PHYSICAL REVIEW A 103, 062611 (2021)
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Promising access to high-speed quantum networks relies on the creation of high-dimensional entangled mem-
ories that provide quantum communication with higher capacity of noisy quantum channels, thereby reducing
the transmission time of information. Yet, the distribution of multidimensional entanglement between remote
memory nodes is still faintly investigated. We propose an experimentally feasible protocol of deterministic
generation of high-dimensional entanglement between distant multilevel atoms confined in high-finesse optical
cavities and driven by laser pulses. Three-dimensional entanglement is generated deterministically between
remote atoms by triggering a two-photon wave packet, which mediates a superposition of states chosen by the
laser pulse parameters. The efficient transfer of atomic states between remote nodes allows the construction of a
three-dimensional quantum repeater, where the successful creation of entanglement can be verified by a simple

method for reliable measurement of atomic ground Zeeman states.
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I. INTRODUCTION

Quantum entanglement is a fundamental resource to re-
alize quantum networks [1,2] and long-distance secure key
distribution [3,4]. In the quantum internet [5,6], quantum
repeaters (QRs) are a promising approach, enabling long-
distance quantum communication over lossy channels, where
the entanglement distribution between distant matter nodes
is usually obstructed by the exponential loss of photons and
ubiquitous decoherence over the communication line. The
QRs comprise local quantum memories, which are designed
to store, process, and release the quantum information in a
reversible manner, while quantum channels link the nodes by
transmitting photonic states with high transfer fidelity [7-10].
A number of QR protocols have been proposed during the
last two decades [9,10]. However, the predicted times in these
schemes for the overall entanglement distribution at large
distances are very long compared to the realistic quantum
memory lifetimes. The communication rate is limited not only
by the time required to correct the operational errors and
photon losses, but mainly due to the probabilistic nature of
both the entanglement generation caused by ineffective atom-
photon coupling in matter nodes and entanglement swapping
due to the incomplete Bell-state detection [9-13]. As a result,
a desired outcome is obtained only after many unsuccess-
ful attempts necessitating the need for long-lived quantum
memories. To date, the efficient coupling between a single
photon and quantum emitters has been implemented in op-
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tical cavities [14] and in one-way all-photonic QRs where
the emitter spin and photons are deterministically coupled
[15-19]. Note, however, that the complexity of all-photonic
structures yet poses a major obstacle to the realization of
large-scale QRs. Another way to significantly improve QR
efficiency, which is widely studied in recent years [20-25]
(for an overview see [24]), is the creation of high-dimensional
(HD) entangled memories and photonic states offering high
data capacity and noise immunity in quantum communication.
In this regard, the orbital angular momentum (OAM) states of
photons provide ample opportunities [23—-26], since the OAM
mode space is practically unbounded, which allows encoding
information with very high degrees of freedom. Nevertheless,
the reconstruction of the density matrix for high-dimensional
entanglement of OAM states is difficult due to the growing
amount of measured quantities as the system increases in size.

Our proposal to overcome these challenges is to construct a
QR protocol that combines (i) the deterministic generation of
high-dimensional entanglement over the elementary links via
multiphoton exchange and (ii) near-deterministic swapping of
entanglement between the entangled pairs. In this paper, we
focus on the scheme of entanglement generation between two
distant nodes.

The proposed scheme consists of single F-Zeeman-
structured multilevel atoms, with —F < mp < +F, trapped in
high-finesse optical cavities. This system has an important ad-
vantage compared to the ensemble-based protocols, in which
the deterministic storage and retrieval of a single photon is
deteriorated by multiphoton errors. The latter are amplified,
when the probability of conversion of the atomic spin excita-
tion into photons is increased thanks to collective interference.
This imposes significant limitations on the performance of the
protocols based on a single-photon detection [9].

©2021 American Physical Society
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FIG. 1. Entanglement generation between remote atoms via two-photon exchange. The insets show the atomic level structure and
interaction of the atoms with laser fields €2;, and external magnetic field B applied along the cavity axis. The sequence of o ~-polarized
cavity photons (thin red lines) are generated in the left and absorbed in the right cavities. The initial populations of atomic states are shown by

filled circles.

