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Heralded quantum gates for hybrid systems via waveguide-mediated photon scattering
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Universal quantum gates play a critical role in quantum information processing. Here, based on the scattering
property of photons off single emitters in one-dimensional waveguides, we present some heralded protocols
for realizing controlled-NOT, Toffoli, and Fredkin gates on hybrid systems. The control qubit of our gates is
encoded on a flying photon, and the target qubits are encoded in the degenerate ground states of the emitter. In
our schemes, the faulty scattering processes between emitters and photons caused by system imperfections can
be transformed into the detection of photon polarization. That is, our three quantum gates are accomplished in
a heralded way. Moreover, the quantum circuits for the three gates are versatile and compact, and no additional
qubits are required. With current technique on manipulating the emitter-waveguide system, our protocols may
be experimentally feasible. This work provides an effective avenue for implementing quantum logic gates.
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I. INTRODUCTION

Quantum logic gates are the building blocks of quantum
circuits, which are essential for quantum computation and
quantum information processing [1]. It has been shown that
any unitary operation can be realized by using only single
qubit gates and the controlled-not (CNOT) gate [2,3]. The
CNOT gate is the most important two qubit gate and has
attracted much attention in the past decades [4-13]. Even
though CNOT gates together with single qubit operations
are sufficient for universal quantum computation, the per-
formance of quantum circuits can be improved by using
three-qubit quantum gates including Toffoli and Fredkin gates
[14]. Moreover, universal quantum gates are also vital ele-
ments in the implementation of quantum algorithms, such as
the best-known Shor algorithm [15] and Grover/Long algo-
rithm [16,17], phase estimation algorithm [18], and so on.

In the past decades, many approaches for quantum logic
gates have been presented in various physical systems, such
as quantum dots [19-24], superconducting qubits [25-30], nu-
clear magnetic resonance [31-34], diamond nitrogen-vacancy
center [35-38], and so on. In 2010, based on the interface
between a photon and an electron confined in a quantum
dot embedded in a microcavity, Bonato ef al. constructed a
spin-photon CNOT gate [39]. Later, Fedorov er al. realized
a Toffoli gate with three superconducting transmon qubits
dispersively coupled to a microwave resonator [40]. By ex-
ploiting path-mode entanglement to add control to the SWAP

*Corresponding author: songguozhu@tjnu.edu.cn

2469-9926/2021/104(1)/012608(12)

012608-1

operation, Patel er al. utilized linear optics to implement a
demonstration of the Fredkin gate [41]. Recently, Liu and Wei
presented two compact protocols for realizing a three-qubit
deterministic Fredkin gate and a non-deterministic Fredkin
gate in a multilevel system [42].

Different from the above important schemes for quan-
tum gates, we here focus on the realization of robust-fidelity
photon-emitter hybrid gates in one-dimensional (1D) waveg-
uides. The waveguide platforms include various nanophotonic
structures such as optical nanofibers [43-50], plasmonic
nanowires [51,52], photonic crystal waveguides [53-56],
diamond-based waveguides [57-59], or superconducting
transmission lines [60—64]. Especially, a two-level quantum
emitter with ground state |g) and excited state |e) coupled to
electromagnetic modes of a 1D waveguide has been studied
[65,66]. Ideally, due to quantum interference, a photon with
frequency resonant to the two-level emitter can be perfectly
reflected, i.e., the quantum emitter can behave as a photon
mirror. Besides, an A-type three-level emitter is also consid-
ered [52], where the states |g) and |e) remain coupled via
waveguide modes and the extra metastable level is decou-
pled from waveguide modes. It is found that a single-photon
transistor can be created by combining the state-dependent
conditional reflection and single-photon storage. Moreover,
Li et al. studied the scattering property a four-level emitter
with degenerate ground and excited states coupled to a 1D
waveguide and constructed a robust-fidelity atom-photon en-
tangling gate [67]. In their scheme, the physical errors arising
from imperfections of the atom-waveguide system can be her-
alded by detecting the polarization state of the output photon.
Recently, great progress has been made in waveguide-QED
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platforms, which paves the way to its applications in quantum
information processing and quantum network [68—82].

In this paper, by utilizing the scattering principle of pho-
tons off single emitters in the 1D waveguide, we propose some
heralded schemes for realizing CNOT, Toffoli, and Fredkin
gates on photon-emitter hybrid systems. The control qubit
of the gates in our proposal is encoded on a flying photon,
i.e., the two polarization states of a single photon, and the
target qubits are encoded in the degenerate ground states of the
emitter coupled to 1D waveguides. In our schemes, the imper-
fect scattering processes between emitters and photons in 1D
waveguides, caused by frequency detunings, weak couplings,
and finite bandwidths of the incident photonic pulses, can
be transformed into the detection of photon polarization. In
other words, the faulty events in our protocols can be alarmed
by the single-photon detector, i.e., our three quantum gates
are accomplished in a heralded way. Moreover, the proto-
cols for the three quantum gates are compact and versatile,
and any auxiliary qubits are not needed. With remarkable
advances to interface quantum emitters with nanophotonic
waveguide [83-85], these unique features make our schemes
highly advantageous to realize feasible quantum information
processing.

