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A scheme of an ultrasensitive magnetometer in the cavity quantum electromagnonics is proposed, where
the intracavity microwave mode is coupled to a magnonic mode via magnetic dipole interaction. It is shown
that by driving both magnonic and microwave modes with external classical fields and controlling the system
parameters, one can reduce the added noise of magnetic field measurement below the standard quantum limit
(SQL). Surprisingly, we show that beyond the rotating wave approximation (RWA), not only can the added
noise be suppressed but also the output cavity response to the input signal can be substantially amplified in
order to achieve a precise magnetic-field measurement. The estimated theoretical sensitivity of the proposed
magnetic amplifier-sensor is approximately on the order of 10~'8 T/+/Hz, which is competitive compared to
the current state-of-the-art magnetometers like superconducting quantum interference devices (SQUIDs) and
atomic magnetometers. The advantages of the proposed sensor in comparison with the other magnetometers is
its high sensitivity at room temperature, sensing in a wide range of frequencies up to MHz, and its capability for

signal-response amplification.
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I. INTRODUCTION

The precise measurement of physical quantities like force,
magnetic field, etc., is a challenging problem in quantum
sensing and metrology since noise sources usually destroy the
measurements and cause uncertainty in measurement results.
Therefore, applying methods for suppressing or reducing the
added noise of measurement, notably below the standard
quantum limit (SQL), is an important key in quantum sens-
ing and metrology. As an example, one approach is coherent
quantum noise cancellation (CQNC) [1], in which the anti-
noise path in the quantum dynamics of the system can cancel
the original noise path via destructive quantum interference.
Very recently, the backaction noise due to the radiation pres-
sure has been observed in the Advanced Virgo gravitational
wave detector on the macroscopic scale at low frequency [2].

Recent decades have witnessed theoretical and experimen-
tal progress in studying force sensing in different kinds of
systems, such as bare and hybrid optomechanical systems
[1,3-7]. It has been shown that one can control the quan-
tum noise for simultaneous noise suppression and signal
amplification [6]. Quantum magnetometry is another im-
portant quantum metrology topic with undeniable practical
applications in different areas such as geology, navigation,
archeology, magnetic storage, medicine [§—10], and even the
search for fundamental physics issues like dark matter axions
[11-13]. Quantum magnetometry, which has an inevitable
role in human life, has been investigated in different kinds
of systems such as cavity magnon-polaritons [11,14,15], cav-
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ity optomechanics [16—19], atomic magnetometers [20-22],
and superconducting quantum interference devices (SQUIDs)
[23-25]. Although subfemto-Tesla magnetic sensing has been
achieved in atomic magnetometers and SQUIDs, there still
exist some limitations and challenges such as low-frequency
range of sensing [21] and high working temperature [24].

In recent years, besides the cavity optomechanical sys-
tems, studying light-matter interaction based on spin wave
collective excitation magnon-photon interaction in ferromag-
netic materials like yttrium iron garnet (YIG) with very high
spin density and low magnon dissipation rate has attracted
a great deal of attention [26-33]. Magnons as elementary
excitations of magnetically ordered systems can efficiently
interact with external magnetic fields and their frequency
is tunable, which yields more controllability. These excita-
tions in some ferromagnetic materials like YIG have long
lifetimes and long coherence times [34-36], which make
them suitable for different applications in quantum infor-
mation and quantum metrology [26,35]. Very recently, it
has been experimentally shown that magnon-based sens-
ing is possible with a high sensitivity through dispersively
coupling between the magnetostatic mode and a supercon-
ducting qubit [37]. A homogeneous magnonic mode can
interact with microwave photons via magnetic dipole inter-
action [26-28,38,39]. It should be noted that YIG has a
high Curie temperature as 559 K, and thus is ferromagnetic
at both cryogenic and room temperatures [38]. Therefore,
coupling between a microwave cavity mode and the collec-
tive spin excitations is experimentally possible in different
YIG samples at either cryogenic [26,28,38,39] or room tem-
perature [27,38]. Microwave photon-magnon interaction that
is studied in the context of cavity electromagnonics [40]
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has been led to some interesting effects including classi-
cal Rabi oscillation, magnetically induced transparency, and
the Purcell effect [27]. Moreover, microwave photon-magnon
interaction affects the dynamics of cavity magnomechanics
[41,42] where magnons interact with microwave photons and
phonons respectively via magnetic dipole and magnetostric-
tive interactions. This interaction in different hybrid quantum
magnonic-based systems such as cavity electromagnonics
and cavity magnomechanics has important effects including
microwave-to-optical quantum transducer [43], quantum en-
tanglement and correlation [44-52], generation of magnon
and microwave photon squeezed states [53,54], phononic laser
[55], quantum thermometry [56], quantum magnetometry
[11,14,15], magnon blockade [57,58], quantum illumination
[59], magnon-assisted photon-phonon conversion [60], and
storage and retrieval of quantum states [61].

Motivated by the above-mentioned investigations on force
sensing in optomechanics and capability of magnetic sensing
in electromagnonic systems as well as the current challenges
in magnetometers such as low frequency and high tempera-
ture, here, we theoretically propose a feasible experimental
scheme of a sensor for high-precision quantum magnetometry.
We consider an electromagnonic system whose magnons as
quantum excitations of spin wave interact with microwave
photons via the magnetic dipole interaction. In the proposed
system, both magnonic and microwave cavity modes are ex-
ternally driven by classical fields. We analyze the system both
beyond and under the RWA and show that beyond the RWA
by controlling system parameters, the added noise of magnetic
measurement can be suppressed far below the SQL. In addi-
tion, surprisingly, the signal response can be simultaneously
amplified, which results in a precise magnetic field measure-
ment. The estimated sensitivity of the theoretical proposed
magnetometer is on the order of 10718 T / +/Hz, which is com-
petitive or even better than current state-of-the-art SQUIDs
and atomic magnetometers. Interestingly, the advantages of
our proposed magnetometer compared to the SQUIDs and
atomic based magnetometers are that our magnetometer can
even operate at room temperature and over a wide range of
frequency with high sensitivity and precision.

The paper is organized as follows. In Sec. II, the system
Hamiltonian is described, and then in Sec. III, the dynamics
of the system is investigated through the quantum Langevin-
Heisenberg equations of motion. The mechanisms of the
magnetic sensing, noise suppression, and signal amplification
are presented in Sec. IV. In Sec. V, the sensitivity, the signal-
to-noise ratio (SNR), and comparison to other magnetometers
are discussed. Finally, the summary, conclusion, and outlooks
are mentioned in Sec. VI.

II. THE SYSTEM AND HAMILTONIAN

Figure 1 shows a schematic of the proposed magnetometer:
A YIG sphere is placed inside a microwave cavity with a
uniform external bias magnetic field, B;, which is applied to
the YIG sphere to produce a homogeneous magnonic mode,
the so-called Kittel mode. Therefore, magnetic dipole in-
teraction can mediate microwave photon-magnon interaction
[26,27,40,62]. Assuming that both the magnonic and photonic
modes are driven by external magnetic and electromagnetic

FIG. 1. Schematic of a magnetic field sensor based on cavity
electromagnonics, in which a YIG sphere is placed where the mag-
netic field of the microwave cavity mode is maximum. The YIG
sphere is also biased with a uniform magnetic field B, in a direc-
tion which at least has a component along the direction orthogonal
to the cavity axis. The cavity and magnonic modes are driven by
the classical cavity and magnon drive fields, respectively. B is an
unknown weak external magnetic field which is applied to the YIG
sphere along the x direction and should be measured.

fields, respectively, the Hamiltonian of the system is given by
H = hw,d' a4 hom'm 4 hgo(a + a" )+ m')
+ihep(@Te™ M — aery + ihie (eI — i@t

