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Three-body scattering hypervolume of particles with unequal masses
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We analyze the collision of three particles with arbitrary mass ratio at zero collision energy, assuming arbitrary
short-range potentials, and generalize the three-body scattering hypervolume D first defined for identical bosons
in 2008. We solve the three-body Schrodinger equation asymptotically when the three particles are far apart
or one pair and a third particle are far apart, deriving two asymptotic expansions of the wave function, and the
parameter D appears at the order 1/B*, where B is the overall size of the triangle formed by the particles. We then
analyze the ground state energy of three such particles with vanishing or negligible two-body scattering lengths
in a large periodic volume of side length L, where the three-body parameter contributes a term of the order D/L°.
From this result we derive some properties of a two-component Bose gas with negligible two-body scattering

lengths: its energy density at zero temperature, the corresponding generalized Gross-Pitaevskii equation, the
conditions for the stability of the two-component mixture against collapse or phase separation, and the decay
rates of particle densities due to three-body recombination.
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I. INTRODUCTION

How do particles, composite or fundamental, such as
atoms, molecules, ions, atomic nuclei, neutrons, protons, elec-
trons, mesons, etc., interact at small collision energies? It
depends on their electric charges. If at least one of two such
particles is electrically neutral, usually the effective interac-
tion between the two particles is dominated by the s-wave
scattering length a, for collision energies that are so small
that the de Broglie wavelength of each particle in the center-
of-mass frame is much longer than the physical range of the
interaction. If we need more precise knowledge of the effec-
tive pairwise interaction at small collision energies, we need to
also know other parameters such as the s-wave effective range
15, the p-wave scattering volume a,, etc. All these parameters
can be extracted from the wave functions for the two-body
collision at collision energies equal to or close to zero, outside
of the physical range of interaction. The s-wave scattering
length a, for example, can be extracted from the wave function
¢(s) of the two particles colliding at zero incoming kinetic
energy and zero orbital angular momentum [1,2]:

¢(s)=1—§, ifs>r,, (1)

where s is the spatial vector extending from one particle to
the other, and r, is the range of the microscopic interaction.
The scattering length a is a key parameter in the quantum few-
body and many-body physics for particles with small collision
energies.

If we want to gain more precise knowledge of the effective
interaction strengths of low-energy particles, we need to also
study the wave function for the collision of three particles
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at zero incoming kinetic energy. The three-body Schrodinger
equation is usually not analytically solvable, even outside of
the range of the microscopic interactions. But, in a prior paper
by one of the present authors, the three-body Schrédinger
equation was solved asymptotically for the collision of three
identical bosons at zero incoming kinetic energy and zero
orbital angular momentum, yielding well-controlled expan-
sions of the three-body wave function ®® when three or two
pairwise distances are large [3]. In such expansions, a three-
body parameter named three-body scattering hypervolume D
emerges [3]. When all three pairwise distances go to infinity
simultaneously for a fixed ratio of pairwise distances, the
three-body wave function has the following expansion, which
may be called “111 expansion” (since each particle is alone
when they are all far apart from each other):

\/§D
g =5
P =1-2 = 4+ OB InB), )

where B = v/ (s} 4 s3 + 53)/2 is the hyperradius of the trian-
gle formed by the particles,

SI=r,—TI3 S =I3—TI;, S3=TI] —TIj, 3)
r; is the position vector of the ith particle, and E is a sum
of a few terms due to a typically nonzero two-body scattering
length. If a = 0, E = 0. When two particles are kept at a fixed
distance but the third particle is far away from the two, there
is another expansion which may be called the “21 expansion”
(since two particles are held at a fixed distance but the remain-
ing particle is far apart):

®3 — Zs(—q% 4)
q=0
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where S scales as R4 for g < 3, and scales as R™7 times
some polynomial of InR for ¢ > 4, and R is the distance
between the center of mass of the two particles and the re-
maining particle. The function S¢~%) is expressed in terms of
the “two-body special functions” such as the ¢(s) in Eq. (1),
with coefficients that depend on R. The three-body scattering
hypervolume D appears at the order R™.