The paper is organized as follows: In Sec. II, the trans-
port property of a photon scattering with a two-level emitter
coupled to a 1D waveguide is introduced. In Sec. III, we
present a heralded scheme for implementing a CNOT gate
on a two-qubit hybrid system. Subsequently, the quantum
circuits for constructing three-qubit Toffoli and Fredkin gates
on photon-emitter hybrid systems are given in Secs. IV and V,
respectively. Finally, a discussion about the feasibility of our
schemes with current experimental technology and a summary
are shown in Sec. VL.

II. THE SCATTERING OF PHOTONS
OFF SINGLE EMITTERS

As shown in Fig. 1(a), we consider a system composed
of a two-level emitter coupled to electromagnetic modes in
a 1D waveguide. The emitter has two electronic levels, i.e.,
the ground state |g) and the excited state |e) with frequency
difference w,. Assuming that the resonance frequency w, is
away from the cutoff frequency of the waveguide, we can
write the Hamiltonian of the system in real space as (7 = 1)
[52,65]

H:(wo _ %)a iy [c;(z)y _d© acR(z)]

z 0z
+ V/dz5(2){0eg[CR(z)+C,‘(Z)]+H.c.}, (D

where y, is the decay rate of the state |e) into free space, v,
is the group velocity of photons, and ¢, (c,) represents the
annihilation operator of the left (right) propagating field. V is
the coupling strength between the emitter and the waveguide
modes, assumed to be identical for all modes. The emitter
operator o8 = o) (|, where o, B = g, e.

Provided that a single-photon wave packet with energy
E} = v,k is coming in from the left (k denotes the wave vector
of the photon), and the emitter is initially at the ground state

(2)
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FIG. 1. (a) Schematic diagram for a photon mirror where a two-
level emitter (the black dot) is coupled to a 1D waveguide (the
cylinder). An input photon (black wave packet) from the left interacts
with the emitter, which generates a transmitted component (blue
wave packet) and a reflected component (green wave packet). (b) A
heralded protocol for realizing a Z gate on an emitter confined in
a 1D waveguide. PBS represents a polarizing beam splitter, which
reflects the photon in the vertical polarization state |V') and transmits
the photon in the horizontal polarization state |H). BS is a 50:50
beam splitter, M; (i = 1, 2) is a fully reflected mirror, and the black
lines denote free space photon paths. The inset shows four-level
structure and optical transitions of a negatively charged quantum dot,
i.e., the emitter. The ground state |1) (|{)) is the electron-spin state
with J, = % ., = —%); [T (|11 4)) denotes the trion state of a

negatively charged exciton with J, = % W, = —% .

|g). The general state of the photon-emitter system takes the
following form:

|Wy) = / dz[¥,, (2)c! (@) + ¥, . (2)c] (2)]]vac, g)

+e,|vac, e), )

where v/, , (z) and ¥, ,(z) represent the probability amplitudes
of the left- and right-propagating photons at position z, re-
spectively. |vac) indicates the vacuum state containing zero
photon and e, is the probability amplitude of the emitter in the
excited state. Since the photon is incident from the left, ¥, , (z)
and ¥, ,(z) take the forms:

wk,L (2) = re—ikze(_z)’
¥, (2) = €%0(=2) + te*0(2), 3)

where r and ¢ denote the reflection and transmission ampli-
tudes, respectively. 8(z) is Heaviside step function.
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By solving the scattering eigenvalue equation H|W;) =
E|V:), we can get the reflection amplitude r for the input
photon as [52,65]

B 1
1+1/P=2iA/y,’

“4)

where P = y,,/y, is the Purcell factor with y,, = 47V?/v,
being the rate of emitter decay into the waveguide modes.
A = w;;, — w, is the frequency detuning between the input
photon and the emitter transition. The transmission amplitude
t is given by t = 1 + r. From Eq. (4), we can find that the
reflection amplitude turns to be r ~ —1 when the incident
photon resonates with the emitter (A=0) and the Purcell
factor P is sufficiently large. That is, in such a case, the emitter
acts as a photon mirror, which puts a mw-phase shift on the
reflected part of the photon [65]. While, when the emitter is
decoupled from the waveguide modes, the incident photon
transmits through the emitter with no effect.

In the following, we consider a four-level emitter coupled
to a 1D waveguide, as shown in Fig. 1(b). Such an emitter can
be realized by a singly charged self-assembled InGaAs/GaAs
quantum dot [86,87]. The optical transition || ) < [1]{)
(1) <> 114 1)) is driven by the absorption or emission of
a left-circularly (right-circularly) polarized photon |L) (|R)).
For simplicity, in the following presentation, we write the
above states as: ||) =|g—), |1) = |g+). Assuming that the
spatial wave function of the incident photon from left is |¢),
with the scattering principle mentioned above, we can get

lg-)V)IL) — |g-)|#)IL),

I8 ¥)IR) — [g-)[¥)IR),

18- V)IR) — |8+)|P)IR),

I8+ W)LY — g [W)IL). 4)
Here, |¢) = |¢,) + |¢;) is the photon component in the

waveguide after the scattering process. |¢,) = r|Y¥) and
|¢;) = t|yr) are the spatial wave functions of the reflected and
transmitted parts of the photon, respectively. Provided that the
incident photon is initially prepared in the horizontal linear-
polarization state |H) = (|R) + IL))/«/Z the hybrid system
consisting of the single photon and the emitter evolves as
follows:

lg) 1Y) H) = 31g) (D) + [W)IH) — (1) — [¥)IV)],
lg )W) IH) = 51g0) (@) + [W)IH) + (19) — [¥)IV)]L
(6)
where |V) = (|R) —|L))/~/2 is the vertical linear-

polarization state. In fact, due to the relation r = 1 4 r, we

easily obtain (|¢) + [¥))/2 = |¢:) and (|¢) — [¥))/2 = |;).
Thus, the transformations in Eq. (6) are changed into
g ) H) = |g-) )| H) — [8-) ¢ V),
g VIH) = |g+)|d) [H) + 8+)|d) V). (7N

