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An analytical expression of the angular correlation function of a pair of Lyman-o photons in the photodis-
sociation of a hydrogen molecule is derived theoretically in a manner based on both atomic and molecular
physics and quantum optics. The angular correlation function turns out to be expressed in terms of cosine
(sine) functions of four angular variables of detectors with five coefficients. The angular correlation function
is expanded in terms of the spherical harmonics for investigating which terms are involved, and we discuss the
reason why they are involved. Interesting features are revealed in the expansion. We then search for a special
detector arrangement where the angular-dependent terms vanish in the angular correlation function expressed
in terms of the spherical harmonics. It turns out that no such detector arrangement in fact exists, but there is a

special pair of detector arrangements where the angular-dependent terms vanish in the summation of two values
of the angular correlation function expressed in terms of the spherical harmonics. We refer to such a pair of

detector arrangements as a magic pair.
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I. INTRODUCTION

Entanglement, one of the most profound features of quan-
tum mechanics [1], has been widely used as a resource for
quantum information processing [2,3], quantum metrology
[4], and quantum simulations [5-7]. The entanglement in
atoms (ions) [3,8-10] has been demonstrated with designing
and manipulating interactions between subsystems [3,8-10].
However, an idea has been proposed that entangled systems
of atoms are spontaneously produced through molecular dis-
sociation even without active control techniques [11,12]. The
entanglement in atomic systems would accordingly be ubiqg-
uitous. We refer to the idea and the investigations inspired by
it in the next paragraph.

Miyagi et al. [11] and Jankild et al. [12] have predicted
that an entangled pair of H(2p) atoms is produced through
photodissociation of a hydrogen molecule, and they have
shown that the production of entangled atom pairs can be
substantiated by measuring the angular correlation function
(ACF) of a pair of Lyman-« photons emitted by the two H(2p)
atomic fragments. After the first measurements of the ACFs
[13—15], Torizuka et al. [16] recently measured the ACFs of
a pair of Lyman-« photons in photodissociation of H, and D,
with two photon detectors rotating in a circle perpendicular
to the incident beam of the linearly polarized light, and they
identified the 2p atom-pair state by means of searching for
states that reproduce the experimental ACFs. It is remark-
able that the identified atom-pair state, a superposition of the
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0, ', (1) state and the 0, 3¥7(2) state at infinite internu-
clear distance, is entangled, and the entanglement originates
from the symmetry properties of the molecular electronic
states, the properties which are invariant during dissociation.
In the present study, we aim to theoretically derive a
general analytical expression of the ACF of a pair of Lyman-
o photons in the photodissociation of a hydrogen molecule
following the method described in Ref. [11], an expression
which is a function of four angles specifying an arrangement
of two detectors and involves a set of physical parameters
related to the atomic and photonic systems. The analytical
expression would be useful for measuring ACFs over the
entire spherical surface. The analytical expression of the ACF
is expanded in terms of the spherical harmonics so that we
can find out which terms contribute, and we investigate the
reason why they do. Interesting construction is revealed in the
expansion. We then search for a magic arrangement of two
photon detectors, at which arrangement the angular anisotropy
in the ACF vanishes and the ACF becomes equal to a constant
independent of the incident-photon energy. We are able to
measure the angle-integrated cross section for the emission of
a pair of Lyman-« photons against the incident-photon energy
with both detectors held fixed at the magic arrangement if
discovered. The magic arrangement of the two detectors is an
analogy to the magic arrangement of a single photon detector,
referred to as a magic angle, in the angular intensity distribu-
tion of a fluorescence photon emitted by an excited fragment
atom in photodissociation [17]. However, in contrast with the
emission of a single photon, it has turned out that a magic
arrangement of two detectors does not exist in the present
two-photon-emission process [see Eq. (1)], but a magic pair
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of detector arrangements does. By virtue of the magic ar-
rangement pair, we are able to measure the angle-integrated
cross section for the emission of two Lyman-« photons against
the incident-photon energy with only two coincidence mea-
surements between those two photons, i.e., one coincidence
measurement at one arrangement in the magic pair and the
other measurement at the other arrangement.

II. FORMULATION

A. The process to be investigated and the outline
of the formulation

In the present study, we calculate the ACF of a pair of
Lyman-o photons emitted in the photodissociation of a hy-
drogen molecule:

Hy(X 12;) + Yex — H3*(doubly excited states) + vac
— H(2p) + H2p) + vac
— H(ls) + H(1s) + ¥y« + Viy-as
(1)

where yex is a linearly polarized incident photon, yiy.q
is a Lyman-a photon, and ‘“vac” denotes the photon
field in the vacuum state (H, may be replaced by D,
or HD). The internuclear distance in the H,(X 12;') and
H3*(doubly excited states) is around the equilibrium one
in the ground electronic state, i.e., the X 12; state, and

the Ho(X 'E;) is randomly oriented with respect to the
space-fixed frame introduced in Sec. II B, whose situations
are in accord with those in the experiments [13-16]. The
H3*(doubly excited states) electronically autoionizes and may
dissociate into other fragment-pairs, e.g., H(2s) + H2p) +
vac. Such processes, however, just decrease the branching
ratio of the dissociation into H(2p) + H(2p) + vac and does
not influence the ACF of two Lyman-« photons. The emission
of molecular fluorescence from the H3* (doubly excited states)
is very unlikely during the dissociation because the fluores-
cent process is, in general, a process of nanosecond or longer
time-scale and cannot hence compete with the electronic
autoionization or dissociation. The molecular fluorescence,
if any, just decreases the branching ratio of the H(2p) +
H(2p) + vac channel to a very small extent and still does not
influence the ACF of two Lyman-« photons

We consider a system composed of a photon field and a pair
of hydrogen atoms for the present calculation, a system which
is referred to as a total system. As for each hydrogen atom
in a hydrogen molecule with infinite internuclear distance,
the infinite nuclear-mass approximation is used, and only the
electronic motion is considered in reference to a nucleus at
rest against the space-fixed frame introduced in Sec. II B. The
total system is hence composed of the electronic partial sys-
tem and the photonic partial system. The nuclear state is taken
into account through the distribution function of dissociation
direction with respect to the space-fixed frame as mentioned
in Sec. IID because the nuclear state at infinite internuclear
distance is expressed as a state with definite dissociation direc-
tion. The two nuclei (protons) are labeled a and b, and the two
electrons are labeled 1 and 2. Each electron is bound by either
the nucleus a or b. We do not consider the possibility that both
electrons are bound by either nucleus. As for atomic fluores-
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FIG. 1. (a) The space-fixed XY Z frame and the molecular xyz
frame used for calculating the angular correlation function of a pair
of Lyman-¢ photons in the photodissociation of hydrogen molecules.
€, the unit polarization vector of the linearly polarized incident light;
k, the wave-number vector of the incident light. The green panel
shows the xz plane, which involves the Z axis. See Sec. II B for de-
tails. (b) An arrangement of the photon detectors ¢ and d. A detector
arrangement is specified with a set of four angles (®., ®., ®,, ®,).
The blue panel shows the XY plane. See Sec. II D for details.

cence, only electric dipole photons are taken into account, and
the Weisskopf-Wigner theory (e.g., Sec. 6.3 in Ref. [18]) is
used for the spontaneous emission of fluorescence. In process
1, the step from Hy(X 'S + yex to H2p) + H(2p) + vac is
much faster than the successive step from H(2p) + H(2p) +
vac to H(1s) + H(1s) + Y1y« + Yiy-« [the lifetime of H(2p)
atoms is 1.6 ns (pp. 200-201 in Ref. [19])] and the origin of
time is taken at the point when a pair of fragment H(2 p) atoms
is formed with the photon field being in the vacuum state.

We first calculate the ACF under the assumption that only
one doubly excited state, which does not need to be specified,
is involved in process 1 for a given energy of the incident
photon (the single-state case), and then we calculate the ACF
under the other assumption that many doubly excited states
are involved in process 1 for a given energy of the incident
photon (the many-state case). In fact, the same analytical form
has been obtained for the single-state case and the many-state
case. As for the spherical harmonics, we follow the definition
described in Sec. 2.5 in Ref. [19].

