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Bremsstrahlung from fully stripped tungsten (W74+) in a Debye-Hückel potential
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Based on the exact relativistic multipole calculations using pure Coulomb and Debye-Hückel potentials,
discussions of bremsstrahlung cross sections and corresponding emitted photon angular distributions from
fully stripped tungsten (W74+) are given for electron scattering at energies of 10–150 keV. Nonrelativistic
dipole calculations are also presented, showing that for the above energy region, the nonrelativistic results
are completely invalid and the relativistic and multipole effects must be taken into account. The reduction of
bremsstrahlung cross sections due to screening of the nuclear charge is studied using the relativistic multipole
method at different values of the screening length and photon energy. With an increase of electron scattering
energy, the effect of the screening potential on both the dynamics of fast free electrons and the cross sections
is reduced. The peak of the angular distribution of bremsstrahlung would shift towards smaller emission angles
when the screening strength is reduced.
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I. INTRODUCTION

As the typical material of the first wall and divertor in
tokamaks [1–3], extensive investigations of tungsten (W) and
its ions for the plasma interactions are of great interest and
importance since damages of the wall material by the runaway
electrons (entering into the host environment by sputtering
[4–8]) are unavoidable, and the artificial disruptions of ra-
diation damage [9–11] are also usually needed [12–14]. In
addition to the electronic structures and radiation spectra of
these impurities, the related quantum collision cross sections
and radiation rates are also very important for the understand-
ing of energy transfer and plasma wall damages [10,11,15].

In this work, we present first-hand relativistic investiga-
tions of the bremsstrahlung process of tungsten ions, taking
into account the plasma screening effects. Such a radia-
tion process is also an important way of energy transport
in the astrophysical systems, magnetic confinement fusion
(MCF), inertial confinement fusion (ICF), laser material
interaction, and so on [16–18]. In a high-temperature envi-
ronment, bremsstrahlung is the dominant mechanism involved
in plasma-wall interactions [19,20]. The radiation process
strongly depends on the temperature and density of plas-
mas. The proper experimental designs could reduce the
highly charged impurities and the corresponding high pho-
ton damages from bremsstrahlung, asking for comprehensive
theoretical investigations of this process of the impurities
[21–23].

Bremsstrahlung is a typical free-free radiation process, cal-
culations of cross sections require the evaluations of overlap
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matrix elements (for the multipole expansion of radiation field
[24]) between the (initial and final relativistic) continuum
wave functions, causing great difficulties to achieve converged
results [25]. In the 1930s, Bethe and Heitler proposed a gen-
eral semi-classical formula based on Born approximation for
the relativistic bremsstrahlung [26], which is known as the
BH formula and has been broadly used and improved by
many works for a long time [27,28]; in the high scattering
energy region, the modified BHE formula [27] could provide
reasonable results in a very cheap way.

In the 1970s, Tseng and Pratt proposed the relativistic
first-principle method to calculate accurate bremsstrahlung
emission cross sections [29,30] by partial-wave expansion
[24], which laid the foundations of extensive research on
ordinary bremsstrahlung. Note that in double partial-wave
expansions (for both the initial and final electronic wave
functions), the total number of matrix terms increases expo-
nentially with energy to obtain reliable cross sections [30].
Many investigations have been performed [31–34] and related
program packages have been developed [35–37] for limited
energies from a few eV to tens of MeV.

However, as far as we know, studies of the bremsstrahlung
process with tungsten ions are still absent, especially consid-
ering the screening effects of plasmas, and such a plasmas
environment has been shown to be important in other dynamic
processes [25,38–48]. One possible reason is that, with the in-
crease of atomic number, the relativistic and multipole effects
are enhanced, requirements on the theoretical side are stricter,
and the required mathematical processing is more compli-
cated. To distinguish the relativistic and multipole effects from
the nonrelativistic dipole calculations [25,49,50] and show
its different physical variations in plasmas environments,
the relativistic multipole bremsstrahlung process of W74+ is
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studied in the present work, with the help of the code BREMS
recently released by one of the coauthors [51]. Explicitly, the
cross sections and angular distributions of relativistic mul-
tipole bremsstrahlung are given in a large energy region in
both the pure Coulomb potential and Debye-Hückel screened
potential, and the related physical properties are discussed.