Interestingly, when the incident photon is in the state |H ), after
the scattering process, the output photon contains the compo-
nents in states |H) and |V') simultaneously. In particular, when

the emitter is initially in the state |g_), a w-phase shift occurs
on the emitter for the photon component |V).

Assisted by the single-photon input-output process, a her-
alded Z gate on an emitter confined in a 1D waveguide can be
realized, as shown in Fig. 1(b). In detail, suppose that a photon
in spatial state |1) and polarization state |H) is injected into
the setup from port 1. First, it transmits through a polarizing
beam splitter (PBS) and arrives at port 3. Then, it is split by a
50:50 beam splitter (BS), and the reflected photon component
in path 4 and transmitted photon component in path 5 scatter
with the emitter independently. After the scattering processes,
the two parts of the photon in paths 4 and 5 travel back and
interfere with each other at the BS, and quit the device from
port 3. Finally, the photon wave packet goes through PBS, and
the photon part in state |H) (|V)) exits from port 1 (2). The
above processes can be described as follows [67]:

| Do) = |g) [¥) |H)'

LS |gi>|w>|H>"
= g WY + —= g2y IHY
ﬁgi VL
seater 1o NG H) + —=1ga) )| H)
ﬁgi t \/Egi t
+ AV £ %
f|gi>|¢>| ) [|gi>|¢>| )
B len) ) HY £ 1g2) g V) (8)

where the superscripts 1,2, 3,4,5 denote the paths of the
photon shown in Fig. 1(b). In fact, with the polarization fil-
tering of PBS, the horizontal polarization output in Eq. (8)
can be discarded. Thus, when the incident photon is initially
in the state |H ), the evolutions of the scattering setup can be
described as follows:

g Y)H) — —[g-)pr) V),
18- NV)H) — +1g+)1é)V). €))

Similarly, suppose that the input photon (from port 2) is in
the vertical linear-polarization state |V'), discarding the photon
output with unchanged polarization state, we can obtain the
corresponding evolutions:

lgMYIV) = —lg-)br)|H),
lg ) WIV) = +lg) o) H). (10)

Note that, due to the destructive quantum interference, no
photon component exits from port 6 though faulty scattering
event occurs in the device. As we mention above, |¢,) is the
spatial state of the reflected photon component. For a perfect
scattering process, i.e., P — oo and A =0, |¢,) = —|¥).
While, in a practical emitter-waveguide system, P is finite
and |¢,) # —|¥). In this case, the faulty event corresponds
to the photon output with unchanged polarization state, which
can be discarded. In other words, the device for realizing Z
gate shown in Fig. 1(b) works in a heralded manner. For a
realistic quantum dot in experiment, due to the heavy-light
hole mixing, the optical selection rule is imperfect, i.e., the
cross transitions in Fig. 1(b) are weakly allowed through the
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FIG. 2. Quantum circuit for constructing a CNOT gate with a
flying photon as the control qubit and an emitter confined in the 1D
waveguide as the target qubit. D denotes a single-photon detector,
and QWP represents a quarter-wave plate to realize the conversion
of the photon polarization. DL is a time-delay device which makes
the two wave packets emitting from PBS; and QWP reach PBS;
simultaneously.

QWP

PBS;

light-hole component of the hole spin states [87]. Fortunately,
this hole mixing can be reduced by choosing the appropriate
types of quantum dots and engineering the direction of the
external magnetic field, and in the valence band is on the order
of a few percent [88]. Thus, this can reduce the scattering
fidelity by only a few percent. In the following sections, based
on the scattering principles, i.e., Egs. (9) and (10), we present
heralded schemes for constructing CNOT, Toffoli, and Fredkin
gates on photon-emitter hybrid systems.

III. CNoT GATE ON A TWO-QUBIT HYBRID SYSTEM

A CNOT gate on a two-qubit bybrid system is used to flip
the target qubit if the control photon qubit is in the state |V);
otherwise, the state of the target qubit does not change. The
schematic diagram for our CNOT gate is depicted in Fig. 2.
We describe its principle in detail as follows.

