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Universal aspects of vortex reconnections across the BCS-BEC crossover
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Reconnecting vortices in a superfluid allows for the energy transfer between different length scales and its
subsequent dissipation. The present picture assumes that the dynamics of a reconnection is driven mostly by
the phase of the order parameter, and this statement can be justified in the case of Bose-Einstein Condensates
(BECs), where vortices have a simple internal structure. Therefore, it is natural to postulate that the reconnection
dynamics in the vicinity of the reconnection moment is universal. This expectation has been confirmed in
numerical simulations for BECs and experimentally for the superfluid *He. Not much has been said about this
relation in the context of Fermi superfluids. In this Letter, we aim to bridge this gap, and we report our findings,
which reveal that the reconnection dynamics conforms with the predicted universal behavior across the entire
BCS-BEC crossover. The universal scaling also survives for spin-imbalanced systems, where unpaired fermions

induce a complex structure of the colliding vortices.
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Introduction. The quantum turbulent state is a tangle of
vortex lines and decays through their interactions, as was
already proposed by Feynman [1]. The reconnections of quan-
tum vortex lines have thus been postulated as the principal
mechanism of the decay of the quantum turbulent state [2-5],
which made the understanding of reconnection dynamics cru-
cial for this field. The numerical studies of reconnections were
first performed in the context of the superfluid *He with the
vortex filament model [6,7] and then with the microscopic
Gross-Pitaevskii equation (GPE) [8]. The semiclassical model
of vortex reconnection was proposed by Nazarenko and West
[9], where the vortex lines before and after the reconnection
were modeled as two hyperbolae on the same plane. The
resulting solution implied that the relative distance § between
the lines scales with the time to the reconnection moment
t* as ~|t — t*|!/2. The same scaling could be less rigorously
predicted by dimensional analysis assuming that the process
of vortex collision is mainly driven by topology of the order
parameter, as was first numerically verified for a BEC by
Villois et al. in [10] and later also by Galantucci ef al. in
[11]. This assumption is justified for weakly interacting BECs,
where we have one-to-one mapping between the order param-
eter and other characteristics such as velocity field or density
distribution. In the recent Ref. [11], the extensive simulations
of the GPE also test the scaling law at larger distances, where
it changes to §(¢) ~ |t — t*|. Since the scaling is also in agree-
ment with experimental measurements for superfluid helium
[12], it is natural to conjecture that the law should be universal.

Despite many experiments with topological defects in ul-
tracold gases of fermions [13—16], whether or not the same
scaling would be present in Fermi superfluids has not received
wide attention. These systems can be tuned from the BCS
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regime of weak attraction through the strongly interacting
gas (unitarity limit) to the BEC regime of bosonic molecules,
which is across the famous BCS-BEC crossover [17]. Vortices
in a Fermi gas have a more complicated internal structure
when compared to weakly interacting BECs [18,19], and a
direct relation between the order parameter and particle den-
sity or velocity field is lost. When introducing spin imbalance
to the system, a degree of freedom that is not accessible for
BEC:s, the vortex cores are filled by a surplus of the majority
spin component [20,21]. Therefore, it is no longer obvious
that the simple square-root scaling postulated by dimensional
analysis for the BEC should be universal. In particular, it was
recently observed that the vortex core in a polarized Fermi
superfluid has a very rich structure due to the occupation of the
Andreey states inside, and it can lead to the reverse circulation
in the core [22]. For larger spin polarization, it is possible
that the vortex is accompanied by the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) phase [23]. In Fig. 1(a), we present a
configuration with two perpendicular vortices immersed in
a strongly interacting Fermi gas. In the vicinity of one line
(vertical), we applied an external magnetic field to induce
spin polarization of the core, p(r) = [n4+(r) — ny(r)l/[ny(r) +
ny(r)], where n, stands for the particle density with spin
o = {71, |}. A priori, it is not even clear if the vortex recon-
nection for such an exotic configuration would take place, but
our direct numerical simulations (DNS) by means of density
functional theory clearly demonstrate that vortices undergo
a reconnection, as we present in Figs. 1(c)-1(e) and in the
data shown in Fig. 2(b). The dynamics of the process is more
complicated as compared to the one observed in BECs: before
the reconnection, the vortices locally equilibrate via a spin
tunneling process [Fig. 1(c)], and only then does the exchange
of lines take place. In this Letter, we test the universality
of the scaling law 8 ~ |t — t*|'/? across the whole BCS-
BEC crossover, also allowing for effects arising from spin
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FIG. 1. (a) Collision of two initially perpendicular vortex lines in
a strongly interacting Fermi gas. In this exotic case, one of the lines
drags inside the spin polarization, p(r) = % > 0. (b) Profiles
of basics characteristics (densities of spin components and order
parameter) along line connecting the vortices. (c)—(f) Selected snap-
shots from the simulation executed by means of time-dependent
density functional theory. In the course of the collision, the polar-
ization tunnels through the superfluid and the vortices exchange the
extra spin component. In this work, we study scaling with time of the
minimum distance between vortices §(¢) in fermionic superfluids.

