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We study a broad class of quantum process discrimination problems that can handle many optimization
strategies such as the Bayes, Neyman-Pearson, and unambiguous strategies, where each process can consist
of multiple time steps and can have an internal memory. Given a collection of candidate processes, our task is
to find a discrimination strategy, which may be adaptive and/or entanglement assisted, that maximizes a given
objective function subject to given constraints. Our problem can be formulated as a convex problem. Its Lagrange
dual problem with no duality gap and necessary and sufficient conditions for an optimal solution are derived. We
also show that if a problem has a certain symmetry and at least one optimal solution exists, then there also exists
an optimal solution with the same type of symmetry. A minimax strategy for a process discrimination problem
is also discussed. As applications of our results, we provide some problems in which an adaptive strategy is
not necessary for optimal discrimination. We also present an example of single-shot channel discrimination for

which an analytical solution can be obtained.
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I. INTRODUCTION

A quantum process, which is a mathematical object that
models the probabilistic description of quantum phenomena,
plays a fundamental role in quantum information theory.
Identifying a quantum process is of great importance to
characterize the behavior of quantum devices. We focus on
the situation in which a process is known to belong to a
given finite collection of processes; our goal is to deter-
mine which one is used. This problem often arises, e.g., in
quantum communication, quantum metrology, and quantum
cryptography.

Quantum states can be regarded as a special case of quan-
tum processes. Since the seminal works of Helstrom [1],
Holevo [2], and Yuen et al. [3] appeared in the end of the
1960’s and 1970’s, quantum state discrimination has been
extensively investigated [4—13]. This problem can be formu-
lated as a semidefinite programming (SDP) problem (e.g.,
Refs. [14,15]), which allows us to easily analyze proper-
ties of optimal discrimination. Many optimization strategies
can be considered, among which it is necessary to choose a
suitable one depending on the problem being solved. Possi-
bly the simplest practical strategy is to find discrimination
maximizing the average success probability, which is of-
ten called minimum-error discrimination. The Bayes strategy
[2,3,16] and the Neyman-Pearson strategy [16—18] are also
frequently used. As other strategies, discrimination maximiz-
ing the average success probability has been investigated
subject to several constraints: for example, errors are not
allowed [19,20] (which is called optimal unambiguous dis-
crimination), the average error probability does not exceed a
fixed value [21-23], and the average inconclusive (or failure)
probability is fixed [24-26] (which is referred to as optimal
inconclusive discrimination). In the case in which the prior
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probabilities of the states are unknown, to optimize discrim-
ination, several strategies based on the minimax criterion
have been investigated [27-31]. Moreover, a generalized state
discrimination problem, which can handle all of the above-
mentioned strategies, was proposed [32]. In these studies,
necessary and sufficient conditions for optimal discrimination
have been formulated. These results help us to find analytical
and/or numerical optimal solutions.

A quantum process discrimination problem is more general
and often more difficult to solve than a state discrimination
problem. States, effects, measurements, channels, and super-
channels are all special cases of quantum processes. In this
paper, we are concerned with the task of discriminating quan-
tum processes each of which can consist of multiple time steps
and can have an internal memory. Process discrimination (in
particular in the cases of single-shot and multishot channels,
including measurements) has been an active area of research
for at least the past two decades. Discrimination of two
quantum processes with maximum average success probabil-
ity has been widely studied [33—41]. Optimal unambiguous
discrimination [42-45], optimal inconclusive discrimination
[38], and the Neyman-Pearson strategy [46,47] have also been
investigated. It is well known that the problem of finding
minimum-error discrimination between two channels can be
formulated as an SDP problem [48-50]. In the more general
case of more than two processes that can consist of multiple
time steps with or without memory, the problem has been
shown to be formulated as an SDP problem [51] (see also
Refs. [52,53] for the case of single-step processes). Note
that such a problem can handle adaptive (feedback-assisted)
and/or entanglement-assisted discrimination. However, in
particular in the case of multistep processes, only a few
optimization strategies have ever been reported; these re-
sults cannot readily be applied to many other optimization
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strategies. Moreover, the properties of optimal discrimination
are not known except for some special cases.

In this paper, we address generalized process discrimi-
nation problems, which are applicable to a broad class of
optimization strategies including all of the above-mentioned
ones. Our approach can significantly reduce the required
efforts for analyzing this class of process discrimination prob-
lems compared to analyzing these problems separately. We
show that our discrimination problems are formulated as con-
vex problems, which are a generalization of SDP problems.
Convex problems are well understood, and thus our formula-
tion allows us to easily investigate the properties of optimal
discrimination. Note that the problems addressed in this paper
can be interpreted as an extension of generalized state discrim-
ination problems treated in Ref. [32]. However, the techniques
used in Ref. [32] cannot directly be used for our problems;
process discrimination problems are much harder to analyze
than state discrimination problems.

The paper is organized as follows. In Sec. II, we provide a
generalized process discrimination problem, which is formu-
lated as a convex problem with a so-called quantum tester. In
Sec. I1I, we provide its Lagrange dual problem and show that
the optimal values of the primal and dual problems coincide.
Also, necessary and sufficient conditions for a tester to be
optimal are given. Moreover, we derive necessary and suffi-
cient conditions that the optimal value remain unchanged even
when a certain additional constraint is imposed. In Sec. IV, it
is shown that if a problem has a certain symmetry and an opti-
mal solution exists, then there also exists an optimal solution
having the same type of symmetry. In Sec. V, we introduce
a minimax version of a process discrimination problem. In
Sec. VI, some examples are given to demonstrate how to apply
our results to solve a problem.

II. PROCESS DISCRIMINATION PROBLEMS
A. Notation

We first introduce some notation. R, R, and C denote,
respectively, the sets of all real, non-negative real, and
complex numbers. The complex conjugate of z € C is
denoted by z*. For each finite-dimensional complex Hilbert
space (which we also call a system) V, let Ny be its dimension.
We will identify a one-dimensional system with C. For each
matrix X on V, let X* and X7 be, respectively, the Hermitian
transpose and the transpose of X (in the standard basis of
V). Let Hery and Posy be, respectively, the sets of all
Hermitian and positive semidefinite matrices on V. Hery is
an N?2-dimensional real Hilbert space with the inner product
defined by (X,Y):=Tr(XY) (X,Y € Hery). A positive
semidefinite matrix is called pure if it has rank 1. We will
denote by Her(V, W) the set of all linear maps from Hery to
Hery, every element of which is called Hermitian preserving.
Let Pos(V, W) and Chn(V, W) be, respectively, the sets of
all completely positive (CP) maps and all trace-preserving
CP maps from Hery to Hery. Moreover, let Deny be
the set of all positive semidefinite matrices with unit trace
(i.e., density matrices) on V and Den\'j be the set of all
pure elements in Deny. For a set X in a real vector space,
let Lin(X) be the smallest real vector space containing X.

FIG. 1. Quantum process ¢ = ¢P@c" Ve . @ and tester
D = {q)m = H)71®6'T®6'T71®' . ®&1 ?n/l:_c:

Obviously, we have Chn(V, W) C Pos(V, W) C Her(V, W),
Denf, c Deny c Posy C Hery, Lin[Pos(V, W)] =
Her(V,W), and Lin(Posy)=Hery. We can identify
Chn(C,Vv) with Deny, Pos(C,V) with Posy, and
Her(C,V) with Hery. I, and 1y, respectively, denote
the identity matrix on V and the identity map on Hery . A zero
matrix is denoted by 0. In quantum theory, each single-step
process is described by a CP map. In particular, a single-step
process described by a trace-preserving CP map is called a
quantum channel. Any quantum state, which is described by
a density matrix, and any quantum measurement, which is
described by a positive operator-valued measure (POVM),
can be regarded as special cases of quantum channels. Fix
a natural number M > 2 and denote by POVMy the set of
all POVMs with M elements on a system V. Throughout
this paper, we consider only measurements with a finite
number of outcomes. Given a set X, let int(X), X*, coX,
and coniX be the interior, the dual cone, the convex hull
[i.e., coX = {Zl piXi . pi € R+, Zi pi = 1, x; € X}], and
the (convex) conical hull [i.e., coniX := {Zi piXxi : pi €
R, x; € X}] of X. We denote the closure of X by X, coX
by €0X, and coniX by coniX. For a given natural number
T,1etV=WrQVr Q- ---QW, ® Vy. Forany X, Y € Hery,
let X>Y (or Y <X) denote X —Y € Posy. For any
natural number n, let 7, :={0,...,n—1}. §,,, denotes
the Kronecker delta. Let Uniy be the set of all unitary and
antiunitary operators on V. For any U € Uniy, the linear map
Ady e Her(V, V) is defined as'

Ady(X):=UXU', X eHery.

Try denotes the partial trace over V.

B. Quantum processes, testers, and combs
1. Processes and testers

We shall introduce a quantum process (or a quantum net-
work) and a quantum tester [51,54,55] (see also a quantum
strategy [49]). Let us consider the connection of 7 linear
maps {¢*) € Her(W,/_, ® V;, W/ ® W,)}"_, as shown in Fig. 1,
where Wy := C and W} := C. We mathematically express this

U is an antiunitary operator on V if and only if there exists a uni-
tary operator U € Uniy such that Ady (X) = Ady(XT) (X € Hery).
If U is antiunitary, then Ady is not CP.
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process as’

é:=DeeT Dg...@e0, (1)

where ® denotes the connection of processes, which is called
the link product [54]. ¢ has definite causal order; for any ¢
and 1’ with t < ¢, signalling from &/ to & is impossible
[i.e., 8@ is not in the causal future of ¢/)]. Wy, ..., W;._, are
internal systems of process ¢. Any memoryless process can be
expressed in the form of Eq. (1) with W/ =-.. =W, =C.
Let @Zleer(Vt, W;) be the set of all processes ¢ expressed
in the form of Eq. (1). As a special case, if &) = ... = &1
holds, then ¢ of Eq. (1) is denoted by [¢D18T . Also, let
@tT:IPOS(V,,W,) and @lT:,Chn(V,,W,) be, respectively, the
sets of all processes ¢ expressed in the form of Eq (1)
with ¢@ € Pos(W/_, @ V;, W/ ® W;) and ¢ € Chn(W,

Vi,W/ ®W,) for each t € {1,...,T}. @,lehn(V,,W,) -
®_,Pos(V,, W,) C ®_ Her(V,, W;) obviously holds.

A collection of processes expressed in the form

CI) — {CD }m 0
®,, = 11,867@67_1®- - - @6 2)

with 7 channels {6; € Chn(W,_; ® V' |, V, ® V/)}"_, (where
Wy = C and Vjj := C) and a measurement I1:= {l'[m}},‘n"':0
POVMy;, gy, is called a quantum tester. It follows that b, €

T“POS(W, 1, V,) holds, where V7, := C. Let 75 be the
set of all testers & representable in the form of Eq. (2). We
will call each element ®,, of a tester & a tester element.
In the special case of T =1, a tester is often referred to
as a process POVM [52]. A process ¢ and a tester element
®,, can be connected as in Fig. 1, which is mathematically
expressed by

(qA)m’ ¢) = 1A_Im o [6(T) ® ]].\/T’] o o [6'(2) (34 Il_vzr]
o[l ® 62] 0 [6V ® 1y/] 061 € R,

where o denotes the map composition.
For any two processes ¢, &' € @,Tleer(Vt, W;)and ¢, ¢’ €
R, gé + ¢'¢’ is the element of ®,T:1 Her(V;, W;) uniquely char-

acterized by

(D, g6 +4'¢) = g (P, &) + ¢ (D, &)

for any tester element ®,,. Thus, ®_ Her(V;, W;) can be

considered as a real Hilbert space; @T“Her(Wt 1, V;) is its
dual space.

2. Choi-Jamiotkowski representations

Quantum processes and testers can be conveniently math-
ematically described in the so-called Choi-Jamiotkowski
representations [56-59]. Specifically, the Choi-Jamiotkowski
representation of a process ¢ € ®ZT=1Her(V,, W;), denoted by
C;, is given as Fig. 2(a), where W, := [Ty, ) ({Iy,| € Posy,gyv,,

2Although a linear map & € Her(V, W) is not CP in general, we
will, by abuse of language, refer to X as a (single-step) process. Also,
we refer to ¢ as a process.