The cavity enhanced atom-photon interaction opens a way
for efficient interconversion of photonic and atomic states
enabling faithful transfer of quantum states between remote
atoms in a small-scale network. Here we focus on two-photon
transfer, because in this case, as shown in a recent work on
the deterministic transfer of photonic qutrit states between
two distant atoms [27], the information is not less protected
from transmission losses even over large distances than the
photonic polarization qubit in conventional protocols.

For alkali atoms, the corresponding configuration of atom-
photon interaction is shown in Fig. 1 for the §;,(F =1) —
Pi/»(F' = 2) transition, where the upper states F' =2 and
F' =1 are well separated. In the sending node A, the atom is
initially prepared, e.g., in the ground state mp = —1 (Fig. 1,
left) and interacts with a linearly polarized control laser pulse
Q1 (t) and left-circular polarization (o ~) component of cav-
ity photons in the Raman configuration with intermediate
state F’ = 2. Hereafter, all physical quantities in the first
and second cavities are labeled with indices 1 and 2, re-
spectively. This interaction coherently distributes the atomic
population over the Zeeman sublevels mrp = —1,0, 1 with
different amplitudes, meanwhile generating two photons in
the cavity. Atomic population amplitudes and photon tem-
poral profiles are deterministically controlled by the laser
pulse under realistic high signal-to-noise ratio. An external
magnetic field applied parallel to the cavity axis removes the
Zeeman degeneracy to finely tune the o~ -polarized cavity
photons to the two-photon Raman resonance on the mp —
mp + 1 transition, as well as to quench the decoherence of
the atomic superposition state by ambient magnetic fields.

The cavity photons are efficiently coupled to a low-loss
single-mode optical fiber as a multiphoton wave packet. The
fiber transmits it to the receiving system B (Fig. 1, right),
where a single atom, initialized in the state mp = +1, inter-
acts with a linearly polarized €2,(¢) laser pulse. It induces a
controlled reversed absorption of the incoming photons with
unit probability, thus creating a three-dimensional entangle-
ment between three-level ground states of the sending and
receiving atoms. The shape and intensity of the €2,(¢) laser
pulse is derived from the key requirement to entirely exclude
the photon leakage from the second cavity indicating that
the quantum output field is zero at all times. Importantly, the
absorption amplitudes of the photons in the receiving node
are not sensitive to their spectral properties due to the integral
dependence on the photon temporal profiles (see Sec. III A).
Under these conditions, the entanglement generation between
nodes is much faster than the decoherence time of entangle-
ment. To the best of our knowledge, this proposal is the first
protocol for entanglement creation between atomic qutrits,
which can be directly extended to higher dimensional (d > 3)
atomic states using the results of Ref. [31].

Different from the probabilistic protocols [9], the entan-
glement between two distant memories is implemented in
our scheme by direct transfer of photons, and does not arise
in a “heralded” way. At the same time, the heralding of
the successful entanglement makes the process resistant to
operational errors such as fluctuating photon arrival times
and detector inefficiency [9,12,13,28,29]. However, the im-
plementation of this approach in our case of multiphoton
absorption is not yet available. Instead, to verify the successful
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storage of incoming photons into the second node we propose
a simple method for reliably measuring the ground state of the
receiving atom.

This paper is organized as follows. In the next section, we
present the interaction setup and solve the evolution equations
for the atomic state amplitudes and the cavity field. The nec-
essary conditions for deterministic generation of o ~-polarized
cavity photons in the sending node A are derived. We calculate
the populations of ground Zeeman states of the atom for dif-
ferent durations of the Gaussian pumping laser and obtain the
temporal profiles of emitted photons. These data are important
to control the entanglement between the atoms. Here we find
also the final state of the quantum field produced from node
A. In Sec. III, the complete absorption of incoming photons
at node B is calculated under strongly prohibiting the photon
loss from the second cavity. We demonstrate the creation of
three-dimensional entanglement between the atoms with the
maximally entangled two-qutrit state. Here we also present
a scheme for measuring the atomic ground states, which is
designed for testing the robustness of our scheme against
the noisy local operations and photon losses in the quantum
channels. We summarize the results in Sec. I'V.