The organization of this article is as follows. The relevant
theories of bremsstrahlung in relativistic multipole theory are
described briefly in Sec. II. In Sec. III, the numerical results of
bremsstrahlung cross sections and its angular distributions are
given and discussed and the results are compared with those in
nonrelativistic dipole theory. Concluding remarks are given in
Sec. IV. Relativistic units (h̄ = me = c = 1) are used through-
out this paper. Note that in relativistic units, one unit of length
equals the reduced Compton wavelength of the electron λe =
h̄/mec = 3.861592×10−11 cm = 386.1592 fm, one unit of
time is the interval in which light travels one reduced Comp-
ton wavelength of the electron h̄/mec2 = 1.288088×10−21 s,
and the electron rest energy mec2 = 0.5110041 MeV equals to
one unit of energy [52,53].

II. COMPUTATIONAL METHODS

For the photon emissions, there are ordinary
bremsstrahlung and polarization bremsstrahlung [31,54,55],
we study the first one in the relativistic framework. The
nonrelativistic calculation is also performed for comparison
using the methods reported in [56]. Tseng and Pratt [24]
presented a detailed relativistic treatment of bremsstrahlung
in which the multipole effect is also included; here we only
introduce the formulas needed in the present work.

Let θ and �k be the angles of the emitted photon mo-
mentum �k with respect to the incident electron momentum
�p1 and the element of the solid angle in the direction of
�k, respectively, the scaled bremsstrahlung differential cross
section σ (k, θ ) with respect to the photon energy and emission
angle is given by [24]

σ (k, θ ) = β2
1 k

Z2

dσ

dkd�k

= λ0β
2
1

∑
κ1κ̄1κ2

(−1)l1+l̄1 cos
(
δκ1 − δκ̄1

)

×
∑

m≡|m2|
[A+

+(m)Ā+
+(m) + A−

+(m)Ā−
+(m)

+ A+
−(m)Ā+
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−(m)Ā−

−(m)]. (1)

Here the set of values of l̄1 and κ̄1 is the same as that of l1 and
κ1 and they are used to represent a different summation. The
bar over A±

± corresponds to the replacement of κ1 and l1 with
κ̄1 and l̄1 in the calculation.

Then the scaled bremsstrahlung cross section σ (k), or the
photon energy differential cross section, can be obtained by
integrating σ (k, θ ) over d�k written as [24]

β2
1 k

Z2

dσ

dk
≡ σ (k) = λ0β

2
1

∑
κ2,κ1,m=|m2|

{[
R+

κ2κ1
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]2

+ [
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κ2κ1
(m)

]2}
. (2)

The factor β2
1 (k/Z2) is used to eliminate the known depen-

dence on these factors, resulting in a reduced variation of σ (k)
[57], and Z is the nuclear charge. Note that the initial electron
is unpolarized, and the cross section obtained in Eq. (2) is
the single differential cross section (SDCS), although it is
called the total cross section in the present work. Similarly
the cross section in Eq. (1) is actually the double differential
cross section (DDCS).

In Eqs. (1) and (2), the parameter β1 = v1
c =

√
T1(T1+2)
T1+1 is

the ratio of the initial electron speed v1 to the speed of light
c and T1 is the kinetic energy of the incident electron. λ0 =
(3.86144)2×105× 32α

Z2 p1
E1E2 p2k2, where p1 (p2) and E1 (E2)

are the momentum and total energy of initial (final) electrons,
respectively. δk is the phase shift;

A+
±(m) = C±

κ1,m−1yl1,m−1∓ 1
2
(θ )R+

κ2κ1
(m),

A−
±(m) = C±

κ1,m+1yl1,m+1∓ 1
2
(θ )R−

κ2κ1
(m), (3)

where C±
κ,m = C(l 1

2 j; m ∓ 1
2 ,± 1

2 ) is the Clebsch-Gordan co-
efficient, ylm(θ ) is the pre-exponential factor of the spherical
harmonic Ylm(θ, φ) = ylm(θ )eimφ with azimuth angle φ, and

R±
κ2κ1

(m) =
2∑

n=1

Q±
n (m)

∑
l

P±
n (m)Sn. (4)

Symbols κ (κ1 or κ2) represent the partial-wave quantum
numbers of the initial or final states, which are defined by the
orbital angular momentum l and the total angular momentum
j, namely κ = l for j = l − 1

2 and κ = −l − 1 for j = l + 1
2 .

m (m1 or m2) is the magnetic quantum number corresponding
to κ (κ1 or κ2). The index l takes value from |l ′

2 − l1| to l ′
2 + l1

in steps of 2 for n = 1, and from |l2 − l ′
1| to l2 + l ′

1 in steps of
2 for n = 2. In addition, other parameters are l ′ = l + ηκ and
ηκ = −κ/|κ|. Qn and Pn are related to the angular couplings
[24], and Sn is the overlapping integral of continuum wave
functions, defined as

S1 =
∫ ∞

0
jl (kr)gκ1 (r) fκ2 (r)dr,

S2 =
∫ ∞

0
jl (kr)gκ2 (r) fκ1 (r)dr, (5)

with the spherical Bessel function of the first kind jl and the
radial continuum wave functions gκ and fκ . The radial wave
functions are obtained by solving the coupled radial Dirac
equations

dgκ

dr
= [E + 1 − V (r)] fκ (r) − κgκ (r)

r
,

dfκ
dr

= − [E − 1 − V (r)]gκ (r) + κ fκ (r)

r
, (6)

where V (r) is the electron-target interaction potential. In this
work, pure Coulomb potential [V (r) = −αZ

r , where α is the
fine-structure constant] and Debye-Hückel (DH) screened po-
tential [25,49] [V (r) = −αZ

r e−r/δ , δ is the screening length
in relativistic units] are investigated. To make the screening
length more intuitive for different ions with effective Z , the
scaled screening length can be defined as D = αδZ in atomic
units. In addition, each radial integral of Eq. (5) is divided into
two parts: the first part (0 to r0) uses numerical quadrature
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TABLE I. Comparison of the relativistic bremsstrahlung cross
section for Z = 13 (Al13+) and 79 (Au79+) under pure Coulomb
potential with Lee et al. [57].

σk

Al13+ Au79+

T1(keV) k/T1 Lee et al. Present Lee et al. Present

0.8 6.45 6.46 6.24 6.16
5 0.2 9.36 9.41 7.50 7.67

0.8 4.56 4.51 6.78 6.70
50 0.2 9.08 9.09 9.30 9.32

0.9 1.48 1.48 3.83 3.83
500 0.5 4.09 4.11 6.07 6.10

(as in [24]), and the second part (r0 to ∞) uses analyti-
cal integrals, which are based on closed-form expressions of
spherical Bessel functions. Details of calculating the radial
wave function and overlap integral are given in the work by
one of the coauthors [51].

To evaluate the angular distribution of bremsstrahlung
cross sections, the normalized shape function is defined as
the ratio of the differential cross section of photon energy
and angle [σ (k, θ )] to the photon energy spectrum [σ (k)] as
[58,59]

S(θ ) = σ (k, θ )

σ (k)
= σ

dkd�k

/
dσ

dk
. (7)

The shape function depends on the atomic number Z or poten-
tial, initial electron kinetic energy T1, and the fractional energy
loss k/T1.

III. RESULTS AND DISCUSSIONS

To verify the present calculations, Table I presents the rel-
ativistic bremsstrahlung cross sections for well-studied cases
Al13+ and Au79+ compared with Lee et al. [57]. As it shows,
the agreements between the values are quite good and the
differences are basically around 0.1% for Al13+ and 1% for
Au79+, respectively. Investigations on the cross sections and
angular distributions of bremsstrahlung of W74+ in a large
energy range in pure Coulomb potential and Debye-Hückel
screened potential are then reported. Note that in the present
work, T1 (T2) and k are incident (outgoing) electron kinetic
energy and emitted photon energy, respectively, and due to
the conservation of energy, T1 = T2 + k.

Figure 1 presents the bremsstrahlung cross sections of
W74+ in a pure Coulomb potential obtained by nonrelativistic
dipole (NRD) and relativistic multipole (RM) calculations. It
is evident that the cross sections obtained by both NRD and
RM calculations tend to increase with increasing T2 for a given
T1, and they decrease with increasing T1 for a given T2. In
the present energy region, the NRD cross sections are smaller
than the RM cross sections at relatively low incident energies
(the cases of T1 � 50 keV); while at relatively high incident
energies (the cases of T1 � 80 keV), the bigger RM cross
sections interchange with the NRD cross sections into smaller
ones with the decreasing of T2, and the intersection gradu-
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FIG. 1. Bremsstrahlung cross sections of W74+ in pure Coulomb
potential by nonrelativistic dipole (NRD) and relativistic multipole
(RM) calculations, and T1 = 10, 30, 50, 80, 100, 150 keV.

ally shift towards higher T2 as T1 is increased from 80 keV
to 150 keV.

The differences between NRD and RM cross sections are
generally more significant at high incident energy (T1), which
is intuitively consistent with the importance of relativistic
effect at high incident energies. For a fixed T1, the relativistic
effect indicated by the difference between NRD and RM cross
sections decreases as T2 is increased when T1 < 80 keV, and
it is more complicated at higher T1. Those features demon-
strate the interplay between the relativistic effects and the
higher-order multipole effects because, in RM calculations, in
addition to the relativistic wave functions for both initial and
final states, the multipole expansion of the radiation field is
also involved [60] (dipole approximation is employed in the
NRD calculations). The photon multipole effect could be very
important when emitting high-energy photons, corresponding
to smaller T2. The photon multipole effect seems to be more
significant than the relativistic effect on the wave functions,
they compete and contribute the RM cross sections together,
resulting into the interchanges between NRD and RM cross
sections. Actually, a similar cancellation between higher mul-
tipole and relativistic corrections to the NRD calculations
has also been reported for low-Z elements [57,58]. For the
bremsstrahlung of high-Z elements, the nonrelativistic dipole
theory basically fails in the energy region of hundreds of keV,
and relativistic multipole treatments are required to reveal the
underlying physics and produce accurate cross sections in
practical applications.

Given the fact that screened Coulomb interactions between
charged particles appear and play a role in plasmas [40–48],
the motions of electrons no longer take place in pure Coulomb
potentials. For the typical weakly coupled classical plasmas
as in magnetic confinement fusion with high temperature and
low density [49], the well-known Debye-Hückel screened po-
tential could be well employed for further investigations of
the bremsstrahlung process. The RM bremsstrahlung cross
sections of fully stripped tungsten (W74+) in pure Coulomb
and Debye-Hückel screened potentials with respect to T2 for
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FIG. 2. The relativistic bremsstrahlung cross sections and its
angular distributions of W74+ in pure Coulomb and Debye-Hückel
potential [V (r) = − αZ

r e−r/δ , δ is the screening length in relativistic
units] at T1 = 10 keV, and D(a.u.) = αδZ = 5, 10, 20, 50, ∞ (pure
Coulomb case).

T1 = 10 keV are presented in Fig. 2(a). As it clearly shows, the
plasmas’ screening effect is very significant and important, the
bremsstrahlung cross sections are suppressed and such a sup-
pression becomes more and more significant as the screening
length D is decreased (or the plasmas screening is increased)
due to the reduction of interactions for the bremsstrahlung
process. For example, the cross sections in pure Coulomb field
is reduced by a factor of about 5 in plasmas for D = 5 a.u.,
and the suppression is more enhanced with respect to the
increasing of outgoing electron energy T2, it could be related
to the different regions probed in the bremsstrahlung process
and different multipole interactions for different T2 [61].