B. The frames of reference

As shown in Fig. 1(a), we first introduce a frame of ref-
erence held fixed to the incident light beam, a frame that
is referred to as the space-fixed frame. The origin O of the
space-fixed XY Z frame is taken on the incident light beam.
The positive direction of the Z axis points to the direction of
the unit polarization vector of the linearly polarized incident
light €, and the positive direction of the X axis points to the
propagation direction of the incident light. The Y axis is taken
so that the space-fixed XY Z frame is a right-handed system.
As mentioned in Sec. Il A, the nuclei a and b are held at rest
against the space-fixed XY Z frame and they are hence put on
the line passing through the origin O of the space-fixed XY Z
frame.

We then introduce one more frame of reference, called a
molecular frame, whose z axis points from the nucleus a to b
as shown in Fig. 1(a). The origin of the molecular xyz frame is
taken at the midpoint between the nucleus a and b, and is taken
to coincide with the origin of the space-fixed XY Z frame. The
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relative position vector of the two nuclei with respect to the
nucleus a is denoted by R as seen in Fig. 1(a). The molecular
xyz frame is specified with respect to the space-fixed XYZ
frame with the Euler angles (¢, 6, 0), where the azimuth angle
¢ ranges from 0 to 27 and the polar angle 6 ranges from O to
7. We label the molecular frame (MF) specified with the Euler
angles (¢, 6, 0) MF(6, ¢), which is held fixed with respect to
the space-fixed XY Z frame throughout the step from H(2p)
+ H(2p) + vac (the time ¢t = 0) to H(1s) + H(1s) + yryo +
YLy-« (t = 00) in process 1. The MF(0, ¢) implies that the
internuclear distance R — co. We consider the ensemble of
the total systems related to an MF(6, ¢), and the MF(0, ¢)
ranges with the probability-distribution function discussed in
Sec. ITF.

C. The linear spaces, the ket vectors, and the density
operators involved

We first consider the total system at t = 0 based on an
MF (0, ¢) with (8, ¢) held fixed. To this end, a linear space
Si(6, ¢) spanned by an orthonormal basis set E;(8, ¢) is intro-
duced:

E0.¢) = { 205, (k) 20}, () me(1) n,(2):6, ), |vac), |
m, =—1,0,1, andm;, = —1,0, 1, and
(k, €)= (1,2),(2,1), and
mg =1, andn, = 1}, (2)

where |- - -), denotes a ket vector of the electronic partial sys-
tem and |- - -}, is a ket vector of the photonic partial system. A

J

ket vector of the total system is thus denoted by |- - -) without
subscripts. If it is clear to which partial system a given ket
vector belongs, the subscripts e and p will be omitted. The
ket vector |vac), expresses the vacuum state of the photonic
partial system. As for ket vectors of the electronic partial
system, |2p% (k)) (m =—1,0,1), for example, means that
the electron k (k = 1, 2) is bound by the nucleus a and a
projection of the electron orbital angular momentum on the
z axis is m in the unit of /. The ket vector |2p% (k)) is hence
given through the translation of a ket vector |2p,,(k)) along
the z axis by —(1/2)R, and the ket vector |2pfn(k)) is given
through the translation of a ket vector |2p,,(k)) along the z
axis by (1/2)R, where the ket vector |2p,,(k)) is a 2p state at
the origin O in Fig. 1(a) with the projection quantum number
m onto the z axis. The translation of electronic ket vectors
along the z axis does not change the projection quantum
number m onto the z axis. The ket vectors |:l:%(k))e k=1,2)
are spin eigenstates of the electron k£ with the projection of
the electron spin angular momentum on the z axis being :t%
in the unit of /i (double-sign corresponds). It is a custom to
symbolically write |%(k))e and —%(k))e as |a(k)) and |B(k)),
respectively. We note that the linear space S;(6, ¢) and the
basis set E;(0, ¢) are based on the MF(0, ¢).

We assume that a doubly excited state “ex” alone is in-
volved in process 1 for a given energy of the incident photon
(the single-state case). Any state “o” of the total system at the
time ¢t = 0 associated with the MF(@, ¢), |ex, a;0, ¢;t = 0),
belongs to the linear space S;(0, ¢) and is thus expanded in
terms of E;(6, ¢) as

lex, 10, §it = 0) = 3 Cexa(ma, my, (k. £), my, ) |25, () 295, (€) my(1) ny(2): 0. §), |vac) , 3)

where the summation is taken over all the possible values of the indices, i.e., m,, my, (k, £), my, and n,. The expansion
coefficients Cex o (- - - ) are independent of (6, ¢) because in process 1 the processes proceed in the same manner irrespective
of the MF(6, ¢) after the photoexcitation to the doubly excited state “ex.” The state |ex, «; 0, ¢;t = 0) is evolved in time as

follows [11]:

lex, &0, ¢;t = 0) — [ex, &30, ¢p;1 — 00), (4a)

|eX, Ot;@, ¢,t - OO> = Zcex,a(mav mb& (kv Z)s msv ns) |(ma)a(mb)b;97 ¢>p |1s(l(k) lsb(g) mS(l) ns(2)991 ¢>g . (4b)

The electronic ket vectors, |1s%(k)) and |1s°(k)) (k = 1, 2),
are given through the translation of a ket vector |1s(k)) along
the z axis by —(1/2)R and (1/2)R, respectively, where the
ket vector |1s(k)) is the ls state at the origin O in Fig. 1(a)
with the projection of the electron orbital angular momentum
on the z axis being zero in the unit of 7. We again note
that the translation of the electronic ket vectors along the z
axis does not change the projection of the electron orbital
angular momentum on the z axis. The photonic ket vector
|(ma)a3 0, @), for example, is a state of a single photon
emitted by an electron bound by the nucleus a through the
2p,,, — 1s“ transition. It is convenient to symbolically write
|(ma)a; 0, @), and [(my)p3 6, @), as [11]

Va0, 8), = 1vapi 6. ), - (52)
10)ajp: 0. ®), = i 0.9, (5b)

(
|(=Dap: 6. ), = |pasp: 0. ), - (50)

The Euler angles ¢ and 6 in ket vectors are often omitted
for simplicity. It is a good approximation that the spin-orbit
coupling is neglected in the radiative transition in a hydrogen
atom, and the spin eigenstates of the electronic partial system
consequently remain unaltered. In the experiments [13-16],
the fine structure of the Lyman-o fluorescence was not re-
solved.

The density operator for the ensemble of the total systems
atthe time r = 0, pex (0, ¢;t = 0), is written as

ﬁex(es ¢;t = 0)
=) Pecalex, ;60,61 = 0) (ex, a;60, ¢;1 = 0], (6)

where the fractional population pe, for the
lex, a; 0, ¢;t = 0) state is independent of the MF(6, ¢) such

062809-3



KOUICHI HOSAKA et al.

PHYSICAL REVIEW A 103, 062809 (2021)

as the expansion coefficients Cey o (14, myp, (k, £), mg, ng) in
Eq. (3) because of the same reason as that for the coefficients.
The density operator Pex(6, ¢;t = 0) is an operator in the
linear space S;(0, ¢) and is evolved in time following the time
evolution of the |ex, «o; 0, ¢;t = 0) state shown in Egs. (4):

Pex(0, ¢t = 0) = pex(0, p:1 — 00), (7a)
|

i)ex(ev ¢;t - OO) = Zpex,a |CX, 05;9» ¢;t - OO)
a

(ex, a; 6, ¢t — 00| (7b)

The fractional population pey, is not changed as the time
evolves because the ensemble of the total systems is left
undisturbed.