II. DETERMINISTIC PRODUCTION OF TWO-PHOTON
PROPAGATING STATE FROM THE SENDING CAVITY

A. Model

To describe the production of the cavity photons in the
sending node A in Fig. 1, we use the method for deter-
ministic generation of a stream of multiphoton pulses in
a single atom-cavity system proposed in [30,31]. The off-
resonant Raman scattering of the linearly polarized €2; laser
field generates o ~-polarized cavity photons on the transitions
|F' =2, mp = mp); — |F =1, mp 4+ 1) with the coupling
strength g, thus transferring the atom into the next ground-
state Zeeman sublevel mp + 1. The quantization axis is taken
parallel to the cavity axis and to the external magnetic field,
which is chosen strong enough to prevent the generation
of right-circular polarization (¢ +) component of cavity pho-
tons due to their off-resonant interaction with the atom. The
one-photon detunings A, taken the same for both atoms
in nodes A and B, are chosen (i) small enough compared
to the upper level hyperfine splitting, but (ii) much larger
than the cavity decay rate k, the natural spontaneous decay
rate ys, of the atom and the Rabi and Larmor frequencies:
IA] > k, v, Q1(0), |AY) Here AYF) = oF) 1B/ is
the Zeeman splitting of the ground and excited states in
the magnetic field B, with g(LF ") the Landé factor and
up the Bohr magneton. These conditions allow one to
neglect the spontaneous losses from upper levels and de-
phasing effects induced by other excited states. In this
far off-resonant case and for slowly varying laser fields,
dQ(t)/dt <« AQ(t), one can adiabatically eliminate the up-
per atomic states and define the effective Raman atom-photon
coupling:

G1 = ng/A. (1)
We describe the laser pulse as

Ei(t) = &£ (t) exp(—iwt) + H.c., )

where fi(t) features its temporal profile of duration 7; and
& is the peak amplitude defining the one-photon detuning
A = wrp — o and the peak Rabi frequency Q) = up & /h.
For simplicity, we assume here that the dipole matrix elements
wrpp of the |F', mp) — |F, mp) transitions do not depend on
the magnetic quantum numbers. This actual dependence can
be easily taken into account in the numerical simulations as is
shown in Ref. [31]. Hereafter the phase of &£, serving as the
phase reference, is taken as zero without loss of generality.

The process of producing photons from the sending node
is deterministic if it can be controlled by the laser pulse 2;(¢),
for which two basic requirements must be met. First, the
generated photons must leave the cavity before they can be
reabsorbed by laser-stimulated Raman scattering on |F = 1,
mp + 1)1 — |F = 1, mp); transitions, that is, the two-photon
Rabi oscillations with frequency G| must be slower than the
rate of photon leakage from the cavity,

|G| < k. 3)

Secondly, all relaxation processes including the optical pump-
ing from |F, mp); into states |F, mp £ 1);, and the loss of
atomic populations due to spontaneous decay of the upper
state |F’ = 2); into the states outside the system should be
negligible compared to the cavity photon generation rate oy =
4G%/k, that is, o1 f1(t) > 1 (¢), where I'((¢) = Z—Efl (H)ysp is
the total spontaneous decay rate induced by the €2;(¢) pump
pulse [31]. This defines the signal-to-noise ratio or the single-
atom-cavity cooperativity C,. [32],

c - afilt) _ 4¢%
¢ 1_‘l(l‘) szp

Ry = > 1. “4)

This condition is clearly fulfilled in high-finesse optical cavi-
ties with g > k, yqp.

After adiabatic elimination of the upper states, the effective
interaction Hamiltonian in RWA takes the form,

F
& Q
H = h|: Z (Zalal +f1([)Xl>UmF»’71F

r=—F

F—1
+Glf]1/2(t) Z (aT(t)omFH,mF(t)+H.C.)], ®))

mp=—F

where o; ;(t) = |i)1(jl1 and al(t),ai'(t) are the atomic and
photonic mode operators in the first cavity, respectively. The
two first terms in Eq. (5) describe the Stark shifts of atomic
ground states induced by the cavity field and laser pulse €2;(¢),
respectively. With the adopted approximation of equal dipole
moments, the Stark shifts induced by the laser field have
no influence on the photon generation, since their difference
between two neighboring atomic ground states is zero for all
transitions my — my + 1, while the Stark shift g/ A can be
included in the cavity mode frequency. In real atoms, where
the dependence of g and ©2; on Clebsch-Gordan coefficients
leads to nonvanishing Stark-shift difference, the latter can
be made negligibly small as compared to the cavity decay
rate k by appropriately choosing the system parameters (see
Sec. III C in [31]).
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B. Evolution of output photonic state