The corresponding shape functions (angular distribution
of bremsstrahlung cross sections) are presented in Figs. 2(b)
and 2(c) at photon energy k = 0.1T1 and 0.9T1, respectively.
Dominant structures clearly exist in both shape functions,
revealing that the emission of photons is more likely to happen
around some specific angles. In the pure Coulomb potential,
bremsstrahlung happens mainly at the small angles around 30o

at k = 0.1T1, while such an emission peak gradually shifts
towards larger angles to about 60o at k = 0.9T1. The prefer-
ence of bremsstrahlung around some angles is consistent with
the results revealed in Tseng’s work [58]. Such features could
be intuitively estimated from the principle of momentum con-
servation. A small value of k/T1 implies a small momentum
transfer and hence usually a small change of the direction of
the electron during the elementary process of bremsstrahlung,
whereas a small value of T2/T1 implies a large momentum
transfer, and hence a greater possibility of large-angle scat-
tering. These features can also be understood from a simpler
physical image that the fast outgoing electron can not be easily
altered and naturally prefers to fly along its incident direc-
tion, while both the outgoing electron and the emitted photon
could be scattered away from its incident direction in the case
of a slow outgoing electron. To conserve the total incident
momentum, bremsstrahlung photons would be mainly emitted
around the incident direction (small angles) in the case of the
fast outgoing electron and low-energy emitted photon, while
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FIG. 3. The angular distributions of relativistic bremsstrahlung
of W74+ in pure Coulomb potential at T2 = 25 keV, k = 5 keV.

both the slow outgoing electron and emission photon would
be more likely to be away from the incident direction (large
angles) in the case with slow outgoing electron. If energies
of both the incident and outgoing electrons are higher, their
dynamics should be more difficult to be altered by the field,
thus the shift of these peak structures to smaller angles.

As a further verification of these dynamics of peak struc-
tures, the shape functions with the incident electron energy
of 30, 50, 80, and 100 keV in the pure Coulomb potential
are shown in Fig. 3(a) with the same outgoing electron en-
ergy T2 = 25 keV and in Fig. 3(b) with the same photon
emission energy k = 5 keV, respectively. As it clearly shows,
the photons are emitted mainly at the small angles, and the
dominant structures generally move towards smaller angles as
the energy of the incident electron is increased. These features
are totally consistent with the above statements. Note that
the results for low Z elements with respect to the increasing
of photon energies by Tseng et al. have also verified these
dynamics [58].

Another important feature in Figs. 2(b) and 2(c) is the
variation of peak structure between the pure Coulomb poten-
tial and different screened potentials. In a screened potential,
the effect of the field on the electron and the typical val-
ues of the distance between the nucleus and the interaction
event (the “impact parameter”) are all reduced. Switching
on screening means weaker attraction between the elec-
tron and the nucleus, hence smaller impact parameters, thus
lower cross sections, and this screening is more relevant
the softer the emitted photon. For the emission of a photon
with momentum kept fixed, smaller impact parameters are
needed when screening is increased, therefore more large-
angle bremsstrahlung emission could be predicted, just as
shown in Fig. 2(c). The impact parameter is of the same order
as the inverse minimum momentum transfer (in relativistic
units) [61]. Thus, a decrease of the screening length causes
an increase of the typical momentum transfers, and hence
an increase of the probability of large-angle bremsstrahlung
emission. Alternatively, in a screened potential, the contin-
uum wave function around the nucleus for a given free
energy would shift outwards, so that matrix element for the
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FIG. 4. Same as in Fig. 2, but T1 = 30 keV.

bremsstrahlung process involves larger distance compared
with that in pure Coulomb potential. Bearing in mind that
the decrease of electron energies also results in an increase
of the integration space of the matrix element, we would
expect the cases with increasing the screening and decreasing
the electron energies could produce similar bremsstrahlung
results including peak variation dynamics. Accordingly, the
peaks of the angular distributions shift towards larger an-
gles when the screening length D is reduced. Consistently,
Figs. 2(b) and 2(c) exactly reproduce the dynamics of emis-
sion peaks towards larger angles as the potential is softened
from pure Coulomb to D = 5 a.u., causes a shift of the peaks
to larger angles by about 25◦ and 45◦, respectively. Note
that for the bremsstrahlung in neutral atomic field, it can be
also concluded that the screening effect increases as electron
energy decreases [58].