We introduce one more linear space S¢(6, ¢) spanned by an orthonormal basis set E(6, ¢),

Er(0,¢) = {1(0)a(j)s: 0, @), [15°(k) 1s"(€) my(1) ng(2);0, ¢), |
i=vy,¢,p,and j=vy,¢,p, and (k,€)=(1,2),(2,1), and m; =«, B, and n; = «, B}, (8)

where photonic ket vectors and electron spin ket vectors
are symbolically written. The ket vector of the total sys-
tem |ex, a0, ¢;t — oo) shown in Eq. (4b) is an element of
the linear space S;(0, ¢), and the density operator for the
ensemble of the total systems pex(6, ¢;¢ — 00) shown in
Eq. (7b) is an operator in Sy(0, ¢). This is the reason why
the linear space S¢ (6, ¢) is introduced in addition to the linear
space S;(0, ¢). Both the linear space Sy(0, ¢) and the basis
set Ef(0, ¢) are based on the MF(6, ¢) on which S;(0, ¢)
and E;(0, ¢) are based too, and the MF(6, ¢) is held fixed
with respect to the space-fixed XYZ frame during the step
from H2p) + H2p) + vac (t =0) to H(ls) + H(ls) +
Yiy-« + Viy-« (t = 00) in process 1 as mentioned at the end
of Sec. IIB. The total system at t = 0 is described in the
linear space S;(0, ¢) and that at t — oo is described in the
linear space S;(0, ¢). In what follows, the state of the total
system |ex, «; 6, ¢;t — oo) and the density operator for the
ensemble of the total systems pex (6, ¢;t — 00) are simply
written as |ex, «; 0, ¢) and pex (0, ¢), respectively.

D. Photon-pair detection operator and the two-photon
correlation function

The outline of calculating the ACFs for the single-state
and many-state cases is as follows. We first calculate a two-
photon correlation function of a pair of Lyman-« photons for
the ensemble of the total systems specified by the density
operator pex (0, ¢) with the angles 6 and ¢ held fixed, i.e., we
first calculate a two-photon correlation function for pairs of
fragment hydrogen atoms held fixed against the space-fixed
XYZ frame with the internuclear distance R — oo [Eq. (10)].
As mentioned at the end of Sec. I B, the azimuth angle ¢
ranges from O to 27 and the polar angle 6 ranges from 0O to
7. Each two-photon correlation function for each pex (6, @) is
then averaged with the weight of we (6, ¢), the distribution
function of MF(6, ¢), so that we can obtain the two-photon
correlation function for the ensemble of the total systems
specified by both pe (0, ¢) and wex (6, ¢) under the assump-
tion of the single-state case [Eq. (11)]. The ACF of a pair of
Lyman-« photons is derived from the two-photon correlation
function. The two-photon correlation function for the many-
state case is calculated from that for the single-state case as
mentioned in Sec. IIG

In this subsection, we introduce the operator for detecting
a photon-pair and then the ensemble average of the operator,

(

referred to as the two-photon correlation function of a pair of
Lyman-a photons. The two-photon correlation function is a
generator of both the ACF of a pair of Lyman-« photons and
the angle-differential cross section for the emission of a pair
of Lyman-« photons.

Suppose that a photon is detected at the time 7. by the
detector ¢ at the position r. and the other photon is detected
at the time 7; by the detector d at the position r;. Those de-
tectors are arranged as shown in Fig. 1(b), and their directions
are specified by the Euler angles (®./4, Oc/q, Yesqa =0) in
reference to the space-fixed XY Z frame, provided that those
detectors are originally on the +Z axis. The detection of
a photon-pair is expressed by the operator ED(r,, to,rq, 1)
defined as (see p. 33 in Ref. [18])

50(2)('.0» tC’ rdv td)
= [ED e, t)ET g tt)) EP (g, t))EPV (re, 1)1 L
ZE(2>(rL"tL'9rd5td)®i;3’ (9)

where E") and E(™ are the positive and negative frequency
parts of the electric-field operator, respectively, and line up
in the normal order. The operator £, in Eq. (9) is the identity
operator in the space for the electronic partial system. The
expectation value or the ensemble average of the photon-pair
detection operator &@(r,, 1., rq, t) is referred to as the two-
photon correlation function (p. 33 in Ref. [18]), which is
proportional to the probability density of detecting a photon
pair at (r., t., rq, ;) (Secs. 4.2 and 4.3 in Ref. [18]).

The ensemble average of &®(r., 1., r4, t;) for the ensem-
ble of the total systems specified by the density operator
Dex (0, @) is written as

[3(2)]("67 tc’ rd’ td’ 93 ¢)
= Tr{pex (0, §)EP (e, te, 7a, 1236, $)], (10)

where pex(0, ¢) and ED(r,, 1., 1y, 14,0, ¢) are representa-
tion matrices of the density operator pex(6,¢) and the
photon-pair detection operator & (., te,rq4,17) in terms of
Ef (0, ¢) defined in Eq. (8), respectively, and both of them
are hence 72 x 72 matrices. Symbols with~express represen-
tation matrices in the present paper. The ensemble average
[f(z)](rc, te,rq, 150, @) is based on the MF(0, ¢), and it is
again averaged with the weight of wex (6, ¢), the distribution
function of MF(6, ¢) in reference to the space-fixed XYZ
frame, so that we can obtain Gg() (re,te,rq, tg), the two-photon
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correlation function of a pair of Lyman-« photons in process
1 for the single-state case,

2
ng)(rm te,ry, td)

= / TrlPex (0, $)EP (e, 1o, 7as ta3 0, )]

x Wex (0, $) sind dO dep. (11)

We use the function we (6, ¢) which takes account of the
random orientation of the H,(X 12;) with respect to the
space-fixed frame in process 1.

As will be mentioned in Eq. (51), the two-photon corre-
lation function G2(r,, t.,r4, 14) is separated into a temporal
part and a spatial part as

GO (re,te,Ta,ty) = 8lte, ta)Fex (P, ), (12a)

(1) = w’p |
e ta) = 4JTE()C2 Rg

R, R,
o~ Tte="0) ,~T(t—"2)

Ry Ry
xOlt,.—— |O|t;, —— ), (12b)
c c

where ¢ is the light velocity in vacuum, € is the per-
mittivity of free space, w is the angular frequency of the
Lyman-« fluorescence in vacuum, and I' is the recipro-
cal of the lifetime of H(2p) atoms, ie., "' =1.6 ns
(pp- 200-201 in Ref. [19]). In Egs. (12), Ry = |r.| = |ry4l,
which is a constant independent of r. and r; because
we put the detectors on a spherical surface of the radius
Ry, Fo =r/Ro, Fy = rq/Ro, and p = | (1s| (—er) |2pui) | =
| (Ls| (—er) [2pm=0) | = | {1s| (—er)|2pm=—1) |, where e is the
elementary charge (e > 0), |2p,,) (|1s)) is a 2p state (1s state)
at the origin O in Fig. 1(a) with the projection of the electron
orbital angular momentum on the z axis being m (for the
|1s) state, m = 0), and r is the position of the electron in
reference to the nucleus at the origin 0. The projection of
the electron orbital angular momentum m is associated with
the z axis as mentioned in Sec. IIC. ®(- - - ) is the step func-
tion representing the causality. The two-photon correlation
function G2(r, t.,r4,14), from the definition, should have
the dimensions of an (electric field)*, and the temporal part,
g(t., ty), turns out to have the same dimensions. The spatial
part, Fox (P, Fy), is hence dimensionless.

We deduce two quantities from Fi (F,, F;), the spatial part
of the two-photon correlation function, as shown below. The
function cexFex (Fe, Fy), Where ce is a constant independent of
(7., Fy), gives the ACF of a pair of Lyman-« photons if ce is
determined such that

/CexFex(fc,ﬁz)dchQd =1, 13)

where  dQ/q =sin®.;dO./qd®./y. The product of
CexFex(Fe, Fy) and olele, the angle-integrated cross section
for emitting a pair of Lyman-o photons, yields the
angle-differential cross section for emitting the photon

2 Lala
air ex .
Pl go a%,
dZO‘L”‘L“
LoLe PN
ﬁ = Oux (CexFex(rc’ rd))- (14)
c d

E. The method for calculating the two-photon
correlation function

In this subsection, we show that Eq. (11) is rewritten in
terms of 9 x 9 matrices [fex(0, ¢) and E@(re, 1., 14, 14,6, $)
are 72 x 72 ones]. To this end, we first derive useful properties
of the matrix 3(2)(%, te ¥, 1550, ¢) and pex (6, @).

