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Quantum error correction (QEC) is one of the central concepts in quantum information science and also has
wide applications in fundamental physics. The capacity theorems provide solid foundations of QEC. We here
provide a general and highly applicable form of capacity theorem for both classical and quantum information,
i.e., hybrid information, with the assistance of a limited resource of entanglement in a one-shot scenario, which
covers broader situations than the existing ones. Harnessing the wide applicability of the theorem, we show that a
demonstration of QEC by short random quantum circuits is feasible and that QEC is intrinsic in quantum chaotic
systems. Our results bridge the progress in quantum information theory, near-future quantum technology, and
fundamental physics.
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I. INTRODUCTION

Quantum error correction (QEC), a method of protect-
ing information from quantum noise, is one of the central
concepts in quantum information processing [1–3]. Since
quantum systems are inevitably noisy due to uncontrollable
interactions with the environment, QEC has a wide range of
applications in quantum communication, cryptography, and
computation. In recent years, QEC has also shed new light
on fundamental physics, providing a viewpoint to better un-
derstand quantum many-body phenomena such as topological
orders [4–6], the black-hole information paradox [7–9], and a
possible duality between quantum chaos and quantum grav-
ity [10–16].

One of the central questions about QEC is how much
information can in principle be protected from a given noise.
Since any quantum noise is formulated by a quantum chan-
nel, quantum channel capacity theorems answer this question.
Depending on the type of information to be protected, either
quantum or classical, and on the resources available such as
entanglement, numerous studies have been done [17–24]. For
the asymptotic scenario of infinitely many uses of a noisy
quantum channel, these results are merged into a unified for-
mula in Ref. [25].

The asymptotic results are, however, applicable only when
encoding and decoding can be applied coherently to a huge
number of qubits, resulting in difficulty in experimental
demonstrations and practical applications to fundamental

*nakata@qi.t.u-tokyo.ac.jp
†wakakuwa@quest.is.uec.ac.jp
‡hayata.yamasaki@gmail.com

physics. In contrast, recent studies develop analyses without
taking the asymptotic limit, which are called one-shot scenar-
ios [26–42]. Since one-shot analyses overcome the difficulties
with the asymptotic results [43], they are of great importance
both theoretically and experimentally.

Despite the fact that the one-shot scenario is more practi-
cal, little has been explored about explicit encodings in the
one-shot scenario. Moreover, analyses in the one-shot sce-
nario have been based on a rather specific technique, such as
decoupling [26–29] or hypothesis testing [30–40], making it
challenging to deal with all situations in a unified framework.
A unified framework is helpful in exploring more applications
of QEC not only in quantum information but also in funda-
mental physics.

In this paper, we provide a unified one-shot quantum ca-
pacity theorem for hybrid information, both classical and
quantum, with the assistance of a limited amount of entan-
glement. The theorem covers broader situations than ever, and
existing capacity theorems [17–41] are directly obtained as
corollaries. Our theorem is given in a concise manner, so that
it can be directly applied to various problems. In particular, we
provide two applications: one is entanglement-assisted quan-
tum error correction (EAQEC) [44–46] using short random
quantum circuits (RQCs), and the other is QEC in quantum
chaotic systems [47,48]. In the former case, we show that
RQCs with a sublinear depth of a few tens of qubits can be
used as a good encoder of hybrid information, even if they
are noisy, such as having a gate fidelity around 99.5%. This
implies that a proof-of-principle demonstration of EAQEC
by near-future noisy intermediate-scale quantum (NISQ) de-
vices [49] is within the reach of current quantum technology.
In the latter, we quantitatively provide supporting evidence of
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the conjecture in strongly correlated many-body physics that
QEC is intrinsic in quantum chaos. Since QEC is also the
key in the duality between quantum chaos and gravity, this
contributes to a better and quantitative understanding of the
exotic physics between them.

This paper is organized as follows. We start with prelim-
inaries in Sec. II. Our main result concerning the one-shot
capacity theorem for hybrid information is summarized in
Sec. III. Applications of the capacity theorem are provided
in Sec. IV. After we summarize the paper in Sec. V, we report
technical details in the Appendixes.

II. PRELIMINARIES

We start by introducing our notation in Sec. II A. The
setting of hybrid information is explained in Sec. II B.

A. Notation

We use superscripts to represent the systems in which
operators and maps are defined, such as ρAB for an opera-
tor on AB, N A→B for a superoperator from A to B, and so
on. A reduced operator on A of ρAB is denoted by ρA, i.e.,
ρA = TrB[ρAB]. As the identity operator I acts trivially, (MA ⊗
IB)ρAB(MA ⊗ IB)† is denoted simply by MAρABM†A. This
notation is also used for superoperators: N A→C ⊗ idB(ρAB) is
denoted by N A→C (ρAB). With slight abuse of the notation, a
system composed of N duplicates of a system A is denoted by
AN .

A maximally entangled state between A and B with
Schmidt rank 2r is denoted by �AB

r . The completely mixed
state on A with rank 2r is denoted by πA

r . Using the above
notation for a reduced state, we have �A

r = πA
r .

The trace norm is defined by ‖X‖1 := Tr
√

XX †. The pu-
rified distance P(ρ, σ ) between two subnormalized positive
semidefinite operators ρ and σ is defined by

P(ρ, σ ) :=
√

1 − F̄ (ρ, σ )2, (1)

where F̄ (ρ, σ ) := ||√ρ
√

σ ||1 + √
(1 − Tr[ρ])(1 − Tr[σ ]) is

the purified fidelity [50].
The conditional max-entropy is defined for a state ρAB by

Hmax(A|B)ρ = sup
ϕ

log2 ‖
√

ρAB
√

IA ⊗ ϕB‖2
1, (2)

where the supremum is taken over all normalized states ϕ in
system B. The smooth conditional max-entropy H ε

max(A|B)ρ
for a state ρ on AB and with ε > 0 is defined by

H ε
max(A|B)ρ := inf

ρ̃
Hmax(A|B)ρ̃ , (3)

where the infimum is taken over all subnormalized positive
semidefinite operators ρ̃ that are ε close to ρ in the sense that
P(ρ, ρ̃ ) � ε. See Ref. [50] for an introduction to entropies.

We use the Choi-Jamiołkowski representation [51,52].

Lemma 1. The Choi-Jamiołkowski representation of a su-
peroperator T A→B from A to B is given by an operator
J (T A→B) on AB defined by

J (T A→B) := (idA ⊗ T A′→B)(�AA′
), (4)

where idA is the identity map for A, �AA′
is the maximally

entangled state between AA′, and A′ is isomorphic to A. The

map J is an isomorphism, and the inverse map J−1 takes an
operator ρAB on AB to the superoperator T A→B given by

T A→B(σ A) = dATrA[((σ A)T ⊗ IB)ρAB] (5)

for any σA on A, where T represents a transpose with respect
to the Schmidt basis of �AA′

.

The Choi-Jamilłkowski representation provides an iso-
morphism between a set of all completely positive (CP)
trace-preserving (TP) maps from A to B and a set of states on
AB such that its marginal state in A is the completely mixed
state. This isomorphism is also known as the channel-state
duality.

B. Setting of hybrid channel coding

Let N A→B be a noisy quantum channel with an input A and
an output B, represented by a CPTP map. We consider a task
to encode C-bit classical and Q-qubit quantum information,
which we call hybrid information, to system A in such a way
that it is protected from the noise N A→B as much as possible.
Entanglement of E ebits can be used as an extra resource.
Hence, the situation is entanglement-assisted quantum error
correction. Note that channel N is not necessarily a commu-
nication channel between distant places but can be a noise in
a physical system in which information will be stored.