polarization. Due to the complexity of the numerical simula-
tions, we restrict ourselves to testing the said scaling only for
small distances between the vortex lines, where the square-
root dependence is expected to hold on the BEC side.

The model. A straightforward approach to accurately
model the dynamics across the BCS-BEC crossover is to
implement appropriate methods dedicated to each of the inter-
action regimes. It is convenient to parametrize the interaction
strength via dimensionless quantity 1/akp, where a is an s-
wave scattering length and kg = (372n)!/3 is a Fermi wave
vector corresponding to the total density n. The BCS side of
the resonance (1/kra < —1) corresponds to weak interactions
where fermions with opposite spins form Cooper pairs. This
is the regime of applicability of the mean-field Bogoliubov—
de Gennes (BdG) equations, which define the evolution of
quasiparticle wave functions [u,(r, 1), v,(r, N7,

0 (u,(r,t) uy(r, 1)
— " = e , 1
iy (vn<r,t>> HBdG(v,,(r,z) M
with the Hamiltonian
ha(r,t) — A(r, t
T :< 2, 1) — gy (r,1)

A*(r,t) —hj(r,t)+u¢>' )

Here, hy(r,1) = —h*V?/2m+V,(r,t) is a single-
quasiparticle Hamiltonian for spin channel o = {1, |}
with external potential V,,. A(r,t) = —gv(r, t) is a superfluid
gap proportional to the anomalous density,

1
V() =5 Yy vy OLfp(—Ey) — fp(Ep)],

|E, | <E.

and the coupling constant is g = 4z fi*a/m. E, denotes the
quasiparticle energy and E, is the energy cutoff scale required
for regularization of the theory [24]. The Fermi distribution
function fg(E) = 1/[exp(BE) + 1] is introduced to model the
temperature kg7 = 1/8 effects and, in the calculations, we
set T — 0. Chemical potentials u, are used to control the
particle numbers when generating initial states for the time-
dependent calculations. These are obtained as self-consistent
solutions of a static variant of Egs. (1). The particle densi-
ties are computed as nqy (r, t) = Z\EUI<E[ [ut, (r, t)|2f,3 (E,) and

ni(r’ 1) = ZIEUI<EC |U77(1'7 l)|2fﬂ(_En)-

On the other side of the resonance (1/kga 2 +1), the at-
traction is strong enough to bind atoms with opposite spins
into spinless dimers, which subsequently condensate and form
a BEC: the Gross-Pitaevskii equation (GPE) becomes reli-
able in this regime. Here we used both the standard and
the refined formulation of the GPE, known as the extended
Thomas-Fermi (ETF) model, which take into account that
dimers consist of two atoms of the fermionic type [25-27],

