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Nonlinear Bragg interferometer with a trapped Bose-Einstein condensate
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We propose a scheme for trapped-atom interferometry using an interacting Bose-Einstein condensate. The
condensate is controlled and spatially split into two confined external momentum modes through a series of
Bragg pulses. The proposed scheme (i) allows the generation of large entanglement in a trapped-interferometer
configuration via one-axis twisting dynamics induced by interatomic interaction and (ii) avoids the suppression
of interactions during the interferometer sequence by a careful manipulation of the state before and after phase
encoding. The interferometer can be used for the measurement of gravity with a sensitivity beyond the standard

quantum limit.
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I. INTRODUCTION

Matter-wave atom interferometers are ideal tools for in-
ertial measurements [1,2]: they enable tests of fundamental
theories [3-8], as well as practical applications [9] such
as gravimeters [10-14], gradiometers [15-17], and gyro-
scopes [18-23]. In the wider context of grand unification
theory [24], dual-species matter-wave atom interferometer
have been proposed to test in a unique way the weak
equivalence principle [25-29] where gravity can be tested
within a quantum framework competing with state-of-the-art
classical technologies [30-32]. The use of entangled probe
states [33-35] has been proposed as a viable method to
increase the sensitivity of atom interferometers beyond the
standard quantum limit (SQL) imposed by uncorrelated-atom
probes [36—44]. However, so far, sub-SQL sensitivities have
been mainly shown in proof-of-principle experiments [36]
that might not be compatible with the strict experimental con-
ditions imposed by the specific application [45]. For instance,
gravimeters require the creation of entangled atoms in con-
trollable and separable momentum modes [46]. To generate
such states, recent proposals explored the use of high-finesse
optical cavities [47—49] or particle-particle interaction in
Bose-Einstein condensates (BECs) where entanglement into
internal levels is converted to external degrees of freedom via
Raman addressing [37,50].

In this paper we propose a trapped-atom interferome-
ter for the measurement of inertial forces and gravity with
a sensitivity beyond the SQL. The interferometer uses a
trapped interacting BEC with beam splitters implemented
by Bragg pulses [51-53] (see Fig. 1). Particle entangle-
ment is generated in trapped momentum modes via elastic
atom-atom interaction, which is kept in the interferometer
sequence. We show that sub-SQL sensitivities can be reached,
in our scheme [also referred to as a nonlinear atom inter-
ferometer (NLAI)], due to a careful rotation of the state
before and after the interferometer sequence that accounts
for the growth of phase fluctuations generated by interatomic
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collisions. This avoids the exploitation of a Feshbach res-
onance to suppress the scattering length between BEC
atoms [38] during the interferometer operations, which
may introduce substantial systematic effects [54,55]. It thus
paves the way toward practical applications of ultrasensitive
trapped-atom interferometry.

II. INTERFEROMETER SCHEME

The atom interferometer discussed in this paper is shown
schematically in Fig. 1. It starts with a BEC of N atoms
initially at rest in the bottom of a harmonic dipole potential.
The trap is kept on during the full interferometer process,
until the final readout. At r = 0, a Bragg pulse coherently
splits the BEC in two momentum states =7k, where the
effective wave vectors correspond to the two-photon tran-
sition ky = 2k;. Each particle in the BEC is in a quantum
superposition of momenta +7iky such that the state after the
Bragg pulse is described by the coherent spin state |v,) =

2555 ()71 +n,S — n), with S = N/2 and the state
|S 4+ n, S — n) indicating S £ n atoms with momenta 47k,
respectively. Notice that we neglect the possible extra momen-
tum mode generated at each laser pulse [53,56]. To this aim,
different configurations can be considered, such as double
Bragg pulses [52] or the combination of an optical lattice and
single Bragg pulses [51,53]. Here we assume an infinitely
narrow momentum distribution of the input state and justify
the use of BECs instead of a thermal ensemble [57].