+Hp. (D

The first two terms describe the free energy of photonic and
magnonic modes where @ (a*) and /i (71" respectively denote
the annihilation (creation) operators of these two modes and
satisfy bosonic algebra [6,6'] = 1, = a, fi. w, and w,, in-
dicate the resonance frequency of the cavity and magnonic
modes, respectively. It is worth noting that the magnon fre-
quency is determined by the external bias magnetic field B,
and the gyromagnetic ratio y/2m = 28 GHz/T, i.e., w, =
y By, and can be easily adjusted via Bp. The third term in
the Hamiltonian represents the microwave photon-magnon
coupling obtained through the magnetic dipole interaction,
which is written without resorting to the rotating wave ap-
proximation (RWA) [40,62]. Note that the RWA breaks in the
ultrastrong coupling (USC) and deep strong coupling (DSC)
regimes, which respectively can be achieved when conditions
80 S Wq(m) and gy 2 wy(m) are satisfied [63]. Therefore, this
interaction Hamiltonian can be considered for either USC
or DSC regime. Note that the strength of magnon-photon
coupling is given by go = % 2sN, where y is the gyromag-

netic ratio and By = ,/ ﬁ“{}ﬂ indicates the amplitude of the

magnetic field inside the microwave cavity in which o, is the
microwave mode frequency, (o is the vacuum permeability,
and V, stands for the mode volume of the microwave cavity
resonance. Also, s and N, respectively, stand for the spin
angular momentum s = 5/2 on each unit cell of the magnetic
material and the number of unit cells with spin s in the YIG
sphere [62]. The contribution of the two external drive fields
can be seen in the fourth and fifth terms of the Hamiltonian.
The cavity drive field with frequency w; and power P, drives

2Pika
hay,

cavity decay rate). The coupling strength of the magnon drive
field (whose frequency and amplitude are respectively given

the cavity mode with rate ¢, = (with k, being the
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by w, and B;) with the magnonic mode in the YIG sphere is
€ = gBd, where n = %\/ﬁ [44]. Hp accounts for the cou-
pling of the magnonic mode in the YIG sphere to an unknown
weak external magnetic field B, which should be measured,
and is given by

Hz = —yS - B = —hnB@t)(m + m"), 2

with § being the collective spin angular momentum. The
above Hamiltonian is obtained using the Holstein-Primakkoff
transformations and assuming that the time-dependent ex-
ternal magnetic field is along the x direction [44]. The
Hamiltonian in the frame rotating at frequencies w; and wy
is given by

A = A8 a4+ BA i+ higo(ae™ ™ + alet)
x (e @ 4+ ey + e (@" — @)

+iheq(m — ) — InB(t) (e " 4 mfe@t),  (3)

where A, = w, — vy and A, = w,, — w, are the cavity and
magnonic detunings, respectively. We assume that the cou-
pling strength gy is modulated coherently as go(¢) = g(1 +
2 cos Qt) with g = go& where & and 2 are the amplitude and
the frequency of time modulation, respectively. Assuming res-
onance condition, 2 = w; + wy, and also considering the fact
that the magnonic and microwave modes are near resonance
in the microwave photon-magnon interaction (w, >~ wy,) [27]
and consequently w; >~ w, can be provided, then Q2 = 2w;.
In this manner, the photon-magnon interaction term [the third
term in the Hamiltonian in Eq. (3)], by considering the time
modulation go(¢#) and using the RWA, which is valid when
g = 206 K €, can be simplified as

Hine = higla+ a )+ m"). 4)

As mentioned, the magnon-photon coupling strength g
depends on the number of spins and the amplitude of
the magnetic field inside the microwave cavity. Therefore,
by modulating the amplitude of magnetic field inside the
microwave cavity, one can modulate the magnon-photon cou-
pling strength. By controlling the modulation amplitude of
magnetic field, we can change & and hence g so that g < €2
is valid. On the other hand, the effective magnon-photon cou-
pling strength can be tuned via the modulation amplitude &.
This controllability on coupling strength is an advantage of the
time modulation in this configuration. It should be noted that
recently the time-modulation technique has been theoretically
and experimentally applied in quantum optical systems in
order to generate the nonclassical state, squeezing and also
improving the sensing [4-6,64-71].
Now, the total Hamiltonian of the system is given by

= hA@ a+m'm) + hga +a ) oh + m') + ihe (@" — a)
+ iliea(im’" — A — EnB(t) (e + @' e, (5)
in which we have assumed A, >~ A,, = A since w, >~ w,

and w; >~ w,; and we have considered the first notation of
Hamiltonian (H instead of H ™).

III. DYNAMICS OF THE SYSTEM

Considering Hamiltonian (5), the quantum Langevin equa-
tions (QLEs) describing the system dynamics are given by

Km :
S = —iASm — ig(sa’ + sa) — 73;@ + Sk

+ inB(1)e™", (6)
84 = —iAsa — ig(sm" + 8im) — 3541 + Jkaa",  (7)

in which «, and «,, indicate the cavity and magnonic dissipa-

tion rates, respectively. The input quantum noise of the cavity

and magnonic modes are respectively shown by 4" and ™

which satisfy the following correlation functions,
(@)™ = (1478 — 1), ®)

(@ (0" = bt — 1), €))

ﬁwo

with 0 =a,m and 71, = [exp(2) — 1]~' being the mean
number of thermal excitations of the cavity and magnon
modes at temperature 7. Here, we assume 7, >~ #,, = i,
which is experimentally realizable for the microwave photon-
magnon interaction w, >~ w,, [27]. By defining the quadra-
tures 8X, = ”j;g and 8P, = ’(”f”) (6 = 8a, 8m), Eqgs. (6) and
(7) can be written as follows:

5%, = N8P, — %’”3)2,” + iR, (10)

8B, = —ASK,, — 25K, — %aﬁm + JrnPm, (1)
5X, = ASP, — Efsx + SRk, (12)

A

5P, = —ASR, — 295K, — %5}3(, + kP (13)

where Xoi“ = " and Poi“ = ’(”msz) (o = a, m). Also, we
have defined X/"(r) and P/"(¢) as follows:
R b .
i) = X0 — | Z 0BGt sin(wat), (14)
Km

”“(t) Pln /%nB(t)cos(wdt), (15)

which show the effects of the external magnetic field.

In the system under consideration, the external magnetic
field that we are going to measure, B, is coupled to the
magnonic mode. On the other hand, the magnon mode is
coupled to microwave photons through the magnetic dipole
interaction. Consequently, the signal corresponding to the ex-
ternal magnetic field, B, can be detected by measuring the
optical output phase quadrature, }3"“‘ According to the input-
output relation, i.e., a° = \/E(Sa — &, the output phase
quadrature is given by

P = [k, 8B, — PP, (16)

By solving the QLEs [Egs. (10)—(13)] in the Fourier space,
we can find §P,(w). Then, according to Eq. (16), P in the
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Fourier space can be simplified as

P (w) = A(0)X () + B(w) P ()

+ C(@)X (@) + D(w)P"(w), (17)

where X/"(») and P"(w) are respectively the Fourier trans-
form of X,"(t) and P,,"(¢) and are given by

A - 2 1
X, (@) = X, @)+, K—n%[B(w + wq4) — B(o — wg)],

(18)

y N [2 1
P w) = PMw) + K—nE[B(w+a)d)+B(a)—wd)].

