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Continuous transition from X- to O-shaped angle-wavelength spectra
of a femtosecond filament in a gas mixture
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In 3D + t numerical simulations, we propose an experiment wherein a mixture of gases is used for the
continuous transition from X- to O-shaped angle-wavelength spectrum of a femtosecond infrared filament. The
mixture consists of transparent nitrogen at 40 bar pressure and 85 ◦C temperature as well as absorbing water
vapor at 0–0.36 bar, with the rovibrational resonance at a wavelength slightly longer than the 1.3 μm center
of the pump pulse driving the filament. The continuous increase in the water vapor density results in the gas
mixture dispersion changing from normal to anomalous and transformation of the short-wavelength conical
emission onto on-axis propagating radiation.
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I. INTRODUCTION

The use of femtosecond laser sources for gas spectroscopy
applications, including the diagnostics of the atmosphere [1],
combustion [2], and reacting-flow environments [3], requires
detailed knowledge of the nonlinear-optical transformation
of the pulse in the medium with complex material disper-
sion. Diagnostics of the atmosphere with a 0.8 μm terawatt
Ti:Sapphire laser were performed with white light, which
after filamentation propagated in the linear regime up to
4.5 km on the vertical atmospheric path [1]. High-intensity
near-infrared radiation at 0.8 μm, for which atmospheric
air is highly transparent, experiences nonlinear transforma-
tion in the normal dispersion regime. Absorption lines of
atmospheric constituents affect the low-intensity part of the
supercontinuum and do not alter spatiotemporal distribution
of the 0.8 μm pulse in the filament. The angle-wavelength
spectrum of near-infrared radiation undergoing filamentation
is represented by the colored rings of conical emission in the
visible range [4,5] as well as the cone-shaped spectrum in the
infrared wing of the supercontinuum [6–8], thus creating an
X-shaped angle-wavelength spectrum or X wave [6].

With the development of a 3.9-μm, 80-fs, 20-mJ high-
peak-power mid-infrared laser source, the spectral range from
3.2 to 4.2 μm becomes available for the diagnostics of at-
mospheric constituents [9]. Such powerful pulses propagate
through the atmosphere in the nonlinear regime [10] and ex-
perience the effect of anomalous group velocity dispersion
since the 3.9 μm fundamental laser wavelength is near the
asymmetric-stretch rovibrational band of atmospheric carbon
dioxide [11].

For the case of ultrashort pulse propagation in a Kerr
medium with anomalous group velocity dispersion, the angle-
wavelength spectrum of the pulse is predicted to be O shaped
[12]. However, registration of such angle-wavelength spectra
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with the mid-infrared driver of the filament in air might be
challenging. Besides, visualization of the O-shaped spectrum
requires reproduction of the spectrum details in the close
vicinity of the pump frequency. Recent studies of angle-
wavelength spectra in mid-infrared filaments reported on the
spatial distributions of the short-wavelength supercontinuum
wing and optical harmonics generated by the mid-infrared
pump [13,14].

Solids and liquids have broadband regions of normal and
anomalous dispersion in their transparency windows [15]. In
the experiment [16] an X-shaped angle-wavelength spectrum
was obtained in liquid water with 1-ps, 1.6-μJ, 0.527-μm
pulses in the normal group velocity dispersion regime. By
tuning the optical parametric amplifier to 1.055 μm and in-
creasing the initial pulse energy to 14.5 μJ, an O-shaped
spectrum was obtained in the anomalous dispersion regime.
In fused silica the angle-wavelength spectra were observed
and simulated in the normal, zero, and anomalous dispersion
regimes [10,17].

The study of angle-wavelength spectra of high-peak-power
ultrashort pulses at different laser wavelengths raises a ques-
tion of whether it is possible to design an experiment, in
which the angle-wavelength spectrum of the filamenting pulse
changes from X to O shaped continuously? While perform-
ing this experiment the major parameters of the filament,
such as peak intensity, electron density, and length, should
remain constant. Indeed, the purpose of this experiment is
to explore the effect of dispersion regime variation on the
angle-wavelength spectrum, but not the nonlinearity effect.