We rewrite an element of E¢(0, ¢) in Eq. (8) in a simpler
form,

|1s97 ¢)p |K’95 ¢)e
= |(Da(j)p; 0, 9}, [15(k) 1s"(€) mg(1) ng(2);0, @), , (15)
where an index I collectively stands for (7, j) and an index K

collectively stands for ((k, £), my, ny). The ('K, d",K"))
element of the matrix & (r., 1., r4, 14;6, ¢) is simplified as

p 130,01, (K50, 9| EP e, te,ra, 1) 1730, 8), K160, ),
=Sk p (130, Pl EP (e, te,ra, 1) 11750, 9), (16)

because of the orthonormality of the set {|K; 6, ¢),}. We note
that 8](/[(// = S(k/’(/)(k”’g”)Sm;m(_/(sn:_n(]. Equation (16) is useful for
simplifying Eq. (11) as shown later.

We then show that the matrix pex (6, ¢) is in fact inde-
pendent of (6, ¢). As mentioned in Sec. I C, the expansion
coefficients in Eq. (4b), Cex o (g, myp, (k, £), mg, ng), are in-
dependent of (6, ¢) and the fractional population pex o in
Eq. (7b) is also independent of (6, ¢). The matrix elements
of pex (6, ¢) are determined by only a set of those expansion
coefficients and the fractional populations, and pex (0, @) is
consequently independent of (6, ¢).

Equation (16) and the (0, ¢) independence of pex (0, ¢)
being used, Eq. (11) is simplified as

2
GA (e, te, g, 14)

= Z[Z {(p (1,0, 9 PO, $)11":6.9),)

Vd 1"

X (/ sinf d6 d¢ we (6, ¢)

x,,<1“;9,¢>|E<2><rc,rc,rd,td)|1’;e,¢>p>H, (17)

where pE(0, ¢) is defined as

PO, 9) = o (K';0,0| px (0, $) K50, ),,  (18)
I
and is the reduced density operator for the photonic partial
system.

We introduce two 9 x 9 matrices to rewrite Eq. (17) with
the trace of the product of them. One is ,55,]3 , the representation
matrix of the reduced density operator ,653 (0, ¢) in terms of
the orthonormal basis set E,(6, ¢),

Epy0,0) ={1(D)a())p:0, ), li=y.¢,pand j =y, ¢, p}
={I1;6,9¢),}. 19)

The reason why the representation matrix is denoted
not by ,T)E;' (6,¢) but by ,F)e;‘ is that the matrix element
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p 56,9 bg,‘:(@, ®) 1”6, @), is a sum of some elements of

Pex(6, @) and the elements of pex(6, @) are independent of
(0, ¢) as mentioned just above. The explicit expression of the
(@, j"), (", j")) element of pI" is

('Z)g’?)(i’,j’)(i”,j”)

=p (a3 0, B DEO, $) [()a (I3 6, B), - (20)

The other 9 x 9 matrix is [E(z)]h(rc, te,ra, tg), the wex (0, ¢@)-
averaged representation matrix of £ @(r,, to,rg, tg) in terms
of E,(0, ¢) defined in Eq. (19). The ((7, j'), (", j)) element

= oy.b ) .. )

of [EPT (r., t.,rq, ty) is explicitly written as
7 (2)1b

[E( )](,",_,'/)(,‘//,j'/)(rc’ les¥as tg)

/ sinf dO d¢ wex (0, ¢)

Xp (G530, I ED (e, te, 74, 1) |G I3 6, B) -
@1

The parameter “b” comes from Eq. (31), the analytical
expression of we (6, @). The two 9 x 9 matrices pg’i‘ and
[EQ)]b(rC, t.,rq,ty) being used, Eq. (17) is simplified in ma-
trix form as

G (re,te,1a ta) = T PREPV (e, te, 1oy )] (22)

than the equivalent equation, Eq. (11), since the former equa-
tion is written in terms of the 9 x 9 matrices and the latter one
is in terms of the 72 x 72 matrices. Following Eq. (22), we
calculate the two-photon correlation function, a generator of
the ACF.

For the discussion in Sec. IIF, we introduce
one more 9 x9 matrix, a generator of the matrix
[E(z)]b(rc, t.,rq,t7). On the right-hand side of Eq. (21),
a part , ((Na(j ;0. I EP (e, te, 14, 1) |()a( )30, $),,
is the ((¢/, j"), (i”, j”)) element of the representation matrix
for the operator E®(r., t.,ry,t;) in terms of the basis set
E,(8, ¢) defined in Eq. (19), the matrix which is denoted by
E(Z)(rcv les¥d, td;es ¢)

F. Matrix representation of the photon-pair detection operator

In this subsection, two matrix representations are
shown of the photon-pair detection operator. They are
EDOr,, 1,14, 14:0, ¢) and [ED1 (re, 1., 74, 14), both of which
have been defined in Sec. IIE. Once the former matrix has
been obtained, the latter matrix is calculated on the basis of
Eq. (21) and the latter one yields the two-photon correlation
function G2 (r., ., r4, 1) according to Eq. (22).

Following Ref. [11], we have calculated the matrix
E@@. t.,rqg, 1530, ¢) to find out that the ((7', j), (i, j))
element is separated into a temporal part and spatial part as

p (a3 0, Pl EP (e, te, 14, 12) [()a(G )53 0. D),

We note that ,T)Ef , the reduced density matrix for the photonic = 8lte, ta) fu . jyair . Fes Fas 0, @), (23)
partial system, is independent of thf: deFector arrangement  where =7y, ¢,p, j =v.d,p, i’ =y.,¢,p, and
(r¢, rq) and independent of the detection time (¢, #7) as well. j"=y.¢,p. The temporal part g(t.,t;) has been
Detecting a pair of photons is involved in [E (2)]b(rc, te,Fg,tg). defined in Eq. (12b). The dimensionless functions
In the end, we have reached Eq. (22), which is much simpler Sy, jFe, 450, @) are arranged in matrix form as
J
lyy) lep) lye) ley) lyé) loy) |pd) lop) [¢¢)

{vrl for o fi S fe Jo Ja Ja —f7

{ppl VS /> R - =t 5 | -

(vol S0 foo S - 5 —f  fe —f3

(ovl i h  fi o f5 —fe  fo S5 —f3

oll fo& —fo —fo S5 foo  fs  fo  f7 fio , (24)

oyll fo —fo 5 —f fs fo2 fi S fio

woll & —fo =15 fo fo  f5 fo2 fs —fio

opl| _Ji  —fo  fo =S5 Sl fs I, —fio

ey —f5 —=f —fs —fs fio fio —Jfio —fio I3

where the ket vector |y p) and the bra vector (y p|, for example, stand for [y, 0p; 6, ¢}, and ,(vapp; 0, ¢|, respectively. The matrix
is composed of three diagonal elements fp;—fp3 and ten off-diagonal elements f1—f9, which are explicitly written as

f o IR v o 2
Jo1 =2IFe X p,|°IFg x p,|°,

~ ~20n A2 > INEVATS ~ 12
Joo = |Fe X P |"IFg X Pg|” + IFe X Pyl IFa X P,,|",

~ ~ 210 ~2
Jp3 = 2|Fc X Pyl"IFa X Pyl”,

~ ~ 200 % \2 ~ VAN IS
fi = =1F. x B, Py x B2 — (. x B5)IFs X B,

for =20 x )’ (Fa x P ),

2
|

(25a)
(25b)
(25¢)
(254d)
(25e)