The task is formally described as follows. Let M be a
hybrid information source that is split into a classical part Mc

of C bits and a quantum part Mq of Q qubits. We use a uniform
probability distribution p( j) = 2−C over j ∈ {0, . . . , 2C − 1}
and a maximally entangled state �

MqR
Q of Q ebits between Mq

and a reference Rq. The encoding operation is represented by a

family of CPTP maps {ẼMqFA→A
j } j , and the decoding operation

by an instrument {D̃BFB→Mq

j } j , i.e., a family of CP maps that
sum up to a TP map. We say that C-bit classical and Q-qubit
quantum information is protected from a noise N using E
ebits within an error δ > 0 or simply that the tuple (C, Q, E , δ)
is achievable for N , if there exist {Ẽ j} j and {D̃ j} j such that

1

2C

∑
j

∣∣∣∣D̃ j ◦ N ◦ Ẽ j
(
�

MqRq

Q ⊗ �
FAFB
E

) − �
MqRq

Q

∣∣∣∣
1 � δ, (6)

where �
FAFB
E denotes the E ebits. Equation (6) implies that

the initial symbol j of the classical information and the initial
state |ψ〉 of the quantum information can be recovered within
error δ on average after the decoding operation. Thus, if there
is a tuple (C, Q, E , δ) with sufficiently small δ, then EAQEC
for the C-bit and Q-qubit information is possible.

The achievability condition, (6), can be equivalently
rephrased in terms of a hybrid source state, which is more
convenient in the analysis in Sec. IV B. Using a fixed orthog-
onal basis {| j〉}2C

j in Mc and Rc, we define the hybrid source
state by

�MR
C,Q = 


McRc
C ⊗ �

MqRq

Q , (7)

where



McRc
C := 1

2C

2C∑
j=1

| j〉〈 j|Mc ⊗ | j〉〈 j|Rc (8)
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FIG. 1. Diagram of the encoding scheme used in Theorem 1.
Circles at the left represent qubits. Filled yellow circles are those
carrying quantum information, open green circles are entangled
qubits, and open blue circles with dotted lines are ancillary qubits
that are initially set to any pure state, such as |0〉⊗m, where m is the
number of ancillary qubits. The encoding operation is surrounded by
a dash-dotted line.

is a classically correlated state. Based on the hybrid source
state, (6) is equivalent to the condition that

1
2

∣∣∣∣D̃ ◦ N ◦ Ẽ
(
�MR

C,Q ⊗ �
FAFB
E

) − �MR
C,Q

∣∣∣∣
1 � δ. (9)

Here, ẼMFA→A and D̃BFB→M are CPTP maps that represent
the encoding and decoding operations, respectively. Those are
related with {ẼMqFA→A

j } j and {D̃BFB→Mq

j } j by

ẼMFA→A(ρ) :=
∑

j

ẼMqFA→A
j

(〈 j|McρMFA | j〉Mc
)
, (10)

D̃BFB→M (σ ) :=
∑

j

| j〉〈 j|Mc ⊗ D̃MqFA→Mq

j (σ MqFA ), (11)

which are equivalent to

ẼMqFA→A
j (ρ ′) := ẼMFA→A(| j〉〈 j|Mc ⊗ ρ ′), (12)

D̃BFB→Mq

j (σ ′) := TrMc [| j〉〈 j|McD̃BFB→M (σ ′)], (13)

respectively. See Appendix A for the proof.

III. ONE-SHOT CAPACITY THEOREM
FOR HYBRID INFORMATION

In this section, we state our main result regarding the one-
shot capacity theorem for hybrid information. We start with
a direct part, which provides a tuple (C, Q, E , δ) achievable
by a specific encoding scheme, and then provide its converse,
which shows that no encoding scheme can substantially im-
prove the achievable tuple.

To state the direct part, we consider an encoding scheme
that is composed of classical preprocessing and quantum
encoding, which will turn out to be nearly optimal. In the clas-
sical preprocessing, we embed the alphabet {0, . . . , 2C − 1}
to a larger one {0, . . . , J − 1}, where J � 2C , and apply a
random permutation σ , yielding σ ( j). We then encode the
information into a quantum system in three steps (see also
Fig. 1):

(1) Ancillary qubits are attached to enlarge the composite
system MqFA to a larger system labeled Sr .

(2) A random unitary Uσ ( j) is applied to Sr , where Uj′

for each j′ is sampled from the unitary group uniformly and

independently at random with respect to the Haar mea-
sure [53]. Such a unitary is called a Haar random unitary.

(3) A CPTP map Eσ ( j) : Sr → A is applied.
Note that the Haar random unitary in step 2 and the CPTP
map in step 3 are chosen depending on the outcome σ ( j) of
the classical preprocessing. The whole encoding operation is
given by

Ẽ j := Eσ ( j) ◦ Uσ ( j) ◦ �, (14)

with � : MqFA → Sr representing the attachment of ancillary
qubits. This scheme forms a family of encoding operations
specified by {E j}J−1

j=0 in the third step.
To characterize the tuple (C, Q, E , δ) achievable by this

encoding scheme, it is convenient to use the channel-state du-
ality (see Lemma 1) to represent each E j by a state ρ j := J (E j )
on SrA. Letting Sc be a system with a fixed basis {| j〉}J−1

j=0, and
S = ScSr , we define a state ρ on SA by

ρSA := 1

J

J∑
j=1

| j〉〈 j|Sc ⊗ ρ
Sr A
j , (15)

with the property that the marginal state ρS is the completely
mixed state. The family {E j}J−1

j=0 of encoding operations is
fully specified by this state ρ.

We now state our first result, that the achievable tuple
(C, Q, E , δ) for N is characterized by the smooth conditional
max-entropy H ε

max of the state ρN := (idS ⊗ N A→B)(ρSA).

Theorem 1 (direct part). Let ε, δ1, δ2 > 0 and dSr be
the dimension of the Hilbert space of Sr . If ρN and
(C, Q, E ) (C, Q �= 0) satisfy

Q + E � log2 dSr , (16)

C + Q − E � −H ε
max(S|B)ρN + log2 (J − 1) + log2 δ1,

(17)

Q − E � −H ε
max(Sr |BSc)ρN + log2 δ2, (18)

the encoding scheme described above achieves (C, Q, E , δ)
with δ �

√√
δ1 + √

δ2 + 4ε for almost any choice of random
permutations σ and random unitaries {Uj} j . If C = 0, the
same statement holds by removing condition (17) and setting
δ1 = 0.

Conversely, we can also show that the achievable tuple
in Theorem 1 cannot be significantly outperformed by any
encoding map.

Theorem 2 (converse part). Suppose that a tuple
(C, Q, E , δ) is achievable for N . Regardless of the encoding
scheme, there exist J- and dr-dimensional systems Sc and Sr ,
respectively, and a state ρ in the form of

ρSA = 1

J

J∑
j=1

| j〉〈 j|Sc ⊗ ρ
Sr A
j , (19)

whose marginal state ρS on S is the completely mixed state,
such that for any ι ∈ (0, 1],

Q + E � log2 dSr , (20)

C + Q − E � −Hλ
max(S|B)ρN + log2 J − log2 ι, (21)

Q − E � −Hλ′
max(Sr |BSc)ρN − log2 ι, (22)

where λ and λ′ depend on ι and δ and vanish as ι, δ → 0.
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Since (20)–(22) in Theorem 2 coincide with (16)–(18)
in Theorem 1 up to a change of smoothing parameters, the
encoding scheme used in Theorem 1 is nearly optimal.