FIG. 2. Choi-Jamiotkowski representations of (a) a quantum pro-
cess & :=¢Mec " Ve...@" and (b) a quantum tester element
&, = 11,86;@67_1®--- 61, where U, := |I,)({l;| and ¥ =
(ARSI

\Iy,)) = Z @) e Vi@V ({1} ,V”l is the standard ba-
sis of V), and (Iy,| := |Iy,)". Also, the Choi-Jamiotkowski
representation of a tester element d,, € @TH Pos(W,_1, V),
denoted by Cq, , 1s given as Fig. 2(b), where LIJT {Lv,| -
—-|Iy,) € Pos(V; ® V;, C). Both C and C are well defined
as linear maps. We can see that C : ®TT Her(V,, W) — Hery
and C : ®”1Her(W, 1,V;) — Her(V, C) are surjective. For
each system V, we often identify any X € Hery with (X, -) €
Her(V, C),? in which case C can be regarded as a map from
T“Her(W, 1, V) to Hery. For the sake of brevity, we will
denote the Choi-Jamiotkowski representations of processes
and testers as the same letter without the hat symbol; e.g., for
each & € ®_ Her(V,, W,) and &,, € ®_'Pos(W,_y, V}), let

C = CE, Cbm = C&,m.

For convenience and without confusion, we will also call ¢ and
@ a process and a tester, respectively. We can easily verify

(P, €) = (D, 0). 3)
In the special case of W/ =---=W;_, =C, it follows
that the Choi-Jamiotkowski representation of each quan-
tum process ¢ := ¢D@e Ve ...@cM) [¢© e Chn(V,, W))]

3As an example, we consider a POVM element I, € Posy. In
quantum theory, Iy is often identified with the linear map (I, —) =
Tr(I1, - —) € Her(V, C).
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is written by ¢ = ¢ @ "V ® - .. ® V) [where ¢ is the
Choi-Jamiotkowski representation of ¢®].

3. Combs

Each element of @tT:, Chn(V;, W,) is called a quantum comb
[54] (also known as a supermap or a quantum strategy [49]).
For each comb ¢é, we will also call ¢ := C; a comb. Let
®IT=1ChnWI®V/ (or simply, Chny) be the set of all combs
c € Posy, i.e.,

Chny := ®/_,Chny,gy, = {C; :

We can identify Chnygc with Deny and Chnggy with
{Iv}. c€Posy is a comb if and only if there exists
{c: € POSw,ev,e.-ewev };—; such that [54,55]

¢ € ®_,Chn(v,, w))}.

cr = ¢,
TI'W/CZIIV/ ®c_1, Yte{2,...,T},
TrWl cp = IV] . (4)

For each comb c, {c,
mined by ¢y == ¢ and

_ satisfying Eq. (4) is uniquely deter-

C; = Ter®Vr+1 Cr+1, tefl,..., T —1}.

NV/+|
Let

TG = {{Cém}?,,/[;ol : CiJ (S ri'c;},
So = @, Chny,gw,_,.

Note that Sg = {Iy, ® 7 : T € ®'_,Chny,gw,_,} holds from
Vrg =C. @ = {<I>,,,}m o C Posy is in 7¢ if and only if
Zm:O ®,, € Sg [49,54]. Thus, we have

M—1
T = (DEC(;IZCD,”ESG
m=0
Cg = POSV. (@)
We can easily verify
(p,¢) =1, VceChny,p e Sq, (6)

which implies that, for every ¢ € Chny and @ € 7,
{{®,, )} is a probability distribution. Thus, ® € T
can be regarded as a map from combs to probability
distributions.

C. Discrimination problems

To simplify the discussion, we first restrict ourselves to
T-shot channel discrimination problems. Let us consider
the problem of determining which of R known quantum
channels, {A, } C Pos(V, W), is used. This problem is
depicted as Flg 3 which can be seen as a special case
of Fig. 1, where f\, is a given channel and V; :==V and
W, =W for each t € {1, ..., T}. To discriminate the chan-
nels, we first prepare an input state &) € DenV|®V{’ and
then the channels A, ® Ly, 62, A, ® ly;, ..., 6, A, ® Ly,
are sequentlally applied. We finally perform a measurement

= {I1,, } I'e POVMy, @v;- There exist many criteria for

FIG. 3. T-shot channel discrimination. A, is a channel and
{®,, M) is a tester.

discriminating quantum channels. When using the minimum-
error criterion, we set M := R and try to find a tester &=
(D, = 11,067®-- @61 1eTgs that maximizes the aver-
age success probability PS(CD) = Z, —0 Pr (ﬁD,, A?T), where
p, is the prior probability of the channel A,. This problem can
be written as

maximize
subject to

Pt ™
o e TC,.

The above discussion easily extends to discrimination of
more general processes, e.g., multishot subchannel discrimi-
nation or discrimination of processes each of which consists
of multiple time steps. We give three typical examples.

Example 1. The first example is the problem of discrimi-
nating quantum memoryless combs {ér}f:_o' , where each &, is
characterized by the connection of T’ channels AL, ..., AT,
ie.,

A

& =ADg...@AD e @_ Chn(V,, W),
where f\ﬁ’) € Chn(V;, W,). One can see that T-shot discrim-
ination of quantum channels {A, }R’ is a special case of
this model with A® = A,. Another special case is quantum
change point problems (see Refs. [60,61] in the case of A(’ )
being a state, i.e., V; = C). In change point problems, a chan-
nel Ag € Chn(V, W) is prepared until some unspecified point
r, after which another channel A; € Chn(V, W) is prepared.
We want to determine the change point r as accurately as
possible. This situation corresponds to the case in which
V,=V,W,=W,R=T +1,and AV = A, (), (r € Ig)hold,
where (,(t) = 1 for ¢t > r, else 0. A third special case is dis-
crimination of the order in which the channels f\l, R AT €
Chn(V, W) are applied. Assume that each of the channels is
applied once and only once; then, this situation corresponds to
thecase V, =V, W, = W,R=T!,and A" = A, (), where y,
is the permutation on {1, ..., T} determined by r € Ip.
Example 2: Comparison of quantum channels. The sec-
ond example is the problem of comparing quantum channels,
which is an extension of quantum state comparison [62—65]
and quantum measurement comparison [66]. Suppose that
K unknown quantum channels are given, each of which is
randomly chosen from L known channels Ay, ..., A;_; with
the probabilities uy, . .., u;—;. We want to determine whether
they are identical or not. This problem is reduced to the
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Vola w Vo4 w Vola w
A A A
Vola w Vo4 w Vola w
x(21) Ax(zz) e Ax(zn
Vol w Vs w Vo4 w
Ay A A
FIG. 4. Spatial and temporal pattern x : {x(’) € IL}(t =11y €0

coded in quantum channels. Ay, ..., A;_; are channels.

problem of discriminating the following two channels:

Ao = py' Y wA)®~,

1=0
L-1 ®K 1
Ay = py ! (Z u1A1> - Z(M1A1)®K
=0 1=0
where pg = lL 01 “z and p; := 1 — pg are the prior proba-

bilities of Ay and A;.

Example 3: Discrimination of patterns. The third example
is the problem of discriminating spatial and temporal patterns
encoded in quantum channels. Assume that a comb

K K
éx = [@ Axiﬂ:|® @[@ Ax,‘{”:|

is given, where Ao, ..., Ai_1 € Chn(V, W) are some chan-
nels and &, is umquely determined by a two-dimensional
pattern x : {x(’)}(, i—(1.1)» €ach of the entries x" of which
is in 7, (see Fig. 4). Also, assume that x belongs to one
of R mutually exclusive subsets X, ..., Xg_j of 71X
want to determine which of Xj,..., Xg_; the pattern x
belongs to. One can see this problem as the problem of
discriminating R channels {erz\’, pxéx}f;ol, where p, is
the prior probability of &,. This problem can be applied
to various spatial and temporal patterns. The memoryless
comb discrimination shown in Example 1 can be seen as
an example of this problem with K := 1. One can easily
see that quantum comb comparison, shown in Example 2,
is also an example of this <problem which corresponds to

v={xellX: e, x’=I1Vt,k)}, X, ={xeIX:
D =P = = x,ET)(Vk)} \ Xo (where \ is the set differ-
ence operation), and p, = ]_[f;()l Uyih- A third example is
the problem of discriminating pulse-position modulated chan-
nels [67], which corresponds to R := K and X, == {x € ITX :

’ = Sk r41 (Vt, k)} (r € Ig). A fourth example is the prob-
lem of determining whether A, has occurred or not which
corresponds to R := 2, Xo := {x € 71X : 3t k, xk =0}, and
X = ]{K \ Xo.

D. Formulation
1. Unrestricted testers

In this paper, to analyze a wide range of process dis-
crimination problems, we consider a problem written in the
following form:

M—1
maximize Z (Dyyy Cn)

m=0 Mo (8)
subjectto  ® €T, D (P, djm) < bj(Vj € 1)),
m=0
where {cm}M Aaj, m}g ml) M(O (l); C @t Her(V,, W;)  and

{b; - (1) e R’ are constants determined by the problem. J is
a non negative integer. Problem (7) is obviously the special
case of problem (8) with M :=R, J :=0, and ¢,, := p,A®T
In the special case of T =1 and V; = C, it follows from
@tT:l Her(V;, W;) = Hery, that problem (8) is the generalized
quantum state discrimination problem described in Ref. [32].
Throughout this paper, for simplicity of discussion, in
any optimization problem that maximizes (respectively,
minimizes) an objective function, the optimal value is set to
—oo0 (respectively, co) if there is no feasible solution.
We often use

Cp = C@m (S HerV, Ajm = Cflj,m

€ Hery,

instead of ¢,, and &;,,,, which enables us to simplify the for-
mulation of process discrimination problems. Let

={P €T :n;(®) <O0Vje I}
where
M—1
r)]((l)) = (D, aj,m) — bj e R.
m=0

Problem (8) is rewritten by the following SDP problem:

M1
maximize P(®) = Z (Ds Cm)

m=0
D € Pg.

(Pg)
subject to

2. Restricted testers

We are often concerned with a process discrimination prob-
lem in which the available testers are restricted to belong to a
certain subset of all possible testers in quantum mechanics.
Very recently, a general formulation of restricted problems of
finding minimume-error testers has been discussed in Ref. [68].
For examples of such restricted problems, the reader can refer
to Ref. [68]. We will extend this work to a broad class of opti-
mization criteria. We impose the additional constraint ® € 77,
where 7 is a nonempty convex subset of 7. This problem is
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formulated as*

maximize P(®)
subjectto P € P, (P) ©)
where P .= P NT,ie.,
P={DPeT :ni(P)<OVjel} (10)

Problem (Pg) can be viewed as the special case of problem
(P) with 7 := 7. Problem (P) is not an SDP problem in
general, but is a convex problem since # is convex. The
assumption of the convexity of 7~ implies that any proba-
bilistic mixture of any pair of testers &, ®® ¢ 77, {p® +
(1 = p@PM=1 (Y0 < p < 1),is in 7. In this paper, we also
assume

P={0ecT :n(P)<O0NV)e I (11)

If 7~ is closed, then Eq. (11) always holds. These assumptions
hold in many practical situations. Let us choose a closed
convex cone C and a closed convex set S such that

M—1
?:!@eC:Z@meS}, CCCg, SCSs. (11

m=0

Equation (5) is the special case of Eq. (11) with C = Cg and
S = Sg. Note that if the feasible set # is not empty, then at
least one optimal solution exists.

3. Examples

We provide three simple examples of problem (P). For
more information, see Sec. II of Ref. [32], which provides
several other examples in the case of state discrimination.

Example 4: Optimal inconclusive discrimination. The first
example is the problem of finding optimal inconclusive dis-
crimination of quantum combs. This is an extension of the
problem of finding optimal inconclusive state discrimina-
tion [19,70,71]. In this problem, we want to discriminate R
combs &y, ..., Er_ € ®IT:1Chn(V,, W,) with maximum av-
erage success probability subject to the constraint that the
average inconclusive probability is equal to a constant value
Pinc With 0 < pipe < 1. We try to find an optimal tester &=
(&, /M) € 5 with M := R + 1. The element &, with r < R
corresponds to the identification of the comb é,., whereas g
corresponds to the inconclusive answer. The average success
and inconclusive probabilities are, respectively, written as

R—1 R—1
Ps(®) =) " pPr(rl),  P(®) =) pPr(RIE),
r=0 r=0

4We do not assume that 7 is closed, which is inspired by the fact
that there exists an important subset of all possible testers that is not
closed, e.g., the set of local operations and classical communication
[69]. While an optimal solution to problem (P) may not exist, its
optimal value, supg.p» P(®), is always uniquely determined.