The elementary link in our QR protocol is a cascade sys-
tem consisting of two consecutive cavities in a chain, where
the subsequent cavity is driven by photons coming from the
previous cavity [33,34] without photon reflection. Our goal
is to absorb the incoming photons in the second cavity with
a unit probability, which requires precise knowledge of the
imperfect control of the wave functions of emitted photons by
the €2;(¢) laser in order to correct operational errors, primarily
fluctuations in the time of arrival of photons, as indicated in
Introduction.

Here we obtain the output state of the emitted photons from
their total flux defined in units of photons per unit time by

dngy(t)
dt

where ngy () is the mean number of photons emitted from
the first cavity in the time interval (—oo,t]. The output
field aj o () is connected to the input a;i,(t) and cavity
mode a, () operators by the input-output relation a o (t) —
arin(t) = \/%al(t) [35], and a;(¢) is obtained through the
atomic operators from the Heisenberg-Langevin equation
along with the Hamiltonian (5) and in the adiabatic limit
kTy > 1as [31]

= (a] g (a1.ou (D)), (6)

21G
Q) Z Gty (1) —

mp_—F

a(t) = )

«/_al in(2)-
In the sending node, the input field a; i (t) is in the vac-
uum state (aiin(t)al,in(t)) = 0 and will be ignored in further
calculations.

Then, combining Egs. (6) and (7), we have

dnout(t)
dt

aifi(t) Z (O, (1)), ®)

mp=—1

where the equations for the Zeeman sublevel populations
(Omp (1)) = (Omp.mp (¢)) with arbitrary F were derived in [31]
from the master equation for the whole density matrix of the
system. For F = 1, they are solved from the initial conditions
(o0_1(—00)) = 1, {0p(—00)) = (01(—00)) = 0. Using condi-
tion (4) to neglect the spontaneous losses, we get

(o_1(1)) = e, (9a)
(o0(1)) = B (t)e ", (9b)
0
(o) =1~ Y {ow, (1)), (%)
mp=—1

where the variable
t
V() = ay / fi@Hdt' (10)

is proportional to the €2(¢) pulse energy confined in the
(—o0, t] interval. Meanwhile, in the absence of Rabi oscil-
lations, the atomic coherence is always zero (0, m, (1)) =0,
mp # mp.

The wave functions ®py(¢) of the two emitted photons can
be derived from the total flux (8) as a sum of the first and

second photon fluxes, proportional to the atomic populations
(o_1(t)) and (o9 (?)), respectively:

dr;t(t) = P10 = anfir)e™", (11a)
dn:zlt(t) = |Pu®’ = i@ ®e "V, (11b)

where ®yy;(7) having the phase of control field €2, (¢) are real.

Having thus obtained the photon wave functions, it remains
to construct the final state of the sending cavity and outgoing
photons. In the model we consider, the basis states of the
sending system at asymptotic times ¢ > k~! are the tensor
product state of (i) atomic ground Zeeman states |mp) with
(ii) photonic states |j) corresponding to free propagating o ~-
polarized j photons of frequency w,, which are coupled to a
single-mode optical fiber, and (iii) the vacuum cavity mode
state |0);.. The final state |¥| ,(¢)) can be then expanded
in this basis as an entangled state between the atom and the
outgoing light, of the form,

1
W1 fin) = ( Z Bung,jlme)ilj = mp + 1>ph>|0>6a (12)

mF:—l

where the real coefficients 3, ; are probability amplitudes of
the atom asymptotically in the state |mg); corresponding to
the photon number j = mp + 1. Since the second index j of
Bumy,j is uniquely determined by mp, we will safely omit it
below.