Theorems 1 and 2 reveal how much information is pro-
tected from a given noise with an explicit encoding scheme,
where the states {ρ j}, specifying the CPTP maps {E j} used in
the encoding scheme, are treated as parameters. This formu-
lation is useful, given that not all maps are implementable by
current noisy quantum devices: by substituting the map that is
realizable in an experimental system into Theorem 1, we can
reveal how much information can be protected from a given
noise in that system. This leads us to explore the possibility of
demonstrating QEC as shown later.

The full achievable rate region can be obtained from The-
orem 1 by taking the union of (C, Q, E , δ) over all possible
choices of CPTP maps {E j} or, equivalently, over all states
ρ in the form of (19). Important capacity theorems, such
as the Holevo-Schumacher-Westmoreland theorem [17,18]
for classical information, the Lloyd-Shor-Devetak theo-
rem [19–21] for quantum information, the Devetak-Shor
theorem [22] for hybrid information, those with assistance
of entanglement [23,24], and their extensions to the one-shot
scenario [26–42], readily follow from our result. Thus, our
results interpolate these theorems and lead to the full charac-
terization of classical and quantum capacities in the one-shot
scenario. See Ref. [54] for the explicit reductions.

The proofs of Theorems 1 and 2 are based on the observa-
tion that achieving the task presented above is equivalent to
achieving partial decoupling [55] and are given in [54]. Due
to (19), the state � obtained from N ◦ E by the channel-state
duality is in the form of �SĒ = ∑

j,k | jk〉〈 jk|Sc ⊗ �
Sr Ēr
jk ⊗

| jk〉〈 jk|Ec . The randomized partial decoupling theorem [55]
deals with a situation in which a state in this form is trans-
formed by a random permutation σ on Sc and a random
unitary in the form of

∑
j | j〉〈 j|Sc ⊗ U Sr

j followed by a CP
map T of S. We particularly choose T to be a projection
onto a subspace followed by a partial trace, the dimensions of
which are given by c, q, and e. The condition for successfully
achieving partial decoupling is represented in terms of the
entropies of state ρN , which yields Eqs. (16)–(18). This is
similar to the standard technique in the derivation of the quan-
tum capacity from decoupling [56]. Theorem 2 also follows
from the converse bound of partial decoupling.

IV. APPLICATIONS

The one-shot capacity theorem, i.e., Theorems 1 and 2,
has far-reaching consequences beyond quantum communi-
cation since it provides the fundamental limit of EAQEC.
To demonstrate its potential uses in various situations, we
consider the simplest encoding scheme that Theorem 1 can
deal with. That is, we consider the encodings, whose quantum
part consists only of attaching ancillary qubits and unitary
operations. Based on this, we provide two applications. One
is EAQEC by short RQCs and the other is QEC in quantum
chaotic systems.

In Sec. IV A, we explain the setting common in both appli-
cations. We address EAQEC by short RQCs in Sec. IV B and
QEC in quantum chotic systems in Sec. IV C.

A. Setting: QEC by unitary dynamics

We consider the task of storing (cN )-classical and
(qN )-quantum information in N := mn qubits, where each
m qubit is exposed to the noise independently, with the as-
sistance of an arbitrary amount of entanglement. Unlike the
encoding used in Theorem 1, we assume that the quantum part
of encoding is limited to using ancillary qubits and applying a
unitary operation. That is, we assume that E j in Theorem 1 is
the identity map. For the error suppression to be possible, we
also assume that c � 2 and q � 1.

From Theorem 1, an upper bound on the error achiev-
able by this encoding scheme is immediately obtained. For a
given set of m-qubit noises {Ni}i (i = 1, . . . , n), we denote by
δ(c, q|N , n) the recovery error of the (cN )-bit and (qN )-qubit
information, where

N =
n⊗

i=1

Ni. (23)

Let A be the N-qubit system on which the unitary Uσ ( j) are
applied and a be the m-qubit system on which the noisy
channel acts. Note that HA = (Ha)⊗n. We also introduce a
virtual system A′ and a′, whose Hilbert space is isomorphic
to that of A and a, respectively. We apply Theorem 1 under
the following correspondence:

Sr → A, B → A′, (24)

C → cN, Q → qN, E → (1 − q)N, (25)

dSr → 2n, ε → 0. (26)

We obtain that, if it holds that

(c + 2q − 1)N �−Hmax(ScA|A′)ρN + log2 (J − 1)+ log2 δ1,

(27)

(2q − 1)N � −Hmax(A|A′Sc)ρN + log2 δ2, (28)

then δ(c, q|N , N ) �
√√

δ1 + √
δ2.

Since E j is the identity map for all j in this situation, we
have ρAA′

j = �AA′
N = (�aa′

m )⊗n. Thus, ρN is explicitly given by

ρ
ScAA′
N = π

Sc
log2 J ⊗n

i=1 N a′
i

(
�aa′

m

)
. (29)

It is straightforward to compute the conditional max-entropies
of this state by using the additivity for the tensor product:

Hmax(ScA|A′)ρN = log2 J + nhN , (30)

Hmax(A|A′Sc)ρN = nhN , (31)

where

hN = 1

n

n∑
i=1

Hmax(a|a′)�Ni
, (32)

with �aa′
Ni

being (ida ⊗ N a′
i )(�aa′

m ). Note that −m � hN � m.
By taking the minimum values of δ1 and δ2 that satisfy

Eqs. (27) and (28), respectively, we arrive at

δ1 =
(

1 + 1

J − 1

)
2(c+2q+ hN

m −1)N , (33)

δ2 = 2(2q+ hN
m −1)N . (34)
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FIG. 2. Diagram of EAQEC we consider in the first application.
The red part corresponds to a quantum part of the encoding, i.e., at-
taching (1 − q)N ancillary qubits and applying short random circuits
depending on the outcome σ ( j) of the classical preprocessing. The
ancillary qubits are all entangled with other (1 − q)N qubits that are
used in the decoding operation. The noise is depicted by small boxes
at the center of the diagram, where each box acts on m qubits and
they may be different from each other. After the noise, a decoding
map is applied, which is surrounded by a dashed line in the diagram,
so as to extract (cN )-bit and (qN )-qubit information.

Since J can be chosen arbitrarily large in the preprocessing,
we assume that 1/(J − 1) ≈ 0. By separately considering the
case of c = 0, we arrive at

δ(c, q|N , n) �
{(

1 + 2
cN
2
)1/2

2(2q+ hN
m −1) N

4 (c �= 0),

2(2q+ hN
m −1) N

4 (c = 0).
(35)

This is the basic formula that we use in the following
applications.

B. Application 1: EAQEC by short RQCs

As the first application of (35), we show that one-shot
EAQEC [44–46] of independent single-qubit noises is feasible
by short random quantum circuits even when they are noisy.
RQCs are the circuits in which randomly chosen gates are
applied to nearest-neighbor qubits at each step and have been
used to experimentally demonstrate quantum supremacy [57].
As depicted in Fig. 2, we consider the situation where the
unitary encoding part is given by RQCs with a shallow depth.