SSuch C and S always exist. Indeed, C:= {{p®,}""):pe
R,,®eT}and S:= (Y Y @, : & c T) satisfy Eq. (11).

where Pr(rft|ér) = ($,,, &) and pr 1s the prior probability of
the comb &,. Thus, the problem is formulated as

o)
®eTg, (D) = Pinc-

maximize

. P;
subject to (Pinc)

From Eq. (3), we have Pr(m|é,) = (®,,, E,). The optimal
value of the problem does not change if we replace the con-
straint PI(ﬁD) = Dinc DY PI(CTD) > Pinc; indeed, in this case, we
can easily verify that any optimal solution ® must satisfy
PI(Cf>) = pinc- Therefore, this problem is rewritten as problem
(Pg) with

M =R+1,
J =1,
o {pmSm, m < R,
" 0, m =R,
) 0, m < R,
om = {— S P& m=R,
bo = —Pinc- (12)

Pg is not empty for any 0 < pipe < 1. Inthecase of T =1
and V; = C, this problem reduces to the SDP problem given
by Ref. [25].

In the special case of pj,c = 0, problem (Pj,) is equivalent
to the problem of finding minimum-error discrimination, i.e.,
d e 7y G that maximizes PS(CTD), in which case, without loss
of generality, we can assume ®x = 0. Thus, this problem is
written as problem (Pg) with M :== R, J := 0, and ¢, = p,&,
(re I R)-

In another special case in which pj, is sufficiently large,
the average error probability, Pg(®) =1 — Ps(®) — P(P),
of an optimal solution becomes zero. Unambiguous (or error-
free) discrimination, which satisfies Pg(®) =0, is called
optimal if it maximizes the average success probability (or,
equivalently, minimizes the average inconclusive probability).
The problem of finding optimal unambiguous discrimination
can be formulated as

maximize Ps(®) — lim kP (P)
K—>00

Ci) c (i_G. (Punamb)

subject to

One can easily verify that an optimal solution satisfies

PE(CTD) = 0. Problem (Pyuamp) is rewritten as problem (Pg)

with M =R+1,J:=0, ¢, =p,&E —« Zr,# prEy (re

IR), cg =0, and k — oo. Note that this problem is also
formulated as

P@) .
b € 7o, A(@) + @) = 1.

maximize
subject to

which is rewritten by problem (Pg) with

M :=R+1,
J =1,
o {pm&n, m < R,
" 0, m =R,
) —PmEm,» m < R,
O I PP
by = —1.
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FIG. 5. Process discrimination with two sequentially connected
single-shot testers. The tester {<T>,,,}m consists of pa € Denvl®v/
{T1}};, by € Deny,gyy, and {T1},, € POVMy, gy, where {T18}; is
a measurement of W, ® V.

In the case of T = 1 and V| = C, this problem reduces to
the SDP problem given by Ref. [72].

Example 5: Neyman-Pearson strategy. The second exam-
ple is an optimal process discrimination problem under the
Neyman-Pearson criterion, the state discrimination version
of which has been extensively investigated [16—18]. Let us
consider the problem of discriminating two combs & and
&,. This criterion attempts to maximize the detection prob-
ability Pr(1|&;) while the false-alarm probability Pr(1|&)
is less than or equal to a constant value pge With 0 <
Praise < 1, where Pr(m|é,) = (D, 8,). This problem can be
formulated as

mayfimize Iir(l |E:31) . (Pxp)
subjectto @ € T, Pr(1|&) < Prases
which is rewritten by problem (Pg) with
M=2J=1, cp:=20m1&E1,
ao.m = 6m.160, Do ‘= Pralse- (13)
Pg is not empty for any 0 < ppyee < 1.

Example 6: Restricted testers. We can consider a process
discrimination problem under the inconclusive and Neyman-
Pearson strategies in which testers are restricted to belong
to a subset of 7~ of ’f’c;. Let us consider the former case.
This problem is formulated as®

Ps(®)
(D 6 Tv })I(qD) 2 pinc:

maximize
subject to

which is rewritten as problem (P) with Eq. (12) and

T = {{Cs, |0y : D eT). (14)

As a concrete example, let us assume that testers are re-
stricted to the form of Fig. 5. Such a tester, consisting of
two sequentially connected single-shot testers, is interpreted
as a tester performed by Alice and Bob in which only one-
way classical communication from Alice to Bob is allowed.
Specifically, in such a tester, Alice prepares a state pa, per-
forms a measurement {IAI,A},-, and sends her outcome i to Bob.

®We should note that problem (14) is not exactly equivalent to prob-
lem (Py,.) with 7 replaced by 7. Indeed, any & € 7~ may satisfy
P(®) > Pinc> in Which case there is no feasible solution to the latter
problem. However, the latter problem can also be formulated in the
form of problem (P) since P(d) = Dinc 18 equivalent to P(d) > Pinc
and Pi(®) < pine.

Based on her result i, Bob then prepares a state ,6](3’) and

performs a measurement { flfj;)}m. It is seen that 7~ satisfies
Eq. (11) with

C:= {{ZB&')@A,.}

i

R
tA; € POSW1®V1, {B(i)}r

”
r=0

S TeStWZ,V2 },
(15)

and S := Sg, where Testy, v, is the set of all testers {B, }, o C
Posy,gv, with R + 1 outcomes [i.e., {B,}, satisfies Zr:O B, =
Iy, ® p for some p € Deny,].

Similarly, in the case of the Neyman-Pearson strategy, the
problem is written as problem (Pxp) with TG replaced by T,
ie.,

Pr(11€)
& e 7,Pr(11&y)

maximize
subject to

P
< Pralse» ( NP)
which is also formulated as problem (P) with Eq. (13) and 7~
of Eq. (14).

III. OPTIMAL SOLUTIONS TO PROCESS
DISCRIMINATION PROBLEMS

In this section, we derive the Lagrange dual problem of
problem (P) that has no duality gap. Also, necessary and suf-
ficient conditions for a tester to be optimal are given. We also
give necessary and sufficient conditions that the optimal value
remain unchanged even when a certain additional constraint
is imposed. These results are useful for obtaining analytical
and/or numerical optimal solutions.

A. Dual problems

The following theorem holds (proved in Appendix A).’
Theorem 1. Assume that problem (P) is given. Let C and
S be a closed convex cone and a closed convex set satisfying
Eq. (11). The optimal value of problem (P) coincides with that
of the following optimization problem:
J—1
minimize Ds(x, q) = As(x) + Z q;b; D)

=0
X,q9) €D

with x € Hery and ¢ := {¢;}/— € R}, where

subject to

As(x) =sup (e, x),
@eS
= {(x.q) € Heryg x R}, : {x — zu(@)}¥2y € C*},
J—1
Zn(q) == cm — quaj,m € Hery.
j=0

7 A diagrammatic representation of dual problems (in the minimum-
error case) can be seen in Ref. [73], which allows us to gain an
intuitive understanding of an operational interpretation.
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One can easily see that problem (D), which is the Lagrange
dual problem of problem (P), is a convex problem. Problem
(D) is often easier to solve than problem (P). Note that {y,, €
Hery}¥-) € C* is equivalent to

M—1
> (Dpoym) 20, VO eC.

m=0

It is easily seen that the function Ag is convex and positively
homogeneous of degree 1 [i.e., As(rx) = ris(x) holds for
any r € R, and x € Hery]. From Eq. (6), we have

Vo € Sg, x € Lin(Chny).
(16)

(@, X) = Asg(X) = As(X),

As a special case of problem (D), the dual of problem (Pg)
is given by
minimize

Ds (X, )
subject to (Do)

(x,9) € Dg
with (x, q), where

Do = {(x.q) € Hery x R’ : x > z,(q)(Vm € Iy)}.

Theorem 1 immediately yields that the optimal values of prob-
lems (Pg) and (Dg) coincide.

Note that one can consider any two sets C (€ Cg) and S
(C Sg) such that

M—1
T = d)econic:zcbmeﬁs ,

m=0

instead of Eq. (11). In this case, one can easily verify
reos(x) = As(x) and (coniC)* = C*, which indicates that
Theorem 1 works without any changes. In what follows, for
simplicity, we assume that C and S are, respectively, a closed
convex cone and a closed convex set.

Example 7: Optimal inconclusive discrimination. By sub-
stituting Eq. (12) into problem (Dg), the dual of problem (Pj,.)
is immediately obtained as

minimize
subject to

)\SG(X) — 4Dinc

Dinc
X = &y (Fr € Tgyy) (Pind)

with x € Hery and ¢ € Ry, where pgr:=¢ and & =
Zf;ol pE,. Any feasible solution x is in Posy. It is easily
seen that there exists an optimal solution (x,q) such that
g < 1.3 In the special case of pj, = 0, which corresponds to
the minimum-error strategy, the dual problem is written as

Asq(X)
X = pr&r (Vr € Ip).

minimize
subject to

Also, the dual of problem (Pynampb) 18

8Proof: Arbitrarily choose ¢ > 1; then, since g&g > & > p,&:
holds for each r € I, (x,q) € D is equivalent to x = gEg.
This gives (Eg, 1) € Dg. Arbitrarily choose x satisfying (x, gq) €
Dg; then, it suffices to show Dg,(x,q) = Ds;(Eg, 1). From
Eq. (6), we have As; (Er) = 1. Thus, Dsg (X, ) = Asg(X) — qPine 2
)LSG (gER) — qPinc = q(1 = pinc) 2 1 — Pinc = DSG (&, 1) holds.

minimize  As;(x)
R-1
subjectto  lim | x — p&, +k Y pe&y | = 0(Vr € Ii).
K—> 00
=0
r#r

Note that this constraint is rewritable as O,(x —
prE)O,. =0 (Vr € Ig), where O, is the orthogonal projec-
tion matrix onto the null space of Zr,# pr&Ep.

Example 8: Neyman-Pearson strategy. By substituting
Eq. (12) into problem (Dg), the dual of problem (Pnp) is
obtained as

minimize
subject to

ASe(X) + qDtatse
x =& —q&o

with x € Posy and g € R;..
Example 9: Restricted testers. By substituting Eq. (12) into
problem (D), the dual of problem (14) is obtained as
minimize

As(x) — qPinc
subject to an

{X - prgr}fzo eCr

with x € Hery and g € Ry, where pgr:=¢ and & =
Zf;ol prE;. In the special case of C given by Eq. (15), prob-
lem (17) is rewritten by
minimize  As;(X) — GPinc
R

subjectto  Trw,ev, |:Z B.(x — p,S,):| >0
r=0

(V{B,}%_, € Testy,.1,).

We can show the following proposition (proved in
Appendix B).

Proposition 1. For any (', q) € D, there exists (x, q) € D
satisfying As, (x) = As;(x) and x € Lin(Chny).

This proposition immediately yields the following corol-
lary (proof omitted).

Corollary 1. If S = Sg holds, then for any optimal solution
(x’, q) to problem (D), there also exists an optimal solution
(x, ¢) to problem (D) satisfying x € Lin(Chny).

B. Conditions for optimality

The following theorem provides necessary and sufficient
conditions for a tester to be optimal for problem (P) (proved
in Appendix C).

Theorem 2. ® € P and (x, q) € D are, respectively, opti-
mal for problems (P) and (D) if and only if they satisfy

qinj(®)=0, Vjel,,
M—1
(P> x —zm(q@)) = 0,
m=0
M—1
D (P x) = hs(x). (18)
m=0

We consider the case C = Cg; then, since x > z,,(¢) holds,
the second line of Eq. (22) is equivalent to

[X —zn(@]®Pw =0, Vm eIy, 19)
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which follows from XY =0 < (Y, X) =0 for any X,Y €
Posy;. Moreover, let us consider ® € ¥ such that antol D,
is of full rank. Let

M—1 M—1 -1
x(q) = [Z zm<q>¢m] (Z d>m> ;o (0)
=l m=0
then, it follows that x = x®(¢) holds for any (x,q) € D
satisfying Eq. (19). This immediately yields the following two
corollaries.

Corollary 2. Let us consider problem (P) with C = Cg.
Assume that there exists an optimal solution & such that
antol ®,, is of full rank. Then, any optimal solution (x, )
to problem (D) satisfies x = x®(g). If, in addition, S = Sg
(i.e., 7 = 7) holds, then x®(¢g) € Lin(Chny) holds.

Proof. From Theorem 2, any optimal solution (x, q) to
problem (D) satisfies Eq. (19), which gives x = x®(g). In
the case of S = Sg, from Corollary 1, there exists an optimal
solution (x’, g) to problem (D) such that x’ is in Lin(Chny).
Again from Theorem 2, we have x' = x ®(g).