The scattering hypervolume D is the three-body analog
of the two-body scattering length a. It is a fundamental
parameter determining the effective strength of three-body
interactions at small collision energies, if the microscopic in-
teractions vanish or become negligible beyond a certain range.
For given microscopic interactions, one can numerically solve
the Schrédinger equation for the zero-energy collision of the
three particles and match the solution to either the 111 expan-
sion or the 21 expansion to determine D numerically. D have
been numerically computed in this way for identical bosons
interacting with hard-sphere [3], Gaussian [4], square-well
[5], and Lennard-Jones [6] potentials.

If the collision of the three particles is purely elastic, D
is a real number. But if the two-body forces are so strongly
attractive that they support two-body bound states, as is the
case for most neutral atoms, then the three-body collisions
are usually not purely elastic: two such particles may fall into
one of the bound states, releasing the binding energy in the
form of the center-of-mass kinetic energy of the two and the
kinetic energy of the remaining free particle; these inelas-
tic processes are called “three-body recombination” in cold
atoms physics [7-14]. When there is three-body recombina-
tion, D becomes complex, and the three-body recombination
rate constant is proportional to the imaginary part of D
[4,15].

The three-body scattering hypervolume [3] determines the
effective three-body coupling constant in the effective-field
theoretical description of low-energy particles [3,14,16]. It is
also directly related to the three-body parameters in three-
meson systems [17,18].

The three-body scattering hypervolume provides a three-
body effective interaction which, if repulsive, can stabilize
dilute quantum droplets [19-21].

In Sec. II of this paper, we generalize the 111 expansion
and the 21 expansion to the collision of three particles with
unequal masses, my, mp, ms, for which we find that the
expansions take much more complicated forms. We assume
that two or three of the colliding particles are electrically
neutral, and our expansions are also applicable to the collision
of two neutral particles and one charged particle, such as
two neutral mesons and one charged particle, as long as the
neutral particles are not significantly electrically polarizable
in the field of the charged particles. Although in a prior paper
[3] the two expansions were carried out to the order B~/
and R~ respectively, in this paper we will only expand &’
to the order B~* and R4, respectively, the order at which
the three-body scattering hypervolume first appears. If two
of the particles have equal mass but are not spin-polarized
identical fermions, and the third particle has a different mass,
the expansions we find in this paper are also applicable. Our
work is motivated by many cold atoms experiments in which
two or three atomic species having different atomic masses
are mixed together. But we believe our work will also be

of fundamental importance for other research areas such as
nuclear physics.

In Sec. III we compute the ground state energy of three par-
ticles with unequal masses in a large periodic cubic volume,
assuming vanishing or negligible two-body scattering lengths,
such that the energy is dominated by the three-body scattering
hypervolume D.

In Sec. IV we consider a zero-temperature Bose-Bose
mixture having negligible two-body scattering lengths and
derive its energy density in terms of the three-body scattering
hypervolumes Dy, D112, D12, and D, and write down the cor-
responding generalized Gross-Pitaevskii equation. Here D is
the scattering hypervolume of three particles of type 1, and
Dy is the scattering hypervolume of two particles of type
1 and one particle of type 2, and so on. We then give the
criteria for stability of the mixture against collapse or phase
separation. Finally we study the decay rates of the particle
densities in such a mixture due to three-body recombination,
in a shallow trap.

II. ASYMPTOTICS OF THE THREE-BODY
WAVE FUNCTION

Consider three particles, labeled 1, 2, and 3, having masses
my, mp, and ms, respectively. Suppose that they have in-
teractions that are invariant under translation, rotation, and
Galilean transformations, and suppose the interactions vanish
beyond a certain range. Particles 1 and 2 have scattering
length a3, particles 2 and 3 have scattering length a;, and
particles 3 and 1 have scattering length a,. If the three particles
collide with zero energy and zero orbital angular momentum,
the three-body wave function ®® satisfies the Schrodinger
equation:

2 2 2
[— %VZ g2 - w2 v + Vats)
1

1_2_1712 ZM3

+ V5(s3) + Vizz(s1, 82, S3)}D(3)(1'1, r,r3) =0, (5

where r; is the position vector of particle i, and
Si=r; —Iy. (6)
In the above equation and in the rest of the paper:
ifi=1, thenj=2,k=23;
ifi=2, thenj=3,k=1;
ifi=3, thenj=1k=2.