Suppose that the flying photon p and the emitter ¢ trapped
in the 1D waveguide are prepared in arbitrary superposi-
tion polarizations states |¢), = a,|H) + B,|V) and |p); =
«|0) + B|1), respectively. Here the unknown coefficients sat-
isfy |, + 1B, = la? + B =1, and [0) = [g_). |1) =
|g+). First, the input photon with spatial wave function |r)
passes through PBS;, which reflects the photon in state |V)
and transmits the photon in state |H). That is, the photon
in state |V) is reflected by PBS; and arrives at PBS,, while
the photon in state |H) transmits through PBS; and arrives at
PBS;. After the above processes, the state of the hybrid system
is

[Wo) =ap|¥)|H)(«|0)+B11))+B,|¥) V) (]0)+B]1)). (11)

Second, the photon in state |V) is reflected by PBS, into
the scattering configuration to interact with emitter . Before
this interaction, a Hadamard operation (e.g., using a w/2
microwave pulse or optical pulse [89,90]) is performed on
emitter ¢+ complete the transformations |0) — ﬁ(m) + [1))

and |1) — \/%(|O) — |1)). Thus, the state of the whole system
becomes

1
ﬁ{aphb)'H)[a('O) + 1) + B(0) — [1)]

+ Bpl¥) V) a(10) + (1)) + B(10) — 1)1}, (12)

W) =

Third, the photon in state |V) interacts with the emitter ¢
confined in the 1D waveguide and the state of the hybrid
system evolves into

1
—={ep )1 H)[(10) + [1)) + B(I0) — [1))]
\/E p w :3

— BprI¥) [ H) [ (|0) — 1)) + B(10) + [ID]}, (13)

where r is the reflection amplitude of the input field mentioned
above. After the interaction between the photon and the emit-
ter ¢ confined in the 1D waveguide, a Hadamard operation
is also performed on the emitter ¢, i.e., |0) — %UO) + (1))

and |[1) — %(|0) — |1)). Thus, the state of the hybrid system
becomes

|W3) =, [y) [H) (@]0)+B11) = B,r|v) [H) («|1)+810)). (14)

Then, the photon part coming from the scattering device
transmits through PBS; and a quarter-wave plate (QWP) suc-
cessively. Finally, this photon part and another photon part
coming directly from PBS; through the time-delay device
(DL) simultaneously arrive at PBS3 and interfere with each
other. After above processes, the state of the system is trans-
formed into

[Wa) = [V) [H) (@|0)+B]1) = Bpr|[¥) V) (| )+B]0)).  (15)

For a perfect scattering process, i.e., r = —1, the above state
becomes

|Ws) =ap| V)| H)(@|0HB]1)+ B, ¥) V) (e 1)+B]0)). (16)

From Eq. (16), one can see that the device shown in Fig. 2
implements a CNOT gate for the hybrid system, which flips the
state of the target qubit when the photon (the control qubit) is
in the state |V'); otherwise, nothing is done on the emitter.

In fact, our protocol for realizing a CNOT gate is accom-
plished in a heralded way. That is, if the detector D clicks, it
indicates that faulty interaction (no scattering event) between
the flying photon and emitter ¢ happens. In such a case, the
state of the target qubit is not changed. Thus, we need not
reinitialize the target qubit when we input another photon
into the device to realize the CNOT gate again. As mentioned
in Sec. II, the four-level emitter can be realized by a singly
charged self-assembled InGaAs/GaAs quantum dot. Thus,
single photons needed in our setup can be experimentally
generated by single-photon sources based on quantum dots
[91,92]. With a single photon, e.g., |H), one can obtain an
arbitrary state of the photonic qubit (i.e., a,|H) + B,|V)) with
a QWP-HWP-QWP sequence [93], where QWP and HWP de-
note a quarter-wave plate and a half-wave plate, respectively.

|W2) =

IV. TOFFOLI GATE ON A THREE-QUBIT
HYBRID SYSTEM

A Toffoli gate on a hybrid system is used to flip the state of
the target qubit when the control photon qubit is in the state
|V') and the control qubit is in the state |1); otherwise, nothing
is done on the target qubit. Our device for realizing a Toffoli
gate on a flying photon and two emitters is shown in Fig. 3.
The principle of this Toffoli gate is given in detail as follows.

Assume that the control photon qubit p with spatial wave
function |¢) is initially prepared in an arbitrary superposition
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FIG. 3. Schematic diagram for realizing a three-qubit Toffoli
gate with a flying photon and an emitter confined in the 1D waveg-
uide as the two control qubits and another confined emitter as
the target qubit. HWP represents a half-wave plate to perform a
Hadamard operation on the photon. TR denotes an optical switch,
which can be controlled exactly as needed to reflect or transmit a
photon. In experiment, an optical switch can be well realized by an
electro-optic modulator [94,95].

polarizations state |¢), = a,|H) + B,|V), and the control
qubit ¢ and the target qubit ¢ are originally prepared in ar-
bitrary states |¢). = ac|0) + Bc[l) and [¢); = ;[0) + By 1),
respectively. Here,

lotp|? + 1By = lae* + 1B =l + 1B1P = 1. (17)

We first inject the photon from the port in and it passes
through PBS;, which reflects the photon in state |V) and
transmits the photon in state |H). The photon in state |H)
goes through PBS; and arrives at PBSg, while the part in state
|V) is reflected by PBS; and travels through a half-wave plate
(HWP)) and an optical switch (TR;)(transmit). After above
processes, the state of the whole system is changed from
|Po) = [¥)9)p ® [¢)c ® |¢); to [®1), where

|P1) = apl) [H)(ate|0)+Bel1))c (0t [0) + B [1) )

B

\/-Illf)(lH) V) (@cl0)+Bel1))c (et [0) + B 1))

(18)

Second, the photon goes through PBS; and is split into two
wave packets. In detail, the part in state |V) is reflected by
PBS; to interact with the control qubit ¢, while the part in state
|H) transmits through PBS; and arrives at PBS3. Then, getting
out from the scattering setup containing emitter ¢, the former
photon part passes through PBS, and QWP;, and is reflected
by TR; to interfere with the latter photon part in PBS;. After