Corollary 3. Let us consider problem (P) with C = Cg.
Assume that there exists an optimal solution to problem (D).
Arbitrarily choose ® € % such that antol ®,, is of full rank;
then, @ is optimal for problem (P) if and only if there exists
g € R/, such that

gnj(®)=0, Vjely,
x%(Q) = zu(q), Ym e Iy,
M—1
Y (@ (@) = Aslx (@], 1)
m=0

Proof. “If”: Let x = x®(q); then, (x, ¢) € D holds from
the second line of Eq. (21). x®(q) € Hery obviously holds
from x®(g) > zn(q). From Theorem 2, it suffices to show
Eq. (22). The first and third lines of Eq. (22) obviously hold.
Z%;(}[X‘b(q) — Zm(q@)]®,, = 0 holds from Eq. (20). Taking
the trace of this equation yields the second line of Eq. (22).

“Only if”: Let (x, g) be an optimal solution to problem
(D); then, x = x®(g) holds from Corollary 2. Thus, Eq. (21)
holds from Theorem 2 and (y, g) € D.

Example 10: Optimal inconclusive discrimination. We can
show, by substituting Eq. (12) into Eq. (22), that necessary
and sufficient conditions for ® € Pg and (x, g) € Dg to be,
respectively, optimal for problems (Pj,.) and (Dy,.) are

q({Pg, Eg) — Dinc) = 0,
(X = pE)®, =0, Vrelpy,
R
D (P x) = Ao (X0
r=0

where pg :=q and &g = Zf;ol prE;. It is easily seen that
the first line is rewritten by PI(CTD) (= (Pr, ER)) = Pinc- Also,
Corollary 3 gives that, for any ® € Pg such that Zf:o D, is
of full rank, & is optimal for problem (P;,.) if and only if there
exists g € R such that

(g, 8R> = Pinc;

x®(@) = p&E, Vrelgy,

R
D (P xP(@) = Aselx P (@)]

r=0

[recall that an optimal solution to problem (Dj,.) always ex-
ists]. In the special case of T = 1 and V; = C, in which case
each &,, denoted by p,, is a quantum state, necessary and
sufficient conditions for ® € Pg € POVMy, and (x,q) €
D to be optimal are

(PR, PR) = Pinc>

(X —prp)®, =0, Vrelg,

where pg := ¢ and pg = Zf;ol prpor. The third line of Eq.
(22) always holds from Zf:o (D, x) = Trx = As,(x) [note
that Z%;ol ®,, = Iy, holds for any ® € POVMy,]. Also,
from Corollary 3, & € Pg is optimal if and only if

<CDR pR) = Pinc;

x®@) = prpr, Vre gy

holds, where x®(q) of Eq. (20) is written as x®(q) :=
ZIS:O prpr(br = Zf:_()l prpr(q>r + CICDR)

Table I summarizes the formulation of the process dis-
crimination problems. The general formulation and the cases
of optimal inconclusive discrimination of quantum combs
&, }r o C @t ,Chn(V;, W,) and quantum states {,0,}5;01 C
Deny, respectively, with 7 = T are shown. In these exam-
ples, { p,}fz_o1 is the prior probabilities.

The following theorem provides necessary and sufficient
conditions that the optimal value remain unchanged even
when an additional constraint is imposed.

Theorem 3. Let 71 and 7, be nonempty convex sets sat-
isfying 77 € 7, € 7. For each i € {1, 2}, let us choose a
closed convex cone C and a closed convex set S; such that

={de(C: Zmod) €S}, CiCC,CCq, and S| C
82 C Sg [see Eq. (11)]. Problem (D) with (C, S) = (C;, S))
is denoted by problem (D;). Assume that the feasible set of
problem (P) with 7~ = 77 is not empty and that an optimal
solution to problem (D;) exists. We consider the following
four statements.

(1) The optimal value of problem (P) with 7 = 77 is the
same as that with 7~ = 77 [or, equivalently, the optimal values
of problems (D;) and (D;) are the same].

(2) There exists an optimal solution (x*, g*) to problem
(Dy) such that it is a feasible solution to problem (D,) and
satisfies As, (x*) = As, (x™).

(3) Any optimal solution to problem (D,) is optimal for
problem (Dy).

(4) There exists an optimal solution (x*, g*) to problem
(D) such that it is a feasible solution to problem (D;) and
satisfies x* € Lin(Chny).

Then, (1) < (2) = (3) always holds. Also, if S; = Sg
holds, then (1)—(4) are all equivalent.

Proof. We start with some preliminary remarks. For each
i €{1,2}, let D} and D; be, respectively, the optimal value
and the feasible set of problem (D;). From §; C S, As,(x) <
As,(x) holds for any x € Hery. Thus, we have

D} < Ds,(x,q) <

Also, Ds,(x,q)

As, (X)-
We first show (1) = (3), (1) = (2), and (2) = (1).

Ds,(x,q), Y(x.q9)€Di. (22)

= Dgs,(x,q) is equivalent to As,(x) =
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TABLE 1. Formulation of the generalized process discrimination problems.

Primal problems

Dual problems

Necessary and sufficient conditions for
® e Pand (x, g) € D to be optimal

Basic formulation

M—1
maximize Z (P, Cim)
— minimize
subjectto P e T,
M—1 subject to
(q>mv aj,m) g bj(vj € I])
m=0

R—
r=|

Example 1: Optimal inconclusive discrimination of combs {&,}
R-1

rs(O)+ D ab;

(x,q) € Hery x RZ,
{X - Zm(q)}%;()l eCr

qinj(®)=0(vj € I,),

J—1 M—1

Z <¢mv X — Zm(q)) = Ov

j=0 m=0

M—1

D (B x) = As(X)

m=0

! ¢ ®_,Chn(V,, W,) with the prior probabilities {p, }*~]

maximize Z (D, prE) o (®r, ER) = Pinc,
=0 minimize  Asq () = dPinc (X — &), = 0(¥r € Tgyy),
subjectto P € T, subjectto  (x,q) € Herp x R, X
R-1
x 2 pr&(Vr € Tpyy), _
Z ((DRi prgr) = Pinc ZO (P, X) = )"SG (X)

r=0

where pg = g and & = Zf;(} P&,

R—

r=

Example 2: Optimal inconclusive discrimination of states {po,}

R-1
> (@ pepy)
r=0
® € POVMy,

R—-1
Z (Pr, prpr) = Pinc
r=0

maximize
minimize

subject to subject to

TrX — 4Pinc
(x.q) € Hery x R,
X = pror(Vr € Ipyy),

' C Deny, with the prior probabilities {p,}*=}

(CI)R, IOR> = Pinc»
(X = Prp)®, = O(Vr € Tgy1)

where pr '= g and pp = Zf;ol Prpr

(1) = (3): Choose any optimal solution (x*, g*) to prob-
lem (D5). Since D, € D, holds from C; C Cy, (x*, q*) €
D holds. We also have D} = D; = Dg,(x*, ¢*). Thus, from
Eq. (22) with (x, g) replaced by (x*, g*), Ds,(x*, ¢*) = D}
must hold. Therefore, (x*, g*) is optimal for problem (D).

(1) = (2): Let (x*, g*) be any optimal solution to prob-
lem (D). Since statement (3) holds, (x*,¢*) is optimal
for problem (Dy). As,(x*) = As,(x*) obviously holds from
Ds,(x*, q*) = Ds,(x*, q*)-

(2) = (1): From Eq. (22) with (x, g) replaced by (x*, ¢*),
we have D} = Dg,(x*, ¢*) = Ds,(x*, g*) = D3. Thus, since
D7 < Dj always holds, we have D} = D5.

We next assume S; =Sg and show (3) = (4) and
@ = 2).

(3) = (4): From Corollary 1, there exists an optimal so-
lution (x*, ¢*) to problem (D,) satisfying x* € Lin(Chny).
From statement (3), (x*, ¢g*) is optimal for problem (D).

4) = (2): As,(x*) = As,(x*) obviously holds from
Eq. (16).

IV. SYMMETRY

We now focus on a process discrimination problem that
has a certain symmetry. We show that, in such a problem, if at
least one optimal solution exists, then there exists an optimal
solution having the corresponding symmetry. This symmetric
property can reduce the number of degrees of freedom and al-
lows us to easily obtain analytical optimal solutions. This can
also lead to computationally efficient algorithms for finding
optimal solutions.

A. Group action

As a preliminary, we recall a group action. Let G be a
group with the identity element e. Assume that the order of
G, denoted as |G|, is greater than 1 since the case |G| = 1 is
trivial. A group actionof Gonaset 7T, {go—: T — T }eeg, is
a set of maps on 7 satisfying

(gh)ex = ge(hex), Vg, heG,xeT,

cex =x, Vxe7T.

Let g be the inverse of g. For each g € G, since ge(gex) =
x holds for any x € 7, ge— is bijective. In this paper, group
actions on Jx (K > 1) and Hery are considered.

Let us first consider an action of G on Ik, {ge—: ITx —
Tkleeg- A trivial example is gek .=k (Vge G, k € Ik).
Another example is gek :== g ®x k (Vg€ G, k € Tk), where
@k denotes addition modulo K and G:=Zk:={0,..., K —
1} is the cyclic group with the multiplication gh := g ®k h
(V8. h € G).

Let us next consider an action of G on the real Hilbert space
Hery, {ge—: Hery — Hery}, ;. We are only concerned with
a linearly isometric action, i.e., each ge— is linear and satisfies

(gox, goy) = (x,y), Vge @G x,yeHery.

A typical example is an action expressed in the form

go— = Ady,, (23)
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where G 5 g — U, € Uniy is a projective unitary or projec-
tive antiunitary representation’ (which we will simply call a
projective representation) of G. Another example is an action
expressed in the form

- = Ady,, 0], 00U, 00, (24)
where, for each r € {1,...,T}, G > g+ U, € Uniy, and

G > g U, € Uniy, are projective representations of G.

For instance, the partial transposes (=)™ and ()™ (¢t €
{1,..., T}) can be expressed in the form of Eq. (24).

B. Symmetric discrimination problems

Definition 1. Let G be a group. We will call problems (P)
and (D) G symmetric if the following conditions hold: (a) there
exist group actions of G on Iy, I, and Hery; (b) the action
of G on Hery is linearly isometric; and (c)

PO eT, VeeG ®eT,

®® ecC, VgegG ®eC,
gop eSS, VgeG,pesS,
80djm = Qgej,gem> VgEQ,jEfj,meIM,

bj=bej, VgeG, jel, (25)

and

89Cy = Cgem; Vg € gv me IM

hold,'® where

d® — {(I)(g) — g.cpg.m} gegG, deC. (20)

mO’

If 7 is closed, then the first line of Eq. (25) is derived from
its second and third lines.

A large class of process discrimination problems having
certain symmetries can be formulated as problem (P) with G
symmetric. Indeed, in the case of minimum-error state dis-
crimination, cyclic states [4,14], three mirror-symmetric states
[74], linear codes with binary letter states [75], geometrically
uniform (or compound geometrically uniform) states [10], and
self-symmetric states [76] can be treated within this frame-
work. Four examples are given as follows (other examples
in the case of state discrimination can be seen in Sec. III of
Ref. [13]).

Example 11: Optimal inconclusive discrimination. We
consider problem (14), i.e., the problem of discriminating
quantum combs {&, }R I under the inconclusive strategy in
which testers are restrlcted to belong to a subset T of Tg.
Let p, be the prior probability of the comb &,. Since this
problem is rewritten as problem (P) with Eq. (11), it follows
that for some group G, this problem and its dual problem [i.e.,

°G > g U, € Uniy is called a projective unitary or projective
antiunitary representation of G if Ady, = 1y and Ady, o Adug, =
AdUg . hold for any g, ¢’ € G. In this case, Ady, = AdU; holds.

101 this case, since the map ® > ®® is invertible, {®® : &
C} = C must hold. Also, since the map ¢ +> geg is invertible, {geg :
¢ € 8} = S must hold.

problem (17)] are G symmetric if and only if

O e C, gepeS, w,(R)=R

Pr = Po(r)» ge&, = awg(r)

holds for any g€ G, ® € C, ¢ € S, and r € Ig, where the
action {ge—},s of G on Iy (M =R+ 1) is denoted by
{wwg(—)}4eg- Note that the action of G on 7; = 71 is uniquely
determined by ge0 = 0. Recall that problems (Pj,.) and (Djyc)
are the particular case of C = Cg and S = Sg.

Example 12. Let us consider problem (Pj,.) with 8
and [\0, oo Ag_y € Chn(V, W). Assume that the prior prob-
abilities are equal and that

— A@T

[\r:AdUrOIA\(), VFGIR

holds, where U is a unitary operator on W satisfying UR = Iy,
and U" # Iy foreach 1 <r <R. Let Zg =1{0,...,R—1}
be the cyclic group. We consider the actions of Zg on Iy
(M := R+ 1) and Hery given, respectively, by

_ |g®rm, m<R,
gem = {R, m=R.
go— = Adyser ousal o-oUtl

for each g € Zg; then, go&, = E,., holds for any g € Z and
r € Ig. Thus, one can easily verify from Example 11 that this
problem is Zg symmetric.