In this work we propose an experiment wherein a mixture
of gases is used for fine control of the continuous transition
from an X- to an O-shaped angle-wavelength spectrum in the
course of femtosecond mid-infrared pulse filamentation. The
major constituent of our gas mixture is nitrogen (N2), while
the minor one is an impurity with rovibrational band in the
mid-infrared range. By increasing the density of impurity,
while keeping the density of N2 constant, we change the
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dispersion from normal to anomalous regime in the short-
wavelength vicinity of the absorption band. We aim at the
setup [18] primarily. It consists of a high-pressure cuvette al-
lowing the gas temperature rise up to 150 ◦C corresponding to
∼1 bar water vapor (H2O) pressure, and a tunable laser source
with 100-fs pulse, which can be centered at λ0 ≈ 1.3 μm,
close to H2O resonance at ∼1.35 μm. We assume that the
cuvette is filled with 30 bars of N2 and then heated up to
T = 85 ◦C = 358 K. The pressure of N2 increases to ∼40 bar,
while its density remains unchanged. The water vapor density
is varied in our simulations.

II. MODEL

Numerical simulations are based on the forward Maxwell
equation (FME) [19,20], a paraxial carrier-wave-resolved
propagation equation for the time-domain Fourier harmonics
Ê (ω, r, z) of the electric field E (t, r, z):

∂Ê (ω)

∂z
= −i

(
k(ω) + �⊥

2k(ω)

)
Ê (ω) − 2π

c
Ĵ (ω), (1)

where t is the time, ω is the angular frequency, r is the
transverse coordinate, z is the propagation distance, c is the
speed of light in vacuum, and �⊥ = r−1∂/∂r(r ∂/∂r). Unlike
envelope equations, FME adequately describes the resonantly
absorbing medium through the full dispersion relation k(ω) as
well as the absorption due to the delayed nonlinear response
[21].

For the pressure and temperature studied, both linear and
nonlinear medium responses on the femtosecond timescale
depend on the molecular density N = pN0/θ only, where
N0 = 2.7×1019 cm−3, θ = T/273 K, and pressure p is in
bars. The complex-valued wave number k(ω) = ωn(ω)/c de-
scribes absorption and refraction of the N2-H2O mixture. The
refractive index n(ω) is given by

n(ω) − 1 = pn

θ
× δnn(ω) + pw × δnw(ω), (2)

where pn and pw are the partial pressures of nitrogen and
water vapor, respectively.

The non-resonant term δnn(ω) determines the normal dis-
persion of nitrogen at pn = 1 bar and temperature 273 K in
the mid-infrared range [22]. The term δnw(ω) is complex
valued; its real and imaginary parts correspond to the res-
onant dispersion and absorption of H2O, respectively. The
value Re[δnw(ω)] is calculated from Im[δnw(ω)] accord-
ing to Ref. [23]. We take the data on the absorption index
Im[δnw(ω)] of the gas mixture consisting of water vapor
and nitrogen at the temperature T = 358 K and pn = 40 bar
from HITRAN database [24]. HITRAN frequency resolution
of 300 MHz is distributed onto the numerical grid of our
FME solver (resolution of 143 GHz) with preservation of the
total absorption inside the band; cf. red and gray curves in
Fig. 1(a). Besides, we performed the calculations with the
smooth Gaussian shape of the resonance Im[δnw(ω)] and the
corresponding refractive index Re[δnw(ω)]; see Fig. 1(a), blue
dashes. Outside the absorption bands at 1.15 and 1.35 μm, the
three refraction indices coincide with each other; see Fig. 1(a).
Reasonable agreement between the second-order dispersion
coefficients k2(ω) = d2Re[k(ω)]/dω2 calculated from the re-

FIG. 1. The dependencies of reflection n′ = Re[n] [(a), left axis]
and absorption n′′ = Im[n] [(a), right axis] indices as well as second-
order dispersion coefficient k2 (b) on wavelength λ. Gray, red, and
blue dashed curves in both panels correspond to the spectroscopic
data from HITRAN, the fit of HITRAN data to our grid, and smooth
Gaussian absorption respectively.