The system is described by the field operator W(r, 1) =
O, (r,t)ay + P_(r,t)a_, where O, (r,t) carry the spatial
evolution of the two mean-field wave functions and a4 (&l) is
the bosonic annihilation (creation) operator of the +7%ky mode.
It is convenient to introduce the SU(2) pseudospin operators of
the Lie algebra [58] S, = (@}a_ +a'ay)/2, 8, = (ala_ —
atay)/2i, and S, = (@' a, —a’a_)/2, satisfying the com-
mutation relation [S;, S;] = i€;jx Sk, with €;j; the Levi-Civita
symbol. Bragg pulses, considered instantaneous at a particu-
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FIG. 1. (a) Scheme of the trapped interferometer. At = 0, a v /2 Bragg pulse (vertical blue 7 /2 pulse) splits the BEC in two momentum
modes. The state preparation consists of back-and-forth oscillations up to the time t = mT and is optimized by a final « pulse (vertical green o
pulse). A 7 /2 Bragg pulse starts the interferometer sequence. To be sensitive to gravity, the trap frequency is changed from w, to @,. The final
7 /2 Bragg pulse closes the interferometer and the state is further optimized by a § pulse (vertical green « pulse). The phase is measured by
counting the number of atoms in each cloud at time t = mT + 3T /4, when the two output modes are separated and the trap is turn off. (b) Main
steps of the sequence shown in a Husimi Q distribution on the Bloch sphere. The top row shows the initial coherent spin state at # = 0 and the
generated spin-squeezed state at t = mT . The next three rows show the state at different stages of the interferometer: after the « rotation (left
column), after phase accumulation (center column), and after 8 rotation optimization (right column). Here ay; denotes the optimal rotation of

the state in the case of a linear interferometer sequence.

lar time ), are characterized by an effective Rabi frequency
Qg and phase ¢ and are described by the linear Hamilto-
nian Hy(t) = hQrS(t — t,)[cos(¢r)S, + sin(¢r)S,] + 7868.,
where 8(t —t,) is the Dirac delta function and 6 is the
precession of the state due to the phase accumulation. Inter-
atomic interaction in the BEC is responsible for generation
of entanglement between the particles. The interaction is de-
scribed by Hin (1) = hy (t)S‘ZZ, where the time dependence in
the coefficient x(#) is associated with the dynamics of the
wave function in the trap.

During the state preparation, no phase is accumulated
and the state is described by the one-axis-twisting [59]
evolution

[ (mT)) = e |y, (1)

where 1, = meT x (t)dt is the accumulated nonlinear coeffi-
cient after a time mT depending on the dynamics of the wave
packets @ in the trap, T = 27 /w,, and w; is the angular trap
frequency [60]. The calculation of t, can be simplified by
neglecting the recombination of the mode at each half-period
of the trap, giving

2/5
2mm M w, \1/5

S 4

T, = — 7 <15a h) (—g) ) ()

where a denotes the particle-particle s-wave scattering length,
M is the mass of the atom, w, . are the trap frequencies, / is
the Plank constant, and y = w,,/w; is the trap aspect ratio.
In practice, a fine-tuning of t,, can be obtained by changing y
and w,. Furthermore, rri linearly increases with the number
m of back-and-forth oscillations of the two spatial modes
in the trap (see Fig 1). In Fig. 2 we compare t,, with the
approximated 7> for the case m = 1/2, as a function of the
trap frequency [Flg. 2(a)] and trap aspect ratio [Fig. 2(b)] [60].
For relatively short times, the entangling evolution (1) can
generate a substantial amount of spin squeezing in the state
|y.(mT)). This corresponds to the state having spin fluc-

tuations (AS,)? smaller than the value N/4 of uncorrelated
atoms while retaining a large coherence length (S)%) + (S}z,) ~

N?/4. When plotted in the Bloch sphere, the spin-squeezed
states have a characteristic ellipsoid distribution, as shown
in Fig. 1(b). If the state is rotated around the direction Yy,
perpendicular to the squeezed direction, it becomes distin-
guishable after a rotation angle 6 < 1/ VN [36,61], namely,
below the SQL that characterizes the state distinguishability
of coherent spin states under the same rotation. Metrologically
useful spin squeezing can be quantified by the Wineland pa-
rameter £2 = N(AS,)?/((8:)? + (S,)?) [62]. In particular, the
horizontal dot-dashed lines in Fig. 2 denote o &~ 1.2/N*/3,
leading to the minimum value min[& (top)] = N 13 [33]. 1t is
important to compare our scheme with that of Ref. [37], where
entanglement has been generated between a two-component
BEC (different internal state of ¥’Rb addressed by Raman
transitions; see also [50]) due to a state-dependent potential.
Here entanglement is generated between two different mo-
mentum states of a single-component BEC (same internal
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FIG. 2. Input state preparation. Accumulated nonlinear coeffi-
cient 7/, (a) as a function of w. and for spherical trap (y = 1) and
(b) as a function of the trap aspect ration y, ranging from a pan-
cake geometry (y < 1) to a cylindrical geometry (y > 1). The solid,
dashed, and dot-dashed lines show 7;,, T, and T, respectively.
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state) where the overlap of the two modes does not inhibit
the generation of squeezing.