The photonic states [j =1),, = |1¢,)|00,) and |j =
2)pn = |1e)|1e,) can be defined as the product of single-
photon states with wave functions ®;, &y introduced in Eq.
(11). These states are defined as bj|0<b,~> = |1g,), where the
independent operators b;,i = I, Il have the standard boson
commutation relations [b;, bZ] = §;. In this case, the operator
ap,out(t) is expressed through b; as [36]

I

arou(t) =Y ®i(t)b;, (13)

i=I
which gives

=Y 1 ®i0)lne, — ine,).  (14)
i#k

aj out(t)|n<l>1 |n<l>n

Using the relations ,B,iF = (O, (00)), followed from Eq. (12)
and Eq. (9), B, are found to be

Bunp=—i,jmo = € "2, (15a)
Bup=0,j=1 = [(00)e™ " ]/2, (15b)
Brp=t j=2 = [1 — (1 + ¥(00))e "I/ (15¢)

We show in the next section that these coefficients de-
termine the amount of entanglement between the sending
and receiving atoms. The dynamics of the atomic pop-
ulations (o, (t)) is shown in Fig. 2 for three durations
T; of a Gaussian ©(r) laser pulse f(t) = e /™’ where
the realistic parameters (g, k, ysp, 1, Ak, AE L A) =27 x
(12,3,5.87,7,—12,4,100) MHz [37,38] were used to en-
sure a high cooperativity in Eq. (4): C. ~ 30. We list
the numerical results for ﬂfw in Table I. For the case of
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FIG. 2. Evolution of atomic populations of the ground Zeeman
states |myp = —1); (red), |mp = 0); (blue), and |mr = +1); (black)
for three durations 7y = 0.75 us (a), 0.22 us (b), and 0.12 us (c) of
Gaussian laser pulse fi(z) = eIt (dashed line). The atom is ini-
tially prepared in the states |FF = 1, mp = —1),. For the parameters
see the text.

Ty = 0.12 ps, the photon wave functions ®yy(¢), which are
real and positive, are shown in Fig. 3. We observe that the
photons have different pulse areas, which can be an issue for
creating the maximal entanglement between the atoms. This
is discussed in Sec. IIT A.

TABLE I. Populations of the sending atom in Zeeman states
|F =1,mpy =—1,0,1); for three durations 7. The last column
shows the amount of entanglement between the atoms.

Ty (1) B2, B3 B? E
0.75 0.00065 0.0048 0.995 0.051
0.22 0.11 0.25 0.64 1.27
0.12 0.31 0.36 0.33 1.58

c L Lo =
B~ o o o
s s

Wavepackets

o
o

<
o

FIG. 3. Wave functions of the photons (indicated on the curves)
corresponding to the dynamics shown in Fig. 2(c).

III. ENTANGLEMENT GENERATION
VIA ELEMENTARY LINKS

For the system of cascade memories in Fig. 1, assuming no
losses in the communication channel, the final state Eq. (12)
serves as an input state for the receiving node, where the atom
with the same level configuration is initially prepared in the
state |FF = 1, mp = 1),. Thus, the initial state of the receiving
system is given by

1
[Wain) = It = 1>2[ D Bulmenlj=mp + 1>,,h}.

mp=—

(16)

The atom interacts on the transition |F = 1, mp = 1), —
|F" =2, my = 1), with the linearly polarized laser pulse of
frequency w, duration 75, and the peak Rabi frequency €2,
which can be different from €2;. Similarly, the same magnetic
field as in the sending node is applied to provide two-photon
resonant Raman transition with o ~-polarized cavity photons.

The key requirement for complete storage of incoming
photons in the receiving node is to prevent reflection or leak-
age of photons from the second cavity, which implies that the
output quantum field is always zero. This amounts to formally
setting

a2,0ut(t) =0 a7

in the input-output relation as ou(#) — a2,in(t) = x/Zag(t) for
the second cavity. Then, using ayi,(*) = aj ot — 7), We
have

1
a(t) = _ﬁal,oul(t — 1), (18)

where T = L/c with L the distance between the nodes is the
time needed for the photons to travel from one cavity to the
next. In the theory of cascade systems, which is also our
scheme, it is assumed that the dynamics of the receiving node
does not depend on L [33,34]. However, this is true only if
the path length fluctuations change 7 insignificantly. Due to
these fluctuations the incoming photons undergo the phase
noise during the travel time. In a long fiber, the phase noise
has been measured over the scale of photon travel time in
[39] using Mach-Zehnder interferometry. The results show
that the phase over the 36-km-long interferometer remains
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stable at a level of 0.1 rad for the duration of around 100 us,
which corresponds to a path length fluctuation of several tens
of nm for a wavelength 1550 nm and even less for visible
light. Obviously, this induces a negligible change in the delay
time, which justifies the above assumption. This allows safely
omitting 7 in all equations.

