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We study energetic exchanges and fluctuations in two-stroke quantum thermodynamic engines where the
working fluid is represented by two multilevel quantum systems, i.e., qudits, the heat flow is allowed by relax-
ation with two thermal reservoirs at different temperatures, and the work exchange is operated by a partial-swap
unitary interaction. We identify three regimes of operation (heat engine, refrigerator, and thermal accelerator),
present the thermodynamic uncertainty relations between the entropy production and the signal-to-noise ratio
of work and heat, and derive the full joint probability of the stochastic work and heat. Our results bridge the
gap between two-qubit and two-mode bosonic swap engines, and show which properties are maintained (e.g., a
nonfluctuating Otto efficiency) and which are lost for increasing dimension (e.g., small violations of the standard
thermodynamic uncertainty relations or the possibility of beating the Curzon-Ahlborn efficiency).
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I. INTRODUCTION

A growing interest has been recently devoted to thermody-
namic engines where the working systems are operated at the
nanoscale [1-3], from electronic devices [4,5] to biological or
chemical systems [6-8]. Differently from the usual scenery of
macroscopic thermodynamics, when the working substances
are elementary and small enough and generally when the dis-
crete nature of the energy spectrum is relevant, the fluctuations
of the thermodynamical variables become very important,
and the theoretical approach in terms of stochastic thermo-
dynamics [9—-11] turns out to be very useful to address the
problem of quantifying the efficiency along with the stability
and reliability of quantum thermodynamic engines.

In fact, fluctuation relations [10-29] pose rigid con-
straints on the statistics of heat, work and entropy production
in terms of the symmetries of the elemental microscopic
dynamics. More recently, so-called thermodynamic uncer-
tainty relations (TURs) have been developed [30-50], where
the signal-to-noise ratio of observed work and heat has been
related to the entropy production. For example, these TURs
balance the trade-off between entropy production and fluctua-
tions of output power, namely, the precision of a heat engine,
such that working systems operating at vanishing entropy pro-
duction entail a divergence in the relative output power fluc-
tuations. Fluctuation relations and TURs have been indepen-
dently developed, but lately they have been connected within
various approaches and operational assumptions [36,51-59],
suited also to the analysis of quantum thermodynamic stroke
engines [54,60].

One of the most studied quantum thermodynamic engines
is based on the Otto cycle [60-71], with possible implementa-
tions by different physical systems as working fluid, e.g., ion
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traps, Cooper-pair boxes, or quantized modes of the radiation
field. The advantage of stroke Otto engines is that a deep study
is amenable, since heat and work strokes are clearly separated:
in a part of the dynamics, the systems are coupled to thermal
reservoirs and are allowed to relax with fixed Hamiltonian
by heat exchange, while in a different part they are isolated
from the baths and work is externally supplied or extracted
by a driven Hamiltonian. In fact, a thorough derivation of the
full stochastic heat and work distribution can be accomplished
when the working strokes are operated by a partial-swap uni-
tary interaction, when the working fluid is represented by two
bosonic modes or two qubits [60].

Building on the approach of Ref. [60], in this paper we
study a two-stroke thermodynamic engine where the working
fluid is abstractly given by two multilevel quantum systems
(i.e., qudits), each with equally spaced energy levels. These
are alternately coupled to their own thermal bath at different
temperatures allowing heat exchange, whereas the working
stroke is implemented by a unitary interaction with tunable
partial swap in order to extract or supply work. In the situation
of perfect swap operation, this model interpolates the case
of two qubits with that of two harmonic oscillators under
50/50 frequency conversion [60], and may find application
with different high-dimensional quantum systems, as Rydberg
atoms [72], polar molecules [73], trapped ions [74], NMR
systems [75], cold atomic ensembles [76,77], and discretized
degrees of freedom of photons [78].

By the joint estimation of work and heat via a two-
point-measurement scheme [11,26,79,80], we obtain the
characteristic function that provides all moments of work and
heat. Three regimes of operation are identified, where the
periodic protocol works as a heat engine, a refrigerator, or a
thermal accelerator. The model is shown to achieve the Otto
efficiency, independently of the dimension, the temperature
of the reservoirs, and the coupling parameter. We present
an exact relation between the signal-to-noise ratio of work
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and heat and the average entropy production of the engine,
thus linking together average extracted work, fluctuations, and
entropy production. From these relations we derive thermody-
namic uncertainty relations that are satisfied in all the regimes
of operations and for any dimension. Similarly to the case
of two-qubit stroke engines [54,60], a small violation of the
standard TUR is observed, which, however, is rapidly washed
out for increasing dimension of the working qudits or for
decreasing coupling strength. A bound of the efficiency in
terms of the first two moments of the work distribution is
also obtained. Finally, we provide the full joint probability of
the discrete stochastic work and heat in closed form, which
allows us to explicitly verify a detailed fluctuation theorem.
We conclude the paper with a preliminary analysis of the
finite-time cycle, i.e., by considering partial thermalization
strokes, and study the resulting output power in the case of
perfect-swap unitary interaction. In this case we show the
possibility of beating the Curzon-Ahlborn efficiency [81-83],
which, however, is reduced for increasing dimension.