The key observation is that RQCs with nearest-neighbor
gates on a two-dimensional lattice have the same second-order
statistical moments as a Haar random unitary, if the depth
is O(

√
N ) [58]. It is known that this property suffices to

reproduce Theorem 1. Hence, even when the unitary part of
the encoding is replaced with shallow RQCs, we can directly
apply formula (35) and can reveal the achievable errors.

To apply (35), we need to compute the conditional max-
entropy hN , defined by (32), for a given noise. In the
following analyses, we use the expression given in Ref. [59]
to represent the conditional max-entropy Hmax(·|·) in terms
of a solution of semidefinite programming. By numerically
solving this semidefinite programming using YALMIP [60]
and Splitting Conic Solver [61], we evaluate hN .

We especially deal with two types of one-qubit noise (m =
1), i.e., dephasing Dp and amplitude damping Aγ noises [62],

Dp(ρ) =
(

1 − p

2

)
ρ + p

2
ZρZ, (36)

Aγ (ρ) = K0ρK†
0 + K1ρK†

1 , (37)

FIG. 3. Upper bounds on errors δ(c, q|N , N ), where N is set
to 20. (i) and (ii) show the errors for the dephasing noise Dp with
p = 0.01 and 0.1, respectively, while (iii) and (iv) show those for the
amplitude damping noise Aγ with γ = 0.01 and 0.1, respectively.
For comparison, we also indicate the optimal line in the asymptotic
case by a solid green line in each panel. If the pair (c, q) is outside
the green line, the error can never be significantly suppressed by any
means in the limit of infinitely many uses of the noisy qubits.

where p and γ are error parameters taking a value between 0
and 1, Z is the Pauli Z operator, K0 = |0〉〈0| + √

1 − γ |1〉〈1|,
and K1 = √

γ |0〉〈1|. In both cases, we assume that the noises
are independently acting on each qubit, implying that, for all
i, Ni = Dp for the former and Ni = Aγ for the latter.

Below, we consider two types of RQCs—one is noiseless
and the other is noisy—and reveal the recovery errors that
can be achieved by the encoding based on noiseless or noisy
RQCs. We then comment on how to decode information.

1. Noiseless case

From the numerically obtained values of hN for Ni =
Dp,Aγ , the errors δ(c, q|Dp, N ) and δ(c, q|Aγ , N ) for several
values of p and γ are given in Fig. 3 for N = 20. It is clear
that the noises are suppressed for small (c, q). We refer to the
regions where the noise is strictly smaller than 1 as the achiev-
able region by RQCs. In this region, the errors exponentially
decrease as N increases, and it is numerically confirmed that
the errors become negligible when N is moderately large, such
as n ≈ 50.

The solid green line in Fig. 3 provides the optimal line
in the asymptotic case: the errors for the (c, q)’s below the
solid green line can be made arbitrarily small by a proper
encoding when infinitely many noisy qubits are used, and any
points above the line cannot. The optimal line was originally
given in Ref. [25] and also follows from Theorem 2. In the
figure, we observe that the region achievable by short RQCs is
comparable to that below the solid green line, particularly for
the dephasing noise with any p and for the amplitude damping
noise with small γ . Since no encoding scheme can signifi-
cantly suppress the error outside the asymptotically optimal
line, this indicates that the performance of the encoder using
short RQCs is close to that of the best ones. On the other
hand, a nonnegligible gap remains in the case of γ = 0.1,
which is because the amplitude damping noise affects more
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FIG. 4. Upper bounds on the errors δ(c, q|Dp, N ) and
δnoisy(c, q|Dp, N ) for p = 5% and G = N3/2 as a function of
the number N of noisy qubits. The rate c of classical information
is fixed to 0.9, while the rate q of quantum information is 0.2
(green lines), 0.15 (blue lines), and 0.2 (red lines) from top to
bottom, respectively, for dotted, dashed, and solid lines. Dotted lines
correspond to case (i) in the text, dashed lines plot δ(c, q|Dp, N )
[case (ii)], and solid lines δnoisy(c, q|Dp, N ) with the gate fidelity
being 99.5% [case (iii)].

the subspace spanned by vectors with more |1〉’s, while the
encoder with short RQCs acts equally on the whole space.

2. Noisy RQCs

We next investigate the case where the short RQCs are
noisy. Following Ref. [57], we assume that the noise on each
gate in the RQCs is depolarizing with gate fidelity f = 99.5%,
which is comparable with the reported value. This noise in-
duces an additional error in (35). With G denoting the number
of gates in the RQCs, the error can be evaluated by

δnoisy(c, q|N , N, f ) � (1 − f G) + f Gδ(c, q|N , N ). (38)

In Fig. 4, we provide the errors when (i) information is
directly stored in noisy qubits, whose errors are investigated in
Appendix B, (ii) noiseless short RQCs are used, and (iii) noisy
short RQCs are used. Here, we mean by short that the number
G of gates in the circuit is N3/2. The noiseless RQCs with
G = O(N3/2) form unitary 2-designs [58]. Shorter RQCs are
also expected to achieve decoupling [63–65]. For simplicity,
we assume here that the noiseless short RQCs with G = N3/2

reproduce (35).
Comparing (i) and (iii), we observe that, even by noisy

short RQCs with a couple of dozen qubits, noise suppression
is possible to some extent in a certain parameter region, e.g.,
c > 0, q > 0, and c + q � 1. Importantly, the demonstration
becomes possible only when the hybrid information is to be
stored. This indicates that short RQCs with a moderately high
gate fidelity can be used for the proof-of-principle demonstra-
tion of hybrid EAQEC.

3. Decoding information

So far, we have not explicitly considered how to decode the
information. In general, explicit construction of a decoder for
random encoding schemes is computationally intractable. In
certain situations, however, it is possible to construct decoders
efficiently. For instance, this is the case when the following
two conditions are satisfied:

(1) Each gate in the RQC is chosen from Clifford gates,
namely, it is a random Clifford circuit; and

(2) The noise is such that its Stinespring dilation is Clif-
ford.

In this situation, it is possible to classically simulate the
encoding circuit and the Stinespring dilation of the noise in an
efficient manner: since they are both Clifford, we can simply
use the Gottesman-Knill theorem [66]. From the classical
simulation of the encoding circuit and the Stinespring dilation
of the noise, a decoding isometry can be constructed by a
standard technique in the decoupling approach [53]. In this
case, the decoding isometry is also Clifford. Hence, we can
also implement the decoder efficiently.

One may think that the second assumption of the noise, i.e.,
its Stinespring dilation being Clifford, excludes a continuous
parameter of the noise. This is circumvented by adding an
extra assumption of the noise that the location of the qubits,
on which the noise takes place, is available when the infor-
mation is decoded. In this situation, the ratio of the total
number of qubits to the number of noisy qubits represents a
parameter of the noise, which can be made arbitrarily close
to continuous by increasing the number of qubits. The erasure
channel [67,68] is a canonical example of such a noise.

As our analysis suggests, noise suppression can be ob-
tained using an RQC with depth O(

√
N ) in a certain parameter

region relevant to near-term experiments. The same degree
of noise suppression is likely achievable by random Clif-
ford circuits with the same depth [58,69]. Therefore, by
implementing the encoder, noise, and decoder explicitly, the
proof-of-principle demonstration of hybrid EAQEC is possi-
ble in the experiments.