The RM bremsstrahlung cross sections and the shape func-
tions for T1 = 30 keV and 150 keV are also presented to
further verify the dynamics in screened field, shown in Figs. 4
and 5, respectively. It is evident that the main features are quite
similar as the case of T1 = 10 keV illustrated in Fig. 2, that the
increasing screening effect significantly reduces the cross sec-
tion and shifts the peak structure towards a larger angle; and
the peak structure in the same pure Coulomb field or screened
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FIG. 5. Same as in Fig. 2, but T1 = 150 keV.

field also surely shift back to the incident energy direction
as the energies of both incident and outgoing electron are
increased (Figs. 2 to 5). As mentioned, all these features could
be roughly estimated from the conservation of momentum and
the decrease of typical impact parameters in a screened field.
As T1 is increased, the screening effect on the cross sections
is reduced, and the peak structures locate more tightly in the
small-angle region as in the case of a decrease of screening
strength since the high-energy electrons are less affected by a
change of screening.

IV. CONCLUSION

The bremsstrahlung cross sections of fully stripped tung-
sten (W74+) and its angular distribution have been studied
under pure Coulomb and Debye-Hückel potentials in a
relativistic multipole framework. By comparing with non-
relativistic dipole results, it is concluded that for high Z
elements, the nonrelativistic dipole theory basically fails in the
energy region of hundreds of keV, and relativistic multipole
treatments are essential for a reliable prediction of the cross
sections. Furthermore, some important features are revealed
from an in-depth study of the bremsstrahlung cross section
and its angular distribution under different incident electron
kinetic energies.

It is found that in the same potential field, as outgoing
electron energy T2 is increased, or the emitted photon energy
k is increased, the scaled total bremsstrahlung cross sections
corresponding to a given incident electron energy T1 usually
increase and a dominant structure, which is always exhibited
at a small angle with respect to the incident electron direction,
gradually shifts to smaller angles. Both the increase of cross
section and the variation of the peak structure are mainly due
to the conservation of momentum, leading to the increased
probability that the photon will be emitted in roughly the
same direction as the incident electron. The same features
are also seen when T1 is increased at a fixed T2 or k. Some
exceptions appear in Figs. 2 and 4 in cases of strong screening
and low incident energies, when the cross sections do not
change much or slightly decrease as T2 increases. The increase
of the screening effect suppresses the cross section from the
pure Coulomb potential significantly at all incident electron
energies, and this suppression is much more enhanced at
high outgoing electron energy T2 and lower incident electron
energy T1. Furthermore, the increase of the screening effect
would also suppress the dominant behavior of cross sections
at small angles and shift the peak structure to a larger angle.
These features could be explained by the fact that a stronger
screening causes a reduction of the maximum value of impact
parameter and hence an increase of the minimum relative mo-
mentum transfer. This increase, in turn, implies an increased
probability of large-angle bremsstrahlung emission. This is
similar to the case of a slow outgoing electron because a large
reduction of the electron energy during the elementary process
of bremsstrahlung is also accompanied by a relatively large
momentum transfer.

In summary, the main features of the bremsstrahlung cross
sections of W74+ are reported and the physics behind it are
fully discussed, which should be helpful in a deep understand-
ing of the bremsstrahlung process and the screening effects
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in plasmas. The present relativistic treatment for the plasma
screening effect and numerical procedure of obtaining the
cross sections are validated in the present work. The extension
to other ions in the future is straightforward, where a distorted
potential would be adopted to include the screening effect
from atomic electrons.
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