Vi(s;) is the interaction potential between particles j and k,
and Vi3(s1, 52, 83) is the three-body potential. Note that V;
and Vi3 are not zero-range pseudopotentials. They are real
potentials that extend to some nonzero pairwise distances. But
in this paper we assume that these potentials vanish beyond a
certain range. ®® is translationally invariant because of the
zero total linear momentum:

&I (r; +8r, 1y + 61,13 +6r) = (1|, 12,13)  (7)

for all r. ®® is also rotationally invariant because of the
zero orbital angular momentum. As a result, ®® depends
only on the pairwise distances s, s, and s3. We choose the
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amplitude of ®® such that it approaches 1 when the three
pairwise distances all go to infinity.

A. Jacobi coordinates, hyperradius, and hyperangles

For later use, we define R; as the vector extending from the
center of mass of particles j and k to particle i:

m;r + my Xy

R,‘ =TI — (8)

mj; + my

(s;, R;) are called Jacobi coordinates [15,22]. We define the
hyperradius B as

B \/3 mlmzsg + m2m3sf + m3m1s§

9

V2 mumy + mams + mymy
If the particles have equal mass, the above definition of B
reduces to the one in Ref. [3]. Let u; be the reduced mass
of particles j and k, and v; be the reduced mass of the particle
i and the pair jk:

1 1 1 1 1

—_=—et—, - =— 4 — (10)
Wi m; my V; m; m; + my
They satisfy
AAUR]
W= 11
I it (11)
Define
= K (12)
Vi
3 +my +
P B T (13)
2 mymy + moms + mzm,
One can show that
B* = A(viR; + is7) (14)
for any i € {1, 2, 3}. We also define three hyperangles:
R;
6; = arctan —. (15)
€;S;
s;, R;, and B satisfy
S = BcosH;,, R;= Bsin6;. (16)
AL AV;

B. Two-body special functions
For i =1, 2, or 3, we define the two-body special functions
¢£2 (s), fl(il) (s), gf[l),l (), ... for the collision of particles j and k
with orbital angular momentum quantum number / and zero
magnetic quantum number along the direction specified by the
unit vector i [3]:
o 5 o ! i I
H¢ja=0, Hfd=93. Hgh=/fgd. ... D

A T YR

where i2H; /2u; is the two-body Hamiltonian for the collision
of particles j and k in the center-of-mass frame, and

~ 2u;
Hi=-v2+ h—’gvi(s). (18)

Unlike the case of identical bosons [3], here / may be odd.

To complete the definition of ¢l.(lfi, we need to specify its
overall amplitude. Since the potential V;(s) vanishes beyond a
finite range r, ¢f’g takes a simple form at s > r,:

s! @1 — Dla;,
Q21+ D! sit

pia(s) = [ ]Pxﬁ %), (19
where we have fixed the overall amplitude of ¢;’2 by specify-
ing the coefficient of the term ocs’. Here P; is the Legendre
polynomial. The parameter a;; is determined by solving
the two-body Schrodinger equation at zero collision energy,
H,¢l.(’lf: = 0, using the two-body potential V;(s) at s < r,, and
matching the solution with Eq. (19) at s > r,.

The solution to the equation H; f;(il) = qbl.(ylf: is not unique,
because if fifg(s) satisfies this equation, then fifg(s) +
(arbitrary coefficient) x ¢f!lfz (s) also satisfies this equation. To
complete the definition of fl(ln) (s), we specify that in the ex-
pansion of fl.fél)(s) at s > r, we do not have the term ocs™'~!
(>if such a term exists, we can add a suitable coefficient times
¢>i(,2(s) to fl(ln) (s) to cancel this term). Then at s > r, we have

the following analytical formula for fl(il) (s):

si+2 a; ri 151
f(lA)(S) = — — "
LA 2021 +3)!11 221 + D!
21 —3)N!
- (—)a,-,ls‘—f}P,(ﬁ -%). (20)

This completes the definition of fifg(s). We can similarly fix

the definitions of ggllll (s), etc. For brevity we do not show the

formula for g(il%(s) at s > r, as it is not explicitly used in this

paper.