AW(r, t R 8&,
A LON BLREIPL L1 PR Ry
ot 4dm én

and density is related to the condensate wave function as
n = 2|W|%. The extra factors of two appearing in the den-
sity definition, in the denominator of the kinetic term and
in front of the interaction terms, account for a composite
structure of a dimer, which consists of two fermionic par-
ticles. The interaction term arises as a functional derivative
of the density functional, Egrp = %8pn§(x +&)/[E +x(1 +
)+ 3wEx?] — h*n/2ma®. The interaction parameter is x =
1/kpa, & = 0.37 is the Bertsch parameter, and ¢ = 0.901 is
a constant [27]. The choice of this form of the functional
ensures that the energy of a uniform system scales as E =
[ Eerr d°r ~ %EFN for 0 < x < 1 (expected scaling for sys-
tems of fermionic nature), while in the deep BEC regime
(x = 00), the energy scaling changes to E ~ N? as for the
standard GPE.

Close to the resonance (1/kgpa ~ 0), strong quantum cor-
relations dominate and the system forms the unitary Fermi
gas (UFG). Over the last decade, a formulation known as the
asymmetric superfluid local density approximation (ASLDA)
has demonstrated its validity in this strongly correlated regime
[24,28,29]. The ASLDA approach utilizes concepts of den-
sity functional theory and overcomes deficiencies of the BdG
approach when applied to strongly interacting systems. At
a formal level, time-dependent ASLDA equations have the
same structure as Eqgs. (1) and (2), where the single-particle
Hamiltonian and the pairing field are given by (in order
to simplify the notation, we omit the position and time
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FIG. 2. Scaling of the minimal distance between the vortex lines as a function of time to the reconnection event. (a)—(e) The minimal
distance as a function of time to reconnection before (empty symbols) and after (full symbols) the collision for various polarizations and
values of 1/kpa. The solid lines show fits of the data to the relation in Eq. (6). The fitted exponents are close to 1/2 (marked by a dashed line)
and have been measured as follows: (a) 0.51, 0.53; (b) 0.48, 0.47, 0.53, 0.51, 0.49, 0.48; (c) 0.52, 0.56; (d) 0.48, 0.47, 0.47, 0.41; and (e) 0.47,
0.52, 0.4, 0.5. For details, see Table 1. In each panel, different data sets are in different color (or grayscale) and with different symbols. (f),(g)
The vortex configuration shortly before and shortly after the reconnection event, respectively, for the unpolarized Fermi gas at unitarity. The
color code (or grayscale) along the vortex line corresponds to its curvature and the arrows show tangent vectors to the vortex lines at the points
of minimal distance. (h) The expression tan(¢/2)A. /A_, where ¢ is the angle between the asymptotes of the hyperbolae formed by the lines
at the same time ¢ before and after the reconnection. We show three data sets, i.e., two for the UFG and one in the BCS regime.

dependence of the densities)

2v72

ho(r,1) = e Us(ny,ny,v) + Vo (r,1),

14

A(r,t) = —mv.

Here, U,(ny,n;,v) is a Hartree-Fock term, which mod-
els the effects of strong interactions. Moreover, the pairing
field A(n4, ny, v) depends on both particle densities and the
anomalous density. In turn, the ASLDA approach introduces
additional coupling between the density modes and pairing
modes, which is not present at the BAG level. Coupling con-
stant y and further couplings entering the Hartree-Fock terms
were tuned to provide a remarkable agreement with the quan-
tum Monte Carlo calculations for both uniform and trapped
systems at unitarity. For the explicit form of the single-particle
Hamiltonian and the pairing field, see Sec. 9.3 in [17]. In
the calculations presented here, we forced the effective mass
m* to be equal to the bare mass m in order to speed up our
calculations. This modification does not induce any qualita-
tive changes, and only quantitative modification at a level of
a few percent is generated; see the Supplemental Material
of [27].