The interferometer operation consists of two Bragg pulses
at times mT and mT + T /2, described by R, (77 /2) = e~/
and R (7 /2), respectively. In between, the angular trap fre-
quency is changed from w. to @., with T = 27 /&, indicating
the period of the new trap (see Fig. 1). In this config-
uration the phase accumulated after half a period is 6 =
2kog(1/ &)2 — l/wg) [63,64], which makes the apparatus sen-
sitive to gravity. Furthermore, the initial (final) pulse can be
combined with a rotation of angles « (8) in order to opti-
mize the state [59] [see the discussion below and Fig. 1(b)]
and combat the degradation due to phase diffusion [65]. Us-
ing Rl (7w /2)e i TSH0SIR (7 /2) = e~ 1E8H95) the final state
of the full interferometer sequence is described by the
transformation

V) = e P TS g Ty, (3)

where 7 # 0 denotes the accumulated extra nonlinear coeffi-
cient during the interferometer sequence.

The nonlinear parameters t,, (for state preparation) and ¥
(for the interferometer sequence) can be tuned independently
of each other. Note that the current trapped interferometer
sequence avoids the characteristic refocusing 7 pulse of free-
falling atom interferometers: the refocusing is provided by the
trap geometry. At the end of the interferometer sequence, the
BEC is kept in the trap for an extra time 7 /4 that guarantees
maximum separation between the wave packets. After that,
the BEC is released from the trap and imaged. The phase
is estimated by inverting the sinusoidal relation between 6
and the average relative number of particles at the output
ports. In the following we study the sensitivity gain ¢, g of
the nonlinear atom interferometer sequence of Fig. 1 with
respect to the standard quantum limit Afsqr = 1/ /N [66].
Here A6 = Absn/Gaq,p is the phase sensitivity of the NLAI,
where (A6)? = (ASZ)(Z,t’ﬂ/(cl(Sz)(,(,ﬁ/a'e)2 is obtained by error
propagation and the spin moments are calculated for the out-
put state of Eq. (3). In particular, for & = 0 we have [66]

s Bl )
N} N(Aﬁz)ivﬂ 13 ( )
The indices « and B refer to the rotation of the state on the
Bloch sphere before and after the interferometer sequence
[see Eq. (3)]. In the following, the parameter B is always
optimized to maximize the sensitivity gain while we consider
different choices of a: @ = 0, /2, gy, and ctop;. The first two
choices lead to a total of 7 /2 and 7 pulses, respectively, at
time + = mT and can easily be implemented experimentally.
The case o = ay refers to the optimal rotation in the case
of a linear interferometer sequence and o = o refers to a
state protection strategy used to limit the impact of 7. In the
following we denote by QofH = min[£] the optimal sensitivity
gain of a linear interferometer (7 = 0).

III. WEAK NLAI

We first study analytically the situation where % is small
enough to approximate ¢~'75 ~ 1 — i#82. For 6 = 0, we can

rewrite Eq. (4) as [66]

G 5 = (1+ (28 — D{sin(2p)% — sin[2(c + B)]r}) cos’ B.
5

In the case o =0, the nonlinear evolution during the
interferometer sequence degrades the sensitivity gain by “un-
squeezing” the state though the term sin(28)(f — t). In
contrast, for « = 7 /2, the contribution of ¥ adds to t such that
the nonlinear evolution during the interferometer “squeezes”
the state even further though the term sin(28)(7 + t). In this
configuration the total pulse at time m7 reads R,(w) where
the input spin-squeezed state is rotated by 7 around S,. The
total amount of nonlinearity can then be simply described
by e ™95 where the 7 pulse at time / = mT does not
change the orientation of the spin-squeezed state on the Bloch
sphere. Nevertheless, in both cases the sensitivity gain G, g
is strongly impacted in general for § # O through the term
cos> B of Eq. (4). In the case B = 0, the nonlinear evolu-
tion during the interferometer does not play a role and for
/2 < a < 7 the sensitivity is sub-SQL. This configuration
is equivalent to a linear interferometer sequence optimized
for oy = —m /4. The fact that the different rotations do
not lead to the same maximum gain emphasizes the impor-
tance of a careful prerotation and postrotation of the state to
reach G > 1.