19)

In addition, the coefficients A(w), B(w), C(w), and D(w)
are defined as

Alw) = 4g.//<aicm(

Axa —1
B(w) = 4gAxm<w>x;(w>\/_xuxm<&), Q1)

Axa(w) —1

i )Xm(w), (20)

2iw + ke,
C(®) = — 48 A xm(@) X (@) Xa(@)ks <%)_1)
—utal@), 22
D(w) = —8g2Axm(w)xln(w)xa(w)Ka(%>
2 =1 @3)

2iw + Kk,
where we have defined x,(®), xm(w), and x,, (@) as follows:
A

Xa(®) = _ —, (24)
A? — 0 +ioA 4
1
Xm(a)) = la)+ ,%m’ (25)
X (@) = xm(@)[1 + A2x2 (@) — 408 xal(@)x2(@)]
(26)

IV. MAGNETIC FIELD SENSING

Generally, similar to the cavity quantum electrodynamics
systems, there could be different kinds of light-matter in-
teraction in cavity electromagnonic systems [27,72] such as
DSC, USC, strong coupling (SC), and weak coupling (WC)
regimes, which depend on the light-matter coupling strength,
8o0. The DSC and USC regimes are satisfied when go 2 @a(m)
and gy < Wa(m), respectively. Note that the RWA breaks down

J

Ru(®) = 1687k ki %) (@)

Axa(@) =1
2iw + K,

(1882 Ka A Xm (@) 1 () xa (@) (PLLL) 4 1 4 HelpLale)-]

2iw+kg 2iw+kq

in these two regimes. In SC and WC regimes, in addition to the
frequency and coupling, the damping rates play the important
role such that they can be labeled by «,, ki K g0 K @aom)
and go <K< K, K, Wa(m), Tespectively. It should be noted that
in these two later regimes the RWA is valid. Furthermore,
the intermediate coupling (IMC) regime where also the RWA
is valid is satisfied when (g0 K @), ko < 80 < Kp) OF
(gO < Wa(m)s Km < 80 < Ka)-

In the following, we first investigate the magnetic field
sensing in the cavity electromagnonics beyond the RWA,
which can be considered for the DSC or USC regime. Then,
we study the possibility of magnetic sensing under the RWA,
which is valid in SC, WC, and IMC regimes.

A. Beyond the RWA

In this section, we consider the system beyond the RWA
and show that the signal response corresponding to the ex-
ternal magnetic field B can be detected via the output cavity
phase-quadrature P>". Therefore, we calculate the output cav-
ity phase spectrum and show how by selecting suitable values
of system parameters, one can simultaneously suppress the
added noise and amplify the response to the input signal.

The spectrum of the optical output phase quadrature that
helps to detect the input magnetic field is as follows:

1 : !
SP:“‘ (0) = E / da @t )t<8P;ut(a))8P;m(a)/)

+8PM" (0 )SP (). (27)

Let us now set aside the external magnetic field, B, for
simplification since the response of the system to the external
magnetic field is independent of the classical input magnetic
field and only depends on the quantum properties of the sys-
tem. In this manner, the output phase quadrature spectrum is
obtained as

Spou(@) = [|A@)* + |B(@)*1(7im + 3)
+IC@)I° + D@1 + 3).  (28)
We can rewrite this spectrum as follows:
Spou (@) = Ry ()| (7im + 3) + Naga(®@)]. (29)

in which R,,(®) and n,q4(®) show respectively the magnonic
response and the added noise of magnetic field measurement
beyond the RWA and are given by

Ry(0) = [|A)* + |B(w)[*], (30)
(. 1\ IC@)* + D()P]
aaa() = (” * 2> AP+ B@pl OV

So, according to Egs. (20)—(23), the magnonic response and
the added noise can be simplified as

2
[A%] 3 (@)|* 11, (32)

’2 + 1487Ka Jm (@) X7, (@) Xa(@)(A Xa (@) = 1) + Kq Xa(@)?) (7la + 3)

Naaa(@) =

1682kqkm] X, (@)

N
) [ xm(@)? + 1)

2iw+kg

(33)
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FIG. 2. (a) The magnonic response to the input signal, R,,(®),
and (b) the added noise of magnetic field measurement, 7,44(®),
vs the normalized frequency w/k,,. All curves in these two panels
have been plotted beyond the RWA corresponding to the coopera-
tivity C = 1000. The thin blue solid, purple dashed, thick orange
solid, and brown dotted curves, respectively, correspond to detunings
A =0, 0.05«,,, 0.5«,,, 5«,,. Here, we have set zero thermal noises,
i1 >~ 0, corresponding to the zero temperature.

First, let us consider the on-resonance case w = 0. By con-
sidering Eqgs. (32) and (33), one finds the optimized condition
A = 0 in order to be able simultaneously amplify the signal
and suppress the noise. In this manner, the magnonic response
and the added noise are given by

64¢°

Ry(w = 0)|a=0 = = 16C, (34)
K(lKﬂl
1\ kakm (ﬁa + l)
wa(@=0)aco = (71, + 5 | 22 = 2220 35
Naga(@ = 0)|a=o (ﬂ + 2) 648 T6C (35
in which we have defined C = £ as the electromagnonic

cooperativity beyond the RWA. 1t'is evident that in the on-
resonance case, one can linearly amplify the response and
suppress the noise, simultaneously, by increasing the electro-
magnonic cooperativity C. Note that beyond the RWA, the
cooperativity is controlled via the effective coupling g = go&
which itself can be controlled via the modulation amplitude of
the external magnetic drive.

In order to obtain more insights about the effect of differ-
ent values of detuning, A, on signal amplification and noise
suppression beyond the RWA, in Fig. 2 the magnonic re-
sponse of the cavity output phase spectrum R,,(w) [Fig. 2(a)]
and the added noise of magnetic field measurement r,44(®)
[Fig. 2(b)] have been plotted versus the normalized frequency
w/k,, for different values of detuning. As is evident, at zero
temperature, 7 = 0, and for an arbitrary selected electro-
magnonic cooperativity, for example C = 1000, by choosing
the frequency of the external drive fields equal to the cavity
field frequency, the magnonic response can be increased to

10*

signal amp.

102

100 s N

10-4

Magnonic Response Rp,(w)

1072 107" 100 10"
WK
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o
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-
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1072
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<
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(=)
o
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FIG. 3. (a) The magnonic response to the input signal, R,,(®),
and (b) the added noise of magnetic field measurement, n,q4(®), vs
the normalized frequency w/k,,. All curves have been plotted beyond
the RWA for the optimized zero detuning, A = 0. The thin blue
solid, magenta dashed, thich red solid, gray dotted, and green solid
curves are respectively referred to C = 1000, 100, 10, 1, 0.5. Here,
we have set zero thermal noises, 77 >~ 0, corresponding to the zero
temperature.

high value for a wide range of frequency (for w < ;) and
simultaneously the added noise of magnetic field measure-
ment can be suppressed below the SQL. As the results show,
by increasing the detuning the amount of signal amplifica-
tion and noise reduction will decrease. For small detunings
like A = 0.05«,,, the frequency range in which we could at
the same time amplify the signal and suppress the added
noise is very short. While for larger detunings like A =
Sk, both signal amplification and noise reduction are im-
possible. Therefore, the optimized case in which we could
amplify the signal and simultaneously suppress the added
noise of measurement, especially for a wide range of fre-
quency, is zero detuning A = 0. As is evident, although
simultaneous signal amplification and noise reduction have
the maximum value in the on-resonance frequency, they
are still possible and appreciable far from the on-resonance
case.

In Fig. 3, we have plotted the magnonic response of
the cavity output phase spectrum R,,(w) [Fig. 3(a)] and
the added noise of magnetic field measurement n,44(®)
[Fig. 3(b)] versus the normalized frequency w/k, for dif-
ferent cooperativities in order to see how different values
of cooperativity affect the signal amplification and noise re-
duction. These results that are obtained for the optimized
detuning, A =0, and at zero temperature show that by
increasing the electromagnonic cooperativity signal ampli-
fication and noise reduction, which occur simultaneously,
will increase. Although the large cooperativity regime like
C = 1000 has more signal amplification and noise suppres-
sion, the weak cooperativity regime such as C = 0.5 can also
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FIG. 4. The effect of thermal noises, temperature, on the added
noise of magnetic field measurement. All curves have been plot-
ted beyond the RWA and for optimized zero detuning. The blue
solid, magenta dashed, and gray dotted curves correspond to zero
temperature, 7 = 0, respectively for C = 1000, 100, 1. Moreover,
the blue dot-dashed, magenta solid, and gray solid curves are re-
ferred to room temperature corresponding to 77 = 166 respectively
for C = 1000, 100, 1. For obtaining thermal noises, we have chosen
Wamy/2m = 37.5 GHz as an achievable bare frequency in the cou-
pled system beyond the RWA [27].

simultaneously lead to signal amplification and noise sup-
pression in both on-resonance and off-resonance frequencies.
Note that beyond the RWA, using the coherent time mod-
ulation of amplitude of magnetic drive which yields to the
modulation of the magnon-photon coupling, one can control
and tune the electromagnonic cooperativities via the ampli-
tude of modulation.