Example 13. Let us consider problem (Pj,.) with ér =
A®T and Ay, ..., Ag_; € Chn(V, W). Let H be a group and
assume that

A, =Ady, oA, 0Ady, VYheH,relp (27)

[or, equivalently, A, = AdUh®0/;l'(Ar)] holds for some pro-
jective representations H 3 h+— U, € Uniy and H 3 h —
U, € Uniy. The prior probabilities are arbitrarily chosen.
Note that a channel A, satisfying Eq. (27) is sometimes
called covariant. Let us consider the 7T-fold direct product

of H,

TZ: {(/’ll,...,

and its group actions on Jy (M := R + 1) and Her; defined
as

hT)Ihl,...,hTE(]“{},

gem:=m, geH ,mely,
(hi, ... hr)e— = AdUhr‘X)U/TT@ "®U"1®Um ’
(hy, ... hr) e H';

then, ge&, = &g, (= &, ) holds for any g € HT and r € Tp.
Thus, it is easily seen from Example 11 that this problem is
HT symmetric.

Example 14. As an example of a problem with restricted
testers, let us consider problem (14) Wlth R=T\V, = =
V=V, W= =Wr =W, 8 = Ay T®-- ®Ay(1),
and f\l, ...,f\T € Chn(V, w), where y, is the permutation
on{l,..., T} determined by r € Ig. For simplicity, we focus
on the case 7 = 2, i.e., the problem of discriminating & =
Ay ®A0 and 8] = AO®A1 Assume that the prior probabilities
are equal and that testers are restricted to nonadaptive ones. In
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this case, Eq. (11) with

C =Ca,
S:= {(ﬂwz ® Xw,», @ ]]‘VI)(IW2®WI ® 10) 1p e Dean@Vl}

holds, where Xy y is the process that swaps two systems V
and W. Let G := {e, g}, where {ge—: Hery — Herv}geg is
the linear action characterized by ge— := Xw,gv,.w,ev,. Note
that this action can be expressed in the form of Eq. (23). Since
Eo=A1®Apand E = Ao ® A holds, ge&, = &, holds
for each g € G and r € 1. Thus, in the case of inconclusive
strategy, one can easily verify from Example 11 that the prob-
lem is G symmetric. The same discussion can be applied to
the case T > 2.

C. Symmetric solutions

Let us fix a group G. For any ® € C, let
M-1
1
P° = D0 = Gl Z P ; (28)

8eg m=0
where ®® is defined by Eq. (26). It follows that ®° has the
symmetry property
gedS = P°

gem’

VgeG,me Iy, (29)
which follows from
g. m Zg (h) = Zh .Q(h/g)"’ﬂ - (Dgom’
~ gl 161 Weg
where h' .= hg. Slmllarly, for any (x, ¢) € Hery x R, let

J-1
=g TR ] G
8€G g€G =0
J-1
1 =gex. 49 =1{q" = ga;}i -
From
o = g S = gy Lt -
~ 6l "ol &
1
o (h) <>
Ui = 1G] L= T || Zq(hg)ﬂ 4
heG heG
(x°, ¢°) has the symmetry property
gex’=x% Vgeg,
4} =qe;» V8€G. jEI;. (30)

Lemma 1. If T, C, S, {aj,m}x,;l)g(;(l);CHerV’ and

{b;¥/Zy € R’ satisfy Eq. (25), then &), &° € # holds for any
decPandge G

Proof. Arbitrarily choose ® € P. It follows from ® € 7~
and the first line of Eq. (25) that ®®, &° e 7~ holds. We have
that forany g€ Gand j € 1y,

M—1 M—1 M—1
Z (<D£5)9 aj,m) = Z <g.q>gomv aj,m) = Z (cbgorm g.aj,m)
m=0 m=0 m=0
M—1
= <(Dgoms ag-j,gom) < bgoj = bj»
m=0

where the inequality follows from the map ge—: 7y — Ty
being bijective. Thus, we have ®® e P. Since P is convex,
we have ®° € P.

Theorem 4. Let G be a group. Assume that problem (P) is
G symmetric; then ®° € £ and P($°) = P(P) hold for any
D e P

Proof. ®° € P holds from Lemma 2. We have that for any

gegq,

M— M—1
P[O®] = Z (@, cn) =) (30D gam, )
m=0 m=0
M—1 M—1
= (@ gems gocCy,) Z gem Cgom = P(®).
m=0 m=0

Thus, we have

P(°) = i ZP [®®] = P(D).
8€G

Considering the case of ® being optimal for problem (P),
we immediately obtain the following corollary as a special
case of Theorem 4 (proof omitted).

Corollary 4. Let G be a group. Assume that problem (P) is
G symmetric. Then, for any optimal solution, ®, to problem
(P), ®° is also optimal for problem (P).

In the case of problem (P) being G symmetric, this corol-
lary guarantees that if at least one optimal solution exists, then
there also exists an optimal solution with the symmetry prop-
erty of Eq. (29). This corollary also implies that the optimal
value remains unchanged even if we impose the additional
constraint of Eq. (29) (with ®° replaced by ®). Problem (P)
with this constraint is still convex.

Theorem 5. Let G be a group. Assume that problem (D) is
G symmetric; then, (x°, ¢°) € Dand Ds(x°, ¢°) < Ds(x, q)
hold for any (x, q) € D.

Proof. We have that for any m € 7,

J—1 J—1
1
n(q%) = cm — ZQ;?aqu = @ Z |:Cm - Zqﬁg)aj m:|
Jj=0 8eG Jj=0
|g| [ Zq"ag" m]
geg
Zg Cgem — Zq]/aj ,gom
~ 6l
8€G

Zg *Zzem(q),
~ 6l e

where j' := gej. This yields

M—1 1 M—1
D (P, x° = 2mlg")) = Gl DD (P, golX — Zgem(@)])
m=0 m=0 geg
M—1
Igl Z<<D£5’)a X — Zm’(q)) > 0
m'=0 geG

for any ® € C, where m’' := gem. The inequality follows
from ®® e C and {x — zw(q)}_{ € C*. Therefore, {x° —
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FIG. 6. Tester with maximally entangled pure states. Uy, ..., ¥y

are maximally entangled pure states and {I1,,}¥/~] is a measurement.

wn(g*)n—y € C*, ie
have

, (x°,¢%°) € D holds. Moreover, we

(g)
+Z G 2=

8€G

J—1
zqﬁ%}

j=0

1
Ds(x®.q°) = hrs| —= > _x®
61 &

1
< G |:)»3[X(g)] +
geG

1 J—1
= — > | AsGO+ Y Gaeibae;
6] =

Jj=0

ZDS(X ) = Ds(x 9),

T 64

where the second line follows since Ags is convex. The third
line follows from

Aslx®] = sup (¢, gex) = sup (g, x) = rs(X).
peS @eS

We immediately obtain the following corollary as a special
case of Theorem 5 (proof omitted).

Corollary 5. Let G be a group. Assume that problem (D)
is G symmetric. Then, for any optimal solution, (y, g), to
problem (D), (x°, ¢°) is also optimal for problem (D).

In the case of problem (D) being G symmetric, this
corollary says that there exists an optimal solution with the
symmetry property of Eq. (30) whenever an optimal solution
exists. Also, the optimal value does not change even if we
impose the additional constraint of Eq. (30) [with (x°, ¢°)
replaced by (x, g)]. Problem (D) with this constraint is still
convex.

D. Sufficient conditions that a tester with maximally entangled
pure states can be optimal

We will call a tester expressed as in Fig. 6 a fester
with maximally entangled pure states, where \Ill, ..., Wy are
maximally entangled pure states and IT := {I'Im}m —o is amea-
surement. Such a tester ® is expressed by Eq. (2) with &, :=
¥, ® 1w v 0-emev, (t €{1,..., Tl). We may assume,
without loss of generality, that each W, is the generalized
Bell state |Iy,)){(ly,|/Ny, € Deny,gy,. In this case, we have
o, = Hm/l_LTleV,- It is easily seen that ® € 7 is a tester
with maximally entangled pure states if and only if antol D,

is in the unit set

Sy = {Iy/TT_ My, }- (31)

Sy is obviously a closed convex subset of Sg. In some
G-symmetric problems, we can derive sufficient conditions
that the optimal value of problem (P) with S = Sg remains
unchanged if S is replaced by Sy.

Proposition 2. Let G be a group the action of which on
Hery satisfies gely =1I; (Vg € G). [Note that if ge— is ex-
pressed in the form of Eq. (23) or Eq. (24), then gely = I
holds]. Assume that S = Sg holds and that problem (P) is G
symmetric. Also, assume that, for each t € {1, ..., T}, there
exists a subgroup H® C G such that

Trw, gvre--ow, (he—) = Ady; ® 1w, gv,_e-awev

for any h € H®, where H® 5 h e Uy, € Uniy, is an irre-
ducible projective representation.! ! Then, the optimal value
of problem (P) remains unchanged if S is replaced by Sy.

Proof. Let P* be the optimal value of problem (P) and Py,
be that of problem (P) with S replaced by Sy. The assumption
gely = Iy gives gop € Sy (Yo € Sy). Thus, problem (P)
with S replaced by Sy is also G symmetric. Arbitrarily choose
0 < & € R, ; then, it s easily seen that there exists (x, g) € D
such that Ds,(x,gq) = P}, + &. From Theorem 5, we have
Ds,(x°,¢°) <P +e. LetX, =W_ 1@V 1®--- QW ®
V) and X;> = TrWr®Vr®-"®W; x° € Hervl®xl te{l,...,T).
Assume now that, for each ¢ € {1,..., T}, x° is expressed
in the form

x. =1y, ®x, x/ €Hery; (32)

then, we can easily check x° € Lin(Chny) [see Eq. (4)].
From (x°, ¢°) € D and Eq. (16), we have P* < Ds(x°, ¢°) =
Ds,(x°, g°), which gives P* < P}, + ¢. From P}, < P*, P* =
Py, must hold.

It remains to show that, for each t € {1,..., T}, x° is
expressed in the form of Eq. (32). Let us arbitrarily choose s €
Posy, and let x;° = Try,[(Iy, ® s)x;°] € Hery,. For any h €
H®, it follows from hex® = x° that (Ady;, ® Ix)(x) =
X holds, which gives Ady; (x;) = x/;- Since the repre-
sentation b+ Uy, [h € H®] is irreducible, from Schur’s
lemma (on antiunitary groups) [77], x,; must be proportional
to Iy,. Since Trx’; = (s, Try, x,°) holds from the definition of
Xis X' = (8, Try, x°) Iy, /Ny, holds. Thus, we have that for
any s’ € Posy,,

(" @5, x7) =5, %) = (s, Try, x°) (s, Iy, /Ny,)

={®s, I, ®x), (33)

where x, = Try, x°/Ny,. Since Eq. (33) holds for any s and
s’, we obtain Eq. (32).

Any tester with maximally entangled pure states is non-
adaptive. Thus, Proposition 2 implies that if there exists an
optimal solution to problem (P) with S replaced by Sy, then

"HO 5 h > U;, € Uniy, is called irreducible if it has only two
subrepresentations {0} and V;, where a subrepresentation is a sub-
space V of V; that satisfies Uy , |x) € V forany h € H and |x) € V.
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an adaptive strategy is not necessary for optimal discrimina-
tion in problem (P). We will give some applications of this
proposition in Sec. VI A.

V. MINIMAX STRATEGY

We now discuss a minimax strategy for a quantum process
discrimination problem. This strategy is useful in particular in
the case in which the prior probabilities of the processes are
not known.