IV. STRONG NLAI

We now study numerically the more realistic case where
the nonlinear terms of the state preparation and interferometer
sequence are not small. Figure 3 shows the sensitivity gain as
a function of the number of back-and-forth oscillations m and
for different trap aspect ratios. Let us first discuss the case
of weak interaction, namely, y and m small and T < Top.
In the case of @ = oy, the results confirm qualitatively the
analysis discussed above where Gy, 4, ~ G~ . It is interest-
ing to note that the case o = 0 gives results very similar to
a numerical optimizations over both « and f (green stars):
G0.Bop ~ Gay o ~ qupl. This configuration corresponds in-
deed to an effortless strategy where only the strength of the
final Bragg pulse, closing the interferometer, needs to be
scanned (and optimized). For o = 0 the state is given by
) = eiPS e~ ¢=im82 |y ) where the sequential action of
first e and then e ™ on the state shears the ellipsoid into
two different directions, leading to the S shape highlighted
in Fig. 1(b) on the Bloch sphere. In the case where o = 7 /2
the state reads |y /) = e B+ /D5 p—iEHOS |y Y Ag shown in
Fig. 1(b), in this case the ellipsoid is not deformed and does
not exhibit an S shape. Even though the orientation of the state
can be optimized though the g rotation, the sensitivity of the
interferometer is strongly degraded for 8 # 0 [see Eq. (4)].
This supports the results of Fig. 3 showing that, in this case,
the sensitivity is at the best the SQL (blue curve).

In the case of a strong interaction, namely, y and m large,
the nonlinear term 7 dramatically degrades the sensitivity
gain. In this configuration a nontrivial rotation of the input
state is needed (o # 0 and o # ay) and a trade-off between
the deformation of the ellipsoid, S shape, and final rotation
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FIG. 3. Gain factor ga,ﬂopl as a function of m (namely, for dif-
ferent spin-squeezed input states) for trap aspect ratios (a) y = 0.2
(pancake shape) and (b) y = 1 (spherical shape). The different lines
refer to a linear interferometer (black dashed lines) and nonlin-
ear interferometer sequence (colored lines) with o = 0 (red), 7 /2
(blue), ay (orange), and aop (green stars). The numerical results
have been calculated for m = 0,1/2, 1, ... and curves are a guide
to the eye obtained via spline interpolation. The maximum gain
Gmax = max, [GL, ()] = N'/3 and SQL G = 1 are highlighted by the
horizontal dashed lines.

B # 0 degrading the sensitivity gain is required to reach a
sub-SQL sensitivity (green stars).

Figure 4 shows the sensitivity gain optimized with re-
spect to « and B for different trap aspect ratios [Fig. 4(a)]
and trap frequencies [Fig. 4(b)] in the case where the input
spin-squeezed state is generated by m = 1/2 (red) or m = 1
(blue) back-and-forth oscillations. In both cases, increasing
the number of back-and-forth oscillations increases the maxi-
mum sensitivity gain, where the nonlinear terms are controlled
through the different trap parameters. Indeed, even if 7/, is
small, after m back-and-forth oscillations 1,, = 2m7/, while
T = 11/2. The oscillation of the maximum sensitivity gain,
shown in Fig. 4(b), is a direct consequence of the trade-off
discussed above. In the case of high trap frequencies and
oversqueezed input spin-squeezed states (namely, T > Top),
the nonlinear term 7 can unsqueeze the state, explaining the
sudden increase of the optimized sensitivity gain at high trap
frequency observed in Fig. 4(b).