PBSs, the state of the whole system collapses into |®,), where

|P2) = ap|¥)|H)(ee|0)+Be 1)) (e 10) + B[ 1))

\ﬂ/p—IW)IH)(OlCIO +Bcl1))e (e |0) +511))
/j;_IWIV)(OécIO) Bel1))e (e [0)+ B 1)) (19)

Third, the photon part coming from PBSj travels through
HWP;, TR; (transmit) and QWP,, and is split by PBS, into
two parts. The part in state |H) passes through PBS, and
arrives at PBSs directly. The other part in state |V) interacts
with the target qubit #, and goes through PBSs and QWP;.
Note that, before and after the interaction between the photon
and the target qubit 7, a Hadamard operation is performed on
emitter . The two parts of the photon get together at PBSs.
After that, the state of the system evolves into

|®3) = ap|¥)H)(0te|0)+Bel1))c (0t [0) + B 1))

1 —
%Iwmwﬂ,mnm» + o fil0)el 1))

(I+7rB,
+TW

_l_

NH)(Beor|1)e]0): + BeBrl1)e| 1))

A RN IR ANS

_ MWHV)(@Q,U) 1) + BeBi[1)c]0),).

(20)

Fourth, the photon passes through HWP3 and TRy (trans-
mit), and is split by PBS¢ into two parts. The part in the state
|H) passes through PBS¢ and arrives at PBS; directly. While,
the part in the state |V) experiences a series of operations
as follows: PBS¢ — TR, (transmit) - QWP; — PBS, —
emitter ¢ — PBS, — TR, (reflect) — PBS;. After the two
parts get together at PBS;, the state of the whole system
becomes

|P4) = ap| ) H)(0tc|0)+Be1))c (0t [0) + B [1))

; %wﬂ)(amonm T B0l 1))
T %wnmwcmu)cw» T BBl
- “;—gﬂ”|w>|H><acaf|0>c|1>, T afil0)I0))
—%wnmwomumn + BeBI1)I0N)
- %wnvxaca,w» T B0l 1))
+ 4 +\’;”ﬁ”|w>|V><ﬂcat|l>c|0>t T BB 1)
_4d +:}’2’3”|w>|vxacat|0> 1) + efil0)cl0))
L A=0rhy f) B |y V) Bt 1) 1), + Bl )elON).

2y
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FIG. 4. Schematic setup for realizing a three-qubit Fredkin gate
with a flying photon as the control qubit and two emitters confined
in 1D waveguides as the target qubits.

Finally, the photon passes through HWP, and QWP,, and
interferes with the photon part emitting from PBS; in PBSs.
That is, the state of the hybrid system evolves into

(®s) = ety [91) ) (@ [0) 4Bl 1))e @0V 4+ B, 1)
4 @{[(1 — V) + (1= ) H)]

® (e ]0)c0), + o [0)c[1))

+ LA+ V) + (1= rF)H)]

® (Beats |1)c10); + BeBi1)el 1))
—[r(1+r)*|V) + r(1 = r*)|H)]

® (e |0)c|1), + ot fr10)c[0))

—[r(1 = r)*IV) + r(1 = r*)|H)]

® (Bear | 1)l 1) + BeBirl1)c|0))}- (22)

For a perfect scattering process, i.e., r = —1, the above state
becomes

|Ps) = apac|V)|H)|0)c(0t;[0)+ ;1))
+apBel¥)|H) 1) (e |0)+ B[ 1));
+ Bpatc|¥) [V)10) e (e [0) + B 1))
+ BpBel )V 1) (e [1)+5;10)):- (23)

From Eq. (23), one can see that the state of the target qubit is
flipped only when the photon is in the state |V') and the control
qubit is in the state |1). That is, the schematic setup shown in
Fig. 3 can realize a Toffoli gate on a photon-emitter-emitter
hybrid system. Moreover, our Toffoli gate works in a heralded
way, assisted by the photon detectors D;, D,, and D;. That
is, when the faulty scattering event between the photon and
emitter ¢ (emitter ¢) occurs, the photon detector clicks.

V. FREDKIN GATE ON A THREE-QUBIT HYBRID SYSTEM

A Fredkin gate for a hybrid system is used to complete a
swap operation on two target qubits when the control photonic
qubit is in the state |V'). The schematic setup for our Fredkin
gate is shown in Fig. 4. In the following, we will describe how
to construct this three-qubit gate.

Suppose that the initial states of the flying photon
qubit and two target qubits #; and f#, are prepared in

l)p = aplH) + BplV), |@)y = 1|0}y, + Bil1), and |@),, =
a2]0);, + B2|1),, respectively. Here, |oz,,|2 + |,Bp|2 = log > +
|81 = |oa|? 4+ |B2/> = 1. That is, the initial state of the
whole hybrid system can be written as

1€20) = [¥)9)p @ @) @ |9y, (24)

where |1/) denotes the spatial wave function of the incident
photon.

First, the input photon is split into two wave packets by
PBS;. The part in the state |H) passes through PBS;, and
arrives in PBSy directly. The part in the state |V') is reflected
by PBS;, and goes through HWP; and TR, (transmit). After
the above operations, the state of the system evolves into

1€21) = ap| ) [H)(1]0) + Bi[1))r, (2]0) 4 B2[1)),
%|1ﬂ)(|H}—|V))(a1|0)+,31|1>),,

®(e2|0) +B2 1)), (25)

Second, after passing through TR, (transmit), the photon
component is split into two parts by PBS,. The part in the state
|H) travels through PBS;, and arrives in PBS, directly. While
the part in the state |V) experiences a series of operations
as follows: PBS, — emitter t{ — PBS, — PBS3; — emitter
t» — PBS; — TRj(transmit) — TRj3(reflect) — PBS,. After
the two parts get together in PBS,, the state of the whole
system becomes

[€22) = ap[ V) H)(a1|0) + Bi1]1))y, (22|0) + B2|1))y,
B
V2
rzﬂp

V2

Then, the photon goes through HWP;, and the state of the

hybrid system becomes

1€23) = ap|¥) [H) (1 |0) 4 B1[1))s, (2|0) + B2[1)),

+

+ =) H) (@1]0) +B111)), (22]0) +B2 1)),

[V)IV) (1 |0)=B11 1)y, (e2|0)=B2| 1))y, (26)

+ @{w(l — r)a102]00)+ (14171 B2]01)

+ (1 +r)Bia2]10) + (1 — r*)Bi Bol 1 D]y
+ V)1 + rH)ae2]00) + (1 — rH)a; B2]01)
+ (1 =Bl 10) + (1 + B A1 D], ). (27)

Third, the photon emitting from HWP; is split into two
wave packets by PBSs. The part in the state |V) is re-
flected by PBSs, and arrives in PBSg directly. While the
part in the state |H) experiences a series of operations as
follows: PBSs — QWP; — TRj3(transmit) — TR;(transmit)
— PBS; — emitter t, — PBS; — PBS, — emitter t; —
PBS; — TR; (reflect) — TRy(reflect) — QWP, — PBSq.
Note that, before and after the interaction between the photon
and the target emitter #; (#;), a Hadamard operation is per-
formed on emitter #; (#;). After the two parts get together at
PBSg, the state of the whole system evolves into

1€24) = op|¥) [H) (1]0) + Bi[1))r, (2]0) + B2[1)),,

+ —’3"';’” VI + )r2]00) + (1 = )1 B]01)
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+ (1= )Braal10) + (14 r)B1 21111
2
+@lmm—rz)a1a2|11>+(1+r2)a1/32|10>

+(1+r)B1a2l01) + (1 = 7)1 82100, (28)

Fourth, the photon emitting from PBSg passes through
HWP;3, and is split into two wave packets by PBS;. The
part in the state |H) goes through PBS-, and arrives in PBSg
directly. While the part in the state |V) is reflected by PBS;
and experiences a series of operations as follows: TR, (reflect)
— PBS; — emitter 1, — PBS; — PBS, — emitter t; —
PBS, — TR; (reflect) — TRy (transmit) — PBSg. After the
two parts get together at PBSg, the state of the hybrid system
becomes

125) = el ¥) [H) (110) + Bi|1))y, (e210) + Bal1))y,
Bol¥)
242
+[(1 = D By + (1 + ) B1a]|01)
+[(1 = r)Bray + (1 + )y B2]1]10)
+IA+)BiB+ (1 — rz)a1a2]|11>]}
rBolv)
22
+[(1 = o o — r*(1 + rH)Bia]|01)
+[(1 = )1z — r*(1 + r )y B21]10)
+ (1 = P — (1 + )R Al

+ IH){[(1 + rP)aron + (1 — r7)B1 B21]00)

Hhit

+ IV I{[r*(1=r*)B1 Bo—(14r")at12]|00)

(29)

t][g'

Finally, the photon emitting from PBSg passes through
HWP,, and gets together at PBSg with the photon emitting
from PBS;. After the above processes, the state of the hybrid
system evolves into

126) = ap| W) H)(@110) + Bil1)), (@2]0) + B2l 1)),

+ =L (H) + V)

® {[(1 + rHajen + (1 — 1)1 21100)

+[(1 = a1 By + (1 4+ r2)B1as]|01)

+1(1 = rH)Bron + (1 + )1 f21]10)

+ (L4 BB + (1 — Hayar]|11)]}
Zﬂpwn

(1H) = 1V))

+
® {[r2(1 — BB — (1 + r*)a;2]|00)

+1( = rHai B — r*(1 + rH)praz](01)

+[(1 = rH)Bray — r*(1 + r*)a; B2]]10)

+1P(0 = Paner — L+ BRI, - (30)

For a perfect scattering process, i.e., r = —1, the above state
evolves into

1€27) = ap[y)[H)(a1]0) + B1[1))y, (@210) + B2[1));,
+ Bpl¥) V) (02]0) + B2 1) )r, (1 10) +B1 1)), B1)

From Eq. (31), one can see that the states of the two target
qubits are swapped when the photon qubit is in the state |V),
while nothing is done when photon qubit is in the state |H).
That is, the quantum circuit shown in Fig. 4 can realize a
Fredkin gate on a photon-emitter-emitter hybrid system.

VI. DISCUSSION AND CONCLUSION

We have proposed some heralded schemes for implement-
ing quantum gates, including CNOT, Toffoli, and Fredkin
gates. The control qubit of the gates in our scheme is encoded
on the flying photon, and the target qubits are encoded on
the emitters coupled to 1D waveguides. The performance
of our gates depends on the scattering configuration shown
in Fig. 1(b). Its success probability can be defined as p, =
[(¥|¢,)|?, where |/) and |¢,) are the spatial wave func-
tions of the input photon and the photon component reflected
by the emitter in the 1D waveguide, respectively. In a re-
alistic emitter-waveguide system, the Purcell factor is finite
and |¢,) # —|v¥). In particular, the faulty scattering event is
tagged with an unchanged polarization state, which can be
discarded assisted by PBS and single-photon detector.

Since the scattering setup shown in Fig. 1(b) is the core
of our schemes for the three quantum gates, we discuss its
feasibility with current experimental technology. As shown in
Fig. 5(a), the platform for emitter-photon scattering can be
realized by coupling single quantum dots to photonic crystal
waveguides, where P > 20 can be obtained [96]. In their
experiment, the observed decay rate of quantum dots into the
waveguide modes is y,, = 1.1GHz, so that the input photon
with pulse duration being around tens of nanoseconds can
scatter with the emitter in an excellent reflection fidelity. The
Hadamard operations on the states of the emitters can be
accomplished in picoseconds [89]. Also, in the core scattering
setups of Figs. 24, i.e., the triangular structure BS-M;-M; in
Fig. 1(b), the length of the loop needs to be significantly larger
than the size of the input photon wave packet, so that beam
splitter can effectively split up the wave packet into a temporal
order as we wanted in our protocols. Not surprisingly the free
space photon paths shown in our schemes can be integrated
onto a single chip [97]. Thus, considering all optical elements,
the total duration of our gates would be comparable to the
coherence time 7 ~ 2.6us of bare quantum dots [98]. Even
though, the coherence time of quantum dots can be enhanced
dramatically by controlling the surrounding nuclear-spin bath
[99].

In our protocols for CNOT, Toffoli, and Fredkin gates,
physical errors caused by system imperfections, such as fre-
quency detunings, weak couplings, and finite bandwidths of
the input photonic pulses, can be mapped into the detection
of photon polarization. In our system, the decoherence of
the emitter is mainly the emission or scattering to undesired
modes. This induces the faulty scattering event, which can
also be tagged and discarded by detecting the polarization
states of output photons. While, photon loss in the scattering
setup can not be heralded. Even though, we can adopt spe-
cific single-photon sources, which generate photons pairs via
parametric down-conversion in bulk crystals [100] or waveg-
uides [101]. In such cases, since the photons are created in
pairs, one photon can be used to encode quantum qubit and
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FIG. 5. (a) Schematic of an input photon scatters with a quantum
dot (black dot) coupled to a 1D slow-light photonic crystal waveg-
uide with lattice constant d. The arrows denote the input field (black),
reflected field (green) and transmitted field (blue). (b) The success
probabilities of the scattering configuration shown in Fig. 1(b) versus
frequency detuning A/y,, for the Purcell factor P = 1.0 (black solid
line), P = 5.0 (red dashed line), P = 10 (blue dotted line), P = 100
(green dashed-dotted line). (c) The success probabilities versus the
Purcell factor P for CNOT (black solid line), Toffoli (red dashed line),
and Fredkin (blue dotted line) gates with A = 0.

another one can be used to herald the loss of the photonic
qubit. This can effectively weaken the influence of photon
loss on the construction of quantum gates in our scheme.
In addition, there are two arms in our protocols: one arm
contains scattering events and another not. Thus, the need to
balance photon losses in the two arms is very important for
our schemes to achieve high fidelities. For successful events
of imperfect scattering processes, i.e., the polarization state
is swapped but |¢,) # —|¢) in Egs. (9) and (10), the spatial
wave functions of the wave packets meeting at the final PBS
(e.g., PBS3 in Fig. 2) in our protocols no longer coincide. To
compensate for this, we can add a wave-form corrector in the
arm containing no scattering events in our schemes, e.g., in
the path between PBS; and PBSj3 in Fig. 2. In the experiment,
when the bandwidth of the incident photon is much narrower
than y,,, it can be regarded as a plane wave. Thus, the wave
form in the arm with scattering events can be mapped to k|v),
where |k| < 1. In detail, when the incident photon is resonant

with the emitters, 0 < |k| < 1, and the wave-form corrector in
the arm with no scattering events only includes an attenuator,
whose transmissivity is k. Meanwhile, when the frequency
detuning between the incident photon and the emitters is not
zero, k is a complex number, and the wave-form corrector
contains a phase modulator.