A. Formulation

Let us consider a process discrimination problem in which
the value of an objective function, Qy(®), depends not only
on a tester @ but also on some random variable, k € 7. We
want to maximize the average of Oy (®),

K—1

O, @) =Y 1 Qu(®),

k=0

where © == {,uk}kK;O1 is a probability distribution of k. Here,
we consider the situation in which the probability distribution
W is unknown but known to lie in a fixed subset, Prob, of
Probpax := {u € RY : ZkK;Ol i = 1}. In what follows, as-
sume that Prob is a nonempty closed convex set. A natural
approach is to maximize the infimum of Q(u, ®) over u €
Prob. This problem is formulated as

maximize inf Q(u, ®)
eProb (Prm)
subjectto P € P,

where P is defined by Eq. (10). Assume that, for each k € 7,
O (D) is expressed in the form

M—1
OQu(®) =Y ( Py o) »
m=0
where {cx, ,,,}(k m)=(0. é)) C Hery are constants. Note that,
when ¢, is expressed in the form ¢, = ¢}, + dru with
c,:‘m € Hery, dy e R, and u =1/ ]_[tT=1 Nw,, we can rewrite
O (®) as
M—1

Z <q)m’ C;C,m) + dk, Vo e P.
m=0

Or(P) =

Example 15: Optimal inconclusive discrimination. We can
consider a minimax version of problem (Pj,). Assume that
the prior probabilities p = {p,}*=; of the combs &5 are
completely unknown. The average success and inconclusive
probabilities are, respectively, expressed as

R-1
Ps($:p) =) p,Pr(rlE,),
r=0
R-1
P(®;p) =) pPr(RIE)),
r=0
where Pr(m|E,) := (®,,, &,). Since the constraint P ($; p) =
Pine (Vp € Probp,y) is too tight, we relax it to P (D; p) < Pinc
(Vp € Prob,.x). Let us consider the problem of minimizing

the maximum average error probability, which is equal to 1 —

Ps(d; p) — Py(d; p). This problem is formulated as
maximize min [Ps(®; p) + Pi(D; p)]
PEPTODx
subject to deTg, P1(<i>;p) < Pinc(Vp € Prob).

(34)

The second constraint is equivalent to Pr(R|8,~) < Pinc
(Vj € Ig), and thus this problem is rewritten as problem
(Pmm) with

M=R+1, K:=R, J =R,

m = Bmi +8nr)Ek, Prob:=Probn,, 7 :=7¢,
Ajm = OmrEj, bj = Pinc.

If T =1 and V; = C hold, then this problem is the state

discrimination problem discussed in Ref. [31]. In the special
case of pi,c = 0, problem (34) is rewritten as

min  Ps(®; p)

maximize
peProbm.x (35)
subject to e ‘7'@,

in this case, without loss of generality, we can assume d r = 0.
Problem (35) corresponds to a minimax version of minimum-
error discrimination.

Example 16: Discrimination of sets of combs. Let us
consider the problem of discriminating R subsets of combs,
ot AELNS - (Eral) T where Lo, .., Lg-y
are natural numbers. Assume that the prior probability, p,;, of
each comb S,,l is unknown. We want to maximize the infimum
of the average success probability given by

R—1L,—1

P{(d;p) = Z Z pri (9., &)

r=0 [=0

where p = {p,,;}EfZ_)L(L(;B)l) € Prob (K = Zf;ol
problem can be formulated as follows:

L,). This

o . /A
maximize inf Py(®;p)
peProb

subjectto P € 7.

One can easily verify that this problem is equivalent to
problem (Pp,,) with
R-1
M =R, K:= ZLra J =0, Ck(r,l),m = Sr,mar,ls
r=0

where k(r, 1) := Z:/_:loLr’ + 1 (r € Ig,l € I;,). Note that if
the prior probabilities are known, then this problem can be
simply reduced to the problem of discriminating R combs
{ZIL;BI p,lérl / pr f__ol with the prior probabilities {pr}r 0>

where p/ = Zz o p,,

B. Properties of minimax solutions

(u*, ®*) € Prob x P is called a minimax solution (or sad-
dle point) if
o(n*, @) <

o(u*, %) < O(u, @*) (36)
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holds for any u € Prob and ® € P. We refer to ®* as a
minimax tester. Let

Q" (1) = supgep Q1 P).

If there exists a minimax solution to Q, then (u*, ®*) is a
minimax solution to Q if and only if ®* is optimal for problem
(Pmm) and p* € argminuepron*(,u) holds [78]. Also, from
Eq. (36), 0*(n*) = Q(u*, @*) holds.

Remark 1. Assume that # is nonempty and closed; then, in
problem (Pp,,), there exists a minimax solution to Q.

Proof. # and Prob are nonempty compact convex sets.
O(u, @) is a continuous convex function of y for fixed ® and
a continuous concave function of @ for fixed w. Then, from
Ref. [79] (Chap. VI, Proposition 2.1), there exists a minimax
solution to Q.

The following remark states that the problem of finding
O*(w) can be formulated as problem (P).

Remark 2. For given € Prob, let P} be the optimal value
of problem (P) with ¢,y = Y4 fxCeom; then, Q* (1) = P%
holds.

Proof. We have

K—1 M—1
Q* (1) = sup O, ®) = sup Y i Y ( Py o)
deP deP k=0 m=0
M—1
= sup Z (P, cm) = P},
deP m=0

Proposition 3. (u, ®) € Prob x £ is a minimax solution to
Q if and only if O*(n) < Q(u/, @) holds for any u’ € Prob.

Proof. “If”: Considering the case
w=pu, we have 0" () < O, ®).
Thus, from O(n, @) < 0" (), op, ) =

Q*(w) must hold. Therefore, (1, ®) is a minimax solution.

“Only if”: Equation (36) gives Q*(n) = Q(u, ) <
Q(u', @) for any u’ € Prob.

Proposition 4. Assume that the affine hull of Prob contains
Probp.x [or, equivalently, the affine hull of Prob is (K — 1)
dimensional]. Also, assume that p is a relative interior point
of Prob and that ® € # holds. Then, (u, ®) is a minimax
solution to Q if and only if Qy(®) = Q*() holds for any
ke Ig.

Proof. “If”: Q* (1) = Y32y i Qk(®) = Q(w/, ®) (V' €
Prob) holds. Thus, from Proposition 3, (u, ®) is a minimax
solution.

“Only if”: Assume by contradiction that there exists k €
Tk such that Qr(P) £ Q*(w). In the case of Qy(P) =--- =
Qk-1(D), O, ©) = Y 4~y 1k Qu(®) # Q* () holds, which
contradicts that (u, ®) is a minimax solution. Then, we con-
sider the other case. Let us choose ko € argmin, 7, Ox(®P) and
ky € argmax; 7 Qr(®); then, Ok, (P) < Oy, (P) holds. Also,
let w' = {px + &8k ky — 8k7k1)}kK=’01; then, since pu is a rela-
tive interior point of Prob, u’ € Prob holds for sufficiently
small ¢ > 0. We have Q(u/, ®) — Q(u, ®) = [Qy, (P) —
O, (®)] < 0, which contradicts that (u, ®) is a minimax
solution.

In the special case of Prob = Proby,., the following
proposition and corollary hold.

Proposition 5. Assume u € Prob = Prob,,,x and ® € P.
The following statements are all equivalent.

(1) (u, ®)is a minimax solution to Q.

(2) (u, @) satisfies

0" () = Q(u, ®),
O (®) = Or (D),
(3) (u, ®) satisfies

Or(®) = 0" (1),

Proof. (1) = (2): The first line of Eq. (37) is obvi-
ous. Arbitrarily choose k, k' € Ik such that pp > 0. Let
wo={u;+e(djr— 8_;,/(/)}?:’01 with sufficiently small ¢ >
0; then, u' € Prob,, holds. Thus, £[Qy (D) — Qp(D)] =
o', ®)— O(u, ®) > 0, i.e., the second line of Eq. (37),
holds.

(2) = (3): From the second line of Eq. (37), w;Qx(®) >
110 (®) holds for any &, [ € I g. Summing this equation over
[=0,...,K—1yields

K—-1

Qu(®) > > juQi(®) = Q(u, ®) = Q" ().

1=0

(3)= (1): 0"(1) < Yio) 1, Qu(®) = Q(i', @) holds
for any p’ € Proby,,x. Thus, from Proposition 3, (i, ®) is a
minimax solution.

Corollary 6. Assume Prob = Prob,,,x. A tester is a min-
imax one of Q if and only if it is optimal for the following
problem:

Vk, k' € Tgs.t.up > 0. (37)

Vk € ITx. (38)

maximize  Quin(P) ;= min Qi (D)
kEIK

39
o e P 59)

subject to

Proof. “If”: We here replace # with its closure . Let
(u*, ®*) be a minimax solution to Q. Remark 1 guaran-
tees that such a minimax solution exists. Also, let ® be an
optimal solution to Eq. (39); then, ® is also optimal for
Eq. (39) with P replaced by P. Thus, Omin(P) > Omin(P*) >
O* (™) holds, where the last inequality follows from Eq. (38).
Therefore, (u*, ®) satisfies statement (3) of Proposition
5, which implies that (u*, ®) is a minimax solution
to Q.

“Only if”: Let (u*, ©*) be a minimax solution to Q. From
Eq. (38), we have

Omin(®*) = Q" (1*) = sup Q(u*, @) > sup Omin(P),
dep dep

which gives that ®* is optimal for Eq. (39).

C. Symmetry

Using a similar argument as in Sec. IV, we can see that if
problem (Py,y,) has a certain symmetry and at least one min-
imax solution exists, then there exists a symmetric minimax
solution.

Definition 2. Let G be a group. We will call problem
(Pum) G symmetric if the following conditions hold: (a) there
exist group actions of G on 7y, I, Ik, and Hery; (b) the
action of G on Hery is linearly isometric; and (c) Eq. (25)
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and
88Ckm = Cookgom» VEEG kelx,mely,
{Iteet}t—y € Prob, Vge G, p e Prob
hold.
For any group G and i € Prob, let
K—1
1o = pg = G Zug.k : (40)
86 k=0
We can easily verify ©® € Prob and
Uy = ,u,;.k, Vge G, ke Ik. (41)

Analogously to Theorem 4, the following theorem can be
proved.

Theorem 6. Let G be a group. Assume that problem (Py,)
is G symmetric; then, for any minimax solution (u, ®) to Q,
(u®, ®°) defined by Egs. (28) and (40) is also a minimax
solution to Q.

Proof. ®° € P holds from Lemma 2. From Proposition 3,
it suffices to show Q*(u®) < Q(u/, ®°) for any u’ € Prob.
In what follows, we show Q(u’, ®°) > O*(n) (Vu' € Prob)
and Q*(n) = Q*(u°).

First, we show Q(u', ®°) >
have that for any p’ € Prob,

Q(/’L q)<>) - Z/’Lk Z |g| Z g.q)goma Ckm

m= g€G

O*(n) (Yu' € Prob). We

K-1 M-I

|g| ZZML Z gem g.Ck,m>

geG k=0 m=0

M-I

gl ZZ“g-k Z (P, Crrmr)
geG k'=0 —0

|g| Zzﬂgok O (®) > 0* (),

geG k'=

where m' := gem and k' := gek. The inequality follows from
{Wui Yoz 1 e Prob and Q(u/, ®) > 0*(n) (Vu' € Prob)
(see Proposmon 3).

Next, we show Q*(w) > Q*(u°). Let u® = {u® =
Mgek }sz_Ol; then, we have that for any g € G,

M-1
Q' [1®] = sup Zug.k Z o Chom)
CD/ePk —0
K-1 M-l
= sup Z i Z (D), Cgok'.m)
PP r_0  m=0
K-1  M-1
= sup Z Mk Z (goCIJg.m,, Ck’,m’)
P'eP k=0 =0
K-1  M-1

g S/l,lp Z/Lk/ Z (cD;,;u Ck’,m’)

®"EP =0 =0

= Q" (w),

where k' := gek and m’ := gem. The inequality follows from
{go®. Wl — ®'® ¢ P (see Lemma 2). Thus, we have

gom' Im'=0 —
ol Z sup Zﬂ(g)Q (@)

PP 1 —o

(g)
Cw >z ZQ [

> sup oo Z ZM@Q (@) = 0" (1)

geG k=0

VI. EXAMPLES

Using several examples, we show how our approach can
be used to extract some nontrivial properties of optimal
discrimination.

A. Some cases in which a tester with maximally entangled pure
states can be optimal

In this subsection, as applications of Theorem 3 and Propo-
sition 5, we provide some examples in which there exists a
tester with maximally entangled pure states that is optimal for
problem (P).

Corollary 7. Let us consider the problem of finding
minimum-error discrimination of two combs éo and él with
prior probabilities py and p;, respectively. There exists a
tester with maximally entangled pure states that is optimal for
problem (Pg) if and only if |A| € Lin(Chny) holds, where
A = po&y — p1E1 and |A| == VATA.

Proof. In the minimum-error discrimination with R :=
2, C:=Cg, and S := Sy [see Eq. (31)], problem (D) is
rewritten as

Try /TTZ My,
X 2 poo,

minimize

subject to X = p16

with x € Hery. Let x* be its optimal solution and X =
2x* — (po&o + p1E1); then, it follows that X minimizes TrX
subject to X > A and —A. Thus, we have X = |A| and
X' = %(po&) + p1&E1 + |A]). Since &y and &, are combs,
x* € Lin(Chny) holds if and only if |[A| € Lin(Chny) holds.
Therefore, Theorem 3 completes the proof.