El
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fy = (e x P (Fa X B, + (Fe x p,)*(Fa X pi ), (251)
fo= (e X P) - (Fe X POVE X P)° — (Fe X PV AW X P3) - (Fa X Py}, (252)
fs = = x P {(Fa X B,) - By X Py)} = {(Fe X B,) - (Fe X Py} X P57, (25h)
fo = 1o X B, 1A X p) - (Fa X Pp)} + {(Fe x p) - (Fe x P YNFa x P, %, (251)
fr = =210 x p) - (Fe X B)OUE x P5) - (Fa X Py)}, (25))
fe =@ x p) - (e X POHE X B,) - B X By} + {(Fe X B,) - (Fe x B)HFa x ) - (Fa X Py}, (25Kk)
fo == x P2 IFa X Pyl” — IFe X Py > (Fa x p%)°, (251)
fio =@ X P5) - (e X BYFs X Byl* + 1Fe X By H{(Fa x %) - (Fa X Py}, (25m)

where the unit position vectors 7. and 7; express the detector angular coordinate (®., ®.) and (04, ®,), respectively, as seen in
Fig. 1(b), but are not dependent on the other angular coordinate (6, ¢) specifying the molecular xyz frame. Here, p,,, p,, and p,,
are transition electric dipole moments defined as

p, = (Is|(—er)2pm=1), (26a)
Py = (Is|(—er)12pu=0), (26b)
p, = (Is|(—er)|2pm=-1), (26¢)

which have been introduced in Sec. IID: e is the elementary charge (e > 0), [2p,,) (|1s)) is a 2p state (1s state) at the origin O
in Fig. 1(a) with the projection of the electron orbital angular momentum on the z axis being m (for the |1s) state, m = 0), and
r is the position of the electron in reference to the nucleus at the origin O. The transition electric dipole moment is not altered
under the translation of the nucleus along the z axis. The unit vector p,,, for example, is defined as p, = p, /p. Those unit
vectors are dependent on MF(6, ¢) with respect to the space-fixed XY Z frame since the projection of the electron orbital angular
momentum m is associated with the z axis. However, they are not dependent on (7., ;) = (O, ., 4, ®;). The unit vectors
D, Py, and p, are explicitly written as a function of (6, ¢) as follows:

| 1 | cos¢ cosf — i sing
p,=—|1i = — | sin¢ cosf + i cos¢p , (27a)
V2 V2 .
0 . —sinf vz
0 cos¢ sind
p,=—|0 = —| sing sind , (27b)
1 . cosf vz
: -1 . —cos¢ cosf — ising
) =—| i = — | —sing cosf + i cos¢ , 27¢)
=1 V2 .
0 . sind vz

where the x, y, and z components (the X, Y, and Z components) are arranged from the top to the bottom in the column vectors.
Because of the relation g, = —p.,*, p,, does not appear in Egs. (25). In calculating the matrix elements in Eqs. (25), the following
terms appear:

T rea=rep+rap—raa) , (28)

where r.,, for example, is the distance between the detector ¢ and the nucleus a. The width of the range of (% Y(rea — ¥ep + Fap —
r4q) seems much larger than 27 as 7. and 7, are changed because the typical distance between the nuclei a and b is 93 um
when a pair of Lyman-« photons is emitted [16] and 2 is (19 nm)~! [11]. The terms in Eq. (28) hence oscillate rapidly while
the detector positions are changed. Considering that measured is the ACF averaged over the observation volume and the solid
angles subtended by the detectors in the experiment [13—-16], we may set the terms equal to zero as a result. Although we use
the approximation mentioned above as well as some other ones, the matrix in Eq. (24) is held Hermitian: the diagonal elements
fp1—fp3 are real numbers and the off-diagonal elements f; and fg are real numbers, too. Interestingly, integrating the matrix
elements f; (7., 74;0, ¢) (¢ = D1, D2, D3, 1 — 10) over the entire range of the solid angles for the detectors ¢ and d results in

$4m)*  fore¢ =D1,D2,D3, (29a)
/f2(®a D, Og, 0430, 9)dQ2.dR =
for¢ =1 - 10, (29b)

irrespective of (6, ¢).
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Following Eq. (21), we have calculated the matrix [E (2)]h(rc, t.,rq, tg) as well. Substituting Eq. (23) into Eq. (21), we obtain

LEDN i Ter ter Fas ta) = 8lie, 1) / Sinf d6 dep wex (0, §) fii jyir. jry Fer a0, @) = gltes ) f 1y jryir joyFer Ba)- (30)
The distribution function of MF(6, ¢), wex (0, ¢), is expressed with the dipolar form

1
Wex (0, @) = E[l + bPy(cosb)], €Y

where the asymmetry parameter b, determined by the doubly excited state “ex,” ranges from —1 to 2 and P> (x) is the Legendre
polynomial of degree 2. The wex (0, ¢)-averaged fii i, j)(Fe, Fa; 0, @) is thus characterized by the parameter b as explicitly
shown in Eq. (30). The dipolar form was derived as the angular distribution of photofragments in photoexcitation of a diatomic
molecule [20] and is applicable to the distribution of MF(8, ¢). The dimensionless functions [ f ]'(’i,’ G )(i‘c, 74) are arranged in
the same matrix form as in Eq. (24),

lyy) lep) lvpe) lpy) lyg) loy) lod) 1¢p) o)
vl 1 115 U8 I —1f1
L I W S [ a4 0 ~Lr1
ell 11 1 11 IR —Lf15
) T Vs A V) ~If1
1§24 [flp, [ [fls  [f1S , (32)
(pv| 0 UK Ul U UK 0
(09| 15 U 1 UK
(@pl F 15 [f (f1s,
o\~ =I5 -/ - 0 (15

and the matrix is denoted by [ f 1°(#., #4). We thus obtain from Eq. (30)
[EPY (e, te.ra. 1) = glte, ta) [ f1" Fer Fa). (33)

The matrix [ f]°(#., #4) is a Hermitian matrix since the matrix in Eq. (24) is Hermitian and the value of the distribution function
wex (6, ¢) is a real number. All the dimensionless elements in Eq. (32), [f]’g (¢ = D1, D2, D3, 1—-10), are expressed as the same
function of (., 74) = (O, D, Oq, Py) with five coefficients k} |-k} 5 as shown below,

[f1(Oc, ®c, Ou, Dy) = ki | + k[ 5(c0s20, + c0520,) + k; 3[c0s2(O, — Oy) + c0s2(O, + Oy)]
+ 2k} 4 cos(Pe — Dy)[c0s2(O, — Oy) — c0s2(O, + Oy)] + 2k} 5 cos 2(P. — Py)
X [2 —=2¢0820, — 2¢c0820, + cos2(®. — Oy) 4+ cos2(O, + BO,)]. (34)

(

Those coefficients k! —k?, which are dimensionless, are ~ for any value of b(—1 < b < 2). Equations (36) originate
’ from Egs. (29), and Egs. (36) in fact hold even for any distri-

bution function wex (6, ¢). Substituting Eq. (33) into Eq. (22),
we eventually obtain a useful equation,

summarized in Table I for b =2 [wex (6, ¢) = (3 )cos0] in
(a) and b = —1 [we (0, p) = (%)Sinze] in (b). We can ob-
tain the coefficients kf’l—kf’j (¢ = D1, D2, D3, 1—-10) for any
value of b from those for b = 2 and b = —1, following G (re,te,ra, ta) = glte, t)T[ P [F1 G #)],  (3T)
1+ bkb?z n 2 — bkh:_l (i=1-5) (35) with the matrix [ f]°(#., #4) now being known. Using Eq. (37),

3 h 3 ’ we can derive the two-photon correlation function of a pair
- of Lyman-a photons in process 1 for the single-state case.
The matrix [/1°(, ¢, Fa) is thereby obtained for any value  The properties of the doubly excited state “ex” involved in
of b and the mafrix elements fun out to be real num- process 1 are copied to the reduced density matrix pé’,{‘ for the

berz. It is interesting that integr.ating the matrix §lements photonic partial system and the value of b characterizing the
[f17(Oc, @, B4, ®y) over the entire range of the solid angles distribution function of ME(0, ¢).
for the detectors ¢ and d results in ’

bo_
kﬁ,i -

/ [ f]}Z (O,, Do, Oy, D)dQdQy G. The extension to the many-state case
Equation (37) yields the analytical expression of the two-
_ 2(471 ¥ forf = D1, D2, D3, (36a)  photon correlation function G2 (r,, t., 4, t;) originating from
10 for{ =1-10 (36b) the doubly excited state “ex” involved in process 1. In this
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TABLE 1. Coefficients in Eq. (34). (a) Those for b =2, i.e.,
Wex (0, @) = ()cos?0, (b) those for b= —1, ie., we(,¢)=
(%)sinze. Note that the coefficients multiplied by 2240 are shown.