C. Application 2: QEC and quantum chaos

As the second application, we consider QEC in quan-
tum chaotic systems. In the last decade, quantum chaos has
been studied from quantum information-theoretic viewpoint
based on out-of-time-ordered correlators [70] and operator
entanglement [71,72]. The studies in the literature strongly
indicate that chaotic dynamics is sufficiently information
scrambling and has properties similar to those of a Haar
random unitary [13,14,16,70,72–74]. Based on the studies,
a correspondence between quantum chaos and QEC has of-
ten been claimed. However, there has been no solid analysis
about QEC in quantum chaotic systems. Here, by applying
formula (35), we quantitatively show that spontaneous chaotic
dynamics is a good encoder of quantum information, which
results in the protection of information in the many-body
system from additional noise induced by the thermal environ-
ment. This will be the quantitative supporting evidence of the
conjecture that quantum chaos is QEC.

We especially consider the following thought experiment:
(1) Quantum information is initially stored in a subsystem

of a chaotic system.
(2) The system undergoes unitary time evolution, which

we assume to be information scrambling.
(3) The noise is induced into the system from an environ-

ment at finite temperature.
(4) Recovery of the original quantum information from

the noisy many-body system is tried.
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As an example of noise from the thermal environment, we
especially consider that each pair (i, i + 1) of neighboring
spin-1/2 particles in the system interacts with a common
environmental spin-1/2 particle E for time duration t .

We assume that each environmental particle is initially

ρE (p) = p|↓〉〈↓| + (1 − p)|↑〉〈↑|, (39)

where p is a Boltzmann factor at the temperature of the en-
vironment. In particular, when p = 1, the environment is in a
pure state, which corresponds to the case where the temper-
ature is 0, and when p = 0.5, the temperature is infinite. We
also assume that the interaction is given by an independent
Heisenberg-type interaction with a fluctuating coupling con-
stant, i.e.,

Hi,i+1,E ( �Ji,i+1) := Hi,E ( �Ji ) + Hi+1,E ( �Ji+1), (40)

where �Ji,i+1 = ( �Ji, �Ji+1), �Ji = (Ji,x, Ji,Y , Ji,Z ), and

Hj,E ( �Jj ) = −Jj,xXj ⊗ XE − Jj,yYj ⊗ YE − Jj,zZ j ⊗ ZE (41)

for j = i, i + 1, with Xj , Yj , and Zj being the Pauli operators
on qubit j ( j = i, i + 1, E ). The coupling constants are ran-
domly chosen from a Gaussian distribution.

Given this Heisenberg-type interaction between qubits
i, i + 1 and the environmental qubit E , the noise Np,t at time
t for an initial state ρi,i+1,2 of the two qubits is given by

Ni,i+1,p,t, �J (ρi,i+1)

:= TrE [e−itHi,i+1,E ( �Ji,i+1 )(ρi,i+1 ⊗ ρE (p))eitHi,i+1,E ( �Ji,i+1 )].

(42)

Thus, the whole system, which we assume to consist of 2n
qubits, is affected by the noisy map

Np,t, �J =
n⊗

i=1

N2i−1,2i,p,t, �J2i−1,2i
. (43)

Based on the assumption that the dynamics in the system is
information scrambling, the recovery error should satisfy (35).
By computing the conditional max-entropy h(p, t, �J ), which
is explicitly given by

h(p, t, �J ) = 1

n

n∑
i=1

hN2i−1,2i,p,t, �J2i−1,2i
, (44)

where �J = ( �J1,2, . . . , �J2n−1,2n), we can estimate the recovery
error for given coupling constants �J . We especially con-
sider an average error over the fluctuation of the coupling
constants �J:

E �Jδ(c, q|Np,t, �J , n)

�
{(

1 + 2
cN
2
)1/2

E �J2(2q+ h(p,t, �J )
m −1) N

4 (c �= 0),

E �J2(2q+ h(p,t, �J )
m −1) N

4 (c = 0).
(45)

To simplify the numerical evaluations, we use the convexity
of exponential functions and obtain

E �Jδ(c, q|Np,t, �J , n)

�
{(

1 + 2
cN
2
)1/2

E �J0
2(2q+ h0 (p,t, �J0 )

m −1) N
4 (c �= 0),

E �J0
2(2q+ h0 (p,t, �J0 )

m −1) N
4 (c = 0),

(46)

Average 0.038 0.138 0.356

FIG. 5. Upper bounds on the errors on recovering quantum in-
formation in a noisy quantum chaotic system, where noise is induced
from an environment at finite temperature (see the text). The temper-
ature is represented by p, i.e., p = 1 and 0.5 correspond to the zero
and infinite temperature, respectively. Orange, green, and blue plots
(from top to bottom) represent p = 0.5, 0.9, and 1, respectively. At
each point, we have taken the average over 50 random choices of
the coupling constants �J0 from a Gaussian distribution with average
1 and standard deviation 0.25. Dashed lines show the averages over
time. Since we are interested in quantum information, we set c = 0
and q = 0.5. For visibility, we have chosen n = 100.

where h0(p, t, �J0) with �J0 = �Ji0−1,i0 is the conditional max-
entropy corresponding to a noisy map Ni0−1,i0,p,t, �J0

on the
qubits i0, i0 + 1 and an environmental qubit for a canonical
index i0.

We particularly consider the situation where half of the
particles in the system initially carry quantum information,
and the rest are entangled with an auxiliary system. This
corresponds to the case of c = 0 and q = 0.5. The initial
state of the environment E is set to a thermal state of the
Pauli-Z Hamiltonian at a certain temperature. Based on (46),
we numerically obtain an upper bound of the average recovery
error, which is depicted in Fig. 5.

We observe in Fig. 5 that the average recovery error con-
verges to a certain value depending on the initial temperature
of the environment. In particular, a lower temperature tends
to result in small errors, which is naturally expected since the
environment at a higher temperature induces stronger noise
into the system. It is also worthwhile to mention that, in the
thermodynamic limit, the recovery error tends to 0 at any
point strictly smaller than 1 in the figure and remains 1 at the
points with the error being 1 in the figure. As clearly shown
in Fig. 5, the recovery errors are strictly below 1 at most of
the times t ∈ [0, 10]. Thus, this implies that, in a sufficiently
large quantum many-body system, soon after scrambling oc-
curs as a result of internal chaotic dynamics, the system
becomes robust against any noise induced from the small
thermal environment. This provides quantitative evidence
of the conjecture that QEC is intrinsic in quantum chaotic
systems.

Before we conclude, we emphasize that (35) is applica-
ble to any noise and also that Theorem 1 can be applied
to the case without the assistance of entanglement. Hence,
using our results, we can check the capability of QEC as a
consequence of information scrambling in various situations.
Information scrambling and QEC are the key to uncovering
the exotic relation between quantum chaos and quantum grav-
ity. Our results provide a powerful tool to obtain more insight
into scrambling, QEC, and quantum duality, in a quantitative
manner.
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V. DISCUSSION AND CONCLUSIONS

In this paper, we have provided a one-shot hybrid capacity
theorem and its applications to EAQEC by noisy quantum
circuits and to quantum chaos. The theorem is represented
in a highly general form, so that most of the known capacity
theorems are obtained as special cases [54]. The theorem is
provided with an explicit encoding scheme, where the CPTP
maps are treated as parameters of encodings.

In the applications, we take the advantage of the high
generality of our theorem. In the first application, we have
investigated EAQEC by noisy short RQCs and have revealed
that a proof-of-principle demonstration by NISQ devices is
possible. In the second, we have addressed QEC in quantum
chaotic systems and have provided quantitative support of the
statement that QEC is intrinsic in quantum chaos.