A. Photon storage in the receiving node. Maximally entangled
state of two atoms

The dynamics of photon absorption in the receiving system
is governed by an effective interaction Hamiltonian in the
form,

H=hf,>()[G5(00.1+ 0-1.0)a2(t) + Gadl (1 )(01.0 + 00.-1)],
(19)

where o, ; = |mp =i)2(imp = j|, are the operators of the
receiving atom, G, = g€2,/A, and f,(t) represents the time
profile of the pumping laser in the second cavity.

In general, the state of the receiving system can be
expanded as

W2 (1)) =

Z By Imre )1

1
Y Vi jOlmE)lj = mp +mp) . (20)

mp=—mp

where yj, ;(t) are the amplitudes of the probabilities that at
time ¢ the receiving atom is in the state |/ ), and the number
of incoming photons is j = mp + mp provided that the first
atom is in the state |mp);. They satisfy the normalization
equation,

1 1
YD B aaem OF =1 1)

mp=—1mp=—mp

The structure of Eq. (20) is the result of the double action of
the first term of the Hamiltonian (19) on the initial state (16)
and shows that the photons are partially entangled with both
atoms, which is evidenced by the dependence of the photonic
state on magnetic numbers of two atoms. Initially, the photons
are entangled with the first atom shown in Eq. (16), but not
with the second one. However, under the conditions derived
below, the photons are completely absorbed by the second
atom leading to the conversion of the atom-photon entan-
glement into the entanglement between the two atoms with
maximum value at 8; =1/ V/3. The entire dynamics of this
effect is captured by the evolution of the coefficients v, ;(2),
as we show further.

We find y;, ;(¢) from the Schrédinger equation for W (1))
with the use of the Hamiltonian (19), where the operator
ay(t) is replaced by aj o (t) from Eq. (18) with 7 = 0. We
recognize that the action of the latter on the two-photon state
1o, 1o,) generates, according to Eq. (13), the superposition
of two one-photon states,

Z (1)), (22)

l+*

a out(t)|1<l>|a lGDH -

which arises in the equation for y;,—o j—1(t). Here ®,(¢) =
@i(t) £ Pu(r) and |+) = f(|1¢[, 0oy ) £ 100, Loy ). A key
approximation to achieve the complete absorption of the pho-
tons consists in considering

n() ~ @), (23)

with the variables,

nt) =2/ f £ HeuhHar (24a)

(=2 / /2.t (24b)
featuring the time integral of the photon fluxes multiplied by
the profile of the second laser driving the receiving node.

How to satisfy this approximation is discussed below. This
implies taking only the leading term ®_(#) into account in
Eq. (24) while integrating the Schrodinger equation. This
gives a simple form for the equations of y, ;(t):

dyoo(t) i

e zyl,l(r)e—m, (25a)
d”;y‘}“ ) _ %yo,o(t)e“ﬂz, (25b)
"V;—;‘” —o, (250)

and
dV;,é(l) _ %(m,z(l)fm + y-10(t)e'*?),  (26b)
LI — e, (260)

where ¢, is the phase of €2, field.

These equations are solved with the initial conditions
y1.i(—00) =1,i =0, 1,2, and zero for the remaining coef-
ficients, which are obtained by comparing Eq. (20) with the
initial state (16). For ¢, = 7 /2, we get

vi0(t) =1, yo0() =sin[n®)/2], y1.1(t) = cos[n(t)/2],
27
and
1
Vi2(t) = 5[1 +cos ¢ (1)], (28a)
Yo1(t) = % sin ¢ (¢), (28b)
1
y-_1,0() = 5[1 —cosZ(1)], (28¢)

which satisfy Eq. (21).

It is evident that the complete absorption of photons in the
second cavity is achieved, when the time profile of the second
laser is such that both integrals (24) are ultimately 7:

1n(00) = ¢(00) =, (29)

062611-6



DETERMINISTIC GENERATION OF HIGH-DIMENSIONAL ...