@ e N
Vary 2200 328 44 24 2
[f10, 1872 —208 —88 —48 4
15, 1632 —480 176 9 8
f1 152 232 12 —24 5
(11 16 48 7 32 2
f15 16 48 72 80 44
15 0 0 0 0 0
(1 0 0 0 0 0
L1 0 0 0 0 0
L1 —24 -72 —108 20 4
[f15 24 72 108 64 10
(15 144 208 —24 48 ~10
1% 0 0 0 0 0
CHE s e N e N s
[f15, 1896 —136 20 16 6
[f1h, 2032 48 —40 -32 —12
[f15s 2208 352 80 64 24
[f1° 288 416 —48 —16 8
/15 48 144 216 —96 6
[f1 48 144 216 128 20
1 0 0 0 0 0
[f12 0 0 0 0 0
1 0 0 0 0 0
15 —16 —48 -72 —24 12
/12 16 48 72 52 16
[f1 320 512 9 32 —16
[f]lfo 0 0 0 0 0

subsection, we derive the equation that relates the overall two-
photon correlation function G(Ozli(rc, t.,rq, ty) for the many-
state case to G2 (re, te, ra, 1a).

The overall density operator for the ensemble of the total
systems at t — 00, Poa(6, @), is written for the many-state
case in terms of pex (6, ¢) as

Poa(®, 9) =Y £ (0, $)pex (0, ). (38)

Here, the fractional population &, (6, ¢) is written as
g (0, ¢)
G2l

qE 0. 8) =Y _ g0, ). (40)

ex’

ex(0,9) = (39)

where glef« (6, ¢) is the (0, ¢)-differential cross section for
the emission of Lyman-« photons originating from the dou-
bly excited state “ex.”” It is noted that glel«(0, ¢) is the
cross-section integral over all the directions of the emis-
sion of the two photons, i.e., integral over all the range of
(O, D, B4, Dy). It is obvious that the fractional population
&x (0, ¢) satisfies the normalization condition

D Ex(0.¢)=1. (41)

The cross section qé‘gL“ (0, @) is related to the cross section
olele in Eq. (14) as

olete = / gl (0, ¢)sin6 db dp. (42)

The quantity 0<%« is the cross section for emitting a pair of

Lyman-« photons, and is the cross-section integral over all the
directions of the emission of the two photons and over all the
directions of the MF(6, ¢). We introduce another cross section
Uéjf“ defined as

oo = / qe= (6, ¢)sin 0 do dé. (43)
It hence follows from Egs. (40), (42), and (43) that

Ly L LyLy
ooat =) ot (44)
ex

It turns out from Eq. (38) that poa (0, ¢), the representation
matrix of poa (0, ¢) in terms of E¢ (0, ¢) defined in Eq. (8), is
written as

poa(0, ¢) = Zéex(& ¢ ) Dex- (45)

As mentioned in Sec. IIE, the representation matrix Pex iS
independent of (6, ¢) and it is hence not written as pex (6, @)
but as just pex in contrast with that in Eqs. (10) and (11). The
overall two-photon correlation function Gg/)\(rc, te,Fg,tg) 18
given by, from Eq. (11),

2
Gg;(rcﬂ tcvrda td)

_ f TrlBor (0, $)ED (1o 1o, Fas 1436, )]
X won (6, ) sind d6 dp, (46)

where woa(6,¢) is the overall distribution func-
tion of MF(0, ¢), and the matrices poa(f,¢) and
ED(re te,rg, 14,0, ¢) are 72 x 72 ones. The line used
for obtaining Eq. (11) is available for the many-state case as
well. It follows, on substituting Eq. (45) into Eq. (46), that

GoAlre te,Ta ta)
=y / Trl pex &P (e, ter Tar 14360, $)]
ex

X Eex (8, )woa (0, ¢)sind dO d¢. 47)
The distribution functions woa/ex (0, ¢) are related to the cross

- LoLq LoLe
sections o5 o and g5, 2. (0, @) as

1
wonrex (0, #) = —7—dGiin 0 )- (48)
OA/ex

Substituting Eqgs. (39) and (48) into (47), we obtain
Ggg(rca [Cs rds td)

zz<

ex

) f TP B e te. 74 1436, D))

LoL
UCX

LO( L(X
90A

X Wex (6, @) sind dO d¢p. (49)
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Considering Eq. (11), we eventually derive a reasonable rela-
tion,

O.L L,
Gorlre.te.Tasta) = Y (ﬁ)cﬂ (e.te.Ta, ta). (50)

ex OA

III. RESULTS

Two-photon correlation functions, angular correlation
functions, and angle-differential cross sections

We are ready to derive the two-photon correlation function
of a pair of Lyman-o photons in process 1 for the single-
state case based on Eq. (37). As mentioned in Sec. IIF,
all the elements of the matrix [ f 1., #4) are expressed as
the same function of (®,, ®., ©,4, ®,) with five coefficients
[see Eq. (34)], and the two-photon correlation function for
the single-state case G@)(r.,t.,r4, 1) is also written with
the same function of (®., ®., ®,, ®,) as the elements of
[f]b(i'c, 7;) as a result,

G (e, e, 14, 12)
= g(t., td){k‘f" + k5*(cos20, + c0s20,)
kS [cos2(®, — O4) + cos2(0, + O4)]

+ 2k;* cos(®, — Dy)[cos2(0,.—0O,)—c0s2(0,+0,)]
+ 2k* cos 2(P. — Py)
X [2 —2c0s2@,. — 2cos20y,
+ c0s2(0, — Og) + c0s2(0, + Oy)]}

= g(tc, ta)Fex(Fe, Fa), (51)

where the dimensionless coefficients k{*—ks* are determined

by the elements of ,bgf , the reduced density matrix of the
photonic partial system, and the coefficients k?,l_k?,s =

D1, D2, D3, 1—-10). For example, k5* is determined by ,Z)g:
and k7, (¢ = D1, D2, D3, 1—10). It has turned out from the
hermiticity of f)g,l: and [f1°(#., #4) in Eq. (37) that the coef-
ficients k{*—kS* are real numbers. The two-photon correlation
function Gg() (re,te, 1y, tg) is separated into the temporal part
and the angular part as seen in Eq. (51), and the latter part
is denoted by Fux (7., ;). Equation (51) is the analytical ex-
pression of the two-photon correlation function of a pair of
Lyman-a photons for the case that a single doubly excited
state “ex” is involved in process 1 (the single-state case). We
then integrate Fux(#.,#;) over the entire range of the solid
angles for the detectors c and d based on Eqgs. (36) and the fact
that Fey (P, 74) = Trp& [f1° (e, #)][see Eqgs. (37) and (51)]
to find that

8
/Fex(?c,?d)dﬂcdﬁd =(put+pn+---+ /099)5(477)2

= 2(471)2 (52)

irrespective of the doubly excited state “ex,” where p;; is the
(i, j) element of the 9 x 9 matrix ,bg,l: . The reduced density
matrix for the photonic partial system bg,l: satisfies the nor-
malization condition, Tr(,?)g,l(1 ) = 1, which is used for obtaining

Eq. (52). As mentioned in Sec. I E, the matrix p ,oeX is indepen-
dent of the detector arrangement (., 7;).