II. A TWO-QUDIT SWAP ENGINE

Throughout the paper we fix natural units for both Planck
and Boltzmann constants, namely /i = kg = 1. The thermody-
namic engine under investigation is based on a working fluid
given by a couple of qudits A and B, i.e., two d-level quantum
systems, each one with equally spaced energy levels. We can
write their free Hamiltonian as

d—1
He = wc ) _ nin), )

n=0

with C = A, B. Initially, the two qudits are in thermal equi-
librium with their own ideal bath at temperature T and T,
respectively, and we fix Ty > Tp. Hence, the initial state is
described by the tensor product of Gibbs thermal states, i.e.,

e Paa e PsHs

= 2
£0 ZA®ZB’ ()

with By = 1/Tx and Zyx = Trle /] = 1=C25% The two
qudits are then isolated from their thermal baths and are
allowed to interact in a time window [0, t,,] via the time-

dependent interaction
H([) S e*i(HA+HB)tEei(HA+HB)t’ (3)

where « is a real coupling parameter and E denotes the swap
operator, which acts on two-qudit states as E|{) ® |¢) =

J

sinh (2424 ) sinh (£22) sinh [ (Bawa + i£)] sinh [4 (Bpwp — if)]

|¢) ® |). In the interaction picture where

p1(t) = Uj (t)p()Us(2), 4)

with Up(t) = exp[—i(Hy + Hp)t], the interaction
Hamiltonian is clearly
H(t)=H =H(0)=«E, (5)

and hence one has p;(t) = e~ p;(0)e™". Going back to the
Schrodinger picture we obtain the evolution

p(t) = U@)pO)U' (1) = Ug(t)e ™ p(0)e™ U (t).  (6)
Since E? = I we can also write

Vo = e ™ = cosOI — isinOE, (7)
with & = k1, and hence U (t,,) = Uy(ty)Vs.

After the interaction the two qudits are reset to their equi-
librium state of Eq. (2) via complete thermalization by their
respective baths. The procedure can be sequentially repeated
and leads to a two-stroke engine. For each cycle the energy
change in qudit A corresponds to the heat Qp released by the
hot bath, i.e., Oy = —AE}y, and similarly for qudit B we have
QOc = —AEp, corresponding to the heat dumped into the cold
reservoir (heat is positive when flowing out of a reservoir).
The work W is supplied (W > 0) or extracted (W < 0) during
the unitary interaction, and the first law W = —Qp — Q¢ =
AE4 4+ AEjp holds. The entropy production per cycle is then
given by ¥ = —840n — Bs0Oc = (Bz — Ba)0n + BsW.

We characterize the engine by the independent variables
W and Qg and consider the characteristic function x (A, w),
where A and p denote the counting parameters for work and
heat, so that all moments can be recovered as

P+ Iy (r, )

s\ _ (_
W0y = ( o

: )
r=u=0
By adopting the two-point measurement protocol
[11,26,79,80] typically considered in the derivation of
Jarzynski equality [84] to jointly estimate W and Qp, in the
present scenario the characteristic function can be written as

X, ) = Tr[U T (z,,) ("¢~ @ i*Hr)
X U(Tw)(e—i(x—u)HA ® e~ Hs Yool ©)

Equation (9) can be obtained along similar lines as
in Refs. [24,26], and a brief derivation is given in
Appendix A for the sake of the reader. The explicit evaluation
of the characteristic function is presented in Appendix B with
the following result:

X (A, i) = cos® 6 + sin® 6 — - — . = (10)
sinh (d’s‘TA) sinh (d’S’*T”) sinh [%(ﬂAa)A + zé)] sinh [%(,BBa)B - 15)]
[

where & = (wp — wp)L —wape. We note the identity theorem [22,24,25,27]
xliBp,i(Bg — Ba)] =1, corresponding to the standard
fluctuation theorem (e"*)=1. In fact, the stronger W
relation xliBg — X, i(Bg — Ba) — ]l = x(A, ) holds M — oBs—BQu+BsW _ T an
[85], which is equivalent to the detailed fluctuation p(—=W,—0pg)
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FIG. 1. Average work (left), heat (center), and entropy production (right) for parameters 7y = 2, T = 1,0 = /2, w4 = 1 versus wg/wa,

for dimension d = 2 (solid line), d = 4 (dotted line), and d = 8 (dot-dashed line). The three regimes of operation correspond to wg/w, < &

2

(refrigerator), L« wp /wa < 1 (heat engine), and wg/w, > 1 (thermal accelerator).