For future work, it will be of significant interest to further
explore the possibility of demonstrating EAQEC by NISQ
devices. It is also important to generalize the noise model in
our analysis of QEC in quantum chaos, which will make a
conjecture about the connection between QEC and quantum
chaos more solid.
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APPENDIX A: EQUIVALENCE OF TWO CONDITIONS
OF ACHIEVABILITY

We show the equivalence of (6) and (9). We first prove
that (9) implies (6). Since �MR

C,Q = 

McRc
C ⊗ �

MqRq

Q , it follows
from (9) that

1

2C

∑
j

||D̃ ◦ N ◦ Ẽ (| j〉〈 j|Mc ⊗ �Q ⊗ �E )

− | j〉〈 j|Mc ⊗ �Q||1 � δ, (A1)

where we have used the orthogonal relation in Rc. Using (12),
we obtain

1

2C

∑
j

||D̃ ◦ N ◦ Ẽ j (�Q ⊗ �E ) − | j〉〈 j|Mc ⊗ �Q||1 � δ.

(A2)

From Hölder’s inequality and the monotonicity of the trace
norm under the partial trace, we have

1

2C

∑
j

∣∣∣∣TrMc [| j〉〈 j|McD̃ ◦ N ◦ Ẽ j (�Q ⊗ �E )] − �Q

∣∣∣∣
1 � δ.

(A3)

Using (13), we arrive at

1

2C

∑
j

∣∣∣∣D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E )] − �Q

∣∣∣∣
1 � δ, (A4)

which is (6).
We next show the converse. Using (8) and the orthogonal

relation in Rc, we have

||D̃ ◦ N ◦ Ẽ (
C ⊗ �Q ⊗ �E ) − 
C ⊗ �Q||1 (A5)

= 1

2C

∑
j

||D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E ) − �Q||1

+ 1

2C

∑
i �= j

||D̃i ◦ N ◦ Ẽ j (�Q ⊗ �E )||1 (A6)

� δ + 1

2C

∑
i �= j

Tr[D̃i ◦ N ◦ Ẽ j (�Q ⊗ �E )], (A7)

where the last line follows from (6). The second term is
calculated to be

1

2C

∑
i �= j

Tr[D̃i ◦ N ◦ Ẽ j (�Q ⊗ �E )] (A8)

= 1

2C

∑
i, j

Tr[D̃i ◦ N ◦ Ẽ j (�Q ⊗ �E )]

− 1

2C

∑
j

Tr[D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E )]

= 1 − 1

2C

∑
j

‖D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E )‖1, (A9)

where we have used the fact that {D̃ j} j is the instrument. The
triangle inequality for the trace norm and inequality (6) imply
that

1

2C

∑
j

‖D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E )‖1 (A10)

� 1

2C

∑
j

[‖�Q‖1 − ||D̃ j ◦ N ◦ Ẽ j (�Q ⊗ �E )] − �Q||1]

(A11)

� 1 − δ. (A12)

Combining all these, we arrive at (9).

APPENDIX B: EVALUATION OF ERRORS
WITHOUT ENCODING

We consider the situation in which (cN )-bits of classi-
cal and (qN )-qubits of quantum information are stored in
N noisy qubits. We evaluate errors when the information is
directly stored in noisy qubits. The resource of shared en-
tanglement does not help in this case. It is convenient to
separate the problem into two cases, that is, (i) c + q � 1
and (ii) c + q > 1. By “directly storing information in noisy
qubits,” we mean, in case (i), that (c + q)N qubits are chosen
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from the N noisy qubits and the information is stored by the
identity map from the source to these qubits. For case (ii), this
means that N of the cN-bit and qN-qubit of the source are
chosen and are stored in the N noisy qubits by the identity
map. We assume that the storage of classical information in
the noisy qubits is performed in terms of the computational
basis.

We consider the dephasing noise Dp with parameter p ∈
[0, 1] and the amplitude damping noise Aγ with parameter

γ ∈ [0, 1]. They are defined by

Dp(ρ) =
(

1 − p

2

)
ρ + p

2
ZρZ, (B1)

Aγ (ρ) = K0ρK†
0 + K1ρK†

1 , (B2)

where Z is the Pauli Z operator, K0 = |0〉〈0| + √
1 − γ |1〉〈1|,

and K1 = √
γ |0〉〈1|. The error is denoted by δ0(c, q|N , N )

for the noise N = Dp or Aγ . We prove that the errors are
evaluated as

δ0(c, q|Dp, N ) �

⎧⎪⎨
⎪⎩

1 − 2−(c−1+2q)N when 1 � c � 2,

1 − (
1 − p

2

)(1−c)N
2−2(q+c−1)N when 0 � c < 1 and c + q > 1,

1 − (
1 − p

2

)qN
when 0 � c < 1 and c + q � 1,

(B3)

δ0(c, q|Aγ , N ) �

⎧⎪⎪⎨
⎪⎪⎩

1 − 2−(c−1+2q)N
(
1 − γ

2

)N
when 1 � c � 2,

1 − 2−2(q+c−1)N
(
1 − γ

2

)cN( 1+√
1−γ

2

)2(1−c)N
when 0 � c < 1 and c + q > 1,

1 − (
1 − γ

2

)cN( 1+√
1−γ

2

)2qN
, when 0 � c < 1 and c + q � 1,

(B4)

respectively.
The proof of these inequalities is provided in the following

subsections. For case (ii), we adopt the strategy where clas-
sical information is preferentially stored as much as possible.
This is because when no encoding or decoding is performed,
classical information is stored with less error than quantum in-
formation. For the rest of the information, we can only make a
guess when it is to be retrieved from the noisy qubits. Without
loss of generality, we assume the classical bit sequence and
the quantum state that have not been stored but are guessed to
be i0 and ϕ0. Note that the length of i0 and the dimension of
the Hilbert space of ϕ0 depend on the values of c and q, but
they will be clear from the context.

In the proof, we extensively use the following properties of
the trace distance (see, e.g., [75]). First, for any states ρ, σ ,
and ξ , it holds that

‖ρ ⊗ ξ − σ ⊗ ξ‖1 = ‖ρ − σ‖1. (B5)

Second, for any states � and ς in the form of

� = 1

M

M∑
i=1

ρi ⊗ |i〉〈i|, ς = 1

M

M∑
i=1

σi ⊗ |i〉〈i|, (B6)

with {|i〉}M
i=1 being a fixed orthonormal basis, it holds that

‖� − ς‖1 = 1

M

M∑
i=1

‖ρi − σi‖1. (B7)

Third, for any 0 � λ � 1 and states ρ, σ , and ξ such that
supp[σ ] ⊆ supp[ρ] ⊥ supp[ξ ], we have

‖ρ − [λσ + (1 − λ)ξ ]‖1 = ‖ρ − λσ‖1 + (1 − λ). (B8)

Fourth, for any Hermitian operator X , it holds that

||X ||1 = −Tr[X ] + 2 max
0�P�I

Tr[PX ]. (B9)

Hence, for any normalized pure state |ψ〉 and subnormalized
positive semidefinite operator ρ, we have

‖|ψ〉〈ψ | − ρ‖1

� −Tr[|ψ〉〈ψ | − ρ] + 2Tr[|ψ〉〈ψ |(|ψ〉〈ψ | − ρ)] (B10)

= 1 + Tr[ρ] − 2〈ψ |ρ|ψ〉. (B11)

The maximally entangled state in a two-qubit system is de-
noted simply by |�〉.