Given the two-body special functions¢£2, fl(Q, gﬁll)l, e,
we can express the wave function for the collision of particles
j and k at any small nonzero energy E = i*k%/2u; as an

infinite series in k:
(1,k) 0] 2 p(D) 4 ()

¢ (s) = g0(s) + K fD(s) + K*ghs) +--- . 2D
It is easy to verify that this series satisfies the Schrodinger
equation at nonzero energy £, namely,

Hipl (s) = Kol (s). (22)

On the other hand, if s > r,, then V;(s) = 0 and Eq. (22) can
be solved analytically to yield

$80(9) = i ()i (ks) cot 8 — mi(ks)IPI(R -8),  (23)

where j; and n; are spherical Bessel functions of the first kind
and the second kind, respectively, §;; is the scattering phase
shift, and the overall coefficient «; ;(k) is to be determined.
Comparing Eq. (23) with Eq. (21), and using the definitions
of ¢>l.(’2 and fl(i,), etc., we find that o; ; (k) = —k'*'a;; and

11
Kot 8 (k) = —— + Er,;lkz + 0. (24)
ai,l

Equation (24) is in fact the well-known effective range expan-
sion [23]. We now see that a; ; which first appears in Eq. (19)
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is the two-body [-wave scattering length (or volume or hyper-
volume) of particles j and k, and r;; which first appears in
Eq. (20) is the two-body [-wave effective range.
For [ =0, we write the functions ¢(0)(s) f(o)(s) and
Ef]l%(s) simply as ¢;(s), fi(s), and g;(s). We use symbols
s,p,d, f,... torepresent/ =0, 1,2,3,....For later conve-
nience we simply write the s-wave scattering length a; ; as a;.
The two-body special functions will appear in the expan-
sion of the three-body wave function ®® when two particles
are held at a fixed distance and the third particle is far away
from the two.

C. Asymptotics of ®® at large distances

When particle i is far away from particles j and k, but
particles j and k are held at a fixed distance s;, the pairwise
interaction potentials V;(s;) and Vi(sy) and the three-body
potential Vi»3(sy, 52, s3) vanish, and Eq. (5) is simplified as

[ +2—V(s,) Bige }D(” 0. (25
h? Vi

1

The following partial-wave expansion is the formal solution
to the above equation:

oo

o =3 (AP R () + B RS (50)
=0
+ PR 50+ -], (26)

where the function Agl )(R,-) has a well-controlled expansion at

large R;, and Blf”(Ri), CPRy), ... satisfy

and so on. We may also group the terms according to the
powers of 1/R;:

[e¢]

O (ry,ry,r3) =Y ST Ry, 1), (28)
q=0

where S? scales as R, times some polynomial of InR;
(such a logarithmic dependence on R; could be absent for a
small g), and satisfies

As® =o,
I:iiS(il) = 0 (29)
HSC? = l,fl v2.s© "D 4> ).

Equation (28) is the 21 expansion.

When the three particles are all far apart from each other,
such that s, 5,, 53 go to infinity simultaneously for any fixed
ratio s : 5, : 53, we may expand ®® in powers of 1/B:

[o.¢]
OO (ry, 1y, 13) = Y TPA(ry, 12, 13), (30)
p=0
where T~P) scales as B~” times some polynomial of InB
(such a logarithmic dependence on In B could be absent for
a small p), and satisfies the free Schrodinger equation:

" " "

——Vi——V; - —Vi|T"” =0 (31
2m1 2m2 2m3

if the pairwise distances s; are all nonzero. Equation (30) is

the 111 expansion.
We start from the leading-order term in the 111 expansion:

7O =1, (32)