constructed refractive indices is shown in Fig. 1(b). Note
that in the vicinity of our pulse’s central wavelength, i.e. in
the range 1.20–1.30 μm, the coefficient k2 calculated from
Gaussian fit of the absorption line shows the change of the
dispersion from normal to anomalous regime explicitly and
allows us to define the zero group velocity dispersion point as
λ(k2=0) ≈ 1.23 μm for pw = 0.24 bar [Fig. 1(b), blue dashed
curve].

The nonlinear current J (t ) = Jfree + Jabs + ∂t P(3) accom-
modates the free electron current Jfree(t ) defined as

∂t Jfree(t ) = (e2/me)Ne(t )E (t ) − νcJfree(t ), (3)

where e and me are electron charge and mass, and νc ≈
(pn/θ )×5 ps−1 is the electron-neutral collision rate; the ab-
sorption current Jabs(t ) = −WI∂t Ne(t )/E (t ), where WI is the
ionization potential of a component and Ne(t ) is free electron
density. The third-order polarization includes both instanta-
neous and delayed rotational responses:

P(3)(t ) = χ (3)E (t )

(
E2(t ) +

∫ t

−∞
K (t − t ′)E2(t ′)dt ′

)
, (4)

where χ (3) corresponds to Kerr coefficient n2 =
(pn/θ )×10−19 cm2/W, and K (t ) is the normalized kernel
calculated according to [25].

We neglect the possible resonant nonlinear response of
water vapor. To date, experiments with laser drivers close to
the absorption bands of water [18] or carbon dioxide [9] have
not indicated any noticeable effect of the resonant nonlinear
response on the mid-infrared filamentation scenario. Recently,
a harshly truncated representation of the water rovibrational
nonlinearity was implemented in propagation simulations
[26]. According to this study, the 7-μm H2O band provides
a 20% addition to the air nonlinearity for a 10-μm 100-fs
pulse with intensity below 10 TW/cm2 if the water vapor
density constitutes 1% of the air density. In our simulations,
we remain below 1% density of the impurity and consider the
transitions at 1.35 μm with the oscillator strength ∼100 times
lower than the one at 7 μm wavelength [24].
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We used the rate equation for the plasma density Ne,

∂t Ne(t ) = w(E )[N − Ne(t )], (5)

with tunneling ionization rate w(E ) and molecule number
density N . Equation (5) does not include the contribution from
the avalanche ionization (term ∝ Ne). In our conditions of the
infrared pulse filamentation the kinetic energy of a free elec-
tron, Wk ∝ E2(t )λ2, reaches several tens of electronvolts twice
within the optical period, i.e., Wk > WI . The commonly used
theory of avalanche ionization assumes Wk < WI and multiple
elastic electron-neutral collisions prior to the ionizing one
[27]. We estimate the avalanche addition to ionization based
on the analysis of mean kinetic energy of an electron in the
laser field extracted from simulations, and we propose that in
our conditions the avalanche mechanism is suppressed due to
the short-wavelength shift of the trailing edge of the pulse,
thus decreasing the kinetic energy dramatically [28].

III. TUNING PULSE WAVELENGTH TO ANOMALOUS
DISPERSION REGION

The laser system used in our experiments [18] is tunable,
so we can choose the pulse central wavelength λ0 < 1.35 μm.
The steel cuvette [18] is safe up to a pressure of 100 bar.
So, for the given λ0, we can choose the optimal nitrogen
pressure pn and water vapor pressure pw. The dependence of
the critical power for self-focusing Pcr for λ0 = 1.2–1.35 μm
on the pressure pn is [29]

Pcr ≈ (θ/pn) × 25 GW. (6)

The peak power of the laser facility [18] in this range of λ0

is P ≈ 2.5 GW (corresponding to 150 μJ energy and 60 fs
duration). So, the pressure pn > 13 bar is required to produce
a single filament.

