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Out-of-time-ordered correlators (OTOCs) have been extensively used over the past few years to study
information scrambling and quantum chaos in many-body systems. In this paper, we extend the formalism
of the averaged bipartite OTOC of Styliaris et al. [Phys. Rev. Lett. 126, 030601 (2021)] to the case of open
quantum systems. The dynamics is no longer unitary but it is described by more general quantum channels
(trace preserving, completely positive maps). This “open bipartite OTOC” can be treated in an exact analytical
fashion and is shown to amount to a distance between two quantum channels. Moreover, our analytical form
unveils competing entropic contributions from information scrambling and environmental decoherence such
that the latter can obfuscate the former. To elucidate this subtle interplay, we analytically study special classes
of quantum channels, namely, dephasing channels, entanglement-breaking channels, and others. Finally, as a
physical application we numerically study dissipative many-body spin chains and show how the competing
entropic effects can be used to differentiate between integrable and chaotic regimes.
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I. INTRODUCTION

Many-body quantum chaos has witnessed a renaissance in
recent years, spearheaded by the study of the out-of-time-
ordered correlator (OTOC) and its interplay with information
scrambling [1–7]. The precise role that the OTOC plays in
characterizing quantum chaos, via its short-time exponential
growth, is well understood in systems with either (i) a semi-
classical limit or (ii) with a large number of local degrees of
freedom [2,3].

However, its role in finite systems, such as quantum spin
chains, is still under close examination [8–13]; see also
Ref. [14] debating some of these results. OTOCs have also
been applied to study a variety of many-body phenomena,
ranging from quantum phase transitions [15] all the way to
many-body localization [16–21]. Recently, a connection be-
tween OTOCs, coherence-generating power, and geometry
was unveiled in Ref. [22]. This further qualifies the intuition
that the OTOC measures incompatibility between observ-
ables [23]. Moreover, in Refs. [24,25], various quantifiers
of chaos were unified under the framework of isospectral
twirling. The OTOCs’ theoretical investigations have also
been complemented with several state-of-the-art experiments,
where dynamical features of the OTOC were studied using
superconducting qubits [26,27], nuclear magnetic resonance
[28–31], and ion-trap quantum simulators [32,33], among oth-
ers [34,35].

In recent works it was noted that, for various finite-
dimensional many-body systems with spatial locality, the
equilibration value of OTOCs can diagnose the chaotic-
versus-integrable nature of dynamics [36–38]. In particular,
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this emphasis on locality was essential in establishing the con-
nection [39] