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We evaluate analytically the quantum discord for a large family of multiqubit states. It is interesting to note
that the quantum discord of three qubits and five qubits is the same, as is the quantum discord of two qubits and
six qubits. We discover that the quantum discord of this family of states can be classified into three categories.
The level surfaces of the quantum discord in the three categories are shown through images. Furthermore, we
investigated the dynamic behavior of quantum discord under decoherence. For the odd partite systems, we prove
the frozen phenomenon of quantum discord does not exist under the phase flip channel, while it can be found in

the even partite systems.
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I. INTRODUCTION

Quantum correlations are essential features of quantum
mechanics which distinguish the quantum from the classical
world and play very important roles in quantum informa-
tion processing. The quantum correlated states are shown
to be more useful than the classically correlated ones in
performing communication and computation tasks. Under-
standing and quantifying various quantum correlations are the
primary goals in quantum information theory. The quantum
entanglement and nonlocal correlations can be considered the
most fundamental resources in quantum information process-
ing [1-11], which are tightly related to quantum coherence
[12-17].

Quantum discord is one of the most famous quantum cor-
relations proposed by Ollivier and Zurek [18] and Henderson
and Vedral [19], which quantifies the quantum correlations in
bipartite systems without quantum entanglement. It is defined
as the minimum difference between the quantum versions of
two classically equivalent expressions of mutual information
under projective measurements [20,21]. Due to the complex-
ity of the minimization process, the computation of quantum
discord is a hard task and analytic results are known only for
some restricted families of states [22-27]. For a bipartite state
p in systems A and B [18,19], the quantum discord Dy.z(p)
is defined by Dy;p(p) = minpa[Spna(o) — Spja(p)], where
the conditional entropy Sgja(p) = S(p) — S(pa) with S(X) =
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—TrX log, X is the von Neumann entropy of a state X, and
pa is the reduced state associated to the system A. Sppa(p) =
> PyS(IT} pIT% /p}), where T14 is the von Neumann projec-
tion operator on subsystem A, and p/} = Tr(I1}pI1}) is the
probability with respect to the measurement outcome j.

Very recently, Radhakrishnan et al. [28] introduced a gen-
eralization of discord for tripartite and multipartite states.
One of the main features of this approach is the use of con-
ditional measurements, where each successive measurement
is conditionally related to the previous measurements. The
(N — 1)-partite measurement is written as

_ A Az An-1
_Hjll ®HJ'2U1 @I
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n JN=tljijn=2’

JiIN=-1
where H?lzl i is a projector on subsystem A, conditioned on
the measurement outcome of A;. Here, the measurements
take place in the order A; — Ay — ---Ay_;. Such condi-
tioned measurements are essential to take into account all the
classical correlations that may exist among the subsystems.
Viewing the measurements as operations to break the quan-
tum correlations, the optimization over all such measurements
allows one to recover the pure quantum contributions. More-
over, there is an obvious asymmetry due to the fixed ordering
of the measurements. This asymmetry has similarities with
the quantum steering where one also considers measurements
on a part of a system, while the aims are somewhat different
in that for discord, one minimizes the disturbance due to
measurements rather than comparing it to a local hidden state
theory. Indeed, in some quantum information processing such
as one-way quantum computing, there is a definite ordering of
measurements, incompatible with the multipartite discord.

The quantum discord of an N-partite state p is defined by
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for the measurement ordering Al —> Ay —
--Ay_1. Here, we have defined SAleAl...Ak_I(p)z
Y iy PV Saa, @m0y it Y =

In general, it is difficult to evaluate the quantum discord
(1) due to the complexity of the optimization. We analyze
and evaluate this quantum discord for a family of multiqubit
states, and graphically show the level surfaces of the quantum
discord of this family. Moreover, due to the interaction with
the environments, bipartite quantum discord may decrease
asymptomatically with time [29], and may be also frozen
[30-33] and decoherence free for a certain time. We also
study the dynamic behavior of quantum discord for a family
of three-qubit and four-qubit states under decoherence. We
discover that the multiqubit quantum discord of some states
cannot be destroyed by decoherence in finite time.

The rest of this article is organized as follows. In Sec. II,
we calculate analytically the multiqubit discord for a family
of quantum states. We shown that the quantum discord can be
classified into three categories. In Sec. III, we investigated the
dynamical behavior of the discord for a family of three-qubit
and four-qubit states. We discuss and summarize the results in
Sec. IV.

II. QUANTUM DISCORD FOR MULTIQUBIT SYSTEMS

Consider the following family of N-qubit states,

3
1
/0=2—N<I+ZC‘,‘OJ‘®"'®0]‘>, 2

j=1

where o}, j = 1,2, 3, are the standard Pauli matrices, and /
stands for the corresponding identity operator. The motivation
to consider the states (2) is that, for N = 2, Eq. (2) reduces to
the well-known Bell diagonal states whose famous analytical
formulas of quantum discord have been provided by Luo
[25], which attracted much attention and resulted in further
vital results. For general N, these states are highly symmetric
and include some generalized Greenberger-Horne-Zeilinger
(GHZ) or W states as special ones.

We consider the family of a three-qubit state, associated
with systems A, B, and C,

’%

| :

p=§< + CjO’j®O'j®O’j>. 3)
j=1

From (1) the quantum discord is given by

Dapc(p) = Ill_llfgl [—SBcia(p) + Spina(p) + Seynas (0)]. - (4)

Since ps = Trpc(p) = %, we have the entropy S(p4) = 1. Set
& = /¢t + ¢ + 3. One can verify that

I+E _, 1-%
8 8

1+&

S(p) = —4x —

log,

Hence,

—[S(p) = S(pa)l

LHE ey 4+ 6) + =5

—Sacia(p)

logy(1 — &) — 2.

®)

Denote {I1; = |k)(k| : Kk = 0, 1}. The von Neumann mea-
surement on subsystem A is given by {A; =V, l'[kVAJf :
k =0, 1}, where V4 = t4I + i)7A> . is the unitary operator
with 74 € R, Y2 = (a1, Ya2, ya3) € R%, and 17 + 3%, + 32, +

2 _ . .
va3 = L. After the measurement Ay, the state p is going to be-
come the ensemble {py, pr} with p; := ka(Ak QDA Q1)

and px = Tr(Ax ® I)p(Ax ® I). Then we obtain py = p; = 3,

po = VaTleV) ® U ® I + c12101 ® 01 + 22202 ® 0
+ 32303 ® 03) (6)
and
p1 = iVAHLVAT R®UI—c12101 @ 01 — 22200 R 07
— 32303 ® 03), (7
with
21 = 2(—taya2 + ya1yas),
22 = 2(tayar + yazya3),
23 =13 = Var — Yar + Vi
Thus, we have Tre(pg) = %VAHOVA’L ®1 and Trc(py) =
%VAH 1 V/I ® 1. The average entropy of subsystem B after mea-
suring T4 is given by
Spm(p) =3 x1+3x1=1. (8)

To evaluate S¢ras(p), one needs to measure subsystem B
under the conditions of the outcomes on measuring A. Let

{Bi = VBfHkVBT, k=0, 1}, j=0,1,

be the von Neumann measurement on subsystem B when the
outcome of the measurementon A is j (j = 0, 1), where Vg, =
tgil +iyg - @ is the unitary operator with 15 € R, yp =
(vgi1» Y2, ypi3) € R, and tﬁ,- +)’§]1 +)’§j2 +)’12;j3 =L
If the measurement outcome on system A is 0, the state
after the measurement will be reduced to py given in Eq. (6).
Notice that subsystems B and C in Eq. (6) are still in
a Bell-diagonal state. After performing the measurement
{B} : k = 0, 1}, the state reduces to
poo = 3VaTloV, ® Ve TIoV,jy ® (I + c121110
+ 222102 + ¢3230303),
Po1 = %VAHOVAT ® V30H1V,;}J ® (I — cizilio
— 220boy — €3231303),
with the probability poo = po1 = %, where

Iy = 2(—tgoypoy + Ypo1Ypo3),
ly = 2(tpoypo1 + ypo2Ypo3),

2 2 > >
Iy = g — Ypoy = Yoo + Vpo3-
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If the measurement outcome on system A is 1, performing
the measurement {B,i 1k =0, 1} on subsystem B of the state
01, We obtain

P10 = %VAHIVAT ® Vpi HOV; ® (I — cizimyo
— €222 07 — €323M303),
o1 = %VAHIVAT ®V31H1VBT1 ® (I + cizymyoq
+ c222mp07 + €323mM303),
with the probability pjo = p11 = %, where
my = 2(—tgiyp2 + yp1Yp3),
my = 2(tpypi + yp2ypi3),
m3 = fﬁl - )’12311 - y§‘2 +y12313‘
The state ppas is given by ppas = poopoo + Poipor +
Piop1o + pripi- Seto = \/C%Z%llz + 32303 + 32312 and B =

22,2 2.2, 22,2
\/clzlml + c5z5m;5 + c5z5m5. Then

14+« —o
Scimas(p) = — ) log,(1 +«) — ) log,(1 — @)
1+ 1-—
- 4ﬁ10g2(1+,3)— 'Blogz(l—ﬁ)—i-l.

It can be directly verified that z7 + 23 +23 =1, [ +13 +
132 =1, m% + m% + m% = 1. Denote

¢ :=max{|ci], |c2], |c3]}. ©)

Then

a < VI PIL)? + [2PLP + 1zPlBP) =c  (10)

and

B < VI |z Plmi 2 + [zalPIma 2 + 232 lms?) = . (11)

The equality holds in Eq. (10) for the following cases:
(1) If ¢ =|cil, then |z1] =|lil =1, 2z =23 =h =15=0.

For instance, |14l = |ya2l = ltpo| = lygoa| = J5 and ya; =
yazs =yp1 =yp3 =0. (2) If ¢ =lezf, then |z =1|b| =
1, z1 = z3 = I} = I3 = 0. For example, |t4] = |ya1] = |tpo]| =

lygoi| = ﬁ and ya» = ya3 = ypop = ypo3 = 0. 3) If ¢ = |c3],
then |z3| = |3l =1, z1=22=L1 =L =0,eg,ya1 =ya =
ygor = ypop = 0. Similarly, one can prove that the equality
holds in Eq. (11) too for the above cases. Therefore, we obtain

+c

1
min[Scjmas(p)] = — log, (1 + ¢)

. “log,(1—c)+ 1. (12)

From (5), (8), and (12), we get the quantum discord
Dyp.p.c(p) = 1}11}[1?1 [—Sacia(p) + Spima(p) + Scjmas (0)]

— 1;Slogz(1+’§)+1_$

log,(1 —§)

1+¢ 1—c¢
log,(1+4+¢) —

log,(1 —¢). (13)

We now consider the family of the four-qubit case,

3
1
p:B(I—FZCjO’j@O’j@Qi@Qj), (14)
j=1

in systems A, A,, Az, and A4. The four-qubit quantum discord
is given by

DA1§A2§A3:A4(10)
= min [_SA2A3A4|A| (0) + Say i (0) + Sy maisa (0)

1414243

+SA4|1'1A1A2A3 (,0)] (15)

For (14) we have pa, = Tra,a,4,(0) = é and the entropy of
subsystem A; is S(p4,) = 1. It can be directly verified that

S(p) = —3l(1 +¢1 — 2 = e3)logy(1 + ¢1 — €2 — ¢3)
+ (I —c1+c2—c3)logy(1 —ci +c2 —c3)
+(1 —c1—c2+c3)logy(1 —cp —ca+c3)
+(I4+c1+cr+c3)logy(1+c1 +c2+c3)]+4.
Therefore,
—Sa,a34414,(P)

=1l +c1 — 2 —e3)logy(1+¢1 — 2 —c3)
+ (1 —c1+c2—c3)logy(l — ¢ + 2 —¢3)
+ (I —c—cr+c3)logy(1 —cp — ¢z +¢3)
+A+ci+c2+c3)log,(14+c1+c2+c¢3)] —3.

(16)

The von Neumann measurement on subsystem A is given
by {Ay = Vo, TV, 1k =0, 1}, where Vi, = 14,1 + i35, - &,
with tA] S R, )a)] = (yAllfyAlz’yAl3) S R3, and lﬁ] +y§]] =+
Yaptyis =1

The state ppa, is given by ppa, = popo + p1p1, where
po=pi =3, and

po = tVaTloV, @ URI QI+ c1dioy ® 01 ® 03
+ 2d202 ® 02 @ 02 + ¢3d303 ® 03 ® 03),

pr = %VA]]-[lVJ1 ® (1®I®I — CldlUl ®O'1 ®O’1
— €2dr02 ® 02 ® 02 — ¢3d303 Q@ 03 @ 03),

where

di = 2(=14,y4,2 + Ya,1Y4,3):
dy = 2(ta,ya1 + Ya,2YA,3),
2 2 2 2
dy =1y — Va1 — Va2t Vas
Thus, we have Tra,a, (o) = 3Va, oV, ® I and Traa,(p1) =
%VA] I1 1VAT1 ® I. The average entropy of subsystem A, after the
measurement IT4! is given by S, (p) = 1.
To evaluate Sy, jaia, (0) and Sy, 1414245 (0), we need to mea-

sure subsystem A, based on the measurement outcomes on Aj.
We obtain

Poo = %VAIHOVAT] ® VAgHoVATg ®U®I+cidiejo) ® o)

+ cadreror @ 07 + c3d3e303 @ 03),
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P01 = %Vlﬁ\ll—[ovjI ®VA(2>H|V;(2] Q@URI —cidiejo) ® o)

— cadher0y @ 07 — c3d3e303 ® 03),

pio = §Va, V] ®VA;H0VAE QUI—cid fio1 Qo

—c2dr o050 @ 07 — c3d3 303 @ 03),
pu = Va, TV, ®VA;H1VAE QURI+cid fio1 ® o
+crdr fr00 ® 05 + c3ds f303 ® 03),

where the k in the unitary {VA; :k =0, 1} is the outcome
of the measurement of A;, and Vi can be written as V. =

tud + iy - 0, with 14 € R, Jib = (Vat1, Yar» yars) € R,
and £ + 3, + Vi, 5 = 1
er = 2( — Va0 + Yav1Vazs),
€2 = 2(ta0va01 + Ya02Ya03)5
€3 = 13y = Vi — Yoo + Vigs-
fii=2( = tayan + Yanyass),
fhi= Z(IA;)’Agl +)’A;2YA;3),
fr=00 =i~ Yan s

The state prap, is given by ppam = poopoo + Poipor +
Ppiopio + pripn- Thus, we have Try, (oo0) = %VAIHOVATI ®

VaTloVyy ® 1. Tra,(por) = 3Va, ToV, ® Vi Th Vo ® 1.
Tra,(p10) = 3Va, TV, ® VA;HOVAE Q1 Tra, (o11) =
%VAIHNAT1 ® VAéI"I]VAE ®1. The average entropy of

subsystem Ajz after the measurement 1442 is given by
Spmi(P) =4 x (L x D =1.

To evaluate Sy, 414245 (0), one needs to continue to mea-
sure subsystem A3 based on the measurement outcomes on A
and A,. We obtain

pooo = 3Va, TV, ® VeIV, ® Vi TloVj ® (I
+cidie18101 + c2dre28202 + c3d3e38303),
poot = 5Va oV, ® VTV ® Vi1V ® (I
—cidie18101 — cadre28207 — c3d3e38303),
poro = 3Va MoV, ® VgV, @ Vyu TV, ® (1
—crdiehioy — cadherhyoy — c3dzeshsos),
o1l = %VA.HOV;] ® VA‘Z)HIVAE ® Vanr HlvATgl ®U
+cidieihioy + cadherhyon + c3dsezhso3),
pioo = 3Va TV, ® VTV, @ ViV, @ (I
—cidy fimoy — ¢2d, frn205 — c3ds f3n303),
pro1 = VIV, ® VA;HOVAZ ® VA%”“IVAEU ® U
+cidy fimoy + c2ds fonp 07 + c3ds f3n303),

P10 = %VAlanATI ® VA;H1VAE ® Vaur HOV: U

11
3

+ c1d1 fir1o1 + cada fara02 + ¢3d5 f31303),
put = 3Va, MV, ® VA%HIVAE ® Vyy HlVAZl ® U

—c1d1 firio1 — cada fory00 — c3ds f31303),

where the k in the unitary {VAgu :k=0,1;u=0,1} is the
outcome of the measurement of A, and u is the outcome of
the measurement of A,. Denote

wi = \Jd2eid + Adied + A,

_ 242,010 292,212 2,372,272
Uy = \/cldlelhl + cydyeshs + cidyeshs,

— 2,72 2.2 272 2.2 272 2.2
M3—\/Cld1f1”1+C2dzf2”2+c3d3f3”3’

o = \JSGE IR + QB3+ A3,
We have

SA4|1'[A1A2A3 (p)

=_ ! _;MI logy(1 4+ 1) — L= m log, (1 — 1)
- -;M log, (1 + p2) — L= log, (1 — p2)
- ';“3 log, (1 + us3) — 1— s log, (1 — u3)
- EM logy (1 + p4) — S logy (1 — pa) + 1.

It can be directly verified that d12 + d22 + d32 =1, e% + e% +
S=Lf+H+fF=lLg+g+e=Lh+h+h=
I, n}+ni+ni=1, and r{ +r;+r; = 1. Since u; <c,
Uy < ¢, u3 < ¢, and uy < ¢, we obtain

min[SA4‘r[A1A2A3 (p)]

1+c¢
=" log,(1+¢) —

1—c
2

By the definition of the four-qubit quantum discord (15), we
get

log, (1 —c)+1. (17)

DAI'Az;Az;AA(p)
1
= 4_1[(1 +c1—cx—c3)logy,(1+c¢1 — 2 —c3)

+ (1 —ci1+c—c3)logy(1 —c1 +c2—c3)
+ (A =ci—c2+c3)logy(1 —cp —c2+c3)
+(14+c1+c +C3)10g2(1 +c1 4+ e+ c3)l

14+¢
> log,(1+¢) —

2

From the results of three-qubit and four-qubit states, we
can prove the following conclusion for a general N-qubit case.

Theorem 1. For the family of N-qubit states (2), we have
the quantum discord:

(DIfN =2v+1,veNT,

“log,(1—¢).  (18)

Dy st5,0,(P)

= l—i_glogz(1+’§)+ 1-¢

log,(1 —§)

1—c¢

14+¢
> log,(1 +¢) —

log,(1 —c¢), (19)

where § = /¢l 4+ 5 + ¢3, ¢ = max{|c1|, |eal, |c3l}.
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Q) IfN =4v—-2,veNT,

DAl:Az;m;Am.,z(P)

= 4_1[(1 —c1—c—c3)logy(1 —cp —c2 —c3)
+(1 —c1+c2+c3)logy(1 —cp + 2+ c3)
+(14+c1—cr+c3)logy(14+c¢1 —cp+c3)

+ (1 +ci+c—c3)logy(1 + ¢y + ¢ — 3)]

1+c¢ 1-—

log,(1 4 ¢) — zclogz(l—c). (20)

(3)IfN =4v,v € NT,
D;ay..cni, ()
= %[(1 +c1—cp—c3)logy(14+¢; — e —c3)
+ (1 —c1+c2—c3)logy(I —ci + ¢ —c3)
+ (I —ci—cr+c3)logy(1 —cy —c2+c3)
+ (1 +c+ e+ ce3)logy(l + 1+ e +c3)]

+c 1—c
log,(1 +¢) —

log,(1 —¢). (21)

Proof. If N =2v + 1, we have Trp4,..4,,,,(0) = % and
Sa,(p) = 1. Let A be the eigenvalues of p. From the charac-
teristic equation det|pp,+1 — AI| = 0, we get

=222 - -3 -4 _
2(@uT2) =

The 2% eigenvalues are given by (1 — /c? + 3+ c3)
and 57 (1 + /2 + ¢ + ¢3), respectively. One can verify

that

—SAZ;A3;...Azu+1\A1(p)
1+¢ 1-¢
= —— logy(1+8) + —

We obtain SAleAlAz-v-Ak,, (p)=1, where k=2,...,2v,
namely,

log,(1 — &) —2v.  (22)

Saymar (P) = Sy (p) = -+
= SAZU\H/‘I/‘Z'“Alv—l (p)=1. (23)
Hence,

1’niIl[SAZU+1 [TTA142-42y (p)]

+c 1—c¢
log,(1 +¢) —

log,(1 —c)+ 1. (24)

By the definition (1), we obtain Eq. (19).

If N = 4v — 2, we have Try,,...a,,_,(p) = 4 and Sy, (p) =
1. p has 24v—4 eigenvalues given by 24+_2(1 —c1—C—C3),
sim(l—c+ea+a),  sm=(l+ca—ca+a), and
2Tl,,z(l +c1+c2 —c3), respectively. Then we obtain
—Sayraw—2(p) = §(1 — 1 — 2 — c3)logy(1 —¢1 —
c—c)+ (0 —c +ca+c3)logy(l —c1 + 2+ ¢3) +
(I +c —c2+c3)logy(l +c1—ca +c3) + (1 + ¢ +
¢ — ¢3)log,(1 + ¢; + ¢ — ¢3)] — 4v + 3. The entropy after

the measurement is the same as (23) and (24). Therefore, we
obtain Eq. (20). Equation (21) is similarly proved. |
From Theorem 1, one has that for five-qubit states,

Dayarasasas (p)

1 1—
- f logy(1 4 &) + = log, (1 — &)
1+c¢ 1—c¢
T og (1 4+ 0) = —Clogy(1 =€), (25)

and for six-qubit states,

DA1;142;A3;A4;As;z“1(,(p)
1
= 4_1[(1 —c1—cy—c3)logy(1 —cy — 2 —c3)
+(1 —c1 +c+c3)logy(1 —cp + ¢ +¢3)
+(A+ci—ca+c3)logy,(1+c1 —cr+c3)

+ (1 +c1+c2—c3)logy(1 + ¢ + ¢ —c3)]

1+c¢ 1—c¢
log,(1 +¢) —

log,(1 —¢). (26)

Interestingly, the result (25) is equivalent to the three-qubit
quantum discord (13), while (26) is equivalent to the two-
qubit quantum discord given by Luo [25].

Figure 1 shows the level surfaces of discord for D(p) =
0.03, 0.15, and 0.55. The three figures (F>;), (F2;), and (F»3)
in the second row of Fig. 1 are for (4v — 2)-qubit states,
which are consistent with the ones given in Ref. [26] for
two-qubit states. For small discord, D(p) = 0.03 and 0.15,
the level surfaces are centrally symmetric, consisting of three
intersecting “tubes” along the three coordinate axes. For a
larger discord value 0.55, these intersecting tubes expand until
only a few vertices remained, where (Fj3) has level surfaces
in eight corners, while (F»3) and (F33) have only four corners
left.

III. DYNAMICS OF QUANTUM DISCORD UNDER LOCAL
NONDISSIPATIVE CHANNELS

It has been discovered that for two-qubit states, the quan-
tum discord is invariant under some decoherence channels
in a finite time interval [30,34]. To verify if such phenom-
ena still exist in multiqubit systems, we consider that the
states p (3) and (14) under the phase flip channel, with
the Kraus operators F(()A‘) =diag(v/1 —p/2,J/T—p/2) ®
[®-- @I, T{" =diag(V/p/2, —v/p/2)®I® - ®1, ...,
ri =1®- - ®I®diag(yT— p/2, J/T—p/2), T =
I® - ®1®diag(y/p/2, —/p/2), where N=3,4, p=
1 — exp(—yt), and y is the phase damping rate.

Let &(-) represent the operator of decoherence. For the
three-qubit state (3) under the phase flip channel, we have

e(p) = 3URIQI+ (1 —pYeio1 @01 ®@a
+(1=p)Peros @02 @02 + 305 @ 03 @ 03], (27)
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FIG. 1. Level surfaces of constant discord. N = 2v + 1 for figures (Fi;), (F12), and (Fj3) with D(p) = 0.03, 0.15, and 0.55, respectively.
N = 4v — 2 for figures (F21), (F2), and (F33) with D(p) = 0.03, 0.15, and 0.55, respectively. N = 4v for figures (F31), (F3,), and (F33) with
D(p) = 0.03, 0.15, and 0.55, respectively.

From (13), we obtain

1+
2

2

1+
2

2

8 ) 0 0
Dy, ayn,le(0)] = log,(146) + log,(1 — &) — log,(1+6) — log,(1 —0), (28)

where § = \/ (1= p)ct+ (1 — p)°c3 + c3, 0 = max{|(1—p)’ci|, [(1—p)’cal, |c3]}. Notice that the derivative of Dy, .a,.4,[e(0)]
with respect to p is always less than 0.
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Proof. From (28), in general, the derivative of

Dy, :4,:4,1€(p)] can be cast as

) i 1-0 , 1-35
DAI;AZ;Ag[g(Io)] = E (% 10g2 m -4 10g2 m .

In particular, for

8 = \/(1 —p)oct + (1 —p)oc +¢% >0,
6 = max{|(1 — pY’c1], (1 = pY’eal, lesl} > 0.
This implies that

1 1-0 0 and 1 1-9 0
08, 40 < an 0g, 55 <0,

we have that

5 — _3(01 +Cz)(1 _ ),
giventhat 0 < (1 — p)’ < 1, then 8’ < 0.
If 6 = |c3], then

, Y 1-35
DA1;A2;A3 [8(,0)] = T 10g2 m < 0.
And for 6 = |(1 — p)’cy], in this case 8 = (1 — p)3|ci| be-
cause 0 < 1 — p < 1, then

= =3(1 = p)*les| <O.
Then

37 (ct +¢3) s 1—36
Y1) 0y -9
[ 5 (1-p) Og2(1+8>

— (1= p)*lei|log, (1 _9)}-
146

Here, we assume that Dy, .4,.4,[€(0)] is monotonically de-
creasing, i.e., DAHA%A? [e(p)] < 0. In order to show these, it
must satisfy that

2. 2

(cf+¢3) s 1-36 ) 1-6

——=(1-p)yl —_— 1— 1 —,
5 (—p)log 55 < (I=p)leillog, 4o

by multiplying by the positive numbers (1 — p) and §,

., ] 1-6 1-06
(Cl +C2)(l —p) 10g2 m < 8910g2 m .

Therefore, D) .4,.4,[6(p)] < 0, which means that
Dy, :4,:4,1€(p)] is monotonically decreasing. |

Hence, the frozen phenomenon of quantum discord does
not exist for three-qubit states under the phase flip channel.
Since the quantum discord of three-qubit and (2v + 1)-qubit
states are the same, the odd-qubit systems do not exhibit
frozen phenomenon of quantum discord under the phase flip

channel. For instance, take ¢; = ‘3‘, = %‘, and ¢z = 1in

2
the initial state; the dashed line in Fig. 2 shows the dynamic
behavior of the quantum discord under the phase flip channel.

For N = 4, the state p under the phase flip channel is give

by
e(p) = I ®IRIQI+ (1 —p)cioy®o1 ®o ® o
+(1-p lan®n®n®o
+ 303 ® 03 ® 03 ® 03]. (29)

D;\llAz;A3 [e(p)] =

N |

discord

FIG. 2. Quantum discord of the three-qubit state (dashed line)
and quantum discord of the four-qubit state (solid line) under a phase

flip channel forc; = %, ¢, = 4,3 = 1.

Noting that c¢3 is independent on time, we consider the case
thatc; = cic3, —1 < ¢3 < 1. Then we have |¢c;| < |c] for any
p. From (18) we obtain the quantum discord

Dayayasale(p)]

1+c¢ 1—c
- 2 log, (1 + ¢3) + 5 > log,(1 = ¢3)
14+ (1 = p)e
+ % log,[1 4 (1 — p)tei]
1— (= p)e
+——5 o[l = (1 = per]

o 1-0
log,(1+0) — log,(1 — o),

where o = max{|(1 — p)*ci], |c3]}.
When max{|(1 — p)*cil, le3]} = [(1 — p)*cyl, we have
DAlLAz'As;AA[g(p)]
1+ c3

log, (1 +C3)+ log2(1 c3),
and Dy, .4,:45:4, [8( ©)] is constant under the decoherence chan-
nel during the time interval. Otherwise,

DAI A23A33A, [e(0)]

1+ (1 - p)e
— +10g2[1 + (1= p)el

+ 1= (1 =pie
2

which monotonically decreases to zero.

Therefore, to calculate the quantum discord, we need
to determine the magnitude of |(1 — p)*ci| and |c3|. If
for |c1| > |c3] there exists 0 < py < 1 such that max{|(1 —
plal.lel) = 101~ pial for 0< p < po, and max{|(1 —
prerl leal) = leal for po < p < L. then Dy, e [6(0)] e
mains unchanged first, and then monotomclty goes down to
zero. As an example, set ¢; = ‘5‘, = 2, and c3 = 5. The
solid line in Fig. 2 shows the dynamic behavior of quantum
discord under the phase flip channel. A sudden transition of

log,[1 — (1 = p)teil,

012428-7
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quantum discord happens at p = 0.11086. The frozen phe-
nomenon of quantum discord exists for the four-qubit states
under the phase flip channel, while for the case of three-qubit
states, such a phenomenon does not exist.

In Ref. [34], it has been shown that the frozen phenomenon
of quantum discord also exists when the phase noise acts on
two-qubit states. Since the quantum discord of two-qubit and
(4v — 2)-qubit states is the same, and the four-qubit quantum
discord is equal to that of (4v)-qubit states, the even-qubit
systems exhibit a frozen phenomenon of quantum discord
under the phase flip channel, while the odd-qubit systems do
not.

IV. SUMMARY

We have studied the quantum discord for a family of mul-
tiqubit states. Analytical formulas have been derived in detail
for 2v + 1)-, (4v — 2)-, and (4v)-qubit states. The level sur-
faces of quantum discord have been depicted. It has been

shown that under the phase flip channel the quantum discord
could still remain constant in a certain time interval for the
even-qubit systems, but not for odd-qubit systems. Our results
may highlight further investigations on multipartite quantum
discord and their applications in quantum information pro-
cessing.
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