(1) 1 d4 ,d Iar+1) o and first derive Si(o), and then derive TP, and then derive
R) =5 SR — == A ®). QT ) .
R2 dR; ' dR; Rl.2 ! S;7"’, and then derive T, and so on, all the way until
| d d 10+ 1) Sf_‘”. At every step, we require the 111 expansion and the
C(l)(R )= |: > —R— — —2i|Bl§’)(Ri), (27b) 21 expansion to be consistent in the region r, < s; < R;. See
R dR; " dR; R; the Appendix for details. Our resultant 111 expansion is
J
2b;0;  2Aviwia; m B
(I)(3) _ az Vi an Vitidi —SJ.(S) In —— 1 — 6; cot(26;
3B4 + Z { S; nR[s,- m B2s; + B+! n Al ty cot(26:)
dp ( )Sln(4(9,-) — i A _
—J.”—R,-~§i + OB~ In" B), 33
B+ sin’(26;) ( ) ( ) (53)

where y = 0.57721566... is Euler’s constant, n is a non-
negative integer (we conjecture here n = 1, just like the case
of identical bosons [3]), and

b; = ai(a; + ai), (34a)
b

wi = —ey + PEi | Pibe (34b)
Nik 77ij

="M forp,vedl,2,3) (34c)

T = “, ,2, 3},

m;my

B; = arctan , (344d)

m;(my + my + m3)

18(mymam3)??/my + my + m3

ms = 34e
2 (myimy + mams + mamy ) (G4
27
d, = mymomz(my + my + m3)2 7 (34f)
27w (mymy + mom3 + mzmy)
JO ai(w + w"“") (349)
' Kj ek
m;a; — myag
g0 = g T " (34h)

mj + my

D is the three-body scattering hypervolume, and its di-
mension is [length]*. It is the generalization of the scattering
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hypervolume for identical bosons defined in Ref. [3]. The
value and sign of the scattering hypervolume in each three-
particle system depend on the details of two-body and
three-body potentials, as well as the masses of the three
particles. For very weakly repulsive potentials D is small
and positive. For very weakly attractive potentials D is small
and negative. As one increases the strength of attractive in-
teractions such that they nearly support a three-body bound
state, D becomes large and negative. At the critical attraction
strength at which the three-body s-wave bound state energy
is zero, D is divergent. As one slightly increases the strength
of attraction further, then D becomes large and positive. Fur-

J

ther increasing the strength of attraction, one can make D
smaller. D will pass zero and turn negative as one further
increases the strength of attraction. If the two-body potentials
are sufficiently strongly attractive such that there are two-body
bound states, D will in general acquire some imaginary part
which determines the three-body recombination rate constant
for dilute gases consisting of the relevant particles (the rate
constant is proportional to ImD) [4]. If there are multiple two-
body bound states, then ImD contains the contributions from
the three-body recombination processes to all these two-body
bound states.
Our resultant 21 expansion is

e —|1_ % +ar | 2w 2p (wia; | wag Wi SEi,uiJ( R 515
R; R R\ Uk R} 2R} | T
3 ma; —mpa;y 3¢ # 15ma + m2a; #;
I S SR )+ | o g (8 (8)
R: mj+my R R (m; + my) R | oRi
105 mia; — mjay 46211),‘ s
+— W) (s, L fi(s) + O(R7In" Ry), 35
R gy PO S S8+ ORTITR) ”
where (/)i(% and f; are the two-body special functions for particles j and k as defined in Sec. II B, and
JO =00+ 02+ 0P, (36a)
2b;
¢ = _W[Gjnjk + Cnjinie — DBl + — lexme; + Cngjnij — DB (36b)
ik lj
612 -
#, = L(w_ | Wk ) 360)
T\ MMy mj
10 €Eilli 1 2 ,Bk
#id=_{3b [ 2 i — D + = (1= 2njmic + 20503) Be — € ~—
T J lk,u»] J 7713]( ( J Jjk k) 3
1 2,3]
+3bk (2’7kﬂlu 1) + ,7_3( 277kﬂlzj + 277k,77,,)ﬂ - E, ? (36d)
l] ij tj