According to Eq. (50), even if many doubly excited states
are involved in process 1 at a given energy of the incident pho-
ton (the many-state case), the two-photon correlation function

o A (rc, t.,rq,t;) again turns out to be written in the same
form as in Eq. (51),

GE)A(rL, te ra, tq)

= g(t, ta){k1 + ka(cos2®, 4 cos20,)
+ k3[cos2(®, — ®y) + cos2(O, + O,)]
+ 2k4 cos(®.—P,)[cos2(O, — Oy) — cos2(O, + Oy)]
+ 2ks cos2(®, — D)
X [2 —2¢c0820, — 2c0s20),
4+ c0s2(0, — ©4) 4 cos2(O, + O4)]}

= g(tc, ta)Foa(Fe, Fa). (53)

The dimensionless coefficients k; (i = 1—5) are state-
averaged values of k™ (i = 1-5) in Eq. (51), respectively,

k=Y (“eLXaL“ )kex (i =1-5) (54)
i = Tola i = )
ex OA

and Foa(P.,7;) is likewise a state-averaged function of
F (7., 74) in Eq. (51) as

A A~ O.LC(LQ/ A~ A~
Foa(Fe, Fq) = E ( CL)(“L(Y)Fex(rwrd) (55)
ex OA

As for the analytical form of the two-photon correlation
function, there is no difference between the single-state case
[Eqg. (51)] and the many-state case [Eq. (53)]. Equation (53)
results in Eq. (51) in the special case that only one doubly
excited state is involved in process 1 [see Eq. (50) as well]
and it is hence sufficient to simply discuss the many-state case
alone. It follows from Egs. (52) and (55) that

8
/ Fortres P Q,d 2 = 5 (4, (56)

which is apparently the same as Eq. (52). Substituting
Foa (7., 74) in Eq. (53) into (56), we obtain a useful relation
among ki, k, and k3,

ki — 3ky + ks = 3. (57)

Following the procedure mentioned in the last paragraph
of Sec. IID (the procedure is mentioned for the single-state
case in Sec. II D, but it refers to the many-state case as well),

Lo Lo

we obtain two quantities from Foa (7., 7y): one is j;P‘zIAQ s
the ACF of a pair of Lyman-a photons, and the other is
ZQ" ‘;AQ , the angle-differential cross section for the emission
of a pair of Lyman-« photons. The ACF, dQ e is explicitly
written as

d>Plil

®Cv qDCv @ ’ q)
70 de( a» Pa)
= ——{ki + kr(cos2®,. + cos20@
8 471)2{ 1+ ka( a)

+ k3[cos2(®. — Oy) + cos2(O, + B4)]
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+ 2k4 cos(D, — Dy)[cos2(O, — Oy) — cos2(O, + O4)]
+ 2ks cos2(®, — ®,)
X [2 —2¢c0820,. — 2 cos20,

+cos2(0, — Oy) + cos2(O, + Oy)l}. (58)
LyLa
The angle-differential cross section, d; dAQ , is related to
o
ao.da, a8
d’of; e
GOA = okl oA ) (59)
dQ2.dQy dQ.d Q2

d2olale
and 79 is expressed with a trivial function of

(O, CDC, ®d, ®,). Equations (58) and (59) give the general
analytical expressions of the ACF of a pair of Lyman-« pho-
tons and the angle-differential cross section for the emission
of a pair of Lyman-« photons, respectively, under the relation
of Eq. (57).

IV. DISCUSSION

A. General remarks

The ACF in Eq. (58) should have the following two prop-
erties

(1) dQ (@C, d., B4, D,) is invariant under the exchange
of the detectors candd.

(i1) It is invariant under the rotation around the Z axis by
any angle, the axis which points to the direction of € as seen
in Fig. 1(a).

Property (i) originates from the fact that the detectors are
identical and that either one or the other detector may hence
be labeled ¢ (d) [the remaining one is then labeled d (c)]. It
is obvious that the ACF in Eq. (58) has property (i). Property
(i) originates from the fact that we take account of randomly
oriented Hy(X ! Z;) molecules with respect to the space-fixed
frame in process 1, as mentioned in Sec. I A, and only €(//the
Z axis) brings the space anisotropy because the photoexci-
tation in H,(X 12;) molecules in process 1 is dominated
by the electric dipole transition [see Fig. 1(a)]. The azimuth
angles &, and @, are involved in the ACF in Eq. (58) in
the form of (&, — ®,), and the ACF consequently possesses
the rotational invariance around the Z axis [property (ii)]. We
note that the ACF in Eq. (58) remains unaltered even if we
rotate the direction of the incident light beam around the Z
axis because of the rotational invariance of the ACF.

B. The expansion of the angular correlation function
in terms of the spherical harmonics

In this subsection, we expand the ACF in Eq. (58)
in terms of the spherical harmonics, i.e., in terms of
{Yem.(Oc, Dc)Ye m, (O4, Pg)}, to find out which terms con-
tribute and to investigate the reason why they do. The result
of the expansion is

d*Phile

OA
®L9q)c9® 1(1)
e de( a, Pa)

1
= (4—)Y00(®w q)c)YOO(®dv cbd)
T

L9 {1671 o2
8(4r 2 (E)(Z 53)

X [Y20(O¢, ®)Yo0(O4, Dy)+Yoo(Oc, Pc)Yon(Oy, D)l

1287
+( e >kg Y0(Or, D) ¥ao(O, Do)

64
- ( 15 >k4[Y21(@c, DI)Ys _1(Oy4, Dy)
+ 1 _1(O, ®)Y2(Og, g)]

2567
+ ( >ks[Y22(®c, DI)Ys 2(04, Dy)

15
+ 12, 2(0, P )Y22(Oy, q’d)]}, (60)
where (p. 94 in Ref. [19])
1
Yoo(®, @) = —, (61a)
(47m)>
5 \1
Ya0(®, &) = (16 ) (3c0s2® — 1), (61b)
152
Y5 11(0, ) = ;(8—> sin® cos® eF®,  (6lc)
T
15\ 20 £2i0
Y2,i2(®, q)) =\ ——— Sin“® e . (61d)
327

The coefficient k| disappears in Eq. (60) because of Eq. (57).
It is remarkable that the ACF in Eq. (60) is composed of the
term

Yfm(@)c‘s ch)Yl’m’(@ds ch) + YZ’m’(@)c, (Dc)YZm(@ds (Dd)
for (¢, m) # (¢',m') (62)

and
YEm(®Ca q)c)Ylm(®da q)d) (63)

Because of this composition, the ACF in Eq. (60) is invariant
under the exchange of the detectors [property (i) mentioned
in Sec. IV A]. The manner in Eq. (62) for generating an in-
variant function under the exchange of the identical detectors
is the same as the one used for generating symmetric wave
functions of two identical particles under the permutation of
those particles. The relation

m=—m' (64)
should be satisfied in Eq. (62), and the relation
m=20 (65)

should be satisfied in Eq. (63) so that the ACF in Eq. (60)
comes to possess the rotational invariance around the Z axis
[property (ii) mentioned in Sec. IV A]. The ACF in Eq. (60) is
in fact composed of the term [Yy,,(®., P)Yy _n(Og, Dy) +
Yo —m(Op, ®)Yen (B4, Py)IE # L) and the term
Yo (O, ©.)Y0(®y4, ©y). No other term is involved in
Eq. (60).
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It is also remarkable that the spherical harmonics of degree
£ = 0 and 2 alone contribute to Eq. (60). The theory of angular
correlation of two photons has been well established in cas-
cade emission of two photons from atoms or nuclei in angular
momentum eigenstates (pp. 165-176 in Ref. [21], pp. 220—
225 in Ref. [22]), and we refer to the theory for discussing
the origin of the remarkable point. The ACF of a pair of fluo-
rescence photons in cascade transitions is expressed as a linear
combination of P,(cos®) (£ = 0, 2, 4, ...), where P,(x) is the
Legendre polynomial of degree ¢ and @ is the angle between
7. and 74 (pp. 165-176 in Ref. [21], pp. 220-225 in Ref. [22]).
We consider the case in which the fluorescence photons are
emitted through electric dipole transitions. An electric dipole
photon has the intrinsic angular momentum 1 (pp. 220-225 in
Ref. [22]), and the Legendre polynomials of degree £ = 2 and
0 alone are involved in the linear combination of P;(cos®) as
a result [we consider only the restriction due to the photon
field in regard to which P, (cos®) contributes (pp- 165-176 in
Ref. [21], pp. 220-225 in Ref. [22])]. With the phase conven-
tion of the spherical harmonics in Egs. (61) being considered,
the addition theorem of the spherical harmonics (p. 95 in
Ref. [22]) is written as

P;(cos®) =

-1 )mYZ,fm(ch q>c)Y€m(®dv (Dd)

20+1 =~
(66)

The contribution of Y5,(®, ®) and Yy(®, ®) alone in
Eq. (60) hence seems to be attributed to the fact that a pair of
electric-dipole photons is emitted in process 1. The difference
between Eq. (60) and the ACF of two electric-dipole photons
emitted in the cascade transitions shown in pp. 220-225 in
Ref. [22] is reasonable because the present process is similar
to but not equal to the cascade emission of two electric-dipole
photons.
It turns out that the relation
d2 PL L, 2 PL Ly

(69 d)

a9 de ( rcyrd)

dQ2.dQ2y
d*PLet
— oot (e, —Fa)
dQ a2,
_
Cs —F 67
=79 dQd( Fe, —Fq) (67)
holds because only spherical harmonics of even degree are
involved in Eq. (60).