Despite the complicated structure of H2O resonances, the
transition from normal to anomalous dispersion (k2 = 0) at
λ(k2=0) ≈ 1.23 μm (for pw = 0.24 bar) is clearly seen in
Fig. 1(b). We calculated the wavelength λ(k2=0) for different
water vapor pressures pw [Fig. 2(a), black curve]. In the ex-
periment [18] the pulse spectrum was Gaussian with a width
of ∼100 nm. We chose the central wavelength of 1.3 μm,
so the major part of the spectrum [filled area in Fig. 2(a)] is
within the anomalous dispersion region [area between black
solid curve and orange dashed line in Fig. 2(a)] for pressures
pw � 0.24 bar.

In simulations a pulse with central wavelength λ0 =
1.3 μm undergoes filamentation in a gas mixture of pn =
40 bar molecular nitrogen at a temperature T = 358 K and
water vapor with a pressure varying from 0 to 0.36 bar. Other
pulse parameters are taken from the experiment [18]: pulse
duration and energy were 60 fs and 120 μJ, respectively.
Beam diameter and geometrical focusing distance of the lens
were 2 mm and 30 cm, respectively.

IV. TRANSITION FROM X- TO O-SHAPED SPECTRA
WITH HUMIDITY VARIATION

We will follow the change of the angle-wavelength spec-
trum in a mixture of N2 with a fixed pressure pn = 40 bar
and H2O with a pressure pw varied from 0 to 0.36 bar

FIG. 2. (a) Dependence of the wavelength λ(k2=0) corresponding
to zero dispersion on water vapor pressure (black curve). The gray
filled Gaussian profile indicates the initial pulse spectrum. The ab-
sorption coefficient is shown by the red curve. The orange dashed
line is a border of absorption band, the orange solid line indicates the
wavelength of zero dispersion at pw = 0.24 bar. Angle-wavelength
distributions for (b) dry (pw = 0 bar, normal dispersion) and (c) hu-
mid (pw = 0.24 bar, anomalous dispersion) nitrogen.

[cf. Figs. 2(b) and 2(c)]. To attribute the changes in the angle-
wavelength spectrum from X to O shaped to the transition
from normal to anomalous dispersion strictly, we need the
high-intensity filament and the corresponding plasma channel
to depend on the humidity in the cuvette weakly.

Indeed, as the pressure pw increases from 0 to 0.24 bar,
the filament peak intensity drops down by 8% only [Fig. 3(a),
stars, decrease from 284 to 261 TW/cm2]. The peak electron
density follows the intensity and drops by 33% [Fig. 3(a),
open circles, from 4.32×1018 to 2.93×1018 cm−3]. This 33%
drop is negligible in comparison with, for example, two orders
of magnitude decrease in the plasma density measurements
performed with the numerical aperture decrease by a factor

FIG. 3. Dependence on the water vapor pressure of (a) maximal
intensity Imax (red stars, left axis) and maximal plasma density Nmax

(blue open circles, right axis) in the filament, and (b) length Lfil (black
squares, left axis) and diameter Dfil (green triangles, right axis) of
the plasma channel. (c) Supercontinuum spectra for two water vapor
pressures at the end of the cuvette, z = 60 cm.
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FIG. 4. Angle-wavelength spectra demonstrating transition from X to O waves under water vapor pressure increase from (a),(b) pw = 0 bar
(dry nitrogen, normal dispersion) through (c)–(f) pw = 0.06 bar (humid nitrogen, weak anomalous dispersion) to (g)–(j) pw = 0.24 bar (humid
nitrogen, anomalous dispersion). White curves in (a), (c), (g) show the angular distributions at 1.23 μm (vertical dashed lines). Spectra in the
upper row are just after the end of the filament; spectra in the lower row are at the end of the cuvette. Black curves fit the angle-wavelength
spectra with the quasi-phase-matching relations [31]. Panels (c), (d), (g), (h) show the results of simulations with the absorption coefficient
(white curves) from the HITRAN database fitted on our grid, and panels (e), (f), (i), (j) show the results with smooth Gaussian shape of the
resonance.