Finally, to understand the roles of temperature or thermal
noise on the added noise of magnetic field measurement,
in Fig. 4 we have plotted the added noise of magnetic
field measurement 7n,qq(w) versus the normalized frequency
w/k, at zero detuning, A =0, and for two different tem-
peratures, nearly zero and room temperature. As is clearly
seen and expected from Eq. (33), lower temperature corre-
sponding to the smaller thermal noises enables us to more
noise suppression. Interestingly, our sensor has capability
to work sensitively even at room temperature in a wide
range of frequency (in on and off resonance) by control-
ling the cooperativity to be large enough, like C = 1000.
As is evident, at room temperature in off-resonance frequen-
cies, the noise suppression is still possible by controlling the
cooperativity.

It worth remembering again that beyond the RWA, our
proposed magnetic sensor can work sensitively even at room
temperature in a wide range of frequency w <k, so that
simultaneously the noise and signal can be suppressed and
amplified, respectively, to obtain a desired precise measure-
ment.

B. Under the RWA

Considering the system with coupling strength, gy, much
smaller than the bare frequencies of the uncoupled system
(g0 € w, ~ wy,), one can use the RWA to investigate the sys-
tem dynamics. Following the same method as Sec. IV A, the
magnonic response and the added noise of measurement under
the RWA and in on-resonance frequency can be obtained as

follows (to derive the Hamiltonian and the system dynamics,
see Appendix):

R, (0 =0)] e (36)
w = —_00 = -,
m A=0 (1 + C/)Z
, (1-C')
Nygq(@ = 0)[a=0 = <na + 2) i (37)
where R}, n,,,, and C' = 4g‘2] | respectlvely, indicate the

magnomc response, the added noise, and the electromagnonic
cooperativity under the RWA. Note that the above equations
are written in the optimized zero detuning. Furthermore, it
should be noted that under the RWA, in which we use no
time modulation, controllability on the coupling strength gg
decreases and can be tuned only by controlling the magnetic
field inside the cavity. It means that the controllability on the
system via the cooperativity under the RWA decreases com-
pared to the system beyond the RWA where the cooperativity
can be manipulated easily through g = go& via the modulation
amplitude &.

As is evidenced from Egs. (36) and (37), unlike beyond
the RWA, here, under the RWA the signal response in on-
resonance frequency never can be amplified such that at the
best condition it can be reached to the unity for the optimized
cooperativity C, = 1. The added noise on resonance can
be still suppressed perfectly for this optimized cooperativity
Cﬁ,pt = 1. In other words, the proposed magnetic sensor un-
der the RWA never can amplify the signal response but still
suppresses the noise below the SQL.

Similar to Sec. IV A, in order to see how different values
of detuning affect the signal amplification and noise sup-
pression beyond the RWA, in Fig. 5 we have plotted the
magnonic response of the cavity output phase spectrum R/, (w)
[Fig. 5(a)] and the added noise of magnetic field measurement
1, 4q(w) [Fig. 5(b)] with respect to the normalized frequency
w/k,, for different values of detuning. The obtained results
for the zero temperature and optimized cooperativity C' = 1
show that increasing the detuning, nonzero detuning, leads
to signal response decrement. Although for small detunings,
like A = 0.05«,,, the magnonic response is nearly the same
as for zero detuning, Fig. 5(b) shows the strongest noise sup-
pression occurs for the optimized detuning A = 0. Also, to
have a precise measurement one should control the detuning
and cooperativity to be their optimized values to achieve the
maximum response, R" = 1, and lower noise in a pretty
wide range of frequency (0 < 0.1kp,).

To follow the influences of cooperativity on signal am-
plification and noise reduction, by selecting the optimized
detuning, A = 0, and considering zero temperature, 7 = 0,
in Fig. 6 we have plotted the magnonic response of the cav-
ity output phase spectrum R), (w) [Fig. 6(a)] and the added
noise n,,(w) [Fig. 6(b)] versus the normalized frequency
/Ky, for different values of cooperativity. As is clearly ev-
ident and expected from Egs. (36) and (37), the optimized
value of cooperativity is C’ = 1, which simultaneously leads
to the maximum value of magnonic response, R (w) =1,
and strong noise suppression over a wide range of frequency
(w < 0.1k,,). For smaller cooperativities like C' = 0.5, we
can achieve the signal response near to its maximum, but
the noise suppression decreases with respect to the optimized
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FIG. 5. (a) The magnonic response to the input signal, R, (w),
and (b) the added noise of magnetic field measurement, n,,,(w)
under the RWA, vs the normalized frequency w/x,, for the different
detunings in optimized cooperativity C' = 1. The gray dotted, thin
cyan solid, brown dashed, and thick purple solid curves, respectively,
referred to different detunings A = 0, 0.05«,,, 0.5, 5«,,. Here, we
have assumed 71 =~ 0, corresponding to the zero temperature.

cooperativity. Moreover, for higher cooperativity than its op-
timized value, for example, C’ = 100, simultaneous signal
amplification and noise suppression is impossible in a mod-
erate range of frequencies except for a very short range. The
situation is worse for very high cooperativities, for example,
C’' = 1000.

To see the effect of temperature on added noise suppression
under the RWA, in Fig. 7 we have plotted 7, ,,(w) versus the
normalized frequency w/k,, for zero and room temperature.
Similar to the results obtained beyond the RWA, by choos-
ing the optimized parameters (A = 0, and C' = 1) the noise
suppression is still possible even at room temperature and
over a pretty wide range of frequency (w =~ 0.1x,,) in on- and
off-resonance frequencies.

To conclude, under the RWA, no signal amplification
oceurs, i.e., )™ = 1. However, in the optimized system pa-
rameters (A = 0 and C’ = 1), the noise suppression below the
SQL is still possible in a pretty wide range w = 0.1k, at room
temperature. Therefore, one can infer that the system beyond
the RWA is the optimized case for operational the proposed
magnetic sensor. To illustrate this, in the next subsection we
compare the signal response and noise suppression of the both
cases (beyond and under the RWA) for the fixed optimized
achievable parameters.