Note that Corollary 3 of Ref. [53] states that, in the problem
of finding (single-shot) minimum-error discrimination of two
channels Ao, A € Chn(V, W) with prior probabilities py and
p1,respectively, there exists a tester with maximally entangled
pure states that is optimal if and only if Try |poAg — p1A1]
Iy holds. One can immediately verify that this is the special
case of Corollary 7 with T := 1, SO = Ay, and 81 = A,.

Corollary 8. Let us consider the direct product, G =
H; x -+ x Hr, of some groups Hj, ..., Hr. Assume that
the group action of G on Hery; is expressed as

(h, ..., hr)e— = Ady,, ev;, ©-aU, U,
(hi,....,hr) € G,

where, foreacht € {1, ..., T}, H, > iy = Uy, € Uniy, and
H; > hy > U/, € Uniy, are projective representations of H;.
Also, assume that § = Sg holds and that problem (P) is G
symmetric. If i, — U/ 1, 1s irreducible forany 7 € {1, ..., T},
then the optimal value of problem (P) remains unchanged if S
is replaced by Sy.
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Proof. Proposition 5 with H = {(hy, ..., hy): hy =
ey (Vt' #1), hy € H,} concludes the proof, where e, is the
identity element of H,:.

We provide two simple applications of this corollary. Note
that each of them is a special case of problem (Pg). They can
be readily extended to problem (P) with S = Sg (such as the
problem shown in Example 6).

1. T-shot discrimination of symmetric channels

Let us first consider the problem of finding optimal incon-
clusive discrimination of R channels, {[A\,}f:_ol, discussed in
Example 13. We recall that this problem is H’ symmetric. It
immediately follows from Corollary 8, with G := H T that
there exists a tester with maximally entangled pure states
that is optimal for problem (Pj,.) if &+ U, (he H) is
irreducible. In what follows, we present two typical examples.

The first example is the case in which Ag, ..., Ag_y are
teleportation-covariant channels [39,80]. Let H be a group
and {U,}e be the set of unitary operators generated by
the Bell detection in a teleportation process. Assume that a
collection of channels {[\,}f;(} is teleportation covariant, i.e.,

there exists a projective representation h — Uj, such that
A, =Ady, oA, 0Ady, VrelgheH.

It is easily seen that h+> U, (h € H) is irreducible, and
thus there exists a tester with maximally entangled pure states
that is optimal. Note that its minimum-error version has been
discussed in Ref. [81].

The second example is the case in which Ao, ..., Ag_y €
Chn(V, W) are unital qubit channels, i.e., unital channels
with Ny = Ny =2.'> For any unital qubit channel A e
Chn(V, W), since Tryw A oIy and Try A o« Iy hold, A is
expressed in the form

S0 S1 n Io
*
K 2 15 —h
A=|"1 42)
tl* [2* 852 —S1
ot =S So

with 5o, 5o € Ry and sy, 19,1, € C. We can easily verify
that such A satisfies Adggs, (A) = A, where S, is the antiu-
nitary operator defined by

Adg,(x) = Ads(x"),

5=l ]

Let us consider a group H := {e, h} and its projective rep-
resentation H > h +— U, € Uniy with U, == Iy and U}, = §;;
then, we have

A, = Ady, 0 A, 0Adyr, VrelgheH.

x € Hery,

It follows that the representation h — U}, is irreducible, and
thus there exists a tester with maximally entangled pure states
that is optimal.

12A channel A € Chn(V, W) is called unital if A(Iy /Ny) = Iy /Ny
(or, equivalently, Try A/Ny = Iy /Nw) holds. Examples of unital
channels are mixed unitary qubit channels and Schur channels [82].

2. Determination of the modulo sum of independent rotations

We next consider the problem of determining the mod-
ulo sum of 7 independent rotations. Let H = {g jyk}g‘i;)lj((; (1);
be the generalized Pauli group (or discrete Heisenberg-Weyl

group), the projective representation of which is

Ny—1 .
, 2mik\ . .. .
H>gjrH— Ug,,k = E exp <z N ) li ® j) (i| € Uniy,
i=0

where i := +/—1, V is a system, @ is addition modulo Ny,
and {|1')}§V:V0_1 is the standard basis of V. j and k can be,
respectively, interpreted as the amounts of x and z rotations.
Note that this representation is irreducible. We consider the
following process:

= ADGAT V. @A, (hy...

hr_

.,hT) (S 7’{T,

.....

where, for each t € {1,..., T}, {A{}4epe € ChN(V, W,) is a
collection of channels satisfying

A = Ady,, o AV 0 Ady,, VheH,

W, is a system, and H > h > U, € Uniy, is a projective
where (hy,...,h7y) is uniformly randomly chosen from
HT, and that we want to determine the modulo sum of
z rotations @ZT:, z(hy), where z is defined as z(gjx) =k
(gjkx € H). This problem is formulated as the problem of
finding optimal discrimination of the processes {Sm}ﬁg)l,
where

~ 1 -
Ep = HT| > Ahy,...ihr)-
{(hy,.chp ) eHT @], z(h)=m}

To simplify the discussion, we here consider the minimum-
error strategy, which is written as problem (Pg) with

M:=Ny, J:=0, c¢,=0Cg.

Let the group actions of H” on I, and Hery be, respectively,
defined as

T
(b, ..., hr)om = {@z(ht)} @ m,

t=1

(hy, ..., hr)e— = AdUT,hT QU ®~8U1 1, 8U;,

for any (hy, ..., hr) € HT: then, one can easily verify that
this problem is H” symmetric. Thus, there exists a tester with
maximally entangled pure states that is optimal.

B. Single-shot discrimination of cyclic unital qubit channels

It is known that, in several state discrimination problems
for highly symmetric states, their optimal values can be
obtained analytically. Similarly, it is expected that we can
analytically obtain the optimal values in several process dis-
crimination problems with high symmetry.

In this subsection, let us consider the following two
problems: the problem of obtaining single-shot optimal incon-
clusive discrimination [i.e., problem (Pj,.)] for R unital qubit
channels {[\,}f;ol C Chn(V, W) and its minimax version [i.e.,
problem (34)]. Let U be a unitary operator on W satisfying
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UR =1y and U™ # Iy for any 1 < r < R. We choose the
eigenvectors of U as the standard basis of W. Assume

ArEBRI = AdU o Ara
ATy 1A T
Ao(p') = [Ao(p)],

Vr e IR,
Vp € Posy, (43)

which means A,q,1 = Adygs, (A,) (Vr € ITg) and Ag = Ay.
Also, assume that, in problem (Pj,.), the prior probabilities are
all equal.

The symmetry expressed by Eq. (43) can be represented by
group actions as follows. Let

G = {h’hi cr€lp kel
be a dihedral group of order 2R, generated by a “rotation” h

and a “reflection” h, that satisfy h® = ¢ = h? and h,hh, = h.
We consider the actions of G on 7, and Hery gy defined by

hem = {217691{ 1, Zi;z
h.em == m,

hex = Adygy, (x),

h.ex = X!

for any m € Iy and x € Herygy. Also, in problem (34), the
action of G on fx = I; = Iy is defined by her :=r &g 1
and h,er :=r (Vr € Ig). One can easily verify that problems
(Pinc) and (34) satisfying Eq. (43) are G symmetric.

In problem (34), Theorem 6 guarantees that there exists a
minimax solution (u®, ®°) satisfying Egs. (29) and (41). This
gives uf@kl = [y, i.e., the prior probabilities ug, ..., Hp_,
are all equal. Thus, problem (34) is essentially the same as
problem (Pj,.). In what follows, we focus on solving problem
(Pinc). Note that since each channel is unital, there exists
a tester with maximally entangled pure states that is opti-
mal for problem (Pj,.), as shown in the previous subsection.
This fact reduces problem (Pj,.) to the corresponding state
discrimination problem. However, solving this state discrimi-
nation problem is as hard as solving problem (Pjc).

Let us consider problem (Djn.). We can see that As,(x) =
Amax(Trw x) holds for any x € Herygy, where Ay (X) is
the largest eigenvalue of X. From Corollary 1, without loss
of generality, we assume that an optimal solution, x, is in
Lin(Chny gy ). Corollary 5 asserts that (x©, g°) is also an
optimal solution. From Eq. (30), hex® = x° and h,ex° = x°
hold. One can also easily check x° € Lin(Chnygy). Thus,
problem (Dj,c) can be rewritten as

minimize
subject to

Amax (Trw X) — 4Dinc )
X = %o, X = &1, x € Lin(Chnygy),  (44)
Adyern, () =X, x" = x

with x € Herygy and g € Ry, where ¢, := A¢/R and
=g Y% AR =g Y%} Adyrer, (Ag)/R. One should
remember that ¢; is a function of g. Note that any feasible so-
lution to problem (44) satisfies x > A,/R (Vr € Ix), which
follows from x > ¢y and Adygy, (x) = X.

From Try Ag o« Iy, Try Ag o Iy, and Ag = Ay, { and ¢;
can be expressed in the form

S0 S1 I Io
S1 52 15 —
So = ,
I 15 2 —S1
Iy —h —s81 S0
S0 51 0 0
) 0 0
=qgR
Cl q 0 0 52 —S81

0 0 —81 S0

with some s;,7 € R
rewritten as

(k € I3) [see Eq. (42)]. They are

A; B +
=0 ®', Vlel,,
;l |:Bl Al] 2
where
m 0 0 O
~._ (0 1 0 0 |80 S
O=lp 0 o 1|0 A= [5,,1 s,,z}
L0 0 -1 O
[—f0 1
B = " o
! I l1,21|
and
Sok =Sk, fox=tx, Six=qRsy, hHp=0, kels.

From x € Lin(Chnygy), Adyes, (x) = x.and xT = x, x is
expressed in the form

x+z y 0 0
oy X—2z 0 0
X=1 o0 0 x—z —y
0 0 -y  x+z
=X ®X)0 (45)

with some x, y, z € R, where

X = [x;rz XZJ. (46)

(x, q) is a feasible solution to problem (44) if and only
if x is expressed in the form of Eq. (45) and x > ¢y and ¢;
hold. Here, to derive a necessary and sufficient condition for
X = {1, we obtain the eigenvalues of x — ;. Fromdet® = 1,
we have

. X —A — Ay —B
det(x — & —AMwgy) = det[ —B, X —A —aly |

It follows that any squared matrices C and D with the same
size satisfy

det[c D] :det[C+D D+C}

D C D c
_ . fc+p o0
—det[ D C—Di|

= det(C + D) - det(C — D).
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Thus, by solving the equation det(X —A; — Aly £ B;) =0,
we obtain the eigenvalues of x — ¢; as follows:

M+t =X—Xx; % \/(y -y + @ —zp)? kel

where
Xk = 3810+ 512+ (=D o — 12,
yik =51 — (=D,
2k = 280 — 52+ (=D @0 + 72)]-

Since A 4+ = A — holds for each k € 75, x > ¢ holds if
and only if 4; o > O and A;; — > 0 hold.

For each v € R3, let v,, vy, and v, be, respectively, the x,
v, and z components of v, and

Ny = eR¥:v —v, > \/(v; —v,)? + (v, —v,)?}.

It follows that N, is a cone with its apex at the point v. Let
u = (x,y,z)and "% == (v k. yi.k» 20.4); then, since Ay~ >0
is equivalent to u € Nix, problem (44) is rewritten as

2uy — qPinc
u € Nyoo N Ny N Nul,l(q),

minimize

subject to (47)

where we use v"'? = v!!, which is given by 719 =1, =

f1, = 0. To emphasize that vl is a function of g, we denote it
by v!(g). It is easily seen that the optimal value of problem
(47) is equal to

P*(pinc) = inqu]RJr [2u3(q) — gPinc], (48)

where, for each ¢, u;(q) is the x component of the point
u*(q) € Nyoo N Nyor N Ny that has the minimum x com-
ponent. Note that Eq. (48) implies that —P*(pinc) is the
Legendre transformation of 2u}(g).

We should note that problem (47) can also be expressed as

minimize
subject to

TrX — qpinc

X 2 1)0,07 X 2 1)0,1’ X 2 Ul‘l (49)

with two-dimensional symmetric matrix X given by Eq. (46)
and g € R, where

plk | XLk + 2k Vi.k
Yik Xk — 2k

If g is fixed, then problem (49) can be regarded as the
dual of a qubit state discrimination problem and thus can
be analytically solved [83]. One can interpret problem
(47) as the geometrical representation of problem (49) (see
Refs. [84,85]).