PHYSICAL REVIEW A 103, 062611 (2021)

n(0), (9

kt

FIG. 4. Variables 7n(¢) (red) and ¢ (¢) (blue) as functions of time
for 2, =4, and T} = T, = 0.12 us. The profiles fi,(¢) of laser
pulses are shown by red and blue dashed lines, respectively.

because in this case only the amplitudes y; o(c0) =1,i =1,
0, —1, remain different from zero, indicating that, at large
times ¢ > 75, the quantum field is in the state |j = 0),, with
zero photon number, while the second atom occupies the
Zeeman states with mp = —myp.

The described process is two consecutive m-pulse excita-
tions of two Raman transitions |F = 1,mp = 1), — |F =1,
mrg = 0)2 and |F = l,ﬁlF = O>2 — |F = l,ﬁlF = —l>2 with
effective (two-photon) pulse areas n(oo) and ¢ (00), respec-
tively, which ensure the photon storage into the ground states
of the second atom with unit probability.

Under condition (29), two atoms ultimately turn out to be
in a pure entangled state in the three-dimensional space of
atomic states,

1
[Whn)12 = |Wa(00)) = Z Bmplme)1| —mp)s. (30)

mF=—l

The entanglement between the atoms, characterized by the
quantity £ = — Zylan—l ,3,%” log, ,631F [40], is maximal for
equal B, = \/% This case leading to Epax =~ 1.58 is realized
with a high accuracy for 7} = 0.12 us as shown in Fig. 2(c).
The corresponding values of 8, are given in Table 1.

The robustness of our results is defined only by the stability
of laser pulse energy, because as follows from Eqs. (10), (15),
(24), (27), and (28), the coefficients B; and y;;, and hence,
the entangled state of the first atom and the outgoing photons,
Eq. (12), as well as the final entanglement between two remote
atoms, Eq. (30), depend only on the total energy of the pump
pulses. The energy stability factor [(max - min)/mean] of
modern nanosecond lasers usually does not exceed 5% (see,
for example, [41]). As calculations show, this is an accept-
able value in order to neglect laser energy fluctuations in our
scheme.

The different dependence of n(oco) and ¢(oco) on wave
functions ®1(r) and &y (¢) gives rise to the question of simul-
taneous fulfillment of Eq. (29), as was pointed out in Sec. II B.
There are many possibilities to overcome this difficulty by
correctly choosing the parameters of the system, primarily for
the 2, () laser field. We exemplary show in Fig. 4 that one can
reduce the contribution of ®y(¢) by delaying the laser pulse
2,(t) turning on with respect to the incoming photon pulses
(see Fig. 3). In this case, the condition (23) is well satisfied for

PBS

D - W

2@

FIG. 5. Setup for measuring the Zeeman states of the second
atom at node B. The states |mp = —1), and |mp = +1), of the
receiving atom are converted into o ~- and o T-polarized single pho-
tons, which are separately detected at the output ports D1 and D2,
respectively, passing through a A /4 plate and PBS.

any time moment being insensitive to the spectral properties
of the photon pulses. In the two other cases of 7} = 0.75 us
and 71 = 0.22 us shown in Fig. 2, the conditions (29) are
implemented in a similar way, leading, however, to smaller
entanglement between the atoms due to inhomogeneous dis-
tribution of the sending atom population over the Zeeman
states (see Table I).

B. Atomic state detection

In our protocol, where the photon losses are considered
negligible and the detectors have high efficiency, the en-
tanglement succeeds with unit probability. In practice, the
robustness of the proposed repeater has to be tested against
inevitable noise in local operations and losses in quantum
channels, although the latter is tiny within the fiber-channel at-
tenuation length. The issues with photon losses occur at larger
distances; this has been thoroughly discussed in our previous
work [27]. The effect of both photon loss and imperfect factors
can be addressed by photon-heralding measurements, which,
however, are challenging with our multiphoton protocol. In-
stead, we propose here to verify the successful storage of
incoming photons in the second cavity by using a scheme for a
reliable measurement of the ground Zeeman state populations
of the second atom.