of 4 [30]. The plasma channel length and diameter estimated
at the level of 8×1014 cm−3 are fairly constant and equal to
1.2 cm and ∼23 μm, respectively [Fig. 3(b)]. The supercon-
tinuum width and intensity are identical in this range of water
vapor pressure [Fig. 3(c)]. Overall, the filament characteristics
are almost insensitive to the humidity up to pw = 0.24 bar
introduced into the high-pressure nitrogen. For H2O pressure
pw > 0.24 bar the variation of filament parameters tends to
increase [Fig. 3(a)].

Transition from X- to O-shaped spectra of a mid-infrared
pulse in the mixture of molecular nitrogen and water vapor oc-
curs continuously with gradual water vapor pressure increase
(Fig. 4, upper row). The X-shaped angle-wavelength spectrum
in dry nitrogen exhibits rings on the short-wavelength side,
1 < λ < λ0 = 1.3 μm [Fig. 4(a)]. Degradation of these rings
might be revealed explicitly by comparing the cross sections
of the angle-wavelength distributions at λ = 1.23 μm, corre-
sponding to the zero dispersion at pw = 0.24 bar [Figs. 4(a),
4(c), 4(g) white solid curves]. Note specifically the decrease
in spectral intensity of the local maximum at the angle of
∼10 mrad in Fig. 4(a) as compared with Figs. 4(c) and 4(g).
Thus, as the water vapor pressure reaches pw = 0.24 bar,
predominantly on-axis propagation of the near-infrared spec-
tral components, or transition to the O-shaped spectrum, is
attained [Fig. 4(g)]. Meanwhile, the rings on the longer-
wavelength side of the spectrum became more and more
pronounced with increasing humidity since for λ > 1.5 μm
the normal dispersion regime dominates the propagation
[cf. Figs. 4(a) and 4(g)].

Potential registration of the X- to O-shaped transition of the
angle-wavelength spectrum requires simulation data on the
spectral intensity distribution not only right after the ∼1.2-cm
filament (Fig. 4, upper row, z = 31 cm), but also at the exit
of the gas cuvette (Fig. 4, lower row, z = 60 cm). After the
end of the plasma channel, the quasilinear propagation of the
pulse preserves the angle-wavelength spectrum except for the
depletion of intensity at absorption bands [cf. Figs. 4(c), 4(g)

with Figs. 4(d), 4(h) respectively]. Note that the small-scale
details of the complex water molecule resonance structure
have minor influence on the angle-wavelength spectrum out-
side the band [cf. the panels of the lower row in Fig. 4: (d)
with (f) and (h) with (j)]. Thus, continuous change of the
dispersion regime from normal to the anomalous one might
be detected through the registration of the angle-wavelength
spectrum after ∼30 cm of propagation in high-pressure humid
nitrogen.

V. CONCLUSIONS

In conclusion, we proposed to use the gas mixture with
variable group velocity dispersion consisting of N2 (40 bar)
and H2O (0–0.36 bar, absorption resonance at 1.35 μm) at the
temperature of 85 ◦C in order to control the nonlinear-optical
transformation of a 1.3-μm 60-fs pulse undergoing filamen-
tation. The filament parameters (intensity, plasma density,
plasma channel length, and diameter) change weakly with
the variation of the water vapor density. In contrast, the spa-
tially resolved supercontinuum spectrum of the pulse strongly
depends on the density of water vapor: the continuous tran-
sition from normal dispersion of dry nitrogen to anomalous
dispersion of the humid case corresponds to the continuous
transition from X- to O-shaped angle-wavelength spectrum.
After the end of the plasma channel, the quasilinear propa-
gation of the pulse preserves the angle-wavelength spectrum
except for the depletion of intensity at absorption bands. Thus,
the registration of such angle-wavelength spectra is possible in
the experiment. Similar experiment can be performed by using
carbon dioxide instead of water vapor and a longer wavelength
pump in the mid-infrared.
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