We notice that, for & = 7 /2, the unitary V; > performs a swap
gate which exchanges the states of the two quantum systems.
In this situation, in the limit d — oo the two-qudit model
recovers the two-mode bosonic Otto engine of Ref. [60] under
50/50 frequency conversion [86].

Since x (X, w) is a function of the single variable &, one

has 9, x = w:fw,x d,.x. Hence, from Eq. (8) one obtains the
symmetry relations
s @a ' s
wioy) = ( ) W), (12)
wWpB — Wy

and, from the first law, (Qlc) = (—wp/wa )I(Q’H). It follows
that the average entropy production per cycle is given by

_ Bawa — Bpws
wp — Wp

(X) = —Ba(Qn) — Bs{Qc) (W). (13)

From the characteristic function we can now evaluate the
average work per cycle, which is given by

sin 6
> (wp — wa){coth(Brwa /2)

—d coth (d,BAa)A/Z) — [COth (,330)3/2)
—d coth(d Bgwg/2)1}.

(W) =

(14)

Correspondingly, from Eq. (12), the heat exchanged with the
hot reservoir is (Qy) = wB“fwA (W). We note that, for any
positive integer d the function coth(x/2) — d coth(dx/2) is
monotonically decreasing versus x. Hence, we can identify
three regimes of operation of the quantum thermodynamic

machine, namely,

[OF TA .
(a) 1 < — < —, heat engine,
wp TB
w T,
(b) A —A, refrigerator,
wp T;
wA
(c) — <1, thermal accelerator,
wp

where we have, respectively,

(@ (W)<0, (Qu)>0, (Qc)<0;
()  (W)>0, (Qu)<0, (Qc)>0;
() (W)>0, (Qu)>0, (Qc)<0.

In Fig. 1 we plot the average work, heat, and entropy produc-
tion for dimensions d = 2, 4, and 8, for parameters 7 = 1,
Tg =2,0 =7 /2, wp = 1 versus wg/wy.

As expected, from Eq. (13) it follows that the entropy
production (X) is always positive. Upon defining the mean
occupation number

e PxHx Hy
Ny = Tr[ —1=1/2[d — 1 + coth(Bxwx /2)
ZX wyx
—d coth(dBxwx /2)] = g(Bxwx), (15)
we can also rewrite concisely
(W) = sin’ §(wp — @2)(Na — Np). (16)

The efficiency n of the heat engine is given by n =
% =1- Z—:’ <1- % = ¢, corresponding to the Otto
cycle efficiency. The Carnot efficiency 7 is achieved only for
wa/wp = Ty /Tp (i.e., with zero output work). Analogously,
the coefficient of performance for the refrigerator is given by
. = % = ﬁ < % = ¢c. Notice that both n and ¢ are
independent of the coupling strength 6, the temperature of the
reservoirs, and the dimension d.

The present model shares some similarities with those
studied in Refs. [70,71], where the same Otto efficiency
is achieved. In particular, in Ref. [71] the interaction be-
tween the working systems is modeled by a beam-splitter-like
Hamiltonian, and the same regimes of operation are obtained.
In fact, in both models the total excitation number of the
systems is preserved by the working interaction. Here, these
feature is easily seen by the symmetry relation

[H;(t), Hy/wa + Hp/wp] = 0. (17)

We can find (numerically) the efficiency 7,, at maximum
work per cycle. The result is plotted in Fig. 2, for different
values of the dimension d: one finds that 7, is larger than
the Curzon-Ahlborn efficiency nca = 1 — +/T3/1y, i.e., the
efficiency of the endoreversible Carnot cycle at maximum
power [81-83] and rapidly converges to nca for increasing
values of the dimension d (see Appendix C for the limiting
case d — 00).
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FIG. 2. Efficiency at maximum work 7, versus the ratio T5/T4
for dimension d = 2 (dotted), 4 (dashed), and 8 (dot-dashed), along
with the Curzon-Ahlborn curve nca = 1 — /Tp/T4 (solid line).