C. Searching for magic pairs of detector arrangements

Suppose that we measure oéjf” (= f ( Z; OdAQ ) d2.d2;) in

Eq. (59), the angle-integrated cross section for the emission
of a pair of Lyman-a photons in process 1, with chang-
ing the energy of the incident photon. To this end, we
search for a special arrangement of the detectors ¢ and d,
(O, oM @) M), at which arrangement all the angular-
dependent terms vanish in the ACF in Eq. (60) and only the
first term (= ﬁ) remains. If such an arrangement exists,

LoLey
we can measure the angle-integrated cross section o, ™ as

a function of the incident-photon energy with the two detec-
tors held fixed there, and we refer to the arrangement as the
magic arrangement of the detectors. It is an analogy to the
well-known magic angle 6 in the dipolar form in Eq. (31),
in which form only the term ;- remains at cos’0 = 1 on
the right-hand side. We note that the dipolar form refers to the
angular intensity distribution of a fluorescence photon emitted
by an excited fragment atom in the photodissociation of a
diatomic molecule as well [17].

The definition of the magic arrangement yields the follow-

ing coupled equations:

Yao (O, @) Yoo (07, @)

+ Yoo (OY, @MY (OY, @) =0, (68a)
Yoo (O, @MYy (OY, @%) =0, (68b)

Yo (0¥, o)y, _i (0}, oY)
+ Y 1(0Y, oMYy (O, @) =0,  (68¢)

Yzz< , @?4)Y (0, oY)
(0¥, oMy (e, @) =0.  (68d)

Equations (68a) and (68b) result in

cos2®i‘.” = cosz®dM = % (69)

Substituting Eq. (69) into Egs. (68c) and (68d), we obtain

cos(@Y — @) = 0andcos®(@Y — @) =1, (70)

respectively. It is obvious that the coupled equations (70)
have no solution, and the magic arrangement of the detec-
tors consequently does not exist. The reason is that there are
four equations [Eqgs. (68)] for three unknown numbers, i.e.,
oY oM oM — oM. However, there exists a pseudo-magic-
arrangement in a limited case as mentioned below. We set
®, and ®, so that they satisfy Eq. (69), e.g., they are set
as 54.7° or 125.3°. If, for some pair of azimuth angles (&,
@), the terms involving Y,,,(54.7°, ®") (m # 0) in Eq. (60),
i.e., the fourth and fifth terms, are much smaller than #
[the first term in Eq. (60)], the arrangement (©, = 54.7°, &/

©g4 = 54.7°, @) is practically the magic arrangement and
is referred to as the pseudo-magic-arrangement. In brief, the
pseudo-magic-arrangement is likely to exist when k4, ks <<
ki, k, k3 [see Eq. (58) as well].

Considering the reason why the magic arrangement of
the detectors does not exist, we then search for a spe-
cial pair of the detector arrangements, {(©Y, ¥ @Y M),
(@M, oM @M M)}, at which pair all the angular-
dependent terms vanish in the summation of the ACF at
(M, oM, @M @) and that at (@Y, ®M', @M ®M') and only

the term : 4 Ge remains. The summation is written in terms of

062809-12



ANALYTICAL EXPRESSION FOR THE ANGULAR ... PHYSICAL REVIEW A 103, 062809 (2021)

spherical harmonics as
> Poy”
dQ2.dQ2y

dZPLaLm
(0¥, oM, ol o) + 98

M @M M g M
dchQd (Oc ’ q)c ’ Od ’ q>d )

2 9 16 2

, , , , 128
+ (02, 0¥ in(O. @) + Yn(F, @) en(0}, @) + (2T ol (0¥, @) rn(, @)

y , 64
(Y. @l (@ 04 )] — (S Yl (O, 02)1s 1 (O @) + Yo (61, 01 (0} o)

, , ) , 256
(O, 0 )11 (O @) + Va1 (0, @O )]+ (B Jis[ra(0, 0¥)1s (0], @)

2OV, @)a O] ) + (0, 0 1s (0, 0 ) 4 1a s (0. ¥ a(0} )] ). an
If such a special pair of the detector arrangements exists, we can measure the angle-integrated cross section GCL)ZL“ as a function
of the incident-photon energy with only two coincidence measurements at (82, ®¥, @, &) and at (O, dM', @M OM'). We
refer to the special pair of the detector arrangements as the magic pair of them.
The definition of the magic pair of the detector arrangements yields the following coupled equations:

Yoo (O, @) Yoo (O, @) + Yoo (O, @) Yoo (OY, @) + (0¥ — &M and @ — @Y

Y21 (@Y, @MYy, (0¥, ®Y) + Yo 1 (0¥, oY)y (Y, @¥) + (0¥ — o and Y — @

)=0, (72a)
Yao(©Y, @) Yoo (@Y, @) + Yoo (Y, &M ) ¥y (OY, @) = 0, (72b)
) =0, (720)
)=0. (72d)

Yo (0¥, M), (O, @) + Yo, 2 (0¥, @¥)15 (0, @) + (¥ — o and @Y — @Y

Equations (72a) and (72b) result in
cos’@Y = cos’@Y = % (73)

which is the same as Eq. (69). Substituting Eq. (73) into
Egs. (72c) and (72d), we obtain

cos((D’C” - d)y) + cos(CIDM’ - CDZ’/) =0,

c

(74a)

cos? (@Y — @¥) + cos? (@M — @) =1,  (74b)
respectively, which correspond with Eq. (70). In contrast with
Eq. (70), however, the coupled equations (74) have the follow-
ing solutions:

1 ) , 1
cos(d)[cu - QDZ’I) = i% andcos(cblcw — dDdM) = :Fﬁ
(double-sign corresponds). (75)

We have thereby substantiated that there exist magic pairs
of the detector arrangements. One possible pair from an
experimental point of view is, for example, {(®Y = 54.7°,
Y =0°, O =125.3°, &Y = 45°), (@Y =54.7°, oM =
0°, @ = 125.3°, ®M = 135°) }. Lastly, we note that there
may be other kinds of magic pairs of detector arrangements

(

because those pairs have not been searched for within the
general range {(OY, ®M M M) (M oM M M)
but they have been searched for within the limited range {(®%,
oM, @M, oMy (M, oM @M ®M')} alone.

V. CONCLUSION

We have theoretically obtained a general analytical ex-
pression of the two-photon correlation function for a pair
of Lyman-« photons in the photodissociation of hydrogen
molecules in process 1 with a manner based on both atomic
and molecular physics and quantum optics. We have derived
from this function the angular correlation function of the
photon pair and the angle-differential cross section for the
emission of the photon pair. The angular correlation function,
depending on four angular variables specifying a detector
arrangement, has turned out to be expressed in terms of cosine
(sine) functions with five coefficients. The angular correlation
function has been expanded in terms of the spherical har-
monics so that we investigate which terms are involved and
the reason why they are involved. Some interesting features
have been revealed in the expansion. We have discovered
magic pairs of detector arrangements in the angular corre-
lation function, while it has turned out that there exists no
magic arrangement in contrast with the well-known magic ar-
rangement of a single detector in the single-photon-emission
process. By virtue of the magic pair of detector arrangements,
we can measure the angle-integrated cross section for emit-
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ting two Lyman-« photons oéjf“ against the incident-photon
energy without measuring angle-differential cross sections for

2 s Lala

o d .
emitting those photons dsza.??sz, on the spherical surface at each
photon energy.
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