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Quantum state exchange is a quantum communication task for two users in which the users faithfully exchange
their respective parts of an initial state under the asymptotic scenario. In this work, we generalize the quantum
state exchange task to a quantum communication task for M users in which the users circularly transfer their
respective parts of an initial state. We assume that every pair of users may share entanglement resources, and
they use local operations and classical communication in order to perform the task. We call this generalized task
the (asymptotic) quantum state rotation. First of all, we formally define the quantum state rotation task and its
optimal entanglement cost, which means the least amount of total entanglement required to carry out the task. We
then present lower and upper bounds on the optimal entanglement cost, and provide conditions for zero optimal
entanglement cost. Based on these results, we find out a difference between the quantum state rotation task for

three or more users and the quantum state exchange task.
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I. INTRODUCTION

In quantum information theory, some quantum commu-
nication tasks [1-8], such as quantum teleportation [1] and
quantum state merging [2,3], commonly deal with a two-user
setting in which a quantum state is transmitted from one user
to the other. In these quantum communication tasks, the users
are determined as either a sender or a receiver, as depicted in
Fig. 1(a), and it is assumed that the users are in each other’s
laboratories far apart. So, in order to successfully perform the
tasks, it is required to consume nonlocal resources, such as
ebits and bit channels.

One of the research topics related to quantum communica-
tion tasks is to find out the minimal amounts of the nonlocal
resources consumed during the tasks. Such research is con-
sidered to be important in quantum information theory, since
the minimal amounts can often be represented as entropic
quantities, such as the von Neumann entropy and the quantum
conditional entropy [9], and hence provides a way to interpret
these quantities from an operational viewpoint. For example,
the quantum conditional entropy H(A|B) of a quantum state
pap can be operationally interpreted as the minimal amount
of entanglement needed in the quantum state merging [2,3]
in which Alice and Bob share parts A and B of the quantum
state pap, respectively, and Alice’s part A is merged to Bob
via entanglement-assisted local operations and classical com-
munication (LOCC). Note that, in the quantum state merging
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task, Bob does not transmit his part B to Alice, but he can use
it as quantum side information.

Quantum state exchange (QSE) [10-12], on the other hand,
is a more complex quantum communication task in which two
users share parts A and B of a quantum state psp, and they
exchange their respective parts with each other by means of
entanglement-assisted LOCC. Thus, the users of the QSE task
do not take one of the roles of a sender and a receiver, but
both, as depicted in Fig. 1(b). The main concern of the QSE
is to figure out the minimal amount of entanglement between
the users under the assumption that classical communication
is free. The authors of the original QSE task [10] named
the minimal amount of entanglement “uncommon informa-
tion.” Unlike other quantum communication tasks [1-8], an
exact value of the uncommon information is unknown to
date.

In this work, we introduce a quantum communication task
involving three or more users, which is similar to the ro-
tation in volleyball. In a volleyball game, players rotate on
the court when their team makes a serve. Similarly to this
rotation, one may think of users of the task and their quantum
states as locations of the court and the players, respectively.
More specifically, M users of the task transmit their respective
quantum states from the ith user to the (i + 1)th user via
entanglement-assisted LOCC, while keeping entanglement
with an environment system. We call this task quantum state
rotation (QSR). We provide a simple illustration of the QSR
task for three users in Fig. 2(a). Note that the QSR task for
two users, i.e., M = 2, is nothing but the QSE task described
in Fig. 1(b), since the first user transmits his/her quantum
state to the 2™ user, and the first user also receives the second
user’s quantum state. So the QSR task can be regarded as one
possible generalization of the QSE task.

©2021 American Physical Society


https://orcid.org/0000-0002-0074-9906
https://orcid.org/0000-0003-3521-831X
https://orcid.org/0000-0003-2925-1017
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.103.062613&domain=pdf&date_stamp=2021-06-22
https://doi.org/10.1103/PhysRevA.103.062613

LEE, YAMASAKI, AND LEE

PHYSICAL REVIEW A 103, 062613 (2021)

@

Receiver

R

Sender or Receiver

Sender

(b)

Sender or Receiver

FIG. 1. In these illustrations, quantum states are represented as
polygons, and the users transmit their quantum states in the directions
of arrows. (a) Illustration of transmitting a quantum state from a
sender to a receiver. (b) Illustration of exchanging two quantum states
of two users: In this case, each user is not only a sender but also a
receiver.

Intuitively, the QSR task for three or more users may be
achievable by sequentially performing the QSE tasks for sev-
eral pairs of the users. For example, as depicted in Fig. 2(b),
two QSE tasks among three users can carry out the QSR
task for three users. So one may think it is not necessary to
conduct a study on the QSR task. However, from the per-
spective of entanglement resources, it is unclear whether the
combination of QSE tasks gives the minimal amount of total
entanglement needed in the QSR task, since the uncommon
information of the QSE task is unknown. Moreover, the QSR
for three or more users might exhibit intrinsic properties of
multipartite entanglement, which cannot be understood only
by a straightforward generalization of the analysis of the QSE
for two users. On this account, the main parts of our work
focus on analyzing the minimal amount of total entanglement
consumed among the M users for achieving the QSR task.

This paper is organized as follows. In Sec. II, we provide
formal descriptions of the QSR task, the achievable total en-
tanglement rate, and the optimal entanglement cost. In Secs.
IIT and IV, we present lower and upper bounds, respectively,
on the optimal entanglement cost of the QSR task. In Sec. V,
we present conditions obtained by zero optimal entanglement
costs and zero achievable total entanglement rates. Based on
these results, in Sec. VI, we show that a property of the QSE
task does not hold in the QSR task for three or more users.
In Sec. VII, we consider two settings of the QSR tasks and
investigate what the users should do to reduce the optimal
entanglement cost in each setting. In the first setting, some
users do not have to participate in the QSR task. In the second,
some users can cooperate to achieve the task by performing
global operations over the users. In Sec. VIII, we summarize
and discuss our results.

II. DEFINITIONS

In this section, we explain notations used throughout this
paper, and we describe formal definitions of the QSR task and
its optimal entanglement cost.

Sender or Receiver
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FIG. 2. In each illustration, quantum states are represented as
polygons; users transmit their quantum states in the directions of
arrows. (a) Concept of the quantum state rotation task for three users:
The users are not only a sender but also a receiver. (b) Performing the
quantum state rotation task for three users with a combination of the
quantum state exchange tasks: The first user and the second user first
exchange their quantum states, and then the first user and the third
user perform the quantum state exchange task again. Consequently,
these two quantum state exchange tasks carry out the quantum state
rotation task for three users.
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A. Notations: Systems, states, channels, and entropies

We assume that all Hilbert spaces H in this paper are finite
dimensional, and let dx denote the dimension of the Hilbert
space Hyx representing a quantum system X. A composite
quantum system of two quantum systems X and Y is described
by the tensor product Hyx ® Hy of the Hilbert spaces Hx
and Hy. For the sake of convenience, the composite quantum
system is denoted by X ® Y or XY, and dy is called the
dimension of the quantum system X .

Let D(H) be the set of density operators on a Hilbert space
H,ie,DH)={p € LH): p >0, Trp = 1}, where L(H)
is the set of linear operators on H. For a Hilbert space Hy
representing a quantum system X, we use notations D(X) and
L(X) instead of D(Hy) and L(Hy ), respectively, in order to
emphasize the quantum system X. The elements of the set
D(H) are called quantum states. If a quantum state p is a
rank-1 projector, i.e., it is represented as

o=yl (1

where |1) is a normalized vector on the Hilbert space H,
the quantum state is said to be pure. For pure quantum states
|¢) (@], we also call the unit vector |¢) a pure quantum state.

For quantum systems X and Y, amap N : L(X) — L(Y)
is called a quantum channel if it is linear, completely positive,
and trace preserving [9]. As a special case of quantum chan-
nels, id z(x) is the identity map on £(X). When L(X) = L(Y),
id £ (x)— vy means the identity map from L£(X) to £(Y). For
reference, 1 is the identity matrix on the quantum system X.

The von Neumann entropy H (p) of a (pure) quantum state
p on a quantum system X is defined as H(p) = H(X), =
—Trplogp. For a (pure) quantum state ¢ on a bipartite
quantum system XY, the von Neumann entropy H(X ), of o
on the subsystem X is calculated as H(X ), = H(Try o). Then
the quantum conditional entropy H(X|Y ), and the quantum
mutual information /(X ;Y ), of the bipartite quantum state o
are given by

HXY)s = HXY)s —H{Y)o, 2)

I(X;Y)e =H(X)o + HY)s — H(XY),. 3)

Finally, the number of users of the QSR task is denoted by
a natural number M > 2. If the ith user has a quantum system
X; for each i in the set [M] = {1, 2, ..., M}, then the addition
of two indices is defined modulo M, with offset 1.

B. Formal description of quantum state rotation

Before describing definitions of the QSR task, we briefly
explain a conception of the QSR task. The QSR is a quantum
communication task for M users. The users initially share an
M -partite quantum state, and circularly transfer their respec-
tive quantum states from the ith user to the (i + 1)th user via
entanglement-assisted LOCC.

To be specific, let |Y) g be the initial state of the QSR
task, where A is an M-partite quantum system with A =
AjA; - -- Ay, and E is the environment system. Assume that
the ith user holds a quantum subsystem A; of A, so that the ith
user has the ith part of the initial state |y),;. Let us now con-
sider an M-partite quantum system A’ with A" = A|A}, - -- A},
and HA;_ = H,,, and assume that the ith user holds a quantum

Initial state i Input resources P

4th yser

15t user

3rd yser

2nd yser 31 yser 2nd yser

Final state y¢ Output resources ®

FIG. 3. Illustration of the quantum state rotation task for four
users: Circles indicate quantum systems for the task, and correlations
among the quantum systems are represented by lines connecting
them. In this task, four users want to transform an initial state
[¥)a,4y454,6 INtO a final state |]l/f>A/1A/2AgAgE‘ To carry out this task,
they apply LOCC R to the initial state ¥ and input entanglement
resources W, while they cannot apply any operations on the envi-
ronment system E. After the task, the ith user’s quantum state is
transmitted to the (i + 1)th user’s quantum system A}, and they can
gain output entanglement resources ® from the task. The allocation
of entanglement resources, such as ¥ and &, is called the complete
entanglement allocation.

subsystem A;_, of A’. Then the final state |v;) 4 of the QSR
task is defined by using |Y) 5 as follows:

M
Y = <® dea)»cap @ idﬁ(E)) W) “)

i=1

which means that the ith user’s quantum state on the quantum
system A; is transferred to the (i + 1)th user’s quantum system
A!. The initial state and the final state for four users, i.e., M =
4, are presented in Fig. 3.

In the QSR task, the users make use of LOCC assisted by
shared entanglement, in order to transform the initial state
|Yr) 45 into the final state |y¢), . In this work, we assume
that every two of the M users of the QSR task may share an
entanglement resource of varying dimensions. More specif-
ically, for each i # j, the ith user and the jth user have
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additional quantum systems B; ; and B; ;, respectively, whose
dimensions are the same, and the two users share a bipartite
maximally entangled state |W¥; ;) on the quantum systems
B,"ij,,' given by

dg; 71

- i

As in other quantum communication tasks [2—-8,10-12], the
users of the QSR task may gain extra entanglement resources
from the QSR task. To describe these entanglement resources,
we also assume that, for each i # j, the ith user and the jth
user have quantum systems C; ; and C;;, respectively, with
dc,; = dc,;, and they share a bipartite maximally entangled
state |®; ;) on the quantum systems C; ;C;; as an entangle-
ment resource after the QSR task, i.e.,

W) L ® k) 5)

jl

de, ;—1

ﬁz'k"

Let ¥ and ® be global quantum states representing all
entanglement resources shared among the M users before and
after the QSR task, respectively, which are defined as

|D; ;) = ® k)¢ (6)

/ i

III = ® ‘Di,j and &) = ® CD,‘,J'. (7)
i,j€M] i,j €[M]
i<j i<j

The shapes of entanglement resources ¥ and ® correspond to

a complete graph, if we regard the M users and their entangle-

ment resources as vertices and edges of a graph, respectively.

In this work, we call such a resource allocation of entangled

states the complete entanglement allocation, and the complete

entanglement allocation for four users is described in Fig. 3.
In the QSR task, a quantum channel

M M
R: £<® A,~B,~> —> /3<® A:'Ci) (®)
i=1 i=1
is called the QSR protocol of the initial state |Y), with error
g, if it is performed by LOCC among the M users and satisfies

(R®idee)(¥ @ ¥) — ¥ @ D, <e, €))
where quantum systems B; and C; are defined by

B,' = ® Bi,j and C,' = ® C,"j, (10)
JEIMN\{i} JEIM\{i}

and || - ||; is the trace norm [9].

C. Optimal entanglement cost of quantum state rotation

To investigate asymptotic limits for the total amount of
entanglement, we consider a sequence {R,},cn of QSR pro-
tocols R, of ¥®" with error &,, where ®" indicates the n
copies of the initial state . We call the case dealing with
sequences of QSR protocols an asymptotic scenario.

According to the number of the initial state and the users’
strategies in the asymptotic scenario, the total amount of en-
tanglement consumed or gained among the users can differ.
To reflect this, it is assumed that, for each n, the ith user and
the jth user have additional quantum systems B(”)C(”) nd

B

;i » respectively, where dBE)n]) = dB‘(;’x’) and dC,-‘,"’,) = dcﬁ.f;)’ and

the two users share bipartite maximally entangled states |\IJ(';))

and |<I>(")) on the quantum systems B(")B(") and C (")Cj("l),
spectlvely In this case, for each n, the complete entanglement
allocations before and after the QSR protocol R, of 1®" with
error &, are represented as W, and ®,,, respectively.

For the initial state v and the sequence {R,}, we define the
segment entanglement rate e; j(, {R,}) between the ith user

and the jth user as
.1
e (¥, (Ra}) = lim ~(logdyn —logdew), (1)

where i # j, and logarithms are taken to base 2 through-
out this paper. For convenience, we define e; (¥, {R,}) as
zero for each i. Note that e; ; (¥, {R,}) = e; j(¥, {R,}) holds
for each i, j. If the segment entanglement rate ¢; ; (¥, {R,})
converges for each i # j, then we can define the fotal entan-
glement rate ey (¥, {R,}) as

et (¥, {Ry}) = Z e, j (¥, {Rn}). (12)
i,jeM]
i<j

A real number r is said to be an (asymptotically) achievable
total entanglement rate, if there is a sequence {R,},en of
QSR protocols R, of ¥®" with error &, such that (i) for
any i, j, e; j(, {R,}) converges; (ii) e (¥, {R,}) = r; and
(iii) lim,— &, = 0. The optimal entanglement cost (OEC)
eqpt(¥) of the QSR task for ¢ is defined as the infimum of
the achievable total entanglement rates.

Remark 1. In the QSR task, the users obtain the final state
¥t and the output entanglement resources ® by applying the
QSR protocol to the initial state ¥ and the input entanglement
resources W. Note that the QSR protocol is LOCC, and the
initial state v and the final state iy have the same amount
of entanglement, since v is defined by using ¥ and identity
maps. So, it is obvious that the total amount of entanglement
among the users does not increase on average via the QSR
protocol. As a measure that fulfills this condition, we use
the total entanglement rate ey, in this work. The total entan-
glement rate ey, measures the total amount of entanglement
between pairs of the users. In addition, we will see the non-
negativity of the total entanglement rate in Remark 4. On this
account, the total entanglement rate is a valid measure for
analyzing the total amount of entanglement required for the
QSR task.

For example, let us consider a simple initial state

[p1)a = |91)a,4, ® 1902) 4, 13)

where E is regarded as a one-dimensional system, |¢;) is any
two-qubit entangled state, and |¢,) is any quantum state. We
provide illustrations of the initial state ¢; and its final state in
Fig. 4. For the initial state ¢;, we can calculate the segment
entanglement rates e; ; and the total entanglement rate e
through the following strategy.

(i) In order to rotate ¢, the second user locally prepares
a two-qubit state |¢;), which is not the original state |¢;) on
the quantum systems A;A,, and asymptotically transfers one
qubit of the new state to the third user by using Schumacher
compression [9,16] and the quantum teleportation [1]. From
this, the second user and the third user can share the state
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FIG. 4. Initial state ¢; in Eq. (13), its final state, and input and
output entanglement resources: Circles indicate quantum systems,
and correlations among the quantum systems are represented by
lines connecting them. In order to rotate ¢, the second user locally
prepares the two-qubit entangled state ¢, and transfers one qubit of
¢ to the third user, so they can share ¢; on quantum systems A}Aj.
For this, the amount of entanglement consumed by them is H(A;),, .
Then the first user and the second user asymptotically generate the
same amount of entanglement by applying entanglement distillation
[13-15] to ¢ on quantum systems A; A,. Finally, the first user locally
prepares the pure quantum state ¢, on the system Aj. In an illustration
for input (output) entanglement resources, two circles connected by
a line indicate consumed (gained) entanglement whose amount is
H(A})y, -

l¢1) on the systems A}A’, and the amount of entanglement
consumed by them is H(A1),,.

(i) Since the quantum state |¢;) is already distributed to
the second user and the third user, the original state |¢;) of
the first user and the second user is now superfluous, but it
can be transformed into an output entanglement resource of
the QSR task. In other words, the first user and the second
user asymptotically generate H(A;), amount of entangle-
ment by applying entanglement distillation [13—-15] to their
state |@1)4,4,-

(iii) Finally, the first user locally prepares the pure quan-
tum state |¢,). This preparation neither requires nor generates
any entanglement resources. To be specific, this strategy can

be represented as a sequence {R,} of QSR protocols of ¢,
whose segment entanglement rates are

e12(¢1, {Ry}) = —H(A1)y, (14)
er3(p1, {Rn}) = H(Ay),,, (15)
e31(91, {R,}) =0, (16)

and so the total entanglement rate is zero, i.e., e, (¢1, {Rn}) =
0. The positive (negative) segment entanglement rate is de-
scribed in Fig. 4.

III. LOWER BOUND

In this section, we present a lower bound on the OEC of
the QSR task. For a nonempty proper subset P of the set [M]
and the initial state |) ,z With A = A|A; - - - Ay, we consider
a quantity /p(¢) defined as

lp(l//) = max {H<®A1_1V> — H(®A1V> },
v ieP Uly) ieP Uly)
A7)

where the maximum is taken over all isometries U from E to
VW [9],V and W are any quantum systems, and U |{) is
an abbreviation for 14 ® U|yr). Note that, for any partition
{P, P} of the set [M], Ip(y) = Ipe() holds. The quantity
Ip(¢r) is a lower bound on the sum of the segment entangle-
ment rate as follows:

Lemma 2. For the initial state [{),; and the partition
{P, P°} of the set [M], the following inequality holds:

DD e AR = (), (18)

icP jeP°

where the segment entanglement rate e;; is defined in
Eq. (11), and {R,},N is a sequence of QSR protocols R, of
Y ®" with error &, whose total entanglement rate is achievable.

A detailed description of the quantity /p(1) and the proof
of Lemma 2 are presented in Appendix A. By using Lemma 2,
we obtain the following theorem providing a lower bound on
any achievable total entanglement rate of the QSR task.

Theorem 3. Let |{),5 be the initial state of the QSR task
withA = A|A; - - - Ay. Any achievable total entanglement rate
r of the QSR task is lower bounded by

1
P2 () = > (W), (19)
2(1{71) PESk

where 1 < k < M, S; is the set of subsets P of [M] whose
sizes are k, i.e., |P| = k, and Ip(y) is given in Eq. (17).

We refer the reader to Appendix B for the proof of Theo-
rem 3. Theorem 3 implies that the OEC ey (/) of the initial
state ¢ is lower bounded by

eopt (V) 2 L(Y) := max L(y), (20
1<k<| Y]

where |x] denotes the floor function defined as max{m € Z :
m < x}.
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Remark 4. The lower bounds [;(yy) are non-negative,
since, for each i,

PRIEDS [H<®Aj_l)¢ - H(®Aj)J @0

Pes; Pes; jep Jep
->u(gn) -xu(ga) =0
pes;  NEP Sy pes, NEP /oy

(22)

Thus, the OEC cannot be negative, i.e., e (1) = 0. This
means that the total amount of entanglement gained from
the QSR task cannot exceed that of entanglement resources
consumed in the task.

In this work, while we analyze the OEC as a figure of
merit, the case of zero OECs, eqp = 0, does not necessarily
mean that the related segment entanglement rates are zero,
i.e., e; j = 0 for each i # j, as shown in Egs. (14) and (15).
In general, entanglement resources for the QSR task may be
consumed by some pair of users while distilled by another
pair, as in the example of Remark 1.

Remark 5. One of our contributions is to generalize results
of the QSE task [10] to the general cases including more than
two users. To be specific, Remark 4 implies the non-negativity
of the OEC for the QSE task. For M = 2, the lower bound
[(¢) in Eq. (20) becomes

l(y) = max {HAV )y yy — H(A2V )y gy} (23)
= max HAV )Ny — HAV )v@gy), (24)

where V is any quantum system, A/ is any quantum channel
from L(E) to L(V'), and N (¢) is an abbreviation for (1 £4) ®
N)(¥). The first equality comes from 1y(¥) = l;(¥). The
second equality holds, since there is a one-to-one correspon-
dence between isometries U and quantum channels N. That
is, any isometry U : E — V ® W combined with the partial
trace over the quantum system W becomes a quantum channel
N : E — V, and for any quantum channel N, we can find its
isometric extension U [9]. The above quantity is the lower
bound on the OEC for the QSE task presented in Ref. [10].

IV. ACHIEVABLE UPPER BOUND

In this section, we present an achievable upper bound on
the OEC of the QSR task by considering a specific strategy.

The QSR task can be carried out by using an M-partite
merge-and-send strategy. We can obtain this strategy by
generalizing the merge-and-send strategy presented in
Ref. [10]. The idea of the M -partite merge-and-send strategy
is as follows:

(i) The first user and the second user of the QSR task
merge the part A; to the second user by using quantum state
merging [2,3]. In this case, the part A, of the second user acts
as the quantum side information. After finishing merging Ay,
the second user considers his or her part A; as a part of the
environment system. Then the second user and the third user
can make use of the quantum state merging protocol again,
in order to merge A,. In this way, the part A; is sequentially
merged from the ith user to the (i 4+ 1)th user except for the
last part Ay,.

(i1) Finally, the last user and the first user perform
Schumacher compression [9,16] together with quantum tele-
portation [1] in order to transfer the part Ay to the first
user. Through this strategy, the M users can rotate any initial
state of the QSR task. Note that instead of using quantum
state merging [2,3], the M users can apply quantum state
redistribution [6,7] with quantum teleportation [1] in order to
perform the QSR task. In this case, the total amount of entan-
glement is identical to that of the M-partite merge-and-send
strategy, while the amounts of classical communication can be
different.

When the users adopt the above M -partite merge-and-send
strategy, for each i € [M — 1], the entanglement cost of merg-
ing A; is represented as H(A;|A;y1)y, and the entanglement
cost for transferring Ay is H(Ap)y. In other words, these
entanglement costs can be represented in terms of the segment
entanglement rates as follows.

Lemma 6. For any initial state |) 4, of the QSR task with
A =AA;--- Ay, there is a sequence {R,},n of QSR proto-
cols R, of 1®" with error &, such that lim,_, » &, = 0,

H(Ai|Ait1)y ifie[M—1]and j=i+1
eij(, {Ra}) = { H(Am)y ifi=Mand j=1 (25)
0 otherwise,
M1

oV, (R = HAy)y + Y H(AlAi1)y.  (26)

i=1

In order to prove Lemma 6, we apply a technique presented
in Ref. [11], which is used to show the existence of the
merge-and-merge protocol therein, and we refer the reader to
Appendix C for the proof of Lemma 6.

By using Lemma 6, we obtain the following theorem,
which provides an achievable upper bound on the OEC of the
QSR task.

Theorem 7. Let )45 be the initial state for the QSR task
withA = A(A; - - - Ay. The OEC ey () is upper bounded by

M
u(y) =Y HAlAi )y + min [AiAiy.  Q27)

i=1

Proof. For each i € [M], we consider an M -partite merge-
and-send strategy in which the part A; is first merged from
the ith user to the (i + 1)th user and the part A;_; is last sent
from the (i — 1)th user to the ith user. From Lemma 6, the
achievable total entanglement rate u;(y) for this strategy is
given by

wW)=HA )y + Y,
JEIMN{i—1}

=IAAiDy + Y HAjAjy.  (29)

JelM]

HAjAj )y (28)

It follows that eop () < minjgi<p u;(¥), from optimizing
the choice of the first user starting the merge-and-send
strategy. ]

Remark 8. By using the lower bound in Eq. (20) and The-
orem 7, we can exactly evaluate the OECs for some initial
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states. For example, let us consider an initial state

M
|92)ax = @ |9i)aE:» (30)

where E = E\E; - - - Ey, and |g;) is any pure bipartite entan-
gled state on the quantum systems A;E;. Then, from the lower
bound in Eq. (20), the OEC e (¢h2) is lower bounded by

1 M
hi(#2) = 5 3 max (H(Ai1V)vig) — HAV gy}l G
i=1

where /; is defined in Theorem 3, and U |¢,) is an abbreviation
for 14 ® Ulgy). So, eqpi(¢2) is lower bounded by

1 M M
eon($2) = 5 3 [H (A1 Eg, — HAEDg, ] = ) H(A,,

i=1 i=1

(32)

if we consider isometries U; : E — E; @ (E \ E;) with i €
[M] such that Trg\z UipsU = Trg\g, o, where E \ E; =
Ei---E;i_1E;y - - Ey. Moreover, from Theorem 7, we have

M
Copt(2) < u(d) = Y H(Ay),. (33)

i=1

Hence, eop(¢2) = Y1) H(A),,-

Remark 9. In general, the M-partite merge-and-send strat-
egy is not necessarily the optimal strategy, although we have
used it in order to find the OEC for the specific initial state
in Remark 8. As a counterexample of the optimality, let us
consider an initial state

9304 = 191) 4,4, @ [902)4, ® |@3)4,s (34)

where |@) is any pure two-qubit entangled state, and |¢;) and
|@3) are any pure quantum states. Here, E is regarded as a
one-dimensional system. If we apply the M-partite merge-
and-send strategy to the initial state |¢3),, then we obtain
u(¢3) = 2H (A1), from Theorem 7.

However, using the strategy presented in Remark 1, we
obtain an achievable upper bound smaller than u(¢3;). To
be specific, the second user locally prepares the two-qubit
entangled state ¢;, and transfers one qubit of the state to
the fourth user by consuming as much entanglement as
H(Ay),,. The first user and the third user then generate the
same amount of entanglement by distilling their state ¢
on the quantum systems A;A;. Finally, the first user and
the third user locally prepare pure states @3 and ¢, re-
spectively, without consuming and gaining any entanglement
resource. This strategy can be represented as a sequence
{R.} of QSR protocols of ¢3 whose segment entanglement
rates are zero except for e3(¢3, {R,}) = —H(A;), and
€2,4(93, {Ru}) = H(A1)y,, and e (¢3, {Rn}) = 0. It follows
that ew (¢3, {Rn}) < u(¢s3), since ¢, is entangled. This shows
that the M-partite merge-and-send strategy is not optimal in
general. In addition, the non-negativity of the OEC implies
eopt(¢3) = 0 in this case.

Remark 10. Throughout this paper, we have been assum-
ing that the users of the QSR task make use of the complete
entanglement allocation. However, one may think that it suf-
fices to consider bipartite entanglement resources between the

Complete entanglement allocation Cycle entanglement allocation

15t user 4th yser 15t user 4th yser
20d yser 31 yser 2nd yser 31 yser

FIG. 5. Illustrations of the complete entanglement allocation and
the cycle entanglement allocation for four users: An entanglement
resource between two users is represented as two circles connected
by a line. Under the complete entanglement allocation, every pair of
four users can freely consume and generate entanglement resource.
However, under the cycle entanglement allocation, only the ith user
and the (i + 1)th user can manipulate entanglement resources, and
the ith user and the (i + 2)th user are not allowed to deal with any
entanglement resources.

ith user and the (i 4+ 1)th user for each i, since the ith user
transfers his or her quantum state to the (i + 1)th user in
the M-partite merge-and-send strategy. Here, we call such an
allocation of entanglement resources the cycle entanglement
allocation, and we provide illustrations explaining how four
users share entanglement resources according to the complete
entanglement allocation and the cycle entanglement allocation
in Fig. 5.

The initial state ¢3 in Eq. (34) shows that, under the com-
plete entanglement allocation setting, the users can reduce the
total amount of entanglement for the QSR task compared to
the case that the users use the cycle entanglement allocation
for rotating the same initial state.

To see this reduction, we evaluate a lower bound on the
OEC for rotating ¢3, when the users use the cycle entangle-
ment allocation. This means that the first (second) user and the
third (fourth) user cannot employ any entanglement resource
between them, as depicted in Fig. 5. Let {C, },,cn be a sequence
of such protocols C, rotating qbg@” with error &,, where the
users of each protocol use the cycle entanglement allocation.
While there is no need to consider the segment entanglement
rates e 3(¢3, {C,}) and e; 4(¢3, {C,}) in this case, we assume
that e; 3(¢3, {C,}) = e2.4(¢3, {C,}) = 0, in order to regard the
protocol C, as the special case of the QSR protocol. Recall
that the state ¢3 has no further environment system E, as
shown in Eq. (34). Then, from Lemma 2, we obtain that the
inequality

eii—1(93, {Ch}) + eiiv1(93, (Ch}) = Lijy(d3) (35)

holds for each 1 < i < 4. By using this inequality and the
definition of e in Eq. (12), we obtain

et (@3, {Ch}) = Ly (93) + [31(¢3), (36)

ewi (@3, {Cn}) 2 lpy(@3) + Lay(@93) = — 1y (@3) + [i31(¢3)).
37
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It follows that

111y (93) + 3y (é3)] (38)
= |[H(A)g, — H(A2)g, + H(A3)g, — H(A4)g,] (39)
= 2H(A}),, (40)

is a nonzero lower bound on the OEC of rotating ¢3 under
the cycle entanglement allocation. However, in the case of the
complete entanglement allocation, we obtain eqp (¢p3) = 0, as
explained in Remark 9.

On this account, the case of the initial state ¢5 tells us that
the use of the complete entanglement allocation can give a
smaller total entanglement rate than that of the cycle entangle-
ment allocation. This justifies that we consider the complete
entanglement allocation rather than cyclic entanglement allo-
cation in the definition of the QSR task.

V. CONDITIONS

In this section, we present a sufficient condition on positive
OECs and a necessary condition on zero achievable total
entanglement rates.

A. Condition on positive optimal entanglement cost

We provide a sufficient condition on positive OECs of the
QSR task. When M = 2, the QSR task is nothing but the QSE
task, and we can find out a condition by using results on the
QSE task presented in Refs. [10,12]. That is, if H(A;)y #
H (A3)y for the initial state [v/) 4 4,r, then the OEC of the QSE
task is positive, i.e., eqp () > 0. So, one may naturally guess
a generalized sufficient condition with respect to the initial
state [Y) 4y ONA = AA; - - - Ay as follows: If there exist some
i, j € [M] such that

H(Ai)y # H(Aj)y, (41)

then eqp (¥) > 0.
However, this guess is not the case. Let us consider the
initial state ¢3 in Eq. (34). Then, it is satisfied that H(A{)4, >

J

1
. Bulii jy(¥) + vm Z

seli,j}

t e [MIN{i, j}

ln@W) =2 Y

0 = H(A3)g,, but eqp(¢p3) = 0 as explained in Remark 9. In-
terestingly, the above condition can be corrected in terms of
quantum conditional entropies.

Theorem 11. Let |{),r be the initial state for the QSR
task withA = AjA; - - - Ay If there exist some i, j € [M] such
that

H(E|Aj)y # H(E|Aj)y, (42)

then eqp () > 0.
The proof of Theorem 11 can be found in Appendix D.
Remark 12. The converse of Theorem 11 does not neces-
sarily hold. Consider the initial state

M
|a)ax = @ |9) .k (43)

where E = E|E; --- Ey and |@) is any pure bipartite entan-
gled state. Then we know that the OEC for rotating ¢4 is
positive from the lower bound in Eq. (20), but the condition in
Theorem 11 does not hold.

B. Condition on zero achievable total entanglement rate

We now present the following theorem providing a neces-
sary condition on zero achievable total entanglement rates for
the QSR task.

Theorem 13. Let |y) 45 be the initial state of the QSR task
withA = AjA; - - - Ay, and let {R, },,cn be a sequence of QSR
protocols R, of ¥®" with error ¢, whose total entanglement
rate r is achievable. If » = 0, then the segment entanglement
rates e; (¥, {R,}) for i # j are determined as follows:

(i) UM =3, e ;(V, {R.}) = =l j(¥).

(i) IfM =4,

1
€ j (W (Ra}) = Uy (V) + L () — Ly (). (44)

(iii) If M > 4, ¢; j(¥, {R,}) is represented as

lsny () | (45)

st € [MI\{i, j}

s<t

where [(; and [; j, are defined in Eq. (17), apy =2(M —2)(M — 4), By =2 — (M — 4)? and yyy = M — 4.

The main idea of the proof for Theorem 13 is to construct
a system of linear equations obtained by regarding segment
entanglement rates as its unknowns and to solve it. We refer
the reader to Appendix E for the proof of Theorem 13.

Remark 14. The meaning of Theorem 13 is that if there
exist two sequences {R,},en and {R,},en of QSR protocols
for the same initial state |¢),r whose achievable total entan-
glement rates are zero, then their segment entanglement rates
are the same, i.e.,

e i (W, {Ru}) = e j(¥, {R,} (46)

(

for each i # j. This implies that, when an achievable total
entanglement rate of the QSR task is zero, for each i # j, all
possible segment entanglement rates e; ; between the ith user
and the jth user are uniquely determined as the same value,
even though there may not be a unique optimal strategy for
the QSR task.

Remark 15. To evaluate the segment entanglement rates
presented in Theorem 13, we need to evaluate two quantities
liy (W) and [j; (). In general, it is difficult to calculate these
quantities with respect to the initial state |{) 4, since they are
optimized over all isometries U from E to V ® W, where V
and W are any quantum systems. However, for initial states
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|Y), without the environment system E, it is possible to
compute them as follows:

Lin(Wa) = HAi—1)y, — H(Ai)y,, 47)
Liy(Wa) = HA21Aj—1)y, — H(AA))y,. (48)

We will see that these computable quantities play a crucial
role in proving Proposition 16 in the next section.

VI. DIFFERENCE BETWEEN QUANTUM STATE
ROTATION AND QUANTUM STATE EXCHANGE

In this section, we show that a property of the QSE task
[10] does not hold in the QSR task. This shows the difference
between the QSE task and the QSR task.

In the QSE task, the initial state [y),,,, Wwithout the
environment system E can be exactly exchanged without
consuming any entanglement resources via local unitary oper-
ations. So, for any initial state [1/), \A,» there exists a sequence
of QSE protocols for |v/),, 4, whose achievable (total) en-
tanglement rate is zero. Thus, the OEC for the QSE task of
[¥) 4,4, 1s always zero.

How about the QSR task of M users (M > 3)? That is,
for any initial state |Y), with A =AA,---Ay, is there a
sequence of QSR protocols whose achievable total entangle-
ment rate is zero? In the cases of M = 3,4, 5, we have not
found answers to the above question. However, if M > 6,
we can find some initial states that cannot be rotated at zero
achievable total entanglement rate.

Proposition 16. For each M > 6, there exists an initial
state |y), of the QSR task whose achievable total entan-
glement rates r cannot be zero, i.e., r > 0, where A =
AlAy -+ Ay

Before proving Proposition 16, let us consider a three-user
(TU) task different from the QSR task. In the TU task, three
users, Alice, Bob, and Charlie, share two Greenberger-Horne-
Zeilinger (GHZ) states [17], and they transform the GHZ
states into three ebits symmetrically shared among the three
users, where the states are defined as

1
GHZ) = —(]000) + |111)), 49
| ) ﬁ(l )+ [111)) (49)
lebit) = %(mm +11)). (50)

It turns out that, by using LOCC, it is impossible to perform
the TU task under the exact and asymptotic scenarios [18,19].

To prove Proposition 16, we further show that, even consid-
ering the catalytic use of entanglement resources among them,
it is impossible to carry out the TU task under the asymptotic
scenario. To be specific, assume that Alice, Bob, and Charlie
of the TU task have quantum systems A;A}, B;B;, and C;C! with
i =1, 2, respectively. Let |¢) and |¢¢) be the initial and final
states of the TU task given by

|¢) = |GHZ) 4,,c, ® IGHZ) 4,,c;, » (SD

|pr) = lebit), g, ® lebit)p c; @ |ebit)c s . (52)

Initial state ¢ Input resources P

Alice Alice
(=) L

Bob
Charlie Charlie
N
—
A
Alice Alice

® D
Bob @

Charlie Charlie

Final state ¢p; Output resources @

FIG. 6. Illustration for the three-user task of Alice, Bob, and
Charlie: Circles indicate quantum systems for the task, and cor-
relations among the quantum systems are represented by lines
connecting them. In this task, the initial state ¢ and the final state
¢r consist of two GHZ states and three ebits, respectively. On the left
side of the illustration, a GHZ state (an ebit) is represented as three
(two) circles connected by lines. The aim of this task is to transform
¢ into ¢. To perform the task, they apply LOCC T to the initial state
¢ and input entanglement resources W. After the task, they can gain
output entanglement resources ® from the task.

Then a quantum channel

U

2

2
i=1 =

ABC ® F) (53)

i=1

is called the TU protocol of the initial state ¢p with error ¢, if it
is performed by LOCC among the three users and satisfies
1T (¢ ®¥) — ¢ ® P||; <&, where D and F are multipar-
tite quantum systems with D = D ,D; 3D, 1D, 3D3 1 D3 5 and
F =FFi3F1F23F31F35, and U and ® are entanglement
resources on D and F for the complete entanglement alloca-
tion. We present an illustration for the TU task in Fig. 6.

We provide the following lemma whose proof is presented
in Appendix F.

Lemma 17. Let |¢) be the initial state of the TU task. Then
there is no sequence {7,},en of LOCC 7, of ¢p®" with error g,
such that e; (¢, {7,}) = 0 for each i # j and lim,_, o &, = 0.
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In Lemma 17, the catalytic use of entanglement resources
is described in the following sense: While three users are
free to consume and gain the entanglement resources in each
protocol 7, the amount of entanglement consumed by every
pair of the users is asymptotically equal to that of entangle-
ment gained between them; i.e., the segment entanglement
rate e; j(¢, {7,}) is zero, for each i # j.

Proof of Proposition 16. As described in Fig. 7(a), we
construct an initial state |¢s), of the QSR task on the system
A =AA,---Ay with M > 6 as follows:

|¢5>A = |GHZ>A]‘1A3_1A5<1 ® |GHZ>A1.2A3,2A5,2

® Q& loia, (54)
ie[MI\{1,3,5}
where A; = A; 1A fori=1,3,5, and |g;) is any pure quan-
tum state. The final state corresponding to ¢s is also presented
in Fig. 7(b).

Suppose that there is a sequence {R,},n of QSR protocols
R, of ¢5®" whose achievable total entanglement rate is zero.
From Theorem 13, we obtain exact values of the segment
entanglement rates e; ;(¢s, {R,}) for i # j as follows:

1 ifi, j € {2, 4, 6}
e j(¢s, {R.)=1—-1 ifi,je({l,3,5} (55)
0 otherwise.

Ilustrations for quantum systems of entanglement resources
giving nonzero segment entanglement rates are provided in
Fig. 8.
The sequence {R,},cN and its segment entanglement rates
e; ; in Eq. (55) imply that it is possible to carry out the TU task
by means of LOCC assisted by the catalytic use of entangle-
ment under the asymptotic scenario. To be specific, recall that
each R, is LOCC protocol transforming the initial state ¢¢"
and the input entanglement resources W, into the final state
" and the output entanglement resources ®,, with error ¢,,
where ¢; is the final state of the QSR task corresponding to
the initial state ¢s. Note that, in Eq. (55), the zero segment
entanglement rate e; ; means that the ith user and the jth user
catalytically use entanglement resources in the asymptotic
scenario. Thus, the sequence {R,},en of the QSR protocols
can be considered as a sequence of LOCC protocols assisted
by the catalytic use of entanglement, which asymptotically
transforms an initial state

[n) = IGHZ)4, 14, 45, ® IGHZ) 4 4,45, ® |9i) A,
ie[MI\(1,3.5}
®lebit)g, ,5,, ® lebit)g, g, @ |ebit)36,232,e (56)
into a final state
1) = IGHZ) gy a; 4y, ® IGHZ) 41 a4y 0, ® ie[M%,&S} lpi)ar
Blebit)e, ., ® ebit)e, o, @ lebitle,,cor (57)

In this case, if the first user has all systems of the others except
for the third user and the fifth user, and the first user play the
roles of the rest except for the third user and the fifth user, then
the first user can locally prepare the three ebits and the pure
quantum states ¢; with i € [M]\ {1, 3, 5} of the initial state
n and the two GHZ states of the final state 7¢, and the third
user and the fifth user can locally prepare the pure quantum

Initial state ¢s

I8t user

Final state

1stuser

(b)

FIG. 7. (a) Initial state ¢»s in Eq. (54) shared over M users for
M > 6. (b) Final state obtained by rotating the initial state. In each
illustration, circles indicate quantum systems for the quantum state
rotation task, and, for each i > 7, the ith user and his or her quantum
systems are not explicitly illustrated. A GHZ state is represented as
three circles connected by lines.
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1st user

4th yser

FIG. 8. Systems of entanglement resources giving positive or
negative segment entanglement rates: Circles indicate quantum sys-
tems for entanglement resources, and, for each i > 7, the ith user
and his or her quantum systems are not explicitly illustrated. If
we assume that the initial state ¢s in Eq. (54) can be rotated by
a sequence {R,},eny of QSR protocols whose achievable total en-
tanglement rate is zero, then Theorem 13 implies that all segment
entanglement rates have one of three values 1, 0, and —1, as shown
in Eq. (55). In this illustration, consumed (generated) entanglement
resources corresponding to positive (negative) segment entanglement
rates are described as circles connected by straight (dashed) lines.
Entanglement resources for zero segment entanglement rates are not
explicitly illustrated.

states ¢, and ¢4, respectively. It follows that there exists a
sequence of LOCC protocols assisted by the catalytic use
of entanglement, which asymptotically transforms a quantum
state

IGHZ) 4, 4,45, ® IGHZ) 4, 4,5, (58)
into a quantum state

lebit)e, ¢, ® lebit)e, ¢, ® lebit)e, ¢ .- (59)

This means that two GHZ states shared by the first user, the
third user, and the fifth user are transformed into the three
ebits symmetrically shared among the three users by means of
LOCC and the catalytic use of entanglement resources under
the asymptotic scenario. However, this contradicts Lemma 17.
Hence, the achievable total entanglement rate r is positive. l

We remark that it is not sufficient to consider initial states
similar to the state ¢s in Eq. (54) in order to prove Proposition
16 with respect to M = 3,4, 5. For example, consider the

initial state

lp6)a = |GHZ>A]_1A2‘]A3_1 ® |GHZ)A1,2A2_2A3,2 ® |¢)A47 (60)

where A; = A; 1A, fori = 1,2, 3, and |¢) is any pure quan-
tum state. If there exists a sequence {R,} of QSR protocols
for ¢¢ whose achievable total entanglement rate is zero, then
Theorem 13 tells us that its segment entanglement rates are
determined as

e12(gs, {Rn}) = e13(ds, {R1}) = —1, (61)
e1,4(Ps, {Rn}) = e23(¢s, {Ry}) =0, (62)
e2.4(¢Ps, {Rn}) = e3.4(¢s, {Ry}) = 1. (63)

To the best of our knowledge, whether such a sequence exists
or not is unknown. On this account, it is hard to prove Propo-
sition 16 for M = 3,4, 5, as long as we stick to initial states
consisting of the two GHZ states.

VII. EXAMPLES

A. SWAP-invariant initial states

In this section, we see that reduction of the number of users
in the QSR task does not necessarily reduce the OEC of the
task.

The initial state [v/)4,4,4,4,£ Of the QSR task is said to be
SWAP invariant on systems A, and As, if it satisfies

(SWAPA, 4,)(Y) = ¥, (64)

where SWAPx..y is a quantum channel swapping quantum
states in quantum systems X and Y. Let us consider the QSR
task of the SWAP-invariant initial state |y)4,4,4,4,6- We pro-
vide illustrations of the SWAP-invariant initial state and its final
state in Figs. 9(a) and 9(b), respectively. From the viewpoint
of the third user, the part A’, of the final state v is identical to
the part A3 of the initial state 1. So, it is possible to exclude
the third user to carry out the QSR task of the four users, and
so the third user does nothing, since this task can be done by
the second user directly transmitting his or her quantum state
to the fourth user, as described in Fig. 9(c). In other words,
the original QSR task of the four users can be replaced by the
QSR task of the first user, the second user, and the fourth user
for the same initial state.

Let 5 () and e\ () be the OECs for the QSR tasks
of the initial state [v)4 4,44, Performed by the three users
and the four users, respectively. In this case, are two OECs
eg))t(w) and eg‘;{(w) equal? One may guess that e(();)t(w) <
egj)t(w) holds in general, since the part A3 does not need to
be transmitted during the second.

However, this is not the case. Consider the SWAP-invariant
initial state

|67) 4, 40854, = |91)a, @ [€bit) 4,4, ® [02)4,, (65)

where E is regarded as a one-dimensional system, |¢;) and
|¢2) are any pure quantum states, and |ebit) is presented in
Eq. (50).

If the first user, the second user, and the fourth user rotate
the initial state ¢»; without the third user, then this QSR task
is nothing but Schumacher compression [9,16] in which the
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(a)

15t user 4th yser

3rd yser

N

2nd yser

15t user

(b) (©

FIG. 9. In each illustration, circles indicate quantum systems for
the initial and final states, and two blue circles represent symmetric
parts. (a) Initial state [)4,4,4,4,5 Of the quantum state rotation task
for four users: The initial state is SWAP invariant on systems A, and
Aj. (b) Final state rotated by all users. (c) Final state rotated by the
first user, the second user, and the fourth user: Here, the quantum
system Aj is considered as a part of the environment.

part A, is transmitted to the fourth user by consuming ebits
instead of qubit channels. This is because the quantum states
¢ and ¢, can be locally prepared by the second user and the
first user, respectively, without consuming and gaining any
entanglement resource. It turns out that the minimal amount
of entanglement required for this Schumacher compression
is H(A2)4,, and Theorem 3 implies that H(A;)g, is a lower
bound on the OEC of this QSR task of three users. Thus, we
have e\ (¢7) = H(A2)g,-

On the other hand, in the QSR task of four users, the third
user can locally prepare an ebit, and then the third user can
share the ebit with the fourth user by using the Schumacher
compression [9,16] and the quantum teleportation [1]. The
amount of entanglement consumed in this transmission is
H(A3)g,. The second user and the third user can gain the same
amount of entanglement by distilling the ebit on the systems
A, and As. Lastly, without any entanglement resource, the
first user and the second user locally prepare ¢, and ¢y,
respectively. In this way, the initial state ¢ is rotated, and the

Initial state of three users Input resources

15t user 15t user
20d yser 31 yser

(a)

Initial state with cooperation Input resources

1t user 1stuser
2nd yser 31 user

(b)

FIG. 10. (a) Initial state and input entanglement resources for
the quantum state rotation task of three users. (b) Initial state and
input entanglement resources when the second user and the third user
cooperate: To cooperate, they gathered in the same laboratory, and
so an entangled state in the systems B, 3 and Bj is not considered
a nonlocal resource. In the second illustration, these systems are not
described.

achievable total entanglement rate becomes zero in this case.
The non-negativity of the OEC implies e®(p7) =0.

opt

. 3 4
Therefore, we obtain that ef,p)t(¢7) > eépi(dn) holds for the
SWAP-invariant initial state ¢;. This means that even though
the third user does not have to participate in the QSR task,
helping the remaining users to achieve the task can reduce the

OEC.

B. Quantum state rotation with cooperation

In this section, we answer the following question: If some
of the users are allowed not only LOCC but nonlocal (global)
operations on their shared quantum systems, can they perform
the QSR task at a smaller OEC?

We consider the QSR task of [¥)4,4,4,z performed by
three users, as shown in Fig. 10(a), and we modify this QSR
task by assuming that the second user and the third user are
in the same laboratory in order to cooperate, as depicted in
Fig. 10(b). In this case, the second user and the third user
can apply any quantum operations to their quantum states in
the laboratory, but pure maximally entangled states shared by
the second user and the third user are not considered nonlocal
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resources in this modified task, since the entangled states can
be locally prepared in their laboratory. On this account, while
the three users in Fig. 10(b) can make use of any QSR protocol
of |Y¥)4,4,4,c in Fig. 10(a), it is hard to guess the minimal
amount of entanglement consumed by two laboratories in the
modified task.

Under this setting, one may guess that the OEC of the
modified task is less than or equal to that of the original one.
However, the initial state

|98) A,1,4, = 191)4, B [02) 4,4, (66)

shows that such a guess is wrong, where E is regarded as
a one-dimensional system, |¢;) iS any pure quantum state,
and |¢,) is any pure entangled state. In this case, the initial
state ¢g can be rotated by three users with a zero achievable
total entanglement rate as follows: The pure quantum state
|@y) is prepared by the second user, and the first user and
the third user can share the pure quantum state |¢,) by using
Schumacher compression [9,16] together with the quantum
teleportation [1]. The amount of entanglement consumed in
this transmission is H(Az)g4,. The second user and the third
user can gain the same amount of entanglement by applying
entanglement distillation [13-15] to ¢, on the systems AyAj.
Thus, the OEC is zero when the QSR task is performed with-
out any cooperation.

On the other hand, in the modified task, the first user and
the second (third) user cannot share the quantum state ¢,
without consuming any entanglement resources between two
laboratories, since ¢, is entangled. This means that the OEC
of the modified task is positive. Therefore, from the initial
state ¢g, we know that the OEC for the original task without
any cooperation can be less than that of the modified task
in which some of the users cooperate. This is because one
does not take into account gain as well as consumption of
entanglement resources between them when computing the
OEC of the modified task with the cooperation of the second
user and the third user.

VIII. CONCLUSION

In this work, we have introduced the QSR task in which the
M users circularly transfer their respective quantum states via
entanglement-assisted LOCC. We have considered the QSR
as a fundamental quantum communication task for M users
and have investigated the minimal amount of entanglement
consumed among the users under the asymptotic scenario.
For this investigation, we have formally formulated the QSR
protocol, the achievable total entanglement rate, and the OEC.
We have derived lower and upper bounds on the OEC, and
have presented conditions on zero OECs and zero achievable
total entanglement rates.

The QSR task includes the QSE task [10-12] as a special
case, in which two users, Alice and Bob, exchange their
respective quantum states via entanglement-assisted LOCC.
However, the QSR task is not a direct generalization of the
QSE task. That is, we have shown that there is a unique
property of the QSR task not appearing in QSE tasks for two
users: Not all initial states without the environment system

can be rotated without consuming any entanglement, while
such states can be exchanged at zero entanglement cost via
local unitary operations. We have also considered two specific
settings of QSR tasks. In the first setting, some users do not
have to participate in the task. In the second, some of the users
can cooperate by using nonlocal operations. For some initial
states, we have shown that the OEC for the original QSR task
can be smaller than those for each setting.

While the lower bound [ presented in Eq. (20) is helpful
to evaluate the OEC, it becomes zero for initial states without
the environment system E. This means that it is not straight-
forward to determine whether the OECs for such initial states
are zero or not, unless we can explicitly construct an optimal
QSR protocol. This is the main reason why we used the result
of Theorem 13 that the segment entanglement rates are deter-
mined in terms of the von Neumann entropies of the initial
state, in order to prove Proposition 16 instead of the lower
bound /. On this account, finding tighter lower bounds can be
a meaningful future work.

As potential applications of our work, the QSR task can
serve as one of the fundamental subroutines in distributed
quantum computing [20,21] and quantum networks [22,23],
since they usually involve more than two users. In addition,
the QSR task can be used as a subtask of more general
quantum communication tasks. For example, let o be a
permutation on [M]; then we can devise a new quantum
communication task for M users in which the ith user trans-
mits his or her quantum state to the o (i)th user by means
of entanglement-assisted LOCC. We call this task quantum
state permutation. It is a well-known fact that any permutation
on a finite set has a unique cycle decomposition; i.e., the
permutation is expressed as a product of disjoint cycles. So,
the quantum state permutation task with respect to o can be
decomposed as QSR subtasks, since the QSR tasks intuitively
correspond to disjoint cycles. In this situation, our results for
the QSR task can be useful tools to investigate the OEC for
the quantum state permutation task.
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APPENDIX A: PROOF OF LEMMA 2

In this Appendix, we prove Lemma 2 in the main text. If a protocol R in Eq. (8) satisfies (R @ idz)) (¢ ® U) =y ® P,
then R is said to be exact. The case regarding only exact QSR protocols is called an exact scenario.

To express two sets of the M users, we make use of a partition of the set [M]. Let {P, P°} be a partition of the set [M], where P
is any nonempty proper subset of [M], and P° is the complement of P, i.e., P° = [M] \ P. If we interpret an element i of the set
[M] as the ith user of the QSR task, then we can divide the M users into two disjoint subsets P and P€ via the partition {P, P°}.

For an exact QSR protocol R of v, we define the bipartite entanglement difference dp(yr, R) for a partition {P, P°} as

dP(w: R) = Z Z [IOg dBiAj - IOg dczxj]’ (AD

ieP jepP©

where dp, ; (dc, ;) indicates the Schmidt rank of the entanglement resource W; ; (®; ;) shared by the ith user and the jth user
before (after) performing the QSR protocol R. The following proposition provides a lower bound on the bipartite entanglement
difference for the QSR task of the initial state .

Proposition 18. Let |{) 4 be the initial state of the QSR task. The bipartite entanglement difference dp(y, R) for a partition
{P, P°} is lower bounded by

dp(¥. R) > Ip(¥) = max {H (®Ai1V) - H<®A,-V> } (A2)
v ieP Ulv) ieP Ulv)

where the maximum is taken over all isometries U from E to V @ W, V and W are any quantum systems, and U|y) is an

abbreviation for 14, ® U|y).

Proof. Let us consider an R-assisted QSR task whose idea comes from Refs. [10-12]. While the environment system E of the
initial state |),r is not owned by any users of the original QSR task, in the R-assisted QSR task, we additionally consider a
referee who has the environment system E. In this task, the referee can assist M users as follows: The referee divides his part
E of the initial state |y),; into two parts V and W. To be specific, the referee locally applies an isometry U : E — V Q W
[9] to his quantum state on the quantum system E, and so the initial state |{),; becomes a quantum state |€) 4,y satisfying
Trg = Tryw €. The referee now transfers his quantum state on the system V (W) to one of the users belonging to the set P
(P°®), so that the M users can share the quantum state |£) 4y -

After finishing the referee’s assistance, M users rotate the quantum state |£) 4,y via entanglement-assisted LOCC, as in the
original QSR. To be specific, the quantum systems V and W of the users are not rotated during the QSR task, while the user can
use them as quantum side information, as in other quantum communication tasks [2,3,6-8,11,12]. In the following, we call such
a protocol an exact R-assisted QSR protocol of the state |£) 4y, and it is denoted by A. Since A is LOCC among the M users,
it is also LOCC between two disjoint subsets P and P° of the users. By using the fact that the amount of entanglement between
two sets P and P° of the users cannot increase on average via LOCC [14], we obtain the inequality

H(®A,-VB,) > H(@A;_IVQ) . (A3)
ieP U ieP 5§D
By using the additivity of the von Neumann entropy [9], we obtain
H(@A,VB,-) = H(@A,«V) + H<® Bi) . (A4)
ieP E@W ieP £ ieP ¥

Recall that the quantum state ¥ is defined as the tensor product of bipartite maximally entangled states as in Eq. (7), and the
systems B; are defined as in Eq. (10). The additivity of the von Neumann entropy [9] implies

H(® B,) = Z H(Bi,ij,i)\Il;'/ + Z Z H(Bi,j)lllu = Z Z 10g dB[A/-- (AS)

P S e icP jePe ieP jePe

i<j

Since V; ; is a pure bipartite maximally entangled state on quantum systems B; ;B;; whose Schmidt rank is dB/.;/. ,H(B; ;B l‘)\pu. =
0 and H(B; j)v,; = logdp,  hold for each i # j. The second equality in Eq. (A5) comes from this fact. So we obtain

H(@A,B,V) = H(@Aiv) +Y > logds,,. (A6)
£V 3

ieP ieP icP jeP®

By using the same method, we obtain

H<®A§1C,»V> = H(@A;IV) +Y > logdc,, (A7)
&P &

iep iep icP jepe
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where d, ; is the Schmidt rank of the entanglement resource ®@; ; on quantum systems C; ;C; ;. Consequently, the inequality in
Eq. (A3) is rewritten as

> [logds,, —logdc, ] >H<®A;._lv> —H<®A,~V> =H<®A;_1v) —H(@Aiv) . (A8)
& & Ulr) Uly)

ieP jepPe ieP ieP ieP ieP

where U |{¢) and U|y) are abbreviations for 14 ® U|y¢) and 14 ® U|y), respectively. By the definition of the final state ¥,
we obtain that

H<® A;1V> = H(@A,-_IV> (A9)
ieP Ulyr) ieP Uly)
holds. It follows that
dp(yr, A) > H<®Ai—1V> - H<®AiV> . (A10)
ieP Uly) ieP Uly)

Note that the above inequality holds for any quantum systems V and W and any isometry U : E — V ® W. We further note that
any exact QSR protocol of |) 4 is the special case of the exact R-assisted QSR protocol in which the referee does not assist the
users. It follows that dp(vr, R) > Ip(¥) holds. |

Similarly to the bipartite entanglement difference, we define the bipartite entanglement rate ep(Yr, {R,}) with respect to the
partition {P, P¢} of the set [M] and the sequence {R,},cn Whose total entanglement rate is achievable as follows:

ep(, (RaD) =D D e j (¥, {Ru}), (A1)

ieP jeP®

where the segment entanglement rate e; ; is defined in Eq. (11). To prove Lemma 2, we use the following lemma telling the
continuity of the von Neumann entropy [9,24,25].

Lemma 19 (Fannes-Audenaert inequality [9]). Let p and o be density operators in D(X), where X is a quantum system,
and suppose that ¢ := %Hp — o||;. Then the inequality |H(p) — H(o)| < elog[dx — 1] + h(e) holds, where A(-) is the binary
entropy.

Proof of Lemma 2. We consider the R-assisted QSR task explained in the proof of Proposition 18. To be specific, for each n,
we consider an R-assisted QSR protocol

M M
Ay L(@A?"VWW@"B,(.”)) o L(@(A;)Wv@"W@"c;")) (A12)

i=1 i=1

of the quantum state |§)%,, with error &, satisfying
A% @ U,) — £7" @ D, || < &, (A13)
where quantum systems Bf") and Ci(") are defined by

B”"= @ B" ad "= ® .
JEIMN\{i} JelMN\{i}

(Al4)

and W, and @, are explained in Sec. II C. For each n, let 7, and T, be total amounts of entanglement between two sets P and
P° of the users before and after performing the protocol A4, respectively. Since the amount of entanglement between the two
sets of the users cannot increase on average via LOCC [14], we obtain that 7°" > T holds for each n. Note that the amounts
of entanglement are represented as

3

T = H(@A?“VWBgm) =nH (@A,V) +Y > logdyn and T = H(@(A;1)®"V®"C,F”>)
ieP g@n@{l}” ieP £ ieP jepP° " ieP -An(E@"@‘I’n)
(A15)

where Tnbef is obtained by using the additivity of the von Neumann entropy [9]. By applying the monotonicity of the trace
distance [9] to the inequality in Eq. (A13), we have

en =10 Trg, e yorcower [An(E®" @ U] = Trg o sonconyen [E7" ® u]||, < e (Al6)
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By applying Lemma 19 to the above inequality, we obtain the following inequalities:

7;1aft —H <®(A/1 )®nv®nci(n)>
"0,

S eplog (g, ocoven = 1) +h(e) < e log(dg oy yoncven) + e,

ieP
(A17)
<é (n > logdy  + Y logdew + nlog dv) + h(e)). (A18)
ieP ieP I
The additivity of the von Neumann entropy [9] implies
H(@(A;1)®”V®”Ci(”)> =nH (@Aglv> +Y > logden. (A19)
ieP £2'0d ieP &  ieP jePe N

Consequently, T>f > T becomes

nH <® A,'V)é + Z Z log dB}_"} > nH <§§A§_1V> + Z Z log dcfy —e, (n Z logdy  + Z logdcw + nlog dv)

iep icP jePc &  ieP jePe ieP ieP

— h(e,). (A20)

This implies that

1 1
E Z ;(logdB(,,; —log dc(",’) > H(@A;_,V) - H<®AiV) —& (Z logdy  + - E logd.w + log dv)
! v & § ’

ieP ieP

ieP jeP° ieP ieP
h /
_ e (A21)
n
which holds for each n, and so we obtain that
ep(Y¥, {A,)) = H(@A;_N) —H(@A,V) = H(®A2_1V> —H(@AN)
ieP & ieP £ ieP Ulyry) ieP Uly)
= H(@Ai1V> — H(@A,V) . (A22)
ieP Uly) ieP Uly)

Here, U|Y¢) and U |{) are abbreviations for 14 ® U |y¢) and 14 ® U|Y), respectively, and the last equality comes from Eq. (A9).
Thus, we have ep(, {R,}) = Ip(1), since the quantum system V, W and the isometry U are arbitrary, and any sequence of QSR
protocols is also a sequence of R-assisted QSR protocols. |

From Proposition 18 and Lemma 2, we know that the lower bound /p of the exact scenario is also a lower bound of the
asymptotic scenario. In other words, we can easily obtain a lower bound of the bipartite entanglement rate by merely finding that
of the bipartite entanglement difference in the exact scenario. Note that it is possible to apply this technique to other quantum
communication tasks, such as the generalized quantum Slepian-Wolf [26] and the multiparty state merging [27], in which users
perform the tasks via entanglement-assisted LOCC in the asymptotic scenario.

We remark that while the lower bound in Proposition 18 is presented in terms of the von Neumann entropy, this lower bound
can be generalized by replacing the von Neumann entropy with the Rényi entropies [28] under the exact scenario, as in the
one-shot quantum state exchange [12].

APPENDIX B: PROOF OF THEOREM 3

Let r be any achievable total entanglement rate for the initial state yr. Then there is a sequence {R,},cn of QSR protocols
R, of ¥®" with error &, such that e;, j(Y, {R,}) converges for any i, j, e (¥, {R4}) = r, and lim,_, . &, = 0. Since Ip, = Ip, ,
holds for any k € [M — 1], we have [y () = Iy (¥). So we will prove in the following that /; (1) is a lower bound on the OEC
for 1 <k < [M/2].

For a nonempty proper subset P of the set [M], we defined a function fp : [M] x [M] — {0, 1} as follows:

1 if(ieP,jePor(jeP,icP°

fe, j) = {0 otherwise. .
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Note that fp(j, i) = fp(i, j) holds for each i, j, and the bipartite entanglement rate ep(¥, {R,}) is represented as

er(, (R =D foli, eij(¥, IR (B2)

i,j€M]
i<j
For given elements i, j, let S,ij be the subset of the set S; whose elements Py satisfy fp (i, j) = 1. Then the size of the set S,ij is

ng 1= 2([‘](4:]2) Observe that |S,i<j | = |S,':j /| holds for any elements i, j, i’, and j'. This means that for a given segment entanglement
rate e; ; there exist ny subsets Py of the set [M] such that fp (i, j) = 1, i.e.,

> foli Dei i, (Ra)) = niei j(r, {Ra)). (B3)
PkESk
From Egs. (B2) and (B3), it follows that
1
colV, (RN =) e (R =— 3 Y fali Deij(¥, (Ra}) (B4)
i,je[M] i, j € [M]PcESk
i<j i<j
1 1
=— Y Y fal e RD == en(W. (Ra}) = L(¥). (BS)
" PeeSk i, j e [M] " P €Sk
i<j

Here, the last inequality comes from Eq. (All) and Lemma 2. This shows that r > [;(¥) holds for any achievable total
entanglement rate r and any k.

APPENDIX C: PROOF OF LEMMA 6
Let yo = ¥, and for each i € [M — 1], we define quantum states ; for the quantum state merging tasks as
v = ((X) idgy)—»cmy ® ® dew) ® 1d£(E>>(‘/f) €D
Jj=1 J=itl
Note that, for each i € [M — 1], ; is a pure quantum state on the quantum systems
® A ® ® A;QE. (C2)
j=1 Jj=i+1

For each i € [M — 1], the ith user and the (i 4+ 1)th user transform the quantum state 1;_; into the quantum state v;, by means
of LOCC and shared entanglement. To be specific, the quantum state on the quantum system A; of the ith user is asymptotically
merged to the (i + 1)th user’s quantum system A} by using the (i + 1)th user’s quantum system A, as quantum side information.
So, in this case, the remaining quantum systems of the quantum state ;_1,

JEMN[i+1] Jjeli—1]

are considered as the parts of the environment system. From the definition of the OEC of the quantum state merging [2,3], for
each i € [M — 1], there is a sequence {Mfli)}neN of LOCC,

M(l) E(A®n ® Bl(ﬁl_l ®Al®jrnl ®B(”l)

i+l, z) - ’C(A@n ® Ci(,rlf-)i—l ®A§Fnl ® Ct(-t)l l) (C4)

of WE’} with error er(li) which merges the part A; from the ith user to the (i + 1)th user and satisfies lim,,_, oo g,(j) =0,

(M) @ idggen) (V2 @ W,°) — ¥ @ 00| <), (C5)
1
nlglolo p ( log dB?,",-ll —log dC},’?ll) = H(Aj|Ai11), (Co6)

where W and ®{ are pure maximally entangled states on quantum systems B\, | B, , and C\"} | C\?), ; shared by the ith user

and the (1 + 1)th user with Schmidt rank dB(m and dc‘") , respectively. In addition, from the Schumacher compression [9,16]
together with the quantum teleportation [1], there exists a sequence {S,},en of LOCC

Sut L(A ® By @ BY'yy) — LA ® Gy ®CY') (C7)
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of W}%’i] with error ef,M ), which transfers the part Ay, from the Mth user to the first user and satisfies lim,,_, 8,(,M ) =0,

|| (S,, ® idE(ES”))(I/IE’il ® ‘I"r(LM)) - ¢f®n ® q);(lM) ”1 < Esz)s (C3)
lim %(log dyo —logdcw ) = H(An), (€9

where Ey = @' A} ® E, and W™ and ®* are pure maximally entangled states on quantum systems By, B{"), and C{y", C{"},
shared by the first user and the M th user w1th Schmidt rank dB‘“’ and dcm respectively. For each n € N, we define LOCC R,
as

Ry=8 o MMV o MWD 5.0 MO, (C10)
We also define quantum states ¥,, &,, and QSP for each i € [M] as
U, =Quv? &= o, ad Q= ® vV o). (C11)
ie[M] ie[M] j=i+l j=1
Observe that, fori = 2, ..., M — 1, the inequalities
H (M;i) 0---0 MELI))(K”@n ® q,n) _ I//i®n ® \I,(H-l) ® Q(H—l)”l
< || (M(i) 0-++0 M('))(lﬁ®” W, — (J\/l( D 1d£(E®u )( T® \IJ(‘)) Q,(f) “1 (C12)

+ (M @ idgen) (V2 @ W) @ QF — v @ Wit @ QU |
< Mo o MDY @ B — v @ W) @ QP + (M) ®ideen) (V2 © W,7) — v @ @7
(C13)

hold, where the first inequality and the second inequality come from the triangle property and the monotonicity of the trace
distance [9], and other identity maps idger, and idge. are omitted for convenience. Then we have

(R ®idpe)(¥®" @ U,) — 2" @ B, |l

< || (Rn &® idE@”)(w‘x’" [ "Dn) - (Sn ® idﬁ(ES’”)) (w}%’il ® \I,’(IM)) ® QELM) ”1 (C14)
< JMPo. M<1>)(w®n ® ¥,) — wn xp,ﬁM) &AM, + [ (S ® id e (W, ® UM) — & @ B0
(C15)
M—-1
< MP@E @ T,) — v @ ¥ @ Q||| + Z [(MP @idggen) (¥ @ ¥) — 2" @ ||l (C16)

i=2
+ (S ® idL(Esn)) (V" @ M) — & @ M) H1

M—1

M
= D MY @ideen) (W21 @ W) =" @ 0P| + (S ® idegn) (Wiry @ V) = ¥ @ @V < Y eyl

i=1
(C17)

Here, the first inequality and the second inequality hold from the triangle property and the monotonicity of the trace distance
again. The third inequality is obtained by repeatedly applying the inequality in Eq. (C12). Since ¥ = v, the last equality holds.
The last inequality comes from Egs. (C5) and (C8). Set &, = Y2, ¢, Then lim, ., &, = 0, since lim, .~ ¢ = 0 holds for

each i € [M]. It follows that there is a sequence {R,},en of QSR protocols R, of [y )®" with error &, such that lim,_.o &, = 0,
H(AilAit1) ifie[M—1]and j=i+1

eij(¥, {R,}) = {H(An) ifi=Mand j =1 (C18)
0 otherwise,
M-1
ewot(V, {Ru}) = H(Ay) + Z H(AilAit1). (C19)

i=1

APPENDIX D: PROOF OF THEOREM 11

To prove Theorem 11, we use the following lemma.
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Lemma 20. The lower bound /; (1) shown in Theorem 3 is lower bounded by

1 .
— —1V N
hy) > 5 fax Z( LYH(E|Ai)y|, (D)
leD
where D denotes a subset {ij, ip, ..., i} of the set [M] withk =1,..., [M/2] and i} < iy < --- < iy, and the maximum is

taken over all possible subsets D whose sizes are even.
Proof. 1t is easy to check that /; () is lower bounded by

M

1

> Z max {H(A;_1)y —HA)y, HA_1E)y — HAE)y}, (D2)
i=1

by using the definition of the lower bound /;(y) in Eq. (19). So it suffices to show the equality LHS = RHS, where LHS and

RHS are defined as

M
_ A _ 1y .
LHS = ) “max {e;, f;} and RHS max > (1Y H(E|A;)y|. (D3)

i=1 ijeD

witho; = H(A;i—1)y — H(Aj)y and B; = H(A;_1E)y — H(AE)y,.
(1) To show LHS < RHS, we use functions f; : {0, 1} — R defined as f;(x) = (1 — x)a; + x8;. Let b be an M-bit string
b = Dbb;y - - - by such that b; € {0, 1} for each i. Then LHS is represented as

M
LHS = (b)), D4
mbax Xl: fi(by) (D4)
i=
where the maximum is taken over all M-bit strings. In addition, we observe that the equalities

M M M M M M
D fib) =Y [ =bpai+bipil =) bi(Bi—ar) =Y (bi— D — Y bigi=—Y [(1 = (1 —b)e; + (1 - b)i]
i=1 i=1 i=1

i=1 i=1 i=1

(D5)
M

==Y fil—b) (D6)
i=1

hold for any M-bit string b, where the second equality and the third equality come from equalities Zf‘i Lo = Zfi  Bi = 0. This
implies

; D7)

M
D fiby

i=1

LHS = m;lx

where the maximum is taken over all M-bit strings having k zero bits with 1 < k < |[M/2]. For any M-bit string b = b1by - - - by
with k bits in state zero, we can express k zero bits and the other bits in state one using two functions g, : [k] — [M] and
hy o [M — k] — [M] satisfying b, ;) = 0 and by, ;) = 1, respectively. Observe that

k

M k M—k k k
DAY =D fom O + D fuir(D) =D fo©) = Y foi(1) = Y [H(E|Ag,i))y — H(E|Ag,i-1)y]  (D8)
i=1 i=1 i=1 i=1 i=1

i=1

Y H(EIA)y — Y HEA)y, (D9)

iex\y ier\X

where X = {g,(i):i € [k]} and Y = {g,(i) — 1 : i € [k]}. The second equality comes from the simple fact

k M—k M
Y Lo+ D fun (M=) (1) =0. (D10)
i=1 i=1 i=1

Since 1 < k < [M/2], the set X is nonempty. Let Ix be the largest element of the set X. Then Iy ¢ Y, by the definition of the set
Y, and so X \ Y is nonempty. Assume that |X| =|Y|=s>0and | X \ Y| =|X \ Y| =1 > 0 for some natural numbers s and ¢
with t < s. Then we can represent the sets X, Y, X \ Y, and X \ Y as

X={x,x, . ...x}, Y=Ly, ....5}, X\V={a,a,....a}, Y\X={b1,bs,...., b}, (D11)

where x; < x; and y; < y; foreach i, j € [s] withi < j, and gy < a; and by < b; foreach k, [ € [t] withk < [.
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For each i € [s — 1], we consider two consecutive elements x; and x;,; of the set X. By the definition of the setY,x; — 1 €Y
and ;1. —1eY. If x; + 1 =x;41, then x; =x;4,1 — 1 € Y, and so x; ¢ X \ Y. Conversely, if x; ¢ X \ Y, then x; € Y. By the
definition of the set Y, x; + 1 € X. Since x; < x;4, we have x;;; = x; + 1. Thus, we obtain that, for each i € [s — 1],

xi+1=x; ifandonlyif x; ¢ X \Y. (D12)
Similarly to the above equivalence, we also obtain that, for each i € [s — 1],
vi+ 1=y ifandonlyif y; ¢Y\X. (D13)

Note that x; < a; holds in general, and equalities x; — 1 = y; = b; also hold, by the definition of the set Y. Thus, b; < a;.

For the case that x; = a;, we have a; = b, + 1. If by =b; + 1, then a; + 1 = b, + 1 € X, by the definition of the set Y.
From Eq. (D12),a; € X anda; + 1 € X means a; ¢ X \ Y, which contradicts a; € X \ Y. Thus, a; = by + 1 < b,. For the case
that x; < a;, we have x; ¢ X \ Y, since a; is the smallest element of X \ Y. From Eq. (D12), this means that x; 4 1 is an element
of the set X. If x; + 1 < ay, then x; ¢ X \ Y, since a; is the smallest element of X \ Y, and Eq. (D12) implies that x; + 2 is an
element of the set X. In this way, we find a subset {x;,x; + 1,...,a;} of the set X, and so aset {x; — 1,xy,...,a; — 1} isa
subset of the set Y, by the definition of the set Y. From Eq. (D13), we obtain a; < b;. In addition, since a; is the element of the
set X \ Y, b, cannot be equal to a;. Thus, a; < b;.

Ifa, < by, thena, — 1 €Y, by the definition of the set Y. Since b, is the second smallest element of the set Y \ X, a, — 1 ¢
Y\ X.From Eq. (D13),a; — 1 ¢ Y \ X impliesa, —2 € Y.Ifb; <ay —2,thena, —2 ¢ Y \ X, since b, is the second smallest
element of the set Y \ X, and so a, — 3 € Y from Eq. (D13). In this way, we find a subset {b;,b; +1,...,a, — 1} of the set Y,
and so we obtain thata; € {b; + 1,b, 4+ 2, ..., ar} C X, by the definition of the set Y. From Eq. (D12), a; ¢ X \ Y. In addition,
since a; is the element of the set X \ Y, b, cannot be equal to a;. Thus, a; < b,, which is a contradiction. Thus, b, < a,.

Consequently, we have shown that b; < a; < b, < a,. By repeatedly applying the above process, we obtain that b; < a; <
bi+1 < a4 for each i € [t — 1]. This shows that there is a subset D = {i, ip, ..., ixx} of [M] withk € {1, ..., [M/2]} such that
i <ip <--- <iy,foreach je[k],irj_1 €Y \Xandi; e X\Y,

M
> filb) =Y (=1)H(E|A;)y. (D14)

i=1 ijeD

Thus, LHS < RHS holds, since the M-bit string b with k zero bits is arbitrary.
(i1)) We show LHS > RHS. Let D = {i}, i», ..., i} be a subset of [M] with k € {1,..., [M/2]} and i} <ip < --- < ix
satisfying RHS = | Z,-jeD(—l)jH(E |Ai; )y |- Set an M—bit string b as follows:

1 iij{il,lé,...,l'zk,l}
bj =40 lf] € {iz,i4, ...,iZk} (DIS)
bjy1 otherwise,

where by, is defined as by when M ¢ D. We obtain the following equalities:

irj k—1 igj+n
Zf](b)—Zf/(IHZ dOAO+) Y A+ Z £i() (D16)
Jj=1=igj_+1 J=11=ij+1 J=hntl
i2j k—1 iej+n M
—Zﬂ,+2 Yooaw Y Y B+ Y. B (D17)
Jj=1Il=igj_1+1 j=1l=ir;+1 J=in+1
ipj k=1 iej+n)
<Z ﬁ,+Zﬁ,>+Z Yoo+ d Y B (D18)
J=ix+1 Jj=1I=igj_n+1 Jj=11=ir;+1
k—1
= (H(A E)y — H(A,,E>¢>+Z H(Aiy, )y — HAy)y ]+ D [H(AL E)y — H(Ai,, E)y] (D19)
j=1 Jj=1
= H(Ai,E)y — HALE)y + H(Aiy )y — H(AL)y (D20)
k—1 k—1
+ Y [H(Ai, )y — H@Ay)y1+ D [HAL E)y — HAj,, E)y]
j=1 Jj=1
k—1 k—1 k—1
= H(E|An)y — HALE)y + HAiy, )y + Y H@Ai, )y + Y H(E|Ay)y — > H(A;,, E),  (D21)
j=1 j=1 j=1
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k-1 k=1 k
= (H(E i)y + Y H(E |Aiz,.>w> + (H(Aw,,)w + Y H(Aiy, )y —HALE)y — ZH(Ai(z,l)En)

j=1 j=1 j=2
(D22)
k k
=Y H(EAn)y — Y _H(E|Ai, )y (D23)
j=1 j=1
2k
=Y (~1YH(E|A;)y, (D24)
j=1
where the fourth equality comes from the fact that
m m
> Bi=HA1E)y — H@AWE)y. Y ei=HA 1)y — HAn)y. (D25)

i=n i=n

In the case that the sum Zi,- en(— 1YH(E |Ai;)y is negative, we can find another M-bit string ' satisfying b; = 1 — b;, where b;
is the ith bit of the M-bit string b defined in Eq. (D15). By using the relation in Eq. (D5), we obtain

M
Y [ == (=1YH(E|A;)y. (D26)
j=1 ijeD

It follows that LHS > RHS. |

Proof of Theorem 11. We prove the contrapositive of Theorem 11. Suppose that eqp () = 0. Then /1 () = 0, since the lower
bound /; on the OEC is non-negative. So Lemma 20 implies

—1) . _
max | > (~1H(EIA;)y | =0, (D27)
i;eD
where D is a subset {i1, iz, ..., iy} of the set [M]withk =1,..., [M/2] andi; < i, < --- < ip. By choosing D as a set {i, j}
with i # j, we obtain H(E|A;)y, = H(E|A)y for any i, j. [ |

APPENDIX E: PROOF OF THEOREM 13

To prove Theorem 13, we use the following lemma.
Lemma 21. Let |y),5 be the initial state of the QSR task, and let {R, },cn be a sequence of QSR protocols R,, of [)®" with
error €, whose total entanglement rate r is achievable. If r = 0, then

ep(V, {Rn}) = Ip(¥) (EL)

holds for any nonempty proper subset P of [M], where ep and Ip are defined in Eq. (A11) and Eq. (17), respectively.
Proof. Since r = 0, Theorem 3 and Remark 4 imply that the lower bound /;(1/) in Eq. (19) is zero for each i € [M].
Suppose that there exists a nonempty proper subset Q of [M] such that eg (v, {R,}) # lp(¥). Then Lemma 2 implies

eo(¥, {Rn}) > lo(¥). (E2)
If the size of the set Q is k, then we consider the set Sj of subsets P, of [M] whose size is k, so that Q € S;. Then we can obtain

1 1
0=ea@ {RD)=— 3 en(W. (Ra)>— Y In(¥)=L(¥)=0, (E3)

n ny

P/(ESk Pk ESk
where n; = 2(’,‘;’:12), which is a contradiction. Here, the second equality and the inequality come from Egs. (B5) and (E2),
respectively. Consequently, ep(¥, {R,}) = Ip(¥) holds for any nonempty proper subset P of [M]. |
Proof of Theorem 13. Since r = 0, Lemma 21 implies that
D> e AR = lp(¥) (E4)
icP jePe

holds for any nonempty proper subset P of [M]. This can be interpreted as the following linear equation, if we consider the
segment entanglement rates ¢; ; (¥, {R,}) and the lower bounds /p(vr) as unknowns and coefficients:

M M

DO e jPreij(¥, R = Ip(¥), (ES)

i=1 j=1
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where the coefficient ¢; ;(P) is defined as

if(ieP,jePor(jeP,icP°

1
i j(P)=12
! 0 otherwise.