By the identity % = —7 (% — 1), one obtains
the relation
<2>:<_T—W><’7—C_1) (18)
B n

between average extracted work, entropy production, and
efficiency of the heat engine. Analogously, one has (X) =
%(% - lc) for the refrigerator. Notice that these relations
hold also for the two-qubit and two-mode bosonic Otto

engines [60].

III. THERMODYNAMIC UNCERTAINTY RELATIONS AND
PROBABILITY OF STOCHASTIC WORK AND HEAT

The second moments of work (W?), heat (Q%), and the
correlation (W Qp) can be obtained through Egs. (8) and (10)
by lengthy but straightforward calculation, and one has

sin® @
2

+ coth? (Bgwp/2) — coth (Bawa/2) coth (Bpwp/2)

—d[coth (Bawa/2)— coth (Bpwg/2)][coth (d Bawa/2)

(W?) = (wp — wp){d* — 1 + coth? (Brwa/2)

— coth (dBpws/2)]
— d? coth (d Bawa /2) coth (d Bswp/2)}, (19)
2\ _ ")—124 2
(Oy) = on— an) (W), (20
WA 2
(WQy) = ———(W9). (2D
wWpB — Wy

From the above equations, along with Eq. (13), we find an
exact identity relating the inverse signal-to-noise ratios and
the entropy production, namely,

var(W)  var(Q)  cov(W, Qn)

W)Y2 Q)2 (W) (Qn)
_ (Bpon — ﬁAwA)(J;(;B honPron )y (a2

with
fx,y,d) = {d*> — 14 coth? (x/2) + coth? (y/2)
— coth (x/2) coth (y/2)
— d[coth (x/2) — coth (y/2)][coth (dx/2)
— coth (dy/2)] — d* coth (dx/2) coth (dy/2)}
x {coth (x/2) — coth (y/2) — d[coth (dx/2)
— coth (dy/2)1}". (23)

We note that the only dependence on the coupling parameter 6
comes for the inverse of the average entropy production, (X).
Hence, the above ratios are minimized versus 6 for 6 = %,
for which also the entropy production achieves the maximum.
Then, the reduction of the noise-to-signal ratio associated
with work extraction (or cooling performance) comes at a
price of increased entropy production. We observe that, for
6 = /2, the unitary stroke transforms the initial bi-thermal
state (2) with inverse temperatures 84 and Bg into a bi-thermal
state with final inverse temperatures Spwp/wa and Bawa/wp
without leaving final correlations between the two qudits. On
the other hand, operating at zero entropy production (i.e., for
Bawa — PBpwp, thus approaching the Carnot efficiency) will
induce a divergence in Eq. (22).

For the heat-engine regime Ssws < Bpwp and fixed values
of d and 6, numerical inspection shows that, for assigned
value of Bawa (of Bpwp), the ratio YatW) i minimized for
Bpwp — oo (for Baws — 0), and the ultimate minimization
is given by

var(W) d+1+3(d —1)cos’ 0
w2 3(d — 1)sin® 6

) (24)

achieved for Baws — 0 and Bgwp — oo.

Note that, for both the heat engine and the refrigerator,
the sign of cov(W, Qg ) is negative, whereas for the thermal
accelerator where external work is supplied to increase the
heat flow from hot to cold reservoir the covariance is positive.

For d = 2, since the function g in Eq. (15) is easily in-

verted, namely, Bxywy = In lxivx , Eq. (19) can be rewritten as

(W?) = sin? 0(wp — wa)*(Na + Ng — 2N4Np),  (25)

thus recovering the result for qubits [60]. Also, Eq. (23)
simplifies as

f(x,y,2) = coth [(y — x)/2]. (26)

From numerical evidence one has (y — x)f(x, y,d) > 2, with
equality in the limit x — y, and hence the following TUR
is obtained:

var(W) 2
w2y @7

(%)
which holds for all parameters and any dimension d. As in the
two-qubit case, the presence of the —1 term implies that the
standard TUR Y{i) > - can be slightly violated [54,60].
Remarkably, a similar small violation has been recently re-
ported in Ref. [87] for a different model of thermal machine
(i.e., a two-qubit steady-state and autonomous engine), where

also a stronger violation is found for a three-qubit model.
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FIG. 3. Plot of the signal-to-noise ratio of work (W)?/var(W) and scaled entropy production (¥)/2 with coupling = 5 /2 for dimension
d =2 (left) and d = 8 (right) as a function of parameters Bswa and Bgwp. The region of parameter space where the standard TUR is violated

is shrunk for increasing dimension of the working systems.

In Fig. 3 we report the signal-to-noise ratio (W)?/var(W)
along with the function (X)/2 for the cases d =2 and d = 8
with 0 = 7 /2. We generally observe that the region of param-
eter space for a violation of the standard TUR is shrunk for
increasing values of the dimension d. This is more apparent
in Fig. 4, where the product var(W)(X)/(W)? is reported
versus fpwp for fixed Bawy = 0.1, coupling 6 = 7 /2 and
dimensions d = 2, 4, and 6. Indeed, we recall that, for the
two-mode bosonic engine, the standard TUR is never violated,
since Vflvrvgvzv) > 57 + 1 holds [60]. A similar shrinking effect
is observed also for decreasing values of the coupling 6 at
fixed dimension d, along with a rapid decrease of the strength
of the violations, as shown, for example, in Fig. 5 for the
case d = 2 with coupling values 0 = 7 /2, 57 /12, and 7 /3.
We report that the strongest violation of the standard TUR
is numerically obtained for d = 2, 0 = /2, faws — 0, and
Bewg =~ 2.010, for which var(W)(X)/(W)? ~ 1.864.

From Eq. (18) and the bound %—;2 > % equivalent to
Eq. (27), we can obtain the following relation between the
average extracted work, second moment, and efficiency

o (5 )
273 \ 7 ’

which can also be written as a bound on the efficiency, namely,
Nc

(=W) < (28)

TS TR 2T W W) &)
var(W)<S>/<W>?
23 /
22 /,
2.1 //

Bewg

05 10 15 20 25 30

FIG. 4. Ratio var(W)(X)/(W)?> versus Bgwg Wwith Biws =
0.1, 6 =m/2, and dimension d =2 (solid line), 3 (dotted),
and 4 (dashed).

Hence, in order to increase the efficiency, one must either
reduce the output work or increase the second moment of
work distribution, thus undermining the engine reliability. For
the two-mode bosonic Otto engine, analogous equations as
(28) and (29) hold [60] when replacing (W?) with var(W).
Since the characteristic function is periodic in A and u with
period IwAszB\ and i—’:, the joint probability p(W, Qp) of the
stochastic work and heat is discrete, with W and Qp as integer
multiples of ws — wp and wy, respectively. Then one has

pW = m(ws — wp), Qu = nwa)

g
|wg —wpl

_ ooy — wgl
Qn)? o
log—wpl

pig

X/ A du x (A, pe

T g

—im(wp—wpg)L—inws

(30)

Since (A, w) is a function of the single variable £ = (w4 —
wp)h — wapt, mamely x(h, ) = x (0, p — “4522%), by the
change of variables u© — wau — (wp — wp)r and A — (wp —
wp)X in Eq. (30) we obtain

pPW =m(ws — wp), Oy = nwy)

1 T T—A n ) )
— / d)\,/ d,bL X (O, _) e—t(n+m))»—mu
(020 R N

var(W)<Z>/<W>2
2.10
2.05

2.00

1.95

Bswg

05 10 15 20 25 30

FIG. 5. Ratio var(W)(Z)/(W)? versus Bzwg with Byw4 = 0.1,
d = 2, and coupling strength 6 = /2 (solid line), 57 /12 (dotted),
and 7 /3 (dashed).
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FIG. 6. Probability of the stochastic work in ws — wg units, for B4ws = 1 and Bgwg = 2 and dimension d = 8, with strength interaction
0 = m /4 (left), w /3 (center), /2 (right). By exchanging n — —n, the same histograms represent the distribution of heat released by the hotter

reservoir in w, units [see Eq. (32)].

2 b4
:/ d—ﬂx(O i)e—inu/ d_)‘e—i(n+m),\
0 2 " wa g 2w

2

d .

= S / At 0, Hoyeminn, 31
0 2 wA

This means that the stochastic work and heat are perfectly
correlated, i.e.,

pW =m(wy — wp), Op = nwy)

T

2 d/’L ]
pP(On = nwy) = f E cos’fe "™ 4 sin’ 0
0

= n0 cos? 0 + sin’ 0
A

which can be summarized as

= p(W = m(ws — wB))8n,—m
= p(QH = ”wA)sm,fw (32)

This feature is due to the symmetry (17) and implies that
(=W/Qu)") = (=W/Qr)" = (1 — z—i ", namely, there are
no efficiency fluctuations.

The simplest way to find explicitly the probability is to
proceed from Eq. (31) by using the expression of the char-
acteristic function in the last line of Eq. (B2), and one obtains

d—1
E elﬂAwAeSﬂBwBei(lsn)M>

V4
ACB ) —0

d—1—max {0,n}

Z e*S(ﬂAwAJrﬂBws)e*ﬁAwAn’ (33)

s=max {0, —n}

for0<n<d—1

p(On = nwy) = 8,0 cos’ O + sin” 0
AZp

In Fig. 6 we report the probability for the stochastic work in
(wa — wp) units for Baws = 1 and Bpwp = 2 and dimension
d = 8, pertaining to three increasing values of the strength
interaction, i.e., 0 = 7 /4, w /3, and 7 /2.

The closed form for the probability in Eq. (34) allows one
to explicitly verify the detailed fluctuation theorem in Eq. (11)
as follows:

pW = —n(ws — wp), On = nwy)
pPW = n(ws — wp), Oy = —nwy)

— e(ﬂBwB*ﬁAwA)Vl — e(ﬂs*ﬂA)ﬂwA*ﬂB"(wA*wB)

— Bs=B)Qu+BsW (35)

IV. FINITE-TIME ANALYSIS FOR PERFECT-SWAP
STROKES

The thermal strokes considered in the previous sections
implicitly assume infinite duration in order to guarantee a
complete relaxation of the qudits by weak coupling to the
temperatures of the respective thermal reservoirs. This means
that, indeed, the output power per cycle becomes vanishing.
However, the efficiency for a working cycle at finite times and

1 — ¢~ d=InD)(Bawa+Bpwp) e~ Bawan
1 — e~ (Bawa+Bpwp)

g*ﬁkwshﬂ forl —d < n<0. (34)

(

hence with nonzero output power is usually of great practical
importance [3,61,81-83,88-90].

In this section we provide a preliminary study of the finite-
time performance of the presented model for the specific case
of a perfect-swap operation 6 = /2, postponing a general
analysis for future work. In fact, as previously noticed after
Eq. (23), a bi-thermal state of the qudits remains factorized
and bi-thermal under the perfect-swap operation. Then, we
can provide a simple model for the effect of partial thermal-
ization in the case of finite-time stroke, without resorting to
a specific master-equation approach. After a number of tran-
sient cycles, the state of the two qudits will rapidly achieve the
steady state of the map given by the composition of the swap
stroke followed by the thermal stroke. Indeed, let us consider
a time-dependent relaxation of the mean occupation number
for both qudits towards their respective equilibrium values N4
and Np as

dN:
#(’) = —ax[Nx (1) — Ny] (36)

for X = A, B, where ax denotes the relaxation rate constants
and Ny are given by Eq. (15). Clearly, we have Nx(t) =
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[Nx (0) — Nxle~**" 4+ Ny. By taking thermal strokes with fi-
nite duration T, at the end of the (n + 1)st cycle the state will
be bi-Gibbsian and the mean occupation numbers will satisfy
the recursive relations
NG = (NP — Ny 4
Ny = (N{" — Np)e™ ™™ + Np. (37)

The cycles lead to a periodic state corresponding to the steady-
state solution given by

NA(l — e*OlATq) +NB(1 _ efagrq)efomrq

Ny = [~ o—@tann, )
* NB(I — e_OlBTq) —+ NA(l _ e_aATq)e—aB'[q
NB - 1 — e—(@atan)ry . (38)
From Eq. (38) we also note the symmetry relation
oo (=T — e )
NA —NB = (NA _NB) (39)

1 — e_(aA 'HXB)‘[q

For finite-time thermalization strokes, after a transient, the
characteristic function in the limit cycle is then still given by
Eq. (10) by replacing By with the effective inverse tempera-
tures By = g~ !(N§)/wx in terms of the inverse of the function
g given in Eq. (15). The average work in the steady cycles is
then given by

(W) = (wp — @a)(Nj — Np), (40)

and for Eq. (39) a simple scaling factor appears with respect
to Eq. (16). Since the entropy production is ascribed to the
temperature of the thermal baths one has

() = (Bpwp — Bawa)(N; — Np),

and so Eq. (13) still holds. The second moment in Eq. (19) and
the joint probability of the stochastic work and heat in Eq. (34)
are obtained by the replacement (B4, B) — (B}, Bj)- Hence,
the efficiency of the swap engine remains a nonfluctuating
quantity even in the finite-time regime and is still given by
n=1-2

By negfecting the unitary stroke duration (e.g., we can take
k > land 1, < 1, with & = k1, as an odd multiple of 7 /2),

the output power per cycle is given by

P = (=W)/ty = (wa — wp)(N; — Np)/7q.