(mymy + myms + mam D 2e}wia;r;

63/373m2 (m; + my. )? b4
+J,£S)[y +1n< EM) -1
Ve fax

III. THE GROUND STATE ENERGY OF THREE
PARTICLES IN A PERIODIC BOX

In this section, we consider the ground state of three par-
ticles in a large periodic cubic box with side length L. Their
wave function satisfies the periodic boundary condition:

W(ry, r, r3) = ¥(ry + L, rp, r3)
=V, rp+L,r3) =¥(r;,rnp,r3+L), 37)

where L = L(n,&, + n,&, + n.€;). Here e,, e,, and e, are unit
vectors along the sides of the cube, and n,, n,, and n, are
integers.

Here we assume the two-body s-wave scattering lengths
ai, ay, az are 0, while the three-body scattering hypervolume
D is not. If there are no two-body or three-body bound states,

8eiti | s
+ Hi {J()(y
7T
6¢2
—ﬂjCOtZﬂj]} +i[1
T

3 (s) Vi |ai|
+JOly +In( [— =) =1 - Brcot2p;

2 v lajl

(S4B — 4B sin(4B)) — 4ﬂj]

7 sin?(2) K sin?(28)) (360

(

the three-body ground state wave function takes a simple form

V3D
8m3B4
atr, < s; < L, where r, is the maximum range of two-body

and three-body interactions. The wave function should also
satisfy the free Schrodinger equation

W(ry, )~ 1 - (38)

i 2 2 2
_?(vl Jmy + V3 /my + V5 /m3)¥ = EV (39)
if 51, 52, and s3 are all greater than r,. Because the ground state
has zero total momentum, W depends only on (s;, s3), and can
be written as W = W(s,, s3). We multiply both sides of Eq.
(39) by d3s,d>s; and integrate over s, and s3 in the domain
B > By (where r, < By < L): the right-hand side yields ap-
proximately EL®, and the left-hand side can be computed by
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using Gauss’s theorem and Eq. (38). We get

2D
E = TR (40)
where
V3(mymy + myms + mymy )
9(m1m2m3)3/2«/m1 + ny + ms

The dimension of D is [length]4 /[mass].

If there are three-body bound states but no two-body bound
states, Eqs. (38)—(41) are applicable to the lowest-energy
three-body scattering state although this is no longer the three-
body ground state.

If there are two-body bound states, Eq. (38) would describe
a metastable state rather than the ground state. This is analo-
gous to real ultracold atomic gases which are after all not the
true ground state of atoms (the true ground state of multiple
atoms having attractive interactions is a tiny solid or liquid).
One can tune the two-body interactions between ultracold
atoms such that the scattering lengths are zero [24], and then
the three-body scattering hypervolumes will be among the
dominant parameters for low-energy effective interactions.

D

D. 1)

IV. IMPLICATIONS FOR A DILUTE BOSE-BOSE MIXTURE

We consider an interacting mixture of two Bose-Einstein
condensed gases [25-34]. If the scattering lengths are tuned
to zero near a Feshbach resonance for cold atoms [24,35] or
if they are accidentally close to zero, or if the particles are
near a low-energy three-body resonance, the interactions of
the particles could be dominated by the three-body scattering
hypervolumes. For a two-component Bose gas, consisting of
bosons of types 1 and 2, there are four scattering hypervol-
umes, Di, Dyj2, D12, and D,. Here D is the intraspecies
scattering hypervolume of three bosons of type 1, Dy, is the
scattering hypervolume of two bosons of type 1 and one boson
of type 2, Dy, is the scattering hypervolume of one boson of
type 1 and two bosons of type 2, and D, is the intraspecies
scattering hypervolume of three bosons of type 2.

