation by
suppressing simultaneous multiphoton excitation processes.
This work provides an essential reference to quantum control
of the populations and phases of rotational states, leading to
the maximum degree of orientation within a three-state model.

FIG. 10. (a)–(f) The same simulations as in Fig. 8, but for the second condition [Eq. (17)].
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For practical applications, a compromise between maximal
orientation efficiency and associated duration may be rele-
vant. The present analytical model consisting of the lowest
rotational states in a lower-dimensional subspace is beneficial
for obtaining a long duration of the orientation. As shown
in Fig. 1, the relative duration of orientation over which
it remains above a given threshold of 0.5 is about 0.184τ .
By extending the model to a higher-dimensional subspace,
additional rotational levels could significantly improve the
maximal orientation. As explained in Ref. [44], the upper limit
values of 〈cos θ〉 for Jmax = 3, 4, and 5 are 0.861, 0.906, and
0.932, respectively. This opens a fundamental interesting and
challenging question of whether an analytical model could be
derived to include more rotational states.

In addition, the efficiency of orientation is subject to a dras-
tic decrease with temperature, which is characterized by an
additional average over all possible rotational states weighted

by the Boltzmann distribution [24,29,50]. Our analysis that
was based on the initial rotational state |00〉 can be extended to
molecules initially in other rotational states. Then, the analyt-
ical model is able to take into account the thermal average. As
an example, we can calculate that the maximum degree of ori-
entation for molecules initially in a pure rotational state |10〉
and |1 ± 1〉 is 0.7746 and 0.4472, respectively. By consider-
ing the thermal average at a low temperature T = 2 K, the
maximum degree of orientation for the mixed-state molecules
within the three-state model is decreased to 0.7507. It remains
a long-standing challenge to obtain high efficiency of orienta-
tion for the molecules beyond ultracold temperature.
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