1. Dephasing noise

First, we consider the case where 1 � c � 2. In this case,
the best strategy is to store the N-bit of classical information
in the noisy N qubits. For the rest of the information, i.e.,
(c − 1)N bits of classical and qN bits of quantum information,
we only make a guess when the information is to be retrieved
from the noisy qubits. We hence divide Mc into an N-qubit
system Mc1 and a (c − 1)N–qubit system Mc2, where the in-
formation in Mc1 is stored in the noisy N qubits. Accordingly,
Rc is divided into Rc1Rc2. The error is given by

δ0(c, q|Dp, N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN − �MR
∣∣∣∣

1, (B12)

where �MR is a state defined by

�MR = (
D⊗N

p

)Mc1
(



Mc1Rc1
N

) ⊗ |i0〉〈i0|Mc2 ⊗ π
Rc2
(c−1)N

⊗ϕ
Mq

0 ⊗ π
Rq

qN . (B13)

Due to the relations (D⊗N
p )Mc1 (
Mc1Rc1

N ) = 

Mc1Rc1
N , 


McRc
cN =



Mc1Rc1
N ⊗ 


Mc2Rc2
(c−1)N , and (B5), we have

2δ0(c, q|Dp, N )

= ∣∣∣∣
Mc2Rc2
(c−1)N ⊗ �

MqRq

qN − |i0〉〈i0|Mc2 ⊗ π
Rc2
(c−1)N ⊗ ϕ

Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1.
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Using



Mc2Rc2
(c−1)N = 1

2(c−1)N

2(c−1)N∑
i=1

|i〉〈i|Mc2 ⊗ |i〉〈i|Rc2 , (B14)

π
Rc2
(c−1)N = 1

2(c−1)N

2(c−1)N∑
i=1

|i〉〈i|Rc2 , (B15)

and relations (B7), (B8), and (B11), it follows that

2δ0(c, q|Dp, N ) = 1

2(c−1)N

2(c−1)N∑
i=1

∣∣∣∣|i〉〈i|Mc2 ⊗ �
MqRq

qN

− |i0〉〈i0|Mc2 ⊗ ϕ
Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1 (B16)

= 1

2(c−1)N

∣∣∣∣�MqRq

qN − ϕ
Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1

+ 2

(
1 − 1

2(c−1)N

)

� 2 − 2

2(c−1)N
〈�qN |(ϕ0 ⊗ πqN )|�qN 〉

(B17)

= 2

(
1 − 1

2(c−1+2q)N

)
. (B18)

Second, we consider the case where 0 � c < 1 and c +
q > 1. In this case, all the cN-bit classical information and
(1 − c)N–qubits out of the qN-qubit quantum information
are stored in the noisy N qubits. We only make a guess
about the rest of the quantum information of the (c + q − 1)N
qubits. Dividing Mq into a (1 − c)N–qubit system Mq1 and a
(c + q − 1)N–qubit system Mq2, and Rq into Rq1Rq2, the error
is given by

δ0(c, q|Dp, N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN − �MR
∣∣∣∣

1, (B19)

where

�MR = (
D⊗cN

p

)Mc
(



McRc
cN

) ⊗ (
D⊗(1−c)N

p

)Mq1
(
�

Mq1Rq1

(1−c)N

)
⊗ϕ

Mq2

0 ⊗ π
Rq2

(c+q−1)N . (B20)

Using the relations

(
D⊗cN

p

)Mc
(



McRc
cN

) = 

McRc
cN (B21)

and

(
D⊗(1−c)N

p

)Mq1
(
�

Mq1Rq1

(1−c)N

) = ([Dp ⊗ id(�)]⊗(1−c)N )Mq1Rq1 ,

(B22)

we obtain

δ0(c, q|Dp, N ) = 1
2

∣∣∣∣�MqRq

qN − �̃MqRq
∣∣∣∣

1, (B23)

where

�̃MqRq = ([Dp ⊗ id(�)]⊗(1−c)N )Mq1Rq1 ⊗ ϕ
Mq2

0 ⊗ π
Rq2

(c+q−1)N .

(B24)

Noting that

Dp ⊗ id(�) =
(

1 − p

2

)
� + p

2
(Z ⊗ I )�(Z ⊗ I ) (B25)

and that (Z ⊗ I )|�〉 is orthogonal to |�〉, the state ([Dp ⊗
id(�)]⊗(1−c)N ) is expanded as

([Dp ⊗ id(�)]⊗(1−c)N ) = α�(1−c)N + (1 − α)ζ , (B26)

where α := (1 − p/2)(1−c)N and ζ is a state that is orthogonal
to �(1−c)N . Thus, using (B8), (B11), and �

MqRq

qN = �
Mq1Rq1

(1−c)N ⊗
�

Mq2Rq2

(c+q−1)N , we obtain from (B23) that

2δ0(c, q|Dp, N )

= ∥∥�
Mq2Rq2

(c+q−1)N − αϕ
Mq2

0 ⊗ π
Rq2

(c+q−1)N

∥∥
1
+ (1 − α)

(B27)

� 2 − 2α〈�(c+q−1)N |(ϕ0 ⊗ π(c+q−1)N )|�(c+q−1)N 〉
(B28)

= 2 − 2
(

1 − p

2

)(1−c)N 1

22(q+c−1)N
. (B29)

Finally, we consider the case where 0 � c < 1 and c + q �
1. In this case, all the cN-bit and qN-qubit information is
stored in the noisy N qubits. Thus, the error is given by

δ0(c, q|Dp, N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN

− (
D⊗cN

p

)Mc
(



McRc
cN

)⊗ (
D⊗qN

p

)Mq
(
�

MqRq

qN

)∣∣∣∣
1.

(B30)

Using (B21), this is simplified to

δ0(c, q|Dp, N ) = 1
2

∣∣∣∣�MqRq

qN − (
D⊗qN

p

)Mq
(
�

MqRq

qN

)∣∣∣∣
1. (B31)

Due to the similar relation to (B26), we arrive at

δ0(c, q|Dp, N ) = 1 −
(

1 − p

2

)qN

. (B32)

2. Amplitude damping noise

Let us first consider the case where 1 � c � 2. In this
case, we only store N-bit classical information in the noisy
N qubits. Thus, we divide Mc into Mc1 of N qubits and Mc2 of
(c − 1)N qubits. Accordingly, Rc is divided into Rc1Rc2. We
define a state �MR by

�MR := (
A⊗N

γ

)Mc1
(



Mc1Rc1
N

) ⊗ ψMc2Rc2MqRq , (B33)

where

ψMc2Rc2MqRq = |i0〉〈i0|Mc2 ⊗π
Rc2
(c−1)N ⊗ϕ

Mq

0 ⊗π
Rq

qN . (B34)

The error is given by

δ0(c, q|Aγ , N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN − �MR
∣∣∣∣

1. (B35)
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Using 

McRc
cN = 


Mc1 Rc1
N ⊗ 


Mc2 Rc2
(c−1)N and relation (B7) twice, we have

2δ0(c, q|Aγ , N ) = 1

2N

2N −1∑
i=0

∣∣∣∣|i〉〈i|Mc1 ⊗ 

Mc2Rc2
(c−1)N ⊗ �

MqRq

qN − (
A⊗N

γ

)Mc1 (|i〉〈i|Mc1 ) ⊗ ψMc2Rc2MqRq
∣∣∣∣

1 (B36)