Numerical procedure. Direct numerical simulations with
all three approaches were executed on a three-dimensional
(3D) spatial grid of size 64° with lattice spacing in the
range dx/& € (1.75,2.5) when measured in units of coher-
ence length £. We have tested that a lattice of this size is

sufficient to reproduce the scaling law § ~ |t — ¢*|!/2 for the
BEC regime with reasonable accuracy, in accordance with
previous studies [11]. Tests with relatively low computation-
ally demanding GPE also showed that increasing the grid size
to 256° does not change the results qualitatively. Studies are
conducted in the zero-temperature limit. Spatial derivatives
were calculated using spectral methods, by means of Fourier
transforms. Static BdG and ASLDA equations are solved by
a series of successive diagonalizations of the Hamiltonian
matrix (2) until self-consistence. A static solution for the
ETF model was generated by means of the imaginary-time
projection method and, for time-dependent problems, we used
the Adams-Bashforth-Moulton (predictor-corrector) scheme
of the fifth order as the integrator. More details on the im-
plementation can be found in Refs. [29,32].

Lattice formulation imposes periodic boundary conditions.
In order to get rid of the interaction of vortices with their
own images, we introduced potential walls at the borders. We
choose the potential to vary smoothly from zero in the bulk
region to a finite value close to the boundary, so that all the
derivatives are continuous. To this end, we chose the potential
at a single boundary of the form

0, x <l
Vext () = Vo s(x — [, w, ), [<x<Il4+w 3)
1, x>+ w,

where w is the width of the transient regime where Ve has an
intermediate value, and [ is the width measured from the box
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FIG. 3. Initial configuration of the simulation presented in Fig. 1:
two perpendicular vortices in the unitary Fermi gas, where one of
them is spin polarized (dataset UFG-P02). (a) The contour plot shows
a 3D visualization of the order parameter distribution for a system
being trapped in the external potential (3). (b)—(e) Cross section
for the x-y plane of the quantities: (b) order parameter normalized
to its bulk value A(r)/Ay, (c) local polarization p(r) = [n4(r) —
ny(r)]/[ny(r) + ny(r)], and particle density of (d) spin-up and (e)
spin-down components normalized to their bulk values.

center where Ve, = 0. The function s(x, w, @) has the form

1 1 tanh | ot X 4
s(x,w,a)_2+2an |:oz an(w 2)] 4)
The total external potential is a sum of all such potential
contributions for every wall of the simulation cube. In Fig. 3,
we show a 3D visualization of the simulation domain together
with cross sections demonstrating the spatial distribution of
selected quantities, for the case corresponding to Fig. 1.

The protocol of our numerical experiments is the follow-
ing: we start from initially straight, perpendicular vortex lines,
separated by a distance dy, in order not to favor either a parallel
or antiparallel configuration. The starting point is obtained by
imprinting the phase pattern of the order parameter (superfluid
gap A for the Fermi superfluid or condensate’s wave function
W for the condensate of dimers) and, subsequently, allowing

the system to find the lowest energy state corresponding to this
topological constraint. In the case of UFG or BCS regimes,
this corresponds to iterating of the BdG and ASLDA equa-
tions until self-consistency is achieved, and in the case of
the condensate of dimers, it corresponds to the imaginary-
time evolution of the GPE. Next, we allow the system to
evolve in time by executing time-dependent variants of the
methods. In the presented datasets, the vortex lines undergo a
reconnection, which is preceded by the lines bending towards
each other around the points where the reconnection will
take place. After the reconnection, the vortex lines separate
and move apart; see visualization in Figs. 1(c)-1(f). Finally,
we extract the vortex lines from the datasets as a sequence
of coordinates and analyze the dynamics of these lines. In
particular, we measure the minimal distance §(f) between
the lines as they approach the reconnection and the tangent
vectors of the vortex lines. The reconnection time ¢* has
to be extrapolated, and we adopt two approaches: First, we
estimate the reconnection time as the weighted average of the
time coordinates of the two points with the lowest distance &:
t* = (6_ty +8,1_)/(6_ + 8,), where (—) refers to the earlier
point in time and (+4) to the later point. Second, we esti-
mate the same reconnection time by fitting the linear function
8(¢)* = ayt + by to both datasets before (—) and after (+) the
provisionally chosen reconnection time, where we take only a
restricted number of data points on each side. Then the re-
connection time is estimated as t* = — (b, — b_)/(ayr — a_).
Both approaches provide estimates of t* which are in good
agreement.

The solution representing a single straight vortex (along the
z direction) within BdG and ASLDA theory is expected to be

un(r) _ un(r)eim(o ik.z
(vnm) - <u,,<r>ei<m+l>«» < ©)
where (r, ¢, z) are cylindrical coordinates of point r. Then,

the quasiparticle wave functions have a well-defined angular

(Un‘zz‘vﬁ
(Urzlvn)

of the impact of the internal vortex structure on the reconnec-

tion dynamics, it is important to have a correct representation
of the states inside the vortex core. This is related to the
question of a required lattice resolution. In Fig. 4, we present
numerically extracted values of the expectation values of
the angular momentum of L. for a vortex state solution with
respect to the lattice resolution. The most important are states
inside the pairing gap A, called Andreev states, since they
give rise to nonzero density inside the vortices in fermionic
systems. We find that for lattice resolution, & /dx = 1.7, the

numerically represented wave functions have a well-defined
(vnll::lvn
(vplvy)

momentum, m = . In the context of the investigation

) from the nearest

angular momentum: the deviation of
integer value is no more than 0.01.
To extract the positions of the vortices, we used the algo-
rithm presented in [30], with the modification that instead of
searching for zeros in the pairing field or condensate wave
function, we were searching for points around which its phase
has a nonzero winding number. This modification greatly
improves the stability of the tracking algorithm for the cases
of BdG and ASLDA calculations. The algorithm searches for
the vortex lines’ positions with subgrid resolution, and the
precision of the extracting positions of individual lines was
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FIG. 4. Expectation values of the angular momentum of £, for
states residing in the pairing gap A for a vortex solution in a unitary
Fermi gas (ASLDA method). Calculations were done for a lattice
of the same size as used for the reconnection studies (64°). The
resolution &/dx 2 1.7 is required to obtain the correct numerical
representation of the Andreev states. For lower lattice resolution,
for example £/Ax = 1.3, deviations from the integer value for the
angular momentum are clearly visible.

estimated to be 0.2dx and the accuracy of the measurement of
relative distance is A§ ~ 0.46dx.

Results. Numerical results for the minimal distance §(¢) are
tested against their compatibility with the formula

8(1) = Axlt — 7™, (6)

where the fitting coefficients A and o are allowed to be
different before (—) and after (+) the reconnection. In
Figs. 2(c)-2(e), we present numerically extracted values
of §(t) for systems that are in the three regimes: BCS
regime (1/kpa = —1.1), unitary regime (1/kra = 0), and
BEC regime (1/kra = +1.2). In these runs, we imposed the
system to be spin symmetric, i.e., the number of spin-up N;
and spin-down N particles is equal. For better visibility, the
distance between the reconnecting points as a function of the

time to the reconnection event is plotted in the logarithmic
scale, together with the slope corresponding to ~¢'/2. For the
BEC regime Fig. 2(e), the results for a lattice of size 64°
and 256° are provided and demonstrate the robustness of our
results with respect to the lattice size. In the plot referring
to the unitary regime [Fig. 2(d)], we show the results for
different temporal and spatial resolutions. Clearly, there is no
qualitative change between these two datasets. In most cases,
we observe that the separation of the vortex lines is faster
than their approach before the collision, and this is reflected
in the coefficient A in front of Eq. (6). This finding is con-
sistent with the recent work in Ref. [31]. The exponent in the
power law arising from the fitting procedure remains close to
ay ~ 1/2.Reduced y-square statistics for deviations from the
expected law |t — t*|'/? stays below one for each case, con-
firming compatibility. The fitted exponents are summarized in
Table I. In the Supplemental Material [33], we provide a list
of movies with the visualization for each case.