As shown in Fig. 5(b), we give the success probabilities
of the scattering configuration in Fig. 1(b) as a function of
the frequency detuning A/y,, for four choices of the Pur-
cell factor. In fact, according to the descriptions given in
Sec. II, the success probability of the basic scattering con-
figuration is p, = |r|>. The results show that, for a fixed
Purcell factor, the success probability p, decreases with the
increment of the frequency detuning A/y,,. In addition, we
also find that the success probability is improved remark-
ably when we increase the Purcell factor. For example, we
can obtain p, = 92.56% with the parameters P = 50 and
A/y,, = 0.1. Moreover, we compute the success probabil-
ities of our schemes for CNOT, Toffoli, and Fredkin gates
with A = 0, as shown in Fig. 5(c). Owing to the heralded
mechanism, only when all the scattering events between fly-
ing photons and emitters in 1D waveguides happen in our
schemes, can we obtain the three quantum gates successfully.
In fact, our protocols for realizing CNOT, Toffoli, and Fredkin
gates contain one, three, and six basic scattering events, re-
spectively. Therefore, the success probabilities of our CNOT,
Toffoli, and Fredkin gates are p,, p’, and p°, respectively.
The results show that the success probabilities of the three
quantum gates rise obviously when we enhance the Purcell
factor. Recently, great progress has been made to realize
strong coupling between emitters and 1D waveguides. For
example, by placing a single quantum dot at an optimal posi-
tion in the system, Kolchin et al. [102] demonstrated strong
optical interactions and emission coupling, where a high
Purcell factor P = 31 can be experimentally realized. With
P = 31, the success probabilities of our CNOT, Toffoli, and
Fredkin gates are p; = 93.9%, p, = 82.7% and p3 = 68.3%,
respectively.

Taking no account of the heralded mechanism, we dis-
cuss the fidelities of our quantum gates. The fidelity of a
quantum gate can be defined as F = |(W,|;)|?, where |W,)
and | ;) denote the final states of the hybrid systems in the
realistic case and the ideal case, respectively. In detail, the
fidelities of our CNOT, Toffoli, and Fredkin gates are Fr =
[(Wa|Ws)|*, Fr = [(P5]P)|?, and Fr = |{26]27)|?, respec-
tively. As shown in Fig. 6, we give the fidelities of our three
quantum gates as a function of the frequency detuning A/y,,
and the Purcell factor P. The results of Fig. 6(a) show that,
for a fixed Purcell factor, the fidelities of our three quantum
gates decrease with the increment of the frequency detuning.
For example, for A = 0 with the Purcell factor P = 100, the
fidelities of our three gates are Fc = 99.02%, Fr = 98.62%
and Fr = 98.96%, respectively. While, for A = 0.1y,, with
P =100, the fidelities of our three gates turn to be Fr =
96.55%, Fr = 91.96% and Fr = 92.65%, respectively. The
results of Fig. 6(b) reveal that, for a fixed frequency de-
tuning, the fidelities of the three gates are greatly improved
by the increment of the Purcell factor. For example, for the
case P = 30 with A = 0, the fidelities of our three gates are
Fe =96.70%, Fr = 95.73%, and Fr = 97.07%, respectively.
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FIG. 6. The fidelities of the CNOT gate (black solid line), Toffoli
gate (red dashed line), and Fredkin gate (blue dotted line) as a

function of (a) the frequency detuning A/y,, and (b) the Purcell
factor P. Parameters: (a) P = 100, (b) A = 0.

While, for P = 80 with A = 0, the fidelities of our three gates
become Fr = 98.73%, Fr = 98.32%, and Fyp = 98.82%, re-
spectively. Thus, to obtain high fidelities, the frequency
detuning between the incident photons and the emitters should
be sufficiently small and the Purcell factor is sufficiently
large.

In practical systems, inhomogeneous broadening exists in
the transitions of the emitters [103,104]. For concreteness, we
assume that the inhomogeneous broadening is Gauzssian with
the probability density p, (Aj) = #"m exp(—%‘g), where
Aj, is the inhomogeneous detuning from the expected fre-
quency of the transition and 20, is the full width at half
maximum of the line shape in inhomogeneous broadening. As
shown in Fig. 7, we give the fidelities of our three gates in four
cases, i.e., 0, =0, 0.1y,,, 0.2y,,, 0.3y,,. The results reveal
that, for the three quantum gates, the existence of inhomoge-
neous broadening decreases the fidelities, which indicates that
the inhomogeneous broadening destroys the perfect scattering
processes between the photon wave packets and emitters.
Moreover, with the increment of the parameter o,,, the fideli-
ties of the three gates decrease obviously for a fixed detuning.
Also, for the three gates, the influence of the inhomogeneous
broadening on the fidelities decreases when the frequency
detuning between the photon and emitters rises. As shown
in Fig. 6(a), high fidelities are obtained when the detuning
is sufficiently small. Therefore, to obtain high fidelities, the
inhomogeneous broadening needs to be strongly suppressed.

In conclusion, we have proposed some heralded protocols
for constructing CNOT, Toffoli, and Fredkin gates on photon-
emitter hybrid systems, by utilizing the photon scattering off

0.2 -0.1 0 0.1 0.2

~ 097

-0.2 -0.1 0 0.1 0.2

FIG. 7. The fidelities of (a) the CNOT gate, (b) Toffoli gate, and
(c) Fredkin gate as a function of A/y,, for o;; = 0 (black solid lines),
oy = 0.1y, (red dashed lines), o;; = 0.2y,,, (blue dotted lines),
oy, = 0.3y,, (green dashed-dotted lines). (a)—(c) P = 100.

single emitters coupled to 1D waveguides. In our schemes,
faulty scattering events between flying photons and emitters
in 1D waveguides can be tagged and discarded, which pro-
vides an advantageous approach for constructing quantum
gates. Therefore, our schemes for the three quantum gates are
implemented in a heralded manner, which is advantageous
for quantum information. With great progress in emitter-
waveguide systems, the devices for the three quantum gates
is feasible in experiment.
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