C. Optimized operational regime for the proposed sensor:
Comparison between system beyond the RWA
and under the RWA

First, compare Figs. 3 and 6, which show the results
respectively beyond the RWA and under the RWA at zero

N
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FIG. 6. (a) The magnonic response to the input signal, R, (w),
and (b) the added noise of magnetic field measurement, n,,(w)
under the RWA, vs the normalized frequency w/«,, for the different
cooperativities. All curves have been plotted for optimized zero de-
tuning, A = 0. The thin blue solid, magenta dashed, thick red solid,
gray dotted, and green solid curves are respectively referred to C’' =
1000, 100, 10, 1, 0.5. Here, we have assumed 7 =~ 0, corresponding
to the zero temperature.

temperature and optimized zero detuning. Beyond the RWA,
all values of cooperativity can lead to simultaneous signal
amplification and noise suppression in a wide frequency range
(w < ki), while under the RWA, only by selecting C' =1
in a short frequency range (w < 0.1k,,) can one achieve the
strong noise suppression and the maximum value of magnonic
response, R = 1, which means no signal amplification
occurs, in contrast to the obtained results beyond the RWA.
This can be interpreted by the role of counter-rotating terms

-
o
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C'=100, m=793
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©
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107

FIG. 7. The effect of thermal noise, temperature, on the added
noise of magnetic field measurement under the RWA. All curves have
been plotted for the zero detuning, A = 0. The magenta dashed and
gray dotted curves are referred to zero temperature, 7 = 0, respec-
tively for C' = 100 and C’ = 1, while the magenta and gray solid
curves are referred to room temperature corresponding to 71 = 793
respectively for C' = 100 and C’ = 1. For obtaining thermal noise,
we have considered wq(n)/2m = 7.875 GHz as an experimental re-
ported bare frequencies in the coupled system under the RWA [27].
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FIG. 8. (a) The ratio of the magnonic response, R(w)=
R, (w)/R, (w), and (b) the noise of magnetic measurement ratio,
N(w) = N(w)/N'(w), vs the normalized frequency, w/x,,. The thick
dark blue solid, red dashed, and thin dark green solid curves respec-
tively correspond to cooperativity ratios C/C’ = 0.1, 1.10. Here, we
have considered the optimized zero detuning and also zero temper-
ature for both cases. All parameters have been chosen so that the
system is in the optimized sensing regime where the added noises
are suppressed and signal responses are amplified.

(CRTs) of the microwave photon-magnon interaction Hamil-
tonian, which are omitted under the RWA. This can be seen
as symmetry breaking in the interaction term. Thus, CRTs
are responsible for high signal amplification of the system
beyond the RWA, which yields to precise measurement. In
fact, under the RWA, one magnon’s worth of input external
magnetic field produces at most one photon’s worth of out-
put light. Therefore, in this case although the quantum noise
can be suppressed below the SQL, the response cannot be
amplified and the system provides only transduction of the
external magnetic field [4,6,7]. In contrast, beyond the RWA,
i.e., in the presence of the nonlinear terms, one magnon’s
worth of input external magnetic field can produce more than
one photon’s worth of output light. Consequently, not only can
the system suppress the quantum noise below the SQL, but it
can behave as a quantum linear amplifier with controllable
gain [4,6,7].

To better compare, in Fig. 8 we have plotted the ratio of
the magnonic response beyond the RWA to the corresponding

one under the RWA, R(w) = ;ZL(‘(Z; [Fig. 8(a)], as well as the

ratio of their added noise, N(w) = % [Fig. 8(b)], versus the
normalized frequency, w/«,,, for different ratios of coopera-
tivities, C/C’ = 10, 1, 0.1. Here, we have considered N (w) =
[(7 + 3) + naa(®)] and N'(@) = [(7i + ) + nlyy(w)] as the
induced total noise to the magnetic field measurement be-
yond the RWA and under the RWA, respectively. For true
comparison, we have set parameters for zero temperature and
optimized zero detuning in both cases while we have changed

cooperativities in their optimized values range such that the
cooperativities ratio can be tuned from small to large values
(0.1 to 10). We note that the optimum cooperativity under
the RWA is C’ = 1, and then is always fixed and cannot be
changed for plotted curves in Fig. 8. However, as has been
shown, beyond the RWA one can set all values for the coop-
erativity since for all values simultaneous signal amplification
and noise suppression are possible. Thus, we have considered
three different cooperativities set as (C' = 1,C = 10), (C' =
I,C=1),and (C' =1,C =0.1).

As illustrated in Fig. 8(a), the magnonic response to the
external input in the optimized parameters set for the system
beyond the RWA is always larger than the system under the
RWA, notably for higher ratio of cooperativities, C/C’. Also,
higher cooperativity ratios correspond to the better operation
of the sensor, i.e., more signal amplification for the system
beyond the RWA compared to that under the RWA. Another
advantage of the system beyond the RWA is its higher re-
sponse in off-resonance frequencies. It means that in far off
resonance, for example, w > 0.1k, for considered parameters
in Fig. 8, the proposed sensor beyond the RWA can work
better than the sensor under the RWA. On the other hand,
one can conclude that the room-temperature operation of
the proposed sensor beyond the RWA is much better than
the RWA, especially for far off-resonance frequencies. (Al-
though it is not shown here, the results of comparison at
room temperature are the same as the obtained results at zero
temperature.)

Figure 8(b) shows the ratio of added noises for different
values of cooperativity ratio. As is evident, N(w) =1 for
frequency range w < 0.1k, which can be considered as near
on-resonance range. It means that for near on-resonance fre-
quencies the noise suppression in both cases is approximately
the same. [Note that near the resonance the added noise of
the sensor under the RWA in the optimized parameters zero
detuning and C’ =1 is exactly zero; see Eq. (37).] But, in
off-resonance range w > 0.lk,,, the added noise ratio N(w)
decreases, which means that for off-resonance range noise
suppression of the sensor beyond the RWA is stronger than
the sensor under the RWA.

Finally, we conclude that the operation of our proposed
sensor beyond the RWA is more appropriate for on-resonance
and especially off-resonance quantum magnetometry in a
wide frequency range. Furthermore, it should be mentioned
that the results for negative detuning are exactly the same as
presented results for positive detuning.

V. SENSITIVITY, SIGNAL-TO-NOISE RATIO, AND
EXPERIMENTAL DISCUSSION

In this section, we calculate the SNR and also the sensitiv-
ity of the system. Beyond the RWA, we can write the output
phase quadrature of the cavity field as

- 2
P (@) = P (w)|p=0 + iﬂ(w)Bl(w)ﬁ\/K:

- 2
+’B(w)Bz(w)n\/l;, (38)
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where
P (@)l5=0 = A@X}} (@) + B@)By) (@) + C@)X]' (@)
+D((,())P;n(a)) (39)

is the contribution of the output phase quadrature in the ab-
sence of the external magnetic field (that we are going to
sense). B|(w) and B,(w) are the contribution of the external
magnetic field and are defined as follows:

Bi(») = 3[B(® + wg) — B(w — wg)], (40)

By(w) = 3[B(w + wq) + B(® — @,)]. (41)

In order to calculate the sensitivity of the device to the
external magnetic field and the SNR, we follow the method
used in Ref. [6]. To this end, we define the magnetic field
operators as

8B (w) = & =N, + Bi(w), (42)
0P (w)/0B1(w)

8By (w) = L@ =8N, + By(w), (43)
0P (w)/ 0B (w) ’

in which 8N, (w) and 8N, (w) are the noise operators and affect
the system through two different channels X'(®) and P} (w)
independently and are defined as follows:

A(@)XM + B(w)P™ + C(0)X™ + D(w)P"

8Ny () = .
iﬂ(w)n\/%
(44)
. A(@)X" + B(w)PM + C(0)X" + D(w)P"
SNy (w) = = )
B,/ &

(45)

Considering the probability amplitudes of the noise injec-
tion through different channels, the total noise operator can be
written as follows:

SN(w) = Pi8Ny (@) + P:dN> (w), (46)

where the probability amplitudes of noise injection (P and
P,) through X" and P, are given by

= , 47

T VAP + Bl “
B(w)

(48)

2T JRmer T B@r
Therefore, the total noise operator is obtained as follows:
(=) [k
n 2
y (ﬂ(w) X" 4 B(w)PP + C(o)X" + @(w)ﬁ;">
VIAW@)P + [8(w)P ’

SN(w) =

(49)
which yields to noise power spectrum as

Sn(w) = 3 (8N ()N (w)"), (50)

which can be simplified as
Km| [ _ 1
Sn(w) = a2 |\ t3)+ Nadd(@) |- (51)

SNR, the ratio of the signal to the variance of the noise, can
be written as

|B(w)| _ |B(w)]
/Sy (@) %[(ﬁm + 1) + naaa(@)]?