(41)

(42)

By assuming for simplicity equal relaxation rates oy = ap =
« for the two reservoirs, one has

P tanh(at,/2)

(ws — wp)(Ny — Np), (43)

Iq
which is trivially maximized versus 1, for t, — 0, giving
finite power P = %(a)A — wp)(Ny — Np). This means that the
maximum power is achieved by a bang-bang approach with
very short-term strokes. By dropping the condition 7, < 1,
notice that the optimal power will be smaller and obtained
for a nonzero finite value of t,, as shown in Fig. 7. These
considerations are analogous to the results of Ref. [61] per-
taining to finite-time four-stroke Otto engines. Notice that
the previous results about the efficiency at maximum work
(see Fig. 2) apply at maximum output power as well, since
the dependence on time in Eq. (43) is simply given by a

FIG. 7. Power in (w4 — wg)(Ny — Np) units versus thermal-
ization stroke time 7, with rates a4y = ap =1 and swap stroke
times 7,, — 0 (solid line), 7,, = 0.1 (dotted), t,, = 1 (dashed), and
7, = 10 (dot-dashed). In all cases, the condition 7, = 7/2 is
supposed to hold.

factor and the efficiency is unchanged and independent of the
cycle duration. We note that the possibility of surpassing the
Curzon-Ahlborn efficiency has been recognized in a number
of different scenarios [3,67,71,88-93].

As in the two-mode bosonic Otto engine [60], short
thermalization times are expected to be harmful for the signal-
to-noise ratios of work and heat, with significant modification
in the thermodynamic uncertainty relations. As an example,
in Fig. 8 we plot the signal-to-noise ratio for fixed value of
the parameter Ny = 2 versus varying N4 in the case of dimen-
sion d =9, for different values of at,, where it is apparent
the detrimental effect of decreasing the thermalization times.
These results can be obtained by replacing f(Bawa, Bpws, d)
with f(Biwa, Bws, d) in Eq. (22).

A deeper study of the finite-time scenario will be deferred
for future work, possibly by the explicit modeling of the
thermal relaxation via master equations and also by taking
into account the residual correlations between the qudits in
the steady state of the limit cycle in the case of partial-
swap strokes.

<W>2/var(W)

FIG. 8. Signal-to-noise ratio of the work for a nine-level swap
engine (¢ = 7) with mean occupation number Nz = 2 versus vary-
ing N4 for ideal thermalization (solid), and finite thermalization
stroke times at, = 3 (dotted), 2 (dashed), and 1 (dot-dashed).
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V. CONCLUSIONS

By adopting the two-point-measurement scheme for the
joint estimation of work and heat, we have quantified the
work and heat fluctuations pertaining to two-qudit quantum
thermodynamic two-stroke Otto engines, where the work is
extracted or performed by a multilevel partial-swap interac-
tion, and thermal relaxation to two respective reservoirs at
different temperatures guarantees the cyclicity of the protocol.
Exact relations among work, heat, fluctuations, efficiency, and
reliability emerge.

We have derived the characteristic function for work and
heat and obtained the full joint distribution of the stochastic
work and heat. In all ranges of coupling parameter and dimen-
sion we have shown thermodynamic uncertainty relations that
reveal the interdependence among average extracted work,
fluctuations and entropy production, confirming that reducing
the noise-to-signal ratio of work or heat comes at a price of
increased entropy production.

J

The link between fluctuation theorems and thermody-
namic uncertainty relations appears to be relevant for the
design of quantum thermodynamic machines. In fact, the
presented results match the two-qubit swap engine with
the two-mode bosonic case. In particular, we have shown
that the small violation of the standard TUR for qubits is
rapidly washed out for increasing dimension of the working
qudits.

The effect of partial thermalization due to finite-time ther-
mal strokes has also been studied in the case of perfect-swap
unitary interaction. This results in a nonzero output power
engine where the allocation of thermal and working strokes
have been optimized. Thus, the efficiency at maximum power
can be evaluated, and violations of the Curzon-Ahlborn limit
are observed. Such violations are stronger for qubits and
decrease for increasing dimension. We note, however, that
partial thermalization sensibly decreases the signal-to-noise
ratio of work and heat.

APPENDIX A: DERIVATION OF THE CHARACTERISTIC FUNCTION (A, n) IN EQ. (9)

The characteristic function is given by the Fourier transform of the joint probability p(W, Qg ) of the stochastic work W and

heat Qy, namely

(AL)

Let us adopt a two-point measurement protocol, where both the Hamiltonian H, and Hy of the two isolated systems are measured
just before and after the action of the unitary interaction U (t,,). The probability p, , for the initial measurement outcomes n and

m is given by the Gibbs weight of the initial state pp, namely

1
ZyZg

Pnm =

—Bawan

—Bpwpm

e (A2)

The conditional probability g(I, s|n, m) pertaining to the final measurement outcomes / and s given initial outcomes n and m is

given by

q(l, sln,m) = [{1| @ (s|U (z,)n) ® |m)|*.