As a simple example, we now consider the case
s; = t; = 0. Note that this case is equivalent to the case in
which Ay is a Pauli channel. Since U;'k = y;x = 0 holds, we
need only to consider the plane y = 0. Figure 7 shows a geo-
metrical representation of problem (47) in the case of R = 3,
so =1 = 0.3/R, s =0.7/R, and r, = 0.1/R. Let v’ be the
element of N 00 N Ny that has the minimum x component,
qo be the maximum value of g satisfying v" € Ny11(,), and
q1 be the minimum value of ¢ satisfying v'*!(g) € N,. Also,
let ¢ = v!1(gp) and ¢V := v"!(g;). Then, we can easily

0.1 ' . :
WZ/O‘O
0.01-._ 00 . I
Z N
-0.11 L
-0.2 . . .
0.0 0.1 0.2 0.3 0.4

FIG. 7. Geometrical representation of problem (50) in the
case of R=3,50=1%=03/R, 55=1t,=0, 5, =0.7/R, and 1, =
0.1/R. v*%=(0.2,0,0), v*! =(2/15,0, —2/15), and v'!(q) =
(0.5¢,0, —0.2q) are in the plane y = 0, and so is u*(g). v"'(q)
lies on the dashed straight line. The three cones N,o0, N1, and
N1 are shaded in gray. Note that for any v € R? with v, = 0, N,
is represented as the set {(x’,z') : X' — v, > |7 — v,|} in the plane
y=0.

verify
v, q < qo,
w'(q) = UlTL T[], qo<g<aq, (50)
vi(g), q2q.

Note that v’ and ¢ can be easily obtained from sy, 57, fy, and
t,. Moreover, from Eq. (48), we have

* _ 2U; — 4oPinc» Pinc < Po,
P (pine) = {25}(” — ¢1Pinc,  Otherwise,
2§_i”72v;
Po = { on o T 0, (51)
1, otherwise.

In Fig. 8 are shown 2u}(gq) and P*(pi,.). As seen in Eq. (50),
2ui(q) can be generally represented with three line seg-
ments corresponding to g < go, go < q < q1, and g = q.
Note that since v)*!(g) = ¢/2 holds, 2u*(q) =2v!-'(¢) = ¢

90=0.381 q,=0.667

0.81 .

“20.667

o
@
.

0.467

2u¥(q), P*(p
o
e

(0.2 rreeremreremr e F

0.0 . : . ; :
0.0 0.2 0.4 0.6 Po=0.7 0.8 1.0

Pinc: G

FIG. 8. 2u}(g) and P*(pin) in the same conditions of Fig. 7.
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holds when g > ¢;. Also, as seen in Eq. (51), P*(pinc) can be
generally represented with two line segments corresponding
tO0 Pinc < Po and Pinc 2 Po-

VII. CONCLUSION

We have studied a generalized problem of discriminating
quantum processes each of which can consist of several time
steps and can have an internal memory. This problem can
be formulated as a convex problem with a quantum tester.
We first showed that the optimal values of this problem and
its Lagrange dual problem coincide (i.e., the strong duality
holds). Based on this result, necessary and sufficient condi-
tions for a tester to be optimal were provided. Necessary and
sufficient conditions that the optimal value remain unchanged
even when a certain additional constraint is imposed were also
given. We next showed that for a problem that is symmetric
with respect to given group actions, there exists an optimal
solution having the same type of symmetry. Moreover, we
discussed a minimax strategy for a generalized process dis-
crimination problem.

Process discrimination problems can be interpreted as an
extension of state discrimination problems. In state discrim-
ination, the formulation of the problem as a convex problem
is useful for developing analytical and numerical techniques,
such as deriving analytical expressions for optimal mea-
surements, developing numerical algorithms for efficiently
obtaining optimal solutions, finding near-optimal measure-
ments (e.g., a square-root measurement), and obtaining upper
and lower bounds on optimal values. We expect that our re-
sults will allow us to extend these techniques to a broad class
of process discrimination problems.
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APPENDIX A: PROOF OF THEOREM 1

Let P* and D* be, respectively, the optimal values of
problems (P) and (D). We consider the following Lagrangian
associated with problem (P):

M—-1 M—-1
L@, ¢, X, q) =) (Pp, ) + <<p - @y, x>
m=0 m=0
J—1
- qini(®)
j=0
J—1 M—1
= Q. X)+ Y _ajbi = D (P X — (@) ,
Jj=0 m=0

(AL)

where ® € C, ¢ € S, x € Hery, and q == {g; j;é € Rfr. It
follows that

inf L(®, ¢, x, q)
X-q

— {Z%_ol <<Dms Cm) , [ONS 7_), Q= 2:14:_()1 (Dm

—00, otherwise,
_IDs(x.q),  (x,q) € D,
Z?SL(Q 02D = {oo otherwise

holds. Thus, from the max-min inequality, we have

P* = supinf L(®, ¢, x) < infsup L(D, ¢, x) = D".
D0 X4 X4 D0

It remains to show the strong duality. In the case of
D* = —oo0, the strong duality obviously holds from P* =
D* = —o00. Now, we consider the other case. It suffices to
show that there exists ®* € P such that P(®*) > D*, in
which case, from P* > P(®*), we have P* = D*. We consider
the set

Z = {(lym +2n(@) — x}0i=y- Ds(x, q) — d)
(x.y.d.q) € Zo} C Hery xR,
where y := {y,,}"~ and
Zo={(x,y.d,q) e Hery xC* x R xR/, : d < D*}.

One can easily verify that Z is a nonempty convex set. We
can show ({0}, 0) € Z. Indeed, for any (x, y,d, q) € Zy such
that y,, + zn(q) — x =0 (Ym), since {x — zn(q)}m =y € C*
[i.e., (x,q) € D] holds, Ds(x,q) —d > D* —d > 0 must
hold. From the separating hyperplane theorem [86], there
exists ({W,,}-), &) # ({0}, 0) € Her) x R such that

m=0"
M—1
D (W, Y+ 2n(@) — x) + @Ds(x, q) —d] > 0,
m=0

V(x,y.d,q) € Zo.

By substituting y, =«y, (kx € Ry, {y,}m €C*) into
Eq. (A2) and taking the limit k — oo, we obtain {¥,,},, € C.
Also, we have o >0 in the limit d - —o0. We can
show « > 0. [Indeed, assume by contradiction that
a = 0. Substituting x =«ly; (k € R;) into Eq. (A2)
and taking the limit k — oo gives ZZ;& Tr¥,, < 0. From
{W,,}, € C C Posy, W,, =0 holds for any m € I. This
contradicts ({W,,,},, ) # ({0}, 0).] Let @} = W,,/«; then,
Eq. (A2) is rewritten by

(A2)

M—1
D (@ v+ am(@) = x) +Ds(x.¢) —d >0,
m=0

V(Xays da C]) [S ZO-

Substituting x =« x’ (¢ € R4, x’ € Hery) and g; = 0 into
Eq. (A3) and taking the limit ¥ — oo yields As(x’) >
SMZI(@x, x') (¥x' € Hery). This implies V) @* € S.
[Indeed, assume by contradiction that Z%;& 7 is not in S;
then, from the separating hyperplane theorem, there exists
x' € Hery such that (¢, x') < (XM @2, x)) (Vo eS),
which contradicts As(x') > YW, (%, x')]. Thus, ®* € T

(A3)
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holds [see Eq. (11)]. By substituting ¢; = k8, y (j' € I;)into
Eq. (A3), we have n;(®*) < 0 in the limit x — oo. Thus,
®* € P holds from Eq. (11). By substituting y,, = 0, x = 0,
and g; = 0 into Eq. (A3) and taking the limit d — D*, we
have P(®*) = XM (&2, ¢,) > D*. n

APPENDIX B: PROOF OF PROPOSITION 2

Before proving Proposition 2, we first show the following
lemma.

Lemma 2. For any x € Hery, As,(x) is equal to the opti-
mal value of the following optimization problem:

minimize @y
subjectto  Try, x < Iy, ® wr_1,
TrW, w; < IV, Quw(Vte{l,..., T —1})

(BI)

with {w, € Hery, gy, owen )l (note that wy € R holds).
Proof. Let us consider the following Lagrangian associated
with problem (B1):

T-1
Lo(t, w) := wy + Z (‘L’t, Try, o, — Iy, ® w,_l)

t=1
+ (7, Trw, x — Iy, ® wr—y)
T-1
= (1 — TI"L’], (1)0> 4+ Z<IVVI X T — TI'VH] Tt+1> a),)

=1
+ (v, ® 7, x)» (B2)

where ', and w:=

t = {1 € Posysw,_ ey e-owev}
{w; € Hery,gv,e..ow v, }th_Ol. Due to the max-min inequality,

we have

supinf Ly(t, w) < inf, sup, Lo(t, w). (B3)
T w

From the second equation of Eq. (B2), it is straightforward
to derive that if w is a feasible solution to problem (B1), then
sup, Lo(t, w) = wp, otherwise oco. Thus, the right-hand side
of Eq. (B3) is equal to the optimal value of problem (B1),
denoted by Dj. Similarly, it follows from the last equation of
Eq. (B2) that the left-hand side of Eq. (B3) is equal to the
optimal value of the following problem:

maximize (ly, ® 17, X)
subjectto Try v, =Iy_, @1Vt €{2,....T}), (B
TI“L'l =1

with 7. The constraint is equivalent to 77 € ®,T: Chny,ew,
(with Wy := C), or, equivalently, Iy, ® tr € Sg. Thus, the
optimal value is sup,.g, (¢, x) = Ass(x). To prove Dj =
Asg(x). it suffices to show that Slater’s condition holds. Let
T/ = {Tt/},T:] with 'L'l/ = IV] /ZV\/l and Tt/ = IV,/NV, ® Im_l ®
7/, (t€{2,...,T}); then, 7’ is a feasible solution to prob-

lem (B4) and 7/ is positive definite for each t € {1, ..., T},
which implies that Slater’s condition holds.

We are now ready to prove Proposition 2. Arbitrarily
choose (x',q) € D. Let {a)l/}tT:_O' be an optimal solution to
problem (B1) with x := x’. Also, let

wy = W),
/ IW/ /
w; ‘= a)z—|-]v—®(lvl ®a),_1—TrW (,()t),Vl € {1, oo T — 1},
W,
/ IWT /
X =x+ ® (I, ® wr—1 — Trw, x'). (BS)
Nu,
We have o, > w; (t €{l,...,T —1}) and x > x’, which

follows from Iy, @ w,—1 2 Iy, ® w,_; 2 Try, 0, and Iy, @
wr—1 2 Iy, ® wy_; > Try, x'. Thus,

M—1 M-1

Z ( Py X — zZm(q@)) 2 Z (P, X/ —zm(q)) 2 0,
m=0 m=0

Vo e C,

which gives {x — zu(q)}¥2) € C* [ie., (x,q) € D]. From
Eq. (BS), we have

TrW,thIV,®a)z—la vViee{l,..., T —1},
TrWTX :[VT R wr_q. (B6)

Assume now that x € Lin(Chny) holds, i.e., x is expressed in
the form x = By x+ — B_x_ (B+ € Ry, x+ € Chny); then,
wp = B4+ — B obviously holds. From Eq. (6), we have
Asg(X) = By — B- = w0 = @) = As(X).

To complete the proof, we have to show x € Lin(Chny).
Let u; = 1V%®V,®~~®W.®V|/H;'=1Nmm x* =X+ pur, and
o' = +pu; (t €{0,..., T — 1}), where p € R, is taken
to be sufficiently large such that x>0, ot >0 (V¢ €
{1,...,T —1}), and a)ar > 0. From Eq. (B6) and Try, u, =
Iy, @ u;—y, we have Try, 0 =I, @ | (Vi € {1,...,T —
1}) and Try, x ™ = Iy, ® w;_,, which gives x " /o, € Chny
[see Eq. (4)). From ur € Chny, x = x* — pur € Lin(Chny)
holds. [ ]

APPENDIX C: PROOF OF THEOREM 2

We will prove it using the proof of Theorem 1 in
Appendix A. Arbitrarily choose ® €P and (x,q) €
PD. We consider a sequence {¢, € S},=12,.. such that
lim,— o0 {(@u, X) = As(x). From Eq. (A1), we have

J—1 M—1
Ds(x,q) = P(®) = =Y qini(®)+ Y (P, X — 2u(q))
j=0 m=0

M—1
+ [xsm = (D, x)} (C1)

m=0

in the limit n — oo. Since each term on the right-
hand side of Eq. (Cl) is always non-negative, P(®) =
Ds(x,q) holds [i.e., ® and (x,q) are, respectively, op-
timal for problems (P) and (D)] if and only if Eq. (22)
holds. [ ]
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