The tests are supplemented by runs for spin-imbalanced
systems Ny > N, [see Figs. 2(a) and 2(b)], with the same
conclusions as for the spin-symmetric cases. Also, an exotic
case, where only one vortex line drags the polarization, has
been considered, as shown in Fig. 1, and it also exhibits
postulated scaling. The imbalanced runs were realized by
imposing the difference of the chemical potentials between
spin components, & = (@4 — py)/2, in the BAG and ASLDA
equations. The difference is kept below the Chandrasekhar-
Clogston limit 7 < A (where A stands for the superfluid gap)
in order not to destroy the superfluidity in the bulk and, at the
same time, it is large enough to generate significant polariza-
tion p of the vortex cores.

Finally, we are interested in the geometry of colliding
vortex lines, and to this end we calculate the tangent vec-
tors along the lines. Motivated by the theory presented in
Ref. [10] and simulations for the BEC therein, we want to
check if the reconnection is always between the locally an-
tiparallel segments of the vortex lines, and to test the relation
tan¢/2 = A_/A; (assuming the exponent oy = 1/2 is the
same before and after the reconnection) for the BCS-BEC
crossover. Here, ¢ is the angle between the asymptotes of

TABLE I. Summary of simulation parameters. All calculations were executed on a spatial lattice of size 643, except for the dataset BEC-
256, where the lattice size was increased to 256°. N, denotes the number of particles of a given spin type, 1/kra defines the interaction
parameter, £ /dx defines the spatial lattice resolution, while Ater /R is a temporal resolution of the trajectories. In the case of simulations
for spin-imbalanced systems, we provide a mismatch between chemical potentials & = (u4 — u,)/2 with respect to the pairing gap, and peore
shows the value of the induced spin polarization inside the vortex core. The dataset UFG-P02 shows the conditions for the simulation presented
in Fig. 1, where only one vortex line was polarized. In the last two columns, we provide values of the scaling law exponents emerging from

the fitting procedure.

Dataset label N; N, 1/kra &/dx Atep /R h/A Dcore o a_

BCS-PO 1906 1906 —1.1 2.52 0.125 0 0 0.52 0.56
UFG-PO-1.7 806 806 0 1.75 0.020 0 0 0.48 0.47
UFG-P0-2.5 254 254 0 2.52 0.125 0 0 0.47 0.41
BEC-64 800 800 1.20 2.02 0.007 0 0 0.47 0.52
BEC-256 800 800 1.53 11.58 0.022 0 0 0.40 0.50
BCS-P1 1943 1867 —1.1 2.52 0.125 0.34 0.15 0.51 0.53
UFG-P1 811 802 0 1.75 0.248 0.39 0.39 0.48 0.47
UFG-P2 828 811 0 1.75 0.125 0.51 0.44 0.43 0.51
UFG-P02 743 736 0 1.75 0.125 0.53+0 0470 0.49 0.48
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the hyperbolae formed by vortex lines before and after the
collision; see Figs. 2(f) and 2(g). In Fig. 2(h), the expression
Ay tan(¢p/2)/A_, which is expected to be one for the recon-
nection, is plotted against the time to the reconnection. We
confirm that the values are approaching one as the time to the
reconnection decreases.

Conclusions. In conclusion, we extended the analysis of
the reconnecting vortex lines to the wide range of physical
systems and observe a similar behavior as was predicted,
simulated, and observed for the weakly interacting BECs. As
a result of the analysis, the scaling of the distance between the
reconnection points of the two lines as a function of time in
the form 8(¢) ~ |t — t*|'/? can be regarded as universal and
conforms to predictions from simplified theoretical models.

This universality can be attributed to the mechanism of the
reconnection, which is primarily driven by the topol-
ogy (phase) of these defects, which is universal for all
superfluids.
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