J

We consider Ny bosons of type 1 and N, bosons of type
2 having vanishing or negligible intraspecies and interspecies
two-body scattering lengths (a;; = aj» = ax = 0) in a large
cubic box of side length L, and impose the periodic boundary
condition. Using Eq. (40), and assuming low enough densities
such that the total ground state energy E may be approximated
as a sum of the three-particle energies, we get

E——hz(c35 +C}.Ch.Diia + C C3 Diny + Cy D
= 76 \Cn P+ Gy, Gy, D + Cy, Cr, D12 + G, D),
(42)

where Cy, = N!/[n!(N — n)!]. According to the general rela-
tions between D and D in Eq. (41),

~ D
Dy = —, (43a)
mg
~ (my + 2my)?
Dy = ! 2 D12, (43b)
3)’}11}’}12»,/ 3m2(2m1 + i’nz)
- 2my + my)?
Din = ! 2 D1, (43c)
3mima/3my(my + 2my)
~ D
D, =2, (43d)
nmy

where m; is the mass of each boson of type 1, and m; is the
mass of each boson of type 2. In the thermodynamic limit,
in which N;, N,, L — oo while the densities n; = N, /L> and
n, =N, /L3 are fixed, we get
hziﬂ = éDln? + éDzn; + %Dnzn%nz + %Dmnlnﬁ, (44)
where Q = L3 is the volume of the system. The energy can
also be calculated using the effective field theory (EFT) [16].
Taking the partial derivative of the energy with respect to
the densities n; or n,, we get the chemical potentials ; and
1> Further adding the kinetic energy operators and the exter-
nal potentials, we find that the two-component Bose-Einstein
condensate (BEC) can be described by the following coupled
Gross-Pitaevskii equations [36,37]:

. 9 WV’ R~ 4, 2R a2 4

ih—V =] — +Vi(r,t) + =D |W|" + A D2 |V |7 | W2 + —Din| W |™ |V, (452)
ot 2my 2 2

. 0 v R~ 4, 2R I 4

ih—V, =| — +Vo(r, 1) + —D112|W1 " + B°Dioa | W1 7| W2 " + — D | W, |" | W2, (45b)
dt 2my 2 2

where W = W (r,t) and ¥, = W,(r, t) are the macroscopic
wave functions whose norm squares are the densities n;
and ny, respectively, and Vi(r,t) and V,(r,t) are the ex-
ternal potentials experienced by the bosons of types 1 and
2, respectively. The terms containing |W;|*, |W,|?|W,|?, or
|W,|* in the above two equations generalize the three-body
coupling term in the Gross-Pitaevskii equation for a single-
component BEC [38,39]. We have related the three-body
coupling constants to the wave functions for the zero-
energy collisions of three particles, facilitating numerical
determinations of these constants for any given microscopic
interactions.

(

In a two-component BEC, if the two-body scattering
lengths a;; are not zero, the system is stable when g;; > 0,
g2 > 0,and 1] < /81182 [1.2], where g;j = 27 i a;;/ i
is the two-body coupling constant, and 1;; is the reduced mass
of m; and m;. The first and second conditions ensure stability
against collapse when only one component exists. The third
condition ensures the two species are mixed together, rather
than phase separated [25,26,40—43].

Now we derive the conditions for the stability of the
two-component BEC with only three-body scattering hy-
pervolumes and negligible two-body scattering lengths. The
zero-temperature state energy of a homogeneous gaseous

063315-6



THREE-BODY SCATTERING HYPERVOLUME ...

PHYSICAL REVIEW A 103, 063315 (2021)

mixture of the two components is given by Eq. (44). The
mixture should be dynamically stable against local density
fluctuations [1] if

3’E/dn? > 0 (46)

32E\ [ 9%E 2E \°
— =)= . (47)
on; onj onyony

Substituting Eq. (44) into the above inequalities, we get

and

Diny 4 Dyjany > 0,
Dany + Digyny > 0, (48)

(Dyny + Di1ana)(Dany + Diggny) > (Dyjany 4 Digang)*.
(49)

If the scattering hypervolumes become complex (with neg-
ative imaginary parts [4]), the energy in Eq. (44) gains a
negative imaginary part, indicating the decaying of the BEC.
Within a short time Az, the probability that no recombination
occurs is exp(—2|ImE|Azr/h) >~ 1 — 2|ImE|At/A. Then the
probability for one recombination is 2|ImE|Az /h. If the BEC
is contained in a shallow trap (whose depth is small compared
to the energy released in a three-body recombination event),
after each recombination event, three atoms escape from the
trap. This leads to the decay rates of the atomic densities
within the trap:

1dm ~ 3 = ~ 2
A —[ImD1|ny — 2|ImD112|nny — [ImD1gz|nin;,
1 dl’l2 ~ ~ ~

P = —[ImDy|n3 — 2|TmD5p|nyn5 — [ImDyyz|nin,.