The schematic setup for atomic state detection is shown in
Fig. 5, where the receiving atom is driven on the S/, (F =
1) = Pi;p(F' = 1) transition off-resonantly by a linearly po-
larized laser pulse Q3(¢). The latter generates a o*- or
o ~-polarized cavity photon with probabilities :3:2,:1» respec-
tively, dependent on the state of the atom. To detect these
photons, we propose to use a two-mode cavity similar to that
employed in [42,43]. The first cavity mode is coupled to the
atomic F = 1 — F’ = 2 transition (Fig. 1) and supports the
efficient storage of incoming photons, while the second mode
with frequency of Q3(t) enhances the atomic state readout
signal. A weak magnetic field B is applied to reduce the local
magnetic field fluctuations. The emitted photons pass through
a quarter-wave plate (A/4), which converts left and right cir-
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cularly polarized photons to be horizontally (H) and vertically
(V) polarized, respectively. Upon reaching the interface of
a polarizing beam splitter (PBS), the H polarized photon is
reflected to the D, detector, while the V polarized photon goes
straight to the D, detector. Thus, the states |my = +1), and
|mp = —1), of the receiving atom are selectively measured
by single-photon detection. In the ideal case, the number Ny
of the events with detection of o - and o ~-polarized photons
should be related as Ny /N_ = B2,/B} according to Eq. (30).
Deviations from this value will make it possible to determine
the sources of imperfect transmission of photons. In this sense,
the simplest situation to analyze is given in Fig. 2(a) (see also
Table I, 71 = 0.75 us), where only the state |y = —1), of
the receiving atom is populated as the result of two-photon
absorption. Correspondingly, the fidelity of the measured den-
sity matrix p, of the second atom with the calculated state
(30) contains only one term F = (mp = —1|p2|imp = —1),
to be analyzed statistically. In the state |y = 0),, the atom
does not interact with the linearly polarized 23(¢) field, so
no signal appears at PBS output. This state is then measured
by applying a laser pulse tuned to the Sip(F =1,mp =
0) = Pip(F' =2, mp = 0) transition with a proper detun-
ing, which triggers the emission of a o*- or o~ -polarized
photon at the frequency of the first cavity mode on the tran-
sition (F =1, mrp=—-1)— (F =2, mr=0) or (F =1,
mp = 1) — (F' = 2,mp = 0), respectively. The detection of
this photon without discrimination of its polarization indicates
that the atom is in the state |mp = 0),. Furthermore, the en-
tanglement created between the atoms according to Eq. (30)
can also be verified using the scheme in Fig. 5 at both nodes
A and B. Upon converting the states of two atoms into the
single photons and detecting the latter as the o= events, one
can make sure that a ot (07) event at node A is always
accompanied by the o~ (o ™) event at node B. If the atoms
are in the states of my = mp = 0, the absence of an output
signal must be registered simultaneously at two nodes. The
tomography data for the last case can be obtained by detecting
again one photon from each node emitted from upper states
(F' =2, mp =0) and (F' = 2, mp = 0) of the atoms, as de-
scribed above. Then, using only the successful attempts of
two photon detection, the density matrix of the system can
be reconstructed, from which the amount of entanglement can
be obtained with high accuracy, if all conditions we use in

our calculations are experimentally kept. Finally, we note an
especially important possibility of functional integration of
this scheme into QR structure at the stage of entanglement
swapping between the entangled pairs.

IV. CONCLUSION

We have proposed a protocol for generating multidimen-
sional entanglement between remote atoms in the space of
atomic states of higher dimension than two. We have de-
veloped an experimentally feasible model for deterministic
generation of three-dimensional entanglement between two
distant atoms trapped in optical cavities and exchanging two
photons. We have carried out the detailed analysis of a loss-
less evolution of the entanglement up to the creation of the
maximally entangled two-qutrit state of the atoms. In realistic
conditions, the maximal entanglement has been calculated
numerically to be 1.58, far above the two-dimensional limit
of 1. The conditions for deterministic production of two pho-
tons from the sending cavity and their complete absorption
by the receiving atom have been determined. The necessary
condition in the latter case has been formulated explicitly
by Eq. (17), which is a universal requirement to prohibit the
reflection or leakage of incoming photons from a cavity. To
test the robustness of our scheme against the imperfect local
operations and photon losses in the fiber-quantum channel,
we have proposed a technique, which is based on a reliable
measuring of ground Zeeman states of the atoms and is simple
to implement.

These results are the basis for performing an entanglement
swapping operation between entangled pairs, which is under
investigation.
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