V. DISCUSSION

Let us give some details on the sensitivity of the trapped
interferometer used for a gravity measurement. In this case
the phase accumulated between the two arms is given by
0 = (2ko)g(T /4)*> [63], where, in analogy to a free-fall
Mach-Zehnder interferometer sequence, 7' /4 denotes the time
between the different pulses. As a result, the single-shot
gravity sensitivity is directly related to the phase sensitivity
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FIG. 4. Optimized gain factor Gy, .4, (@) as a function of the
trap aspect ratio and for a fixed trap frequency v, = 100 Hz and (b) as
a function of the trap frequency for a spherical trap y = 1. Red and
blue symbols are obtained for a nonlinear interferometer with m =
1/2 (t =1152) and m =1 (v = 17), respectively. The dashed lines
denote the corresponding sensitivity for a linear interferometer where
7=0.

gain through

Ag= ﬂSQ}z (©6)

Gao gk T
Considering the case of a ¥Rb BEC of N = 103 in an w, =
2 x 50 Hz trap along the vertical direction, k;, = 27 /Ap,
Ar = 852 nm, and a maximum sensitivity gain of Gu.x =
N'73, one could reach a sensitivity of Ag/g~ 5 x 10~7 per
shot. Using a coherent spin state as a probe, namely, in
the absence of the squeezed-state preparation sequence, an
equivalent result would require a BEC of N = 10° atoms.
Nevertheless, in this case the impact of interaction during the
different laser pulses would generate extra modes degrading
the sensitivity of the interferometer.

Above, we have assumed a perfectly harmonic trap config-
uration. Indeed, nonharmonic traps (magnetic or optic) do not
prohibit the two modes from overlapping but could induce a
nonidentical shape deformation of each mode, limiting there-
fore the efficiency of the different Bragg pulses. Nevertheless,
one can expect that the different back-and-forth oscillations
would impact the shape of each mode in a similar manner, on
average limiting the detrimental effect of a shape deformation.
Furthermore, it has been shown that the problem of mode mis-
match at the end of the interferometer can as well be adjusted
through a careful rotation of the state [67]. In addition, in the
case of a dipole trap configuration large harmonic traps can be
accessible though the painted potential technique at the cost of
laser power [68,69].
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We have also considered a constant number of atoms
while, in practice, the shot-to-shot fluctuation in atom num-
ber between two consecutive runs cannot be avoided. Such
fluctuations can be dramatic in regard to the full optimiza-
tion of the interferometer sequence where the pre- and post-
of the state are directly linked to the number of atoms. In
addition, the intensity of the laser, the phase of the Bragg
pulses, and the trap frequencies have been assumed to be
identical for each experimental run. Experimental drift of
these quantities would lead to an imperfect splitting pro-
cess, imperfect manipulation of the state, and extra mode
mismatch at the end of the interferometer, degrading the sen-
sitivity of the interferometer. In this paper we have shown
that, in the regime of weak interactions (N = 10° atoms in
a 2w {20, 20, 100} Hz trap), the prerotation of the state can
be avoided (o« = 0) in order to reach the best sensitivity gain
Go.pon = 3.5. Here the BEC is described through a varia-
tional approach where the shape of the mode is assumed to
be a Gaussian with a constant shape for simplicity (a more
advanced numerical approach is required for a more quan-
titative experimental description). Weakly interacting BECs
are required since strong interactions lead to inefficient beam
splitters [70] and to the creation of extra modes [50,71]. Non-
negligible initial momentum spread would lead to the same
detrimental effects [53,56,57]. Furthermore, BEC collisions
at each half-period of oscillations may induce detrimental
effects [72]. A detailed study of the dynamical wave pack-
ets in the trapped interferometer is beyond the scope of this

paper.

VI. CONCLUSION

The trapped-atom interferometer proposed in this paper
reaches sub-SQL sensitivities without requiring the suppres-
sion of the particle-particle scattering length during phase
encoding. The presence of nonlinearity during the interfer-
ometer operations can be mitigated via optimal rotations of
the state on the Bloch sphere. Our result are supported by
analytical calculations in the regime of weak interaction and
numerically in the regime of strong interactions. Larger trap
aspect ratios and/or weaker trap frequencies accessible to-
day in the microgravity environment [73,74] would benefit
from the proposed interferometer where arbitrary input spin-
squeezed states could be made available but not impacted by
a nonlinear interferometer sequence. The strategy proposed
is consistent with the current technology development and
feasibility in current laboratory experiments [37], where only
the final beam splitter has to be optimized to exhibit sub-SQL
sensitivity measurements.
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