r(w) = (52)

The sensitivity or the minimum detectable input of the device
is the minimum magnitude of the input signal required to
produce an output with r(w) = 1. Therefore, sensitivity of the
system beyond the RWA, S(w) = /Sy (w), is simplified as

1

S()RVA — @[(ﬁm + %) + naddw)}z. (53)

The feasible experimental parameters beyond the RWA
[27] are w,,/27m ~ w,/2w = 37.5 GHz, go/2m = 2.5 GHz,
km/2w =15 MHz, and «,/2mr =33 MHz. This coupled
microwave photon-magnon system that yields to a ratio
of go/waemy = 0.067 has been realized by placing a YIG
sphere (which spin and orbital angular momentum of its
unit cell are respectively s = % and / = 0 [36]) with diam-
eter of 2.5 mm inside a microwave cavity with dimension
(7.0 x 5.0 x 3.2) mm? and with a bias magnetic field as
B, = 1.34 T, which is exerted to the YIG sphere. Therefore,

the obtained electromagnonic cooperativity is C = 48
KaKm

5& x 10* in which & can be controlled so that the condition
g =806 K Q(Q =2wy) to be satisfied. It is worth pointing
out that in practice, for controlling the & and therefore the
magnon-photon coupling strength one can use a Josephson
parametric amplifier (JPA). By changing the flux bias through
the SQUID loop in the JPA, the inductance of the SQUID
is modulated. Accordingly, the modes in the resonator can
be deformed. By placing a YIG sphere where the magnetic
field is maximum and controlling the modulation amplitude
of magnetic field, one can change & and hence g so that g <
Q being valid. In this manner, control of the cooperativity
beyond the RWA is possible via controlling the time modula-
tion amplitude & which leads to the different cooperativities
considered in the figures in Sec. IV A. The gyromagnetic
ratio is y/2m = 28(}%{Z [27], and the spin density of YIG
is p; = 4.22 x 10 m—3, which yield the total number of
spins N = 3.5 x 10'? [27]. Now, by considering these feasible
experimental parameters in the optimized detuning, A = 0,
the sensitivity of the theoretical proposed sensor near to on-
resonance frequency beyond the RWA corresponding to USC

or DSC regime is obtained as S§*"A = 5.90 x 10‘”‘% and

SPRWA — 1.08 x 10_'6%, respectively, at zero and room

temperature. Moreover, by considering the feasible experi-
mental frequency, Wy, the thermal noises at zero and room

temperature are respectively ai0X"A = 0 and i°~VA = 166. As

is evident from Eq. (53), \/k,,/n (with n := %«/ﬁ) plays the
key role for determination of the sensitivity in the optimized
condition. Thus, by increasing the number of spins in the YIG
sphere through increasing its diameter during the fabrication
process, and decreasing the magnon decay rate, «,,, one may
achieve to a more sensitive magnetometer beyond the RWA.
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Following the same procedure, one can obtain the sensitiv-
ity of our sensor under the RWA as follows:

1

StWA (@) = “/7’7‘_’” [(nm + %) + n;dd(a))}z. (54)

The experimental parameters corresponding to the
RWA condition (g0 € wum)) are p/2m >~ wq/2n =
7.875 GHz, g¢/2n =3.1 MHz, «, /27 =19 MHz, and
kq/2m = 2.09 MHz, which has been realized by placing a
YIG sphere with diameter of 0.36 mm inside a microwave
cavity with an inner dimension (43.0 x 21.0 x 9.6) mm?
and also applying a bias magnetic field B, = 281 mT to
the YIG sphere [27]. These experimental parameters lead
to cooperativity near to the optimized value for magnetic

sensing under the RWA, C' = %IRWA = 0.97 >~ 1. Here, by
a 0.36-mm-diameter YIG sphere, the total number of spins
is N = 1.031 x 10'7 [27], which leads to a smaller coupling
strength, go/2m = 3.1 MHz, compared to the previous
example with a 2.5-mm-diameter YIG sphere, leading to
the total spin number and coupling strength respectively
as N =23.5x10" and go/2m = 2.5 GHz. Therefore, the
sensitivity of our theoretical proposed magnetometer under
the RWA near to on-resonance frequency is obtained as
SEWA = 1.22 x 1070~ and SEY = 4.87 x 107 at

room

zero and room temperature, respectively. Under the RWA,
the thermal noises corresponding to the zero and room
temperature are, respectively, k"> =0 and fikwe = 793.
Similar to the sensor beyond the RWA, increasing the
number of spins in the YIG, N, by choosing a bigger sphere
and decreasing the magnon decay rate, «,, lead to more
sensitivity.

Note that the bias magnetic field B; is usually a static
strong background field, for example, B, = 1.34 T and B, =
281 mT respectively for the case of beyond and under the
RWA, while the signal magnetic field that we would like to
detect is a time-dependent magnetic field. Hence, this strong
background can be distinguished and filtered using some ex-
perimental filtering technique such as Kalman filtering, which
is a well-known technique in engineering and recently has
been developed to be used in force sensing in cavity optome-
chanics [73]. For example, similar to our proposed scheme,
there is a strong static bias field B, = 0.4 T in an experimental
cavity magnon polariton-based magnetometer in Ref. [14].
Nevertheless, the possibility of weak magnetic field measure-
ment by this magnetometer with a sensitivity of the order
of 2'05_;7 has been reported [14] by using the background

canceling. Thus, this scheme and the used experimental tech-
niques to distinguish the signal and background can guarantee
that our proposed theoretical scheme with a similar strong
bias magnetic field B, = 1.34 T (B, = 281 mT) can similarly
measure weak magnetic field with sensitivity in the order

—16_T —-15_T —-18_T

(1.22 x 10*16\/%) beyond (under) the RWA, at room and
zero temperature, respectively. Note that although the high
sensitivities of our theoretical proposed magnetometer are
obtained based on the reported experimental parameters [27],
it is still an ideal result which needs to be proved and verified
experimentally.

For different set of experimental parameters, the sensitivity
of the sensor beyond the RWA is much more than that under
the RWA. But, it might be mentioned that by choosing a YIG
sphere with the same size considered for the system beyond
the RWA or even bigger, one can obtain the sensitivity in the
order of the obtained sensitivity beyond the RWA but still a
little smaller. Here, the important point is that for the same
sensitivity in both cases, the sensor beyond the RWA is still
much better for quantum magnetic sensing since it not only
suppresses the noise but also amplifies the magnetic-signal re-
sponse as an quantum amplifier. Therefore, one can conclude
that the optimum regime for operation of the proposed sensor
is the USC or DSC regime corresponding to system beyond
the RWA.

As has been explained in theoretical results of Sec. IV, in
this optimized regime quantum noise suppression below the
SQL (ni%L = %), which is required for precise magnetometry,
is possible even by weak or intermediate cooperativities. But,
according to Eq. (53), by suppressing the quantum noise be-
low the SQL, what plays the important role for the sensitivity
*/f It implies a low magnon mode dissipation
rate and a high total spin number Since the magnon-photon
coupling strength is as g = 5°+/2Ns, it yields a larger cou-
pling strength g, which is necessary for the ultraprecise
magnetic field measurement. As is evident, both decrease of
the magnon mode decay rate and increase of the total spin
number lead to higher cooperativity. To clarify this depen-
dency on the cooperativity, by considering g = ”B ¢/2Ns and

is the factor

alson = %\/ 2Ns, one can easily rewrite the factor g as
Km 2B
== (55)

n JCka

in which By indicates the magnetic field amplitude of the
electromagnetic field. On the other hand, cavity enhancement,
which is proportional to the increase of the coupling strength
g and decrease of the cavity and magnon mode dissipation
rates k,, and «,,, is analogous to the increase of cooperativity

C= gz . Thereby, although the quantum noise suppression is
poss1b1e even in the weak or moderate cooperativity regimes,
the strong cooperativity regime or cavity enhancement is
necessary for ultraprecise magnetometry. Surprisingly, these
conditions, i.e., ultradense spin ensemble and cavity enhance-
ment, which yield ultrahigh sensitivity, currently have been
experimentally realized in Ref. [27], and thus it guarantees our
estimate of ultrahigh sensitivity in our proposed magnetome-
ter since we have used these realized experimental values.