(E6)

Note that e; ;(¥, {R,}) = 0 and e;;(¥, {R,}) = e; j(¥, {R,}) for each i, j € [M]. In this way, we construct a system of linear
equations for each case as follows.

(i) For M = 3, there exist three unknowns of e; ;(¥, {R,}). Consider the sets P C [3] whose sizes are one. Then, from
Eq. (E4), we obtain that

eiir1(V, {Rn}) + eiiva(¥, {Ry}) = L1y (Y) (E7)

for each i. This can be expressed as a system of linear equations as follows:

10 1\ [fei2(¥,{R.}) Ly ()
1 1 0)les@W, (R =|lz@¥)]. (E8)
0 1 1) \eis(¥,{R:}) lzy(¥)

Note that if we consider other sets P whose sizes are k > 1, then we can have a different representation of the linear equations
in Eq. (E8). By simply solving this system, we obtain

1
e (¥, {R,}) = E(l{i}(lﬂ) + () — Ly (¥)), (E9)

where {i, j, k} = [3], which becomes ¢; ;(, {R,}) = —ljy(¥) = =1 jy(¥), since [ () = 0.
(i) Similarly, the system of linear equations corresponding to the case of M = 4 can be represented as

1 0 0 1 1 0\ /fe2¢,{Rs}) Ly (¥)
I 1 0 0 0 1]]esW,{Ru}) Ly (¥)
0 1 1 0 1 0ffesa . ARD|_| liy@) (E10)
0 0 1 1 0 1]]|es(y,{R:}D) L) |
0 1 0 1 1 1])les,{R.}) lny(¥)
1 0 1 0 1 1) \ews(¥, (R} lpsy(¥)
and its solution is given by
1
€W ARaD = S U () + 1y () = Lijy (¥)- (E1D)

Recall that, for any partition {P, P°} of the set [M], [p() = Ipe () holds. For example, I; 2,(¢) = (3, 4(¢) when M = 4.

(iii) Set N = M(M — 1)/2. If M > 4, the number of unknowns of ¢; ;(¥, {R,}) is N. In this case, it suffices to consider
subsets P, of [M] whose size is two in order to construct a system of linear equations. To be specific, there exist N different
linear equations

M M

DY i Poenj(¥, R = 1n,(¥), (E12)

i=1 j=1
so we have a system of N linear equations with N unknowns. This system of linear equations can be represented as a matrix
equation of the form

Dyxy = by, (E13)

where the matrix Dy, is N x N, and the matrices x,; and by, are N x 1. To describe entries of these matrices, we use a bijective
function fy : [N] — Ty, where T, is the set of all two-element subsets P, of [M]. Then the entries of the matrices Dy, x)s, and
by are given by

0 ifs=t
[Dyls, =31 ifs#¢tand fiyy(s) N fiy(t) # 0 (E14)
0 ifss#tand fl(s)N fu @) =0,
Lenlsn = efy (W, {Ra D), (E15)
(Balsi = Lpy (), (E16)

where [Dy];; is derived from the coefficients ¢; ;j(P,) in Eq. (E12), and ey, (¥, {R,}) indicates the segment entanglement rate
e, (U AR if fu(s) = {is, js} C [M].
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Now, we show that the matrix D), is invertible. Consider an N x N matrix DA}I defined as

Bu/oay ifs=t
[Dy'],, = {vm/om ifs#tand fir(s) N fu(t) # 0 (E17)
“2Jay ifs £t and fuls) N fult) = 0,

where oy = 2(M — 2)(M — 4), By =2 — (M —4)?, and yy = M — 4. For each s # ¢, define subsets 7,()) and Tsfi) of [N] as
follows:

T = {k € IN]:k # s, | fu ) N fu(s)] = 1), (E18)
TP =k € INI:s =kt £k, fu)) N fur(k) # B}, (E19)
T) = {k € N1z s # k. fu(s) 0 fu(k) # 0.1 # k. fu() 0 fir(k) # B}, (E20)
TP =tk € IN1: s #k, fu(s) 0 fu(k) = 0,1 # k, fu(0) 0 fulk) # B). (E21)
The sizes of these sets are given by
|TS(;)} =2(M =2), (E22)
@ _ ) i fu() N fu@) #9
|T“ - {0 otherwise, (E23)
e _ M =2 if fu(s)N fu@)#9
|T” | - {4 otherwise, (E24)
@) _ |M=3 if fu(s) N fu(t) #9
|TS” o {2(M —4) otherwise. (E25)
We obtain that the diagonal entries of the matrix D;/DM are
N
[0 Du],, = Y (D] [Durlys = 22|10 = Ploas —2) = 1. (E26)
’ 1 ’ apm oy

Since the matrix Dy is symmetric, the first equality holds, and by directly comparing Eqs. (E14) and (E17) we obtain the second
equality. On the other hand, observe that the equality

Bu/an ifkeT

: 3)
-1 _ )/M/OlM ifk e T
[Dy ]s,k[DM]k’t | —2/ay  ifk e Ts(é)
S,
0 otherwise

(E27)

holds for any s, ¢, k € [N] with s # ¢. From the above equation, the off-diagonal entries of the matrix DA}IDM are calculated as

N

[Dﬁ_/llDM]s,t = [D/\_/ll]s,k[DM]k’t =
k=1

1
(Bl + wilr?| 207 = . 28)
This shows that the matrix D;ll is the inverse of the matrix Dy, and so xy; = DA_,I1 by. |

APPENDIX F: PROOF OF LEMMA 17

To prove Lemma 17, we use the relative entropy of entanglement [29] between the second user and the third user instead of
the entanglement entropy between each user and the other two users, since the entanglement entropies for the initial and final
states are the same.

Suppose that there exists a sequence {7,},en of LOCC T, of ¢®" with error ¢, such that e; ;(¢, {7,}) = 0 for each i, j and
lim,_, o €, = 0, where the segment entanglement rate ¢; ; is defined in Eq. (11). From the monotonicity of the trace distance [9],
we obtain that

8y = | Tr,y, A, F Y [¢7" ® @] — Tryonmonrtr [7:(6%" @ )], < en- (F1)

Let D(o||t) be the quantum relative entropy between two mixed states ¢ and 7, i.e., D(g||t) = Tr[o(logo — log t)]. Then the
relative entropy of entanglement of pyy is defined by

Ep(X:Y), = i D F2
rR(X;Y), rxyerSIIIEIPI}X;Y) (oxrllTxy), (F2)
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where SEP(X;Y) is the set of all separable states on the system XY . From the continuity of the relative entropy of entanglement
[29], if §,, < 1/3, then we have

2(5,1(1/1 log dB’]B’ZC;Cé + log sz(.n])Fz(.r;)F;u])F}(.uz)) — 8, log ‘Sn) + 46, (F3)

) QN QN = (n) = (n) ., ~ N~ QN = (n) (1)
2 |ER(31 B, F2,1F GG F3,1F3,2)

o (F4)

on o
TrA,] @ @ () ) [ @D, ]

/ ®n ppr @n = (n) 2 (n), 1 N~ @1 y~(n) - (n)
— Ex(B®"B,*"F, ). 1" C, F3,1F3’2)TTA,%,®nF(n)F(n)[Tn<¢®n®\p“)]
I W R

/ ®n py @n - (n) 1=(n), 1 &N~ n - (n) - (n)
z ER(BI B, Fz’l F2s3 GG F3:1 F3’2 )TrA/ @ gy @n ) o) [0 ®P,]
1 2 12713

— Er(B,®"B,*" D31 Dy G "G, Y| DY) (F5)

Tr [¢®"®F,]’
®n 4, ®n (1) H(n) n
AP"AT"D D)3

where the second inequality comes from the fact that the relative entropy of entanglement cannot increase under LOCC [9]. It is
easy to check that two equalities

Trieengopon 97 © ¥l = I3, @ J5E, @ L2, Dpgy @ W3 @ L3, Dy, (F6)
Tr,, @n 4 @npo) [¢®” ®d ] =1%" ® (Jebit) (ebit)®", QIS R I'(2, 1) .o ® o) RIGB, 1)m (F7)
AVRAY RS f n B, B\C, C ni= R 2,3 ni=r AF
hold. Here, the mixed states J, 1,(i, j), I, (i, j), and I are
d m—1 d,m—1

1 . I P 1< o 1
J = ~(100){00] + [11){11]), L,(, j) = AL LG j) = Z G 1= (00 + [1){1]), (F8)

2 dD(_n_) = dF(q) =0 2

ij = ij =

where dm (drw) is the Schmidt rank of the entanglement resource \Ili(';) (<I>§"j) on the quantum systems DE"J.)D;"I) (E(;’)ﬂ('f))
ij i > ’ ’ ’ ’ >

shared by.the ith user and the Jjth user before (after) performing the QSR protocol 7,,. So we obtain

®np @ny(n) nn). ~ ne Qn ) n(n)
ER(BI B, D2,1D2,3’C1 G D3,1D3,2)Tr con g () ) [92" @Y, ] (F9)
ATTAYDIRDY
< nEg(B1By;C1C) + Ex(DS") DS, DY DY) . (F10)
X R\P1D2, “1%2 )Ty 4, (9] R\M 1233132 T o) pony (@]
1,271.3
_ ) ). K ) _
= Er(D3 DY DD 1 (F11)
1,271.3

In the above, the first inequality comes from the subadditivity [30] of the relative entropy of entanglement. The last equality
holds, since Tra, 4,[¢] is separable.
By discarding systems B,®"F,"} and C{®"F,"}, we have

ER (B,l ®nB,2®nF2(fl1)F(n)‘ C;@nC;XmF(n)F(n)

L > E B/®HF(”)’ /®nF(n) F12
235 31 3’2)TrA’1®"A'2®"F1(_"2)F1(_"3)[d,P 0b,] = R(B\7'F G ) (F12)

s\ ®n (n) «
|eb1t)B,l o ®P, ;5

In addition, Bob and Charlie can locally prepare the quantum states 15" ® I;(2, 1)F2(nl) and I?,” ®I'3, I)Fz.('?’ respectively. It
2 s 1 N
follows that

®n y(n), ~ ®n y.(n) ®n py @n (1) 1 (), ~1 N~ @ g (n) (1)
ER(B/I Fz,’; ;G F3,’£)|ebir)§'*c/ Py > Eg (B/I B, Fz,'; Fz,na GG F3,n1 Fs,z )Tr o @ ) [@@n@@n]- (F13)
12 - AT R
From the fact that Ex(X;Y), = H(X), holds for any pure state oxy, we have
/ QN = (n), ~1 N ~(n) _ 7 ®@n 1= (n) _
Er(B\""F,3:Cy Q,z)lebmgzﬂ%@@{g = H(B, F2,3),§n®n®,é(2’3)m = n+logdym. (F14)
Similarly, we have
(n) () . () y(n) _
ER(D2,1D2,3’D3,1D3,2)TrD(lngD(]n%[\Il] = log dDg};‘ (F15)
By using Egs. (F9), (F14), and (F15), Eq. (F5) becomes
S 1
26, log dB’IB’ZC{Q + ;(2 log sz(,nl)Fz(,';)Fs(_"l)F;_"z) —2logé, + 4) + ;(log dD(z;g — log sz(g)) > 1. (F16)

As n — oo, this inequality becomes 0 = e, 3(¢, {7,}) = 1, which is a contradiction. Therefore, it is impossible to transform
two GHZ states shared by Alice, Bob, and Charlie into three ebits symmetrically shared among them via LOCC, even under the
catalytic use of entanglement resource.
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If we consider a nonasymptotic scenario in which users begin this transformation with finite copies of the initial states, whether
the transformation is possible or not under the nonasymptotic scenario with the catalytic use of entanglement is unknown, to the

best of our knowledge.
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