(50)

V. SUMMARY

We studied the wave function for the collision of three
particles of unequal masses with short-range interactions at
zero incoming kinetic energy and zero orbital angular momen-
tum. We derived the asymptotic expansions of such a wave
function when two particles are held at a fixed distance and
the third particle is far away from the two, or when all three
particles are far away from each other. From these expansions
we defined the three-body scattering hypervolume for the
three particles. This generalizes the definition of three-body
scattering hypervolume for identical bosons in Ref. [3]. We
then computed the ground state energy of three particles of
unequal masses with short-range interactions in a large cubic
box, assuming vanishing two-body scattering lengths. This
result enabled us to compute the zero-temperature energy of
a dilute two-component BEC having vanishing or negligible
two-body scattering lengths, to write down the corresponding
Gross-Pitaevskii equation for such a BEC in some external
potentials, to derive conditions for the stability of the mixture,
and to find the decay rates of particle densities due to three-
body recombination events.
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APPENDIX: PROCEDURE FOR DETERMINING THE 1-1-1
EXPANSION AND 2-1 EXPANSION

If 5; < R;, we can expand 7P as
(=p) _ (n,—p—n)
TP =3, ’
n

m

where "™ scales like R!'s!" (with a possible extra factor that
scales like a polynomial of In R;). If s5; > r,, we can expand
ST as

1

(A)

(A2)

(—=q) _ (—gq,m)
ST =) e,
m

Because the three-body wave function ®®) may be expanded
as Zp TP at B— oo, and may also be expanded as
> S at R; — oo, the ti(”’m) in the above two expansions
should be the same. In fact the wave function has a double
expansion ®®) = Youm ti("’m) in the region r, < s; < R;.

We choose the overall amplitude of ®® such that T©® = 1.
Therefore

ti(o’o) =1,
=0 (A3)
Y =0,
From
A8 =0, (A4)
we deduce that S i(()) takes the form
(AS)

0 l
SO =" gl .
1

Using the expansion Sl.(o) = ti(o.o) + t,-(o’_l) +--at s>,
we find that here the coefficient co = 1 but ¢; =0 for [ > 1.
So

S = ¢i(si). (A6)
Ifs; > r, we get
SO=—1-% (A7)
Si
This leads to
(0= 4 (A8)

N

and it will contribute to 7V,
T should satisfy E‘ﬂ (31) outside the interaction range,
and T = ti(o‘_]) + L0 4 tl.(_z’]) + .- if 5; € R;. From

i
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these conditions we can determine T 1:

3

a:
7D — _ (A9)
Expanding 7" at 5; < R;, we get
[10 4t
i R; ’
— Si D P
ti( 20 = (njkaj — nkjak)R_;Pl(Ri . Si)v
1
t(fs,z)__( 2 4.4 2 si2P R .5
: = —(nja; nkjak)]? »(R; - 8)),
l
14 = (nha; — )ip R; - §) (A10)
; = M) = Mijk) pa 3080 - Si),
1

and so on. From the expansion Si(fl) =ti(71‘1) +tl~(71’0) +
ti(fl’fl) +--- ats; > r,, and

AsY =o, (A1)
we find
sV = s, (A12)
R;
This leads to
ti(71,71) _ a;(a; +ak)’ (A13)

R;s;

and it will contribute to 72,

Repeating this procedure, we can successively determine
T2, Sf_z),..., T4, and 55_4). In this way we computed
the three-body wave function order by order, and finally ar-
rived at the 111 expansion Eq. (33) and the 21 expansion
Eq. (35).
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