Consequently, the ultrahigh sensitivity originates from both
ultradense spin ensemble and cavity enhancement. Let us
discuss the feasibility of the proposed method in the integrated
systems such as coplanar microwave waveguide systems. As
we know, ultrahigh cooperativity of electromagnonic inter-
action based on coplanar microwave waveguides has not
been reported yet, but finding or fabricating a ferromagnetic
material with an ultradense spin number and low magnon dis-
sipation rate can lead to a cavity-enhanced and consequently
an on-chip integrated ultraprecise magnetometer.

Let us explain more. In addition to microwave cavities,
which can provide photon-magnon interaction conditions
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as has been reported in Refs. [26,27], according to some
experimental results reported in Refs. [39,74-76], the copla-
nar microwave waveguides can also provide a platform for
magnon-photon interaction. Magnon-photon interaction in
these systems is possible not only in the strong coupling
regime [74-76], but also (regarding the experimental results of
Ref. [39]) in the ultrastrong coupling regime, where, here, we
have shown is necessary for simultaneous signal amplification
and noise reduction in order to achieve a highly sensitive
magnetometer. However, there are some limitations and chal-
lenges with this kind of resonator. The coplanar waveguides
used for magnon-photon interaction are mostly made from
superconducting materials that work at low temperatures of
the order of mK-K, and so there is need for cryogenic cooling
[39,74-76]. Therefore, these waveguides cannot be used for
precise measurement at room temperature, while our proposed
system can work precisely at room temperature. Moreover, the
ferromagnetic materials used for magnon-photon interaction
in coplanar microwave waveguides have a small size, yielding
a smaller total spin number, for example, about three orders
smaller [39] than our proposed system, which leads to less
cavity enhancement and limits ultraprecise magnetometry.
For example, the experimental results of Ref. [39] show
the possibility of magnon-photon interaction using a fer-
romagnet yttrium iron garnet (YIG) doped with gallium
(YIG:Ga) on a superconducting coplanar microwave res-
onator made from Nb. In this case, the resonator structure
is patterned into a 100-nm-thick Nb film deposited onto an
intrinsic silicon substrate using photolithography and reac-
tive ion etching. The volume of the commercial YIG:Ga
crystal, which is placed in the center of the resonator with
a frequency of w,/2mw = 5.90 GHz is around 0.7 mm?. The
total spin number coupled to the resonator is around N =~
4.5 x 10'®, which is about three orders of magnitude smaller
than our proposed macroscopic system, which has a total
spin number of about N = 3.5 x 10'. By considering the
total spin number of N = 4.5 x 10'® in waveguide systems,
the magnon-photon coupling strength in this integrated sys-
tem is around g/2m = 450 MHz and magnon dissipation and
resonator decay rates are respectively as «,,/2m = 50 MHz
and «, /27w = 3 MHz, which all together lead to a very large

cooperativity as C = 4 5400. Although it has not been

KaKm

mentioned in Ref. [39], by considering wjm) ~ 0.08, one says
that these experimental results that have been obtained at
millikelvin temperatures show the ultrastrong coupling regime
of magnon-photon interaction, which based on our proposal
is the necessary regime for ultrasensitive magnetometry. In
this regime, which guarantees the simultaneous signal am-
plification and noise reduction, by considering the optimized
detuning, then the sensitivity of the integrated microwave
system with a cooperativity of about C = 5400 and a factor

i = 4.25 x 10719 is of the order of 3.01 x 10716

near to that of on-resonance frequency at millikelvin tem-
perature. In comparison, based on the reported experimental
results of Ref. [27], our proposed macroscopic magnetometer
including a microwave cavity with a dimension of (7.0 x
5.0 x 3.2) mm? and a frequency of 7¢ = 37.5 GHz and also
containing a 8.2 mm® YIG sphere with total spin number
of N = 3.5 x 10! has photon-magnon coupling strength and

magnon and cavity mode dissipation rates respectively of
g/2m = 2.5 GHz, «,,/2n = 15 MHz, and «,/2n = 33 MHz,
which all lead to a cooperativity of C >~ 50 000, which shows
a large cavity enhancement that has been experimentally re-
alized [27]. By considering the ultrastrong coupling regime
beyond the RWA, the ratio in our case is @ ~ 8.34 x

10718«/%7 and then the sensitivity in our case is obtained

of the order of 5.90 x 10718«/%7 at nearly zero temperature
and in on-resonance frequency. As is clear, our magnetome-
ter would be two orders of magnitude more sensitive than
the case of coplanar microwave waveguide. Comparing the
magnon mode and cavity decay rates, which has the same
order in these two systems, one can conclude that the main
reason of high difference between cooperativities and also
magnetic field sensitivity in these two systems is the total
spin number. The total spin number in the microwave cavity
is about three orders of magnitude larger than the coplanar
waveguides, which leads to a higher cooperativity and hence
more sensitive magnetometer. Therefore, we emphasize that
precise magnetic field measurement requires a small magnon
mode decay rate and large total spin number, which both lead
to larger cooperativity. Nevertheless, as we know, although a
large factor of g and hence high cooperativity or significant
cavity enhancement has not been achieved yet for magnon-
photon interaction based on coplanar microwave waveguides,
but finding or fabricating a ferromagnetic material with high
spin density and low magnon mode dissipation rate for over-
coming these limitations and accessing on-chip integrated
precise magnetometer can be promising.

Let us now compare our proposed magnetometer with
other ones, especially current state-of-the-art commercial
magnetometers such as SQUIDs and atomic-based magne-
tometers. The SQUIDs and atomic-based magnetometers have
sensitivities in the order of (0.1-1) fT/+/Hz [20,21,23,77].
Although they are so sensitive, there are two important
challenges with them [21,24]: SQUID-based magnetometers
cannot work sensitively at room temperature. In fact, they
need cryogenic systems in order to be cooled because as the
temperature increases their sensitivity decreases [24]. On the
other hand, the sensitivity of the atomic-based magnetometers
decreases at lower frequencies [21]. This means that they can
work well at high frequencies and, thus, they cannot work over
a wide range of frequencies. Besides, it has been shown [17]
that the quantum optomechanical systems with no cooling or
cryogenic system can be engineered to operate as a sensitive
magnetometer in a wide range of frequencies 2 Hz—1 kHz
with sensitivity in the order of 150 nT/ VHz [17], which is
appropriate for some significant applications including mag-
netic anomaly detection [78], geophysical surveys [79], and
magnetoencephalography [80]. Also, the sensitivities of the
order of 200, 131, and 26 pT/+/Hz respectively at frequecies
about 17 MHz, 127 kHz, and 11 MHz were achievable in
optomechanic-based magnetometers [17,19,81]. Although the
proposed optomechanical-based magnetometers can beat the
mentioned challenges [17,19], their sensitivity is still less than
the SQUIDs and atomic-based magnetometers. In addition
to the cavity optomechanical systems, recently, some pre-
cise magnetometers based on cavity magnon-polariton have
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been proposed [11,15]. It has been shown that they have the
capability to achieve sensitivity on the order of 1 fT/+/Hz
at room temperature [15]. Moreover, the sensitivity in the
order of 2.4 pT/+/Hz in some magnetometers based on cavity
magnon-polariton has been estimated [11]. Beside these sys-
tems, phase estimation algorithm based magnetometer with
sensitivity of the order of 20.7 pT/+/Hz has also been re-
ported in Ref. [82].