(A3)

For this occurrence characterized by the set {n, m, [, s}, note that the work and heat are given by AEs + AEp = wa(l —n) +
wp(s —m) and —AE4 = wa(n — 1), respectively. Hence, the joint probability p(W, Q) is obtained by the following average

over all occurrences:

PW.0m) = Y pumql.sln.m)8W — wa(l = n) — wp(s — m)8(Qu — wa(n — ). (A4)
n,m,l,s
By replacing Eq. (A4) in Eq. (A1) and applying the § functions one obtains
X, p) = 1 e~ Pawan p=Bpwpm yidwa(—n)twp(s—m)] yipws(n—1)
ZAZB nm,l,s
XTr[U T (m, ) (1) (1] @ [s)(sDU (z)(In) 1] @ |m) (m))]
= Tr[U(z,,) (¢ @ M) U () (e 4710 @ o718 po ). (AS5)
APPENDIX B: EVALUATION OF THE CHARACTERISTIC FUNCTION (A, n) IN EQ. (10)
For the unitary operator U (t,,) = Up(ty,)Vy, since Up(t,,) commutes with both H4 and Hp, Eq. (10) rewrites as
1 . : . ,
x O ) = ~ Tr[VJ (el()»—ll)HA ® el)LHR)VO(e_[l()\_I-L)"FﬂA]HA ® e_(l)L‘HSB)HB)]. (B1)
ALB

Notice that the equivalence of the two expressions (10) and (B1) implies that, by replacing the time-dependent interaction
Hamiltonian in Eq. (3) with a constant-quench Hamiltonian «E with strong parameter « >> 1 and short duration 7,, < 1 with
finite & = « 1,,, then one obtains the same statistics for the work and heat.
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Since Vy = cosOI — isinOE, from Eq. (B1) one has

X, p) = cos? 9 + sin? @ Tr[E(ei()L*M)HA ® eMis )E(e*[i()\*ll)+ﬁ/\ s ) o= (iA+Pp)Hy )]

ZuZ5

1
ZaZp
_Tr[(ei(?»—M)HA ® eiAHB)E(e—[i(A—;/,)+/3A]HA ® e_(i)‘+ﬂB)HB)]}

+isinf cos 6

{Tr[E (ei(X*M)HA ® eiXHB)(g*[i()»*H)JrﬂA]HA ® e*(ik+ﬂB)HB )]

1 oy gy L ey
— C0S2 0+ sin2 eﬁrﬁ,[e(z}L B‘”A A tip—Ba )Ha Qe (ir B“’B A +1,uw2 +,BB)HBL (B2)
‘ALB

where we used the identity E(f(Hy) ® g(Hp))E = glwpgHa/wa) @ f(waHp/wp) that holds for arbitrary functions f and g to
simplify the factor of sin” @, and we applied the property Tr[E(X ® Y)] = Tr[(X ® Y)E] = Tr[XY] for all operators X and Y to
cancel out the two terms that multiply sin 6 cos 6. Finally, by evaluating the trace we obtain

1 — e~ dBawatié) | _ p—d(Bpwp—ié)

2 )
X (A, p) = cos™ 0 + sin QZAZB | — o—Broati®) | — o—Baon—if) (B3)
— 05?8 + sin2 g S (2224 sinh (£222) sinh [4 (Bawa + i&)] sinh [4 (Bgwp — i&)]
sinh (4£424) sinh (%2522 ) sinh [} (Baws + i€)] sinh [ 1 (Bpwp — i&)]
where £ = (wy — wp)A — wa L.
APPENDIX C: EFFICIENCY AT MAXIMUM WORK PER CYCLE FORd — oo
For d — oo the maximum work per cycle is obtained from Eqs. (15) and (16) with 6 = 7 /2, and one has
(W) = LA o (PA24) _ com (P22 ) | (1)
2 2 2
For fixed ratios nc = 1 — % andn=1- Z—j one can rewrite
1—
(W] = Ty—'—x| coth 1€ ) — coth (x) | (€2)
1= 1=

withx = ﬁg% Along similar lines as in Appendix D of Ref. [71], one easily shows that [(W)| achieves the maximum for x — 0,
since d,|(W)| < O for all x > 0. Hence, the maximum can be searched in the high-temperature limit [94], where

n(nc —n)

W) =T — =

=g =n)

TB(l — %) + TA<1 — @), (C3)

wp w4

which is maximized by the Curzon-Ahlborn value 1,, = nca = 1 — /1 /1.
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