= 1

2N

2N −1∑
i=0

1

2(c−1)N

2(c−1)N −1∑
i′=0

∣∣∣∣|i〉〈i|Mc1 ⊗|i′〉〈i′|Mc2 ⊗�
MqRq

qN − (
A⊗N

γ

)Mc1 (|i〉〈i|Mc1 ) ⊗ |i0〉〈i0|Mc2 ⊗ϕ
Mq

0 ⊗π
Rq

qN

∣∣∣∣
1

(B37)

= 2

(
1 − 1

2(c−1)N

)
+ 1

2cN

2N −1∑
i=0

∣∣∣∣|i〉〈i|Mc1 ⊗ �
MqRq

qN − (
A⊗N

γ

)Mc1 (|i〉〈i|Mc1 ) ⊗ ϕ
Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1. (B38)

Equality (B38) is directly obtained from (B5) and the fact
that both |i0〉〈i0|Mc2 ⊗ π

Rc2
(c−1)N and 


Mc2Rc2
(c−1)N are diagonal in the

computational basis. To evaluate the trace distance in (B38),
note that for any bit sequence i with length N , it holds that

A⊗N
γ (|i〉〈i|) = (1 − γ )N−zi |i〉〈i| + [1 − (1 − γ )N−zi ]ρ�=i.

(B39)

Here, zi is the number of zeros in i, and ρ�=i is a normalized
state that does not have a support on |i〉〈i|. Thus, using (B8),
each term in the summation in (B38) is calculated to be∣∣∣∣�MqRq

qN − (1 − γ )N−ziϕ
Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1 + 1 − (1 − γ )N−zi .

(B40)
The first term in (B40) is bounded from below by using

relation (B11), leading to∣∣∣∣�MqRq

qN − (1 − γ )N−ziϕ
Mq

0 ⊗ π
Rq

qN

∣∣∣∣
1

� 1 + (1 − γ )N−zi − 2(1 − γ )N−zi 2−2qN . (B41)

Substituting these into (B38), we arrive at

δ0(c, q|Aγ , N )

� 1 − 1

2(c−1)N
+ 1

2cN

2N −1∑
i=0

[1 − (1 − γ )N−zi 2−2qN ]

(B42)

= 1 − 1

2(c−1+2q)N

(
1 − γ

2

)N

, (B43)

where the last line follows from the relation that
2N −1∑
i=0

(1 − γ )N−zi = (2 − γ )N . (B44)

We next consider the case where 0 � c < 1 and c + q � 1.
In this case, all the classical information and (1 − c)N–qubit
quantum information is stored in the noisy N qubits. We hence
divide Mq and Rq into Mq1Mq2 and Rq1Rq2, respectively. Mq1

consists of (1 − c)N qubits to be stored. We define the state �

by

�MR = (
A⊗cN

γ

)Mc
(



McRc
cN

) ⊗ ψMqRq , (B45)

where

ψMqRq = (
A⊗(1−c)N

γ

)Mq1
(
�

Mq1Rq1

(1−c)N

) ⊗ ϕ
Mq2

0 ⊗ π
Rq2

(q+c−1)N .

(B46)

The error is represented as

δ0(c, q|Aγ , N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN − �MR
∣∣∣∣

1. (B47)

From (B7), it follows that

2δ0(c, q|Aγ , N ) = 1

2cN

2cN −1∑
i=0

∣∣∣∣|i〉〈i|Mc ⊗ �
MqRq

qN

− (
A⊗cN

γ

)Mc (|i〉〈i|Mc ) ⊗ ψMqRq
∣∣∣∣

1. (B48)

Using (B8) and a relation similar to (B39), each term in the
summation is evaluated to be∣∣∣∣|i〉〈i|Mc ⊗ �

MqRq

qN − (
A⊗cN

γ

)Mc (|i〉〈i|Mc ) ⊗ ψMqRq
∣∣∣∣

1

= ∣∣∣∣�MqRq

qN − (1 − γ )cN−ziψMqRq
∣∣∣∣

1 + 1 − (1 − γ )cN−zi

(B49)

� 2(1 − (1 − γ )cN−zi〈�qN |ψ |�qN 〉), (B50)

where we have used (B11) in the last line. Using (B46), the
second term in (B50) is further calculated to be

〈�qN |ψ |�qN 〉
= 〈�(1−c)N |(A⊗(1−c)N

γ

)Mq1
(
�

Mq1Rq1

(1−c)N

)|�(1−c)N 〉 · 〈�(q+c−1)N

× |(ϕMq2

0 ⊗ π
Rq2

(q+c−1)N

)|�(q+c−1)N 〉
= 2−2(q+c−1)N · 〈�(1−c)N |(A⊗(1−c)N

γ

)Mq1
(
�

Mq1Rq1

(1−c)N

)|�(1−c)N 〉.
(B51)

From the definition of Aγ given by (B2), we have

〈�(1−c)N |(A⊗(1−c)N
γ

)Mq1
(
�

Mq1Rq1

(1−c)N

)|�(1−c)N 〉
= (〈�|(Aγ ⊗ id)(|�〉〈�|)|�〉)(1−c)N (B52)

=
(∑

l=0,1

|〈�|(Kl ⊗ I )|�〉|2
)(1−c)N

(B53)

=
(∑

l=0,1

(
1

2
|Tr[Kl ]|

)2
)(1−c)N

(B54)

=
(

1 + √
1 − γ

2

)2(1−c)N

. (B55)
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Combining all these and using (B44), we obtain

δ0(c, q|Aγ , N ) � 1 −
(

1 − γ

2

)cN(
1 + √

1 − γ

2

)2(1−c)N

× 1

22(q+c−1)N
.

In the last case where 0 � c < 1 and c + q � 1, all infor-
mation, both classical and quantum, are stored into the noisy
N qubits. Hence, the error is given by

δ0(c, q|Aγ , N ) = 1
2

∣∣∣∣
McRc
cN ⊗ �

MqRq

qN

−(
A⊗cN

γ

)Mc
(



McRc
cN

) ⊗ (
A⊗qN

γ

)Mq
(
�

MqRq

qN

)∣∣∣∣
1.

Using (B7), we have

2δ0(c, q|Aγ , N )

= 1

2cN

2cN −1∑
i=0

∣∣∣∣|i〉〈i|Mc ⊗ �
MqRq

qN

− (
A⊗cN

γ

)Mc
(|i〉〈i|Mc

) ⊗ (
A⊗qN

γ

)Mq (�MqRq

qN )
∣∣∣∣

1.

The classical part of the error is evaluated in a similar way
to (B40), which results in

2δ0(c, q|Aγ , N )

= 1

2cN

2cN −1∑
i=0

[∣∣∣∣�MqRq

qN − (1 − γ )cN−zi
(
A⊗qN

γ

)Mq
(
�

MqRq

qN

)∣∣∣∣
1

+ 1 − (1 − γ )cN−zi
]
. (B56)

Here, zi is the number of zeros in the cN-bit sequence i.
Using (B11) and (B44), we obtain

δ0(c, q|Aγ , N )

� 1 −
(

1 − γ

2

)cN
〈�qN |(A⊗qN

γ

)Mq
(
�

MqRq

qN

)|�qN 〉. (B57)

In the same way as (B55), the second term is calculated to be

〈�qN |(A⊗qN
γ

)Mq
(
�

MqRq

qN

)|�qN 〉 =
(

1 + √
1 − γ

2

)2qN

.

(B58)

We thus arrive at

δ0(c, q|Aγ , N ) � 1 −
(

1 − γ

2

)cN(
1 + √

1 − γ

2

)2qN

.

(B59)
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