It is also worth comparing the sizes of different magne-
tometers. Our proposed cavity electromagnonic magnetome-
ter, with its requirement of high spin density, has a large
size, especially compared to other magnetometers such as
SQUIDs and cavity optomechanics, which have sizes in 1D
respectively on the order of 1 [25] and 10 um [17]. Although
our proposed magnetometer has a larger size in 1D, on the
order of 1-10 mm, it has some advantages such as higher
sensitivity (on the order of 5.90 x 10’18\/%) than the other
devices and its ability to work at room temperature and in a
wider frequency band (up to MHz). These can motivate their
use in some practical applications. In other words, there is a
trade-off between the higher sensitivity with the larger size
in this scheme and the integrated size with smaller sensitiv-
ities in other devices, i.e., higher sensitivity at the cost of
larger size. It is worth emphasizing that to avoid and decrease
the large size in our system, a ferromagnetic material with
higher spin density and lower magnon decay rate should be
found or fabricated, which is a challenging issue. Although
our proposed magnetometer has a relatively large size with
a volume of about 112 mm® and sensitivity of the order of

5.90 x IO_ISJLI-TZ’ based on the reported results of Ref. [21],

itis still around four times smaller and 27 times more sensitive
than the current commercial atomic-based magnetometers,
such as one of the most popular precise magnetometers, with
volume and sensitivity respectively on the order of 0.45 cm?
and 160 x 107'¥ .

Surprisingly, although it has a relatively large size,
according to the theoretical estimated sensitivities, our
electromagnetic-based magnetic amplifier sensor, notably
beyond the RWA, can operate as a very high-sensitive mag-
netometer with high sensitivity in the order of 10~'8 T/+/Hz
at zero temperature which is two or three orders of magnitude
better than the current SQUIDs and atomic-based magnetome-
ters. Note that at room temperature our sensor still operates
with high sensitivity of the order of 0.1 fT/4/Hz, which is
in the same order of the SQUIDs and atomic-based magne-
tometers. More interestingly, our proposed magnetic sensor
can surpass the current challenges to the SQUIDs and atomic
systems because it can operate with very high sensitivity at
room temperature and also can work in a very wide range
of frequencies w < «;, & 20 MHz without cooling compared
to the optomechanics, SQUIDs, and atomic systems. This
proposed magnetometer is even more sensitive than the recent
proposed ones based on cavity magnon-polariton and also
can work in a wider frequency range. In fact, by considering
the available facilities, there is a trade-off between the higher
sensitivity in a wider frequency range with the larger size in
the present scheme and the miniaturized sized with smaller
sensitivities in other magnetic field sensors. Therefore, these
features of the presented magnetic sensor open another

platform for a commercial magnetometer as well as a device
for researching the fundamental physics issues like dark mat-
ter axions [11-13] in the future.

VI. SUMMARY, CONCLUSION, AND OUTLOOKS

In the present contribution, a scheme of a magnetic sensor
based on the cavity electromagnonic has been proposed in
which magnons and photons interact via the magnetic dipole
interaction. It has been shown that beyond the RWA by choos-
ing the suitable system parameters, one can simultaneously
achieve signal amplification and added noise suppression be-
low the SQL in order to precise magnetic measurement. The
advantages of the proposed sensor is that our magnetome-
ter can work in a wide range of frequencies at the room
temperature with high sensitivity, which is even better than
the current SQUIDs and atomic-based magnetometers that
need cooling and work at high-frequency regimes, respec-
tively. These properties mean that the proposed sensor can
be competitive compared to the SQUIDs and atomic-based
systems and might be commercial in the future, or used for
fundamental applications such as searching the dark matter
axion.

Instead of magnetic sensing using the output phase quadra-
ture of cavity mode, the single-quadrature magnetic sensing,
one can use the generalized rotated output cavity quadrature
to exploit the ponderomotive squeezing in order to enhance
noise reduction and signal-response amplification. Further-
more, considering the squeezed vacuum injection instead of
thermal noise for the microwave mode may lead to optimiza-
tion and more controllability in order to achieve more noise
suppression and signal amplification. Moreover, in real appli-
cations, one needs to consider the classical laser phase noises
as presented in Ref. [7]. Finally, the physical interpretation
of the proposed scheme can be deeply analyzed using the
introduced approach of Green’s function in Ref. [83].
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APPENDIX: MAGNETOMETRY UNDER THE RWA
Under the RWA, the Hamiltonian of the system is given by
H = hw,d'a + hwi'm + hgo(@a'm + am')
+ilie (AT e — e’y + iheg (e — e
—mnB@) (i + mh). (A1)

By rewriting the above Hamiltonian in the frame rotating at
frequencies w; and w,, we get

AT™ = iA@ a + ') + hgo(@'m + am’) + ike (@' — a)
+iheq(" — M) — hnB(t) (e 4+ il el (A2)
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in which we have assumed w; = wy, and since w, >~ w,,, thus A, >~ A,, = A. Following the method used for the system beyond

the RWA, one can obtain the output phase quadrature under the RWA in the Fourier space as follows:

B (@) = A (@)X (0) + B ()P (@) + C (@)%, () + D' (@0)F ()

m

where )?,Z"(w) and ﬁ,ﬁ”(w) are defined as in Egs. (18) and (19) and A’ (w), B'(w), C'(w), and O (w) are defined as

gOAXm(f‘))Xa(a))«/KaKm [1 4 Xm(w)(l.w N Q)] _ gOXn?(w)«/KaKm }
(i + %) 2 (i + %)

A(w) = 1//(60){

B (w) = w<w){ Ly GOV [1 + xm(w)<iw + K—)] [ - g%x,f,(w)xa(w)\/a<iw n %) n Ax,i(w)\/@}

(i +%) 2

— 80Xm(@) Xa(@)/Kakin (1 + A% Y (@) — Agy X (@) Xa(@)) [1 + xm<w><z’w + %)}

- M[ — & X2 (@) Xa (@)K (iw + "—) + Ax,fl(w)«/ﬁ} }
(i + %) 2

Cl(w) = ww)[ — g%xi(w)xi(wm:«a[l + xm<w>(iw + %)] - Kaxauo)(l + A% (@)

- Ag%xi(w)xa(w)[l + xm<w)<iw + %)D + g%x,%,(w)xa(w)xa},

D) — w(w){ —B A2 () x (w)k, [ >] L Ka Axa(o)k,
(iw+ %) (i + %)

2.,2
= Ag%xi(w)xa(w(l + xm<w><iw + K—))} + AK“g‘?X’”(w)X“(‘”)} —1,
2 0+ %)

1+ Xm(a))(iw 4+ 2 [1 + A2 (w)

2

where we have defined ¥ (w), x.(w), and x,,(w) as follows:

Y(w) = {1 + A%y (w) — Ag%x,f,(w)xa(w)[l + xm(w)<iw + %)}

-1

BB 04+ 2]+ B
(+3) L 21" G+ %)
Xa(@) = A[(z’a) + %) + A? +g%xm(a))(ia)+ %)} ’

-1
(@) = [iw + %”} .

Therefore, analogous to Eq. (28), the spectrum of the optical output phase quadrature can be obtained as follows:

Spon(@) = [A @) + |B/(@)1 (i + 1) + [IC @) + 1D (@)*1(a + 1),
which can be rewritten as
Spee (@) = Ry, (@)[ (i + 5) + g (@)].
where
R, (@) = [|A (@) + |8 (@)|’]

and

Myga (@) = (ﬁ + 1) [IC'()]> + |D (w)I?]
add T2 ) 1A ()2 + 1B (w)]?]

(A3)

(A4)

(A5)

(A6)

(AT)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(Al4)

are the magnonic response and the added noise, respectively. By choosing the zero detuning for external drive fields and
considering the resonance frequency, one can obtain the magnonic response and the added noise as given in the main text in

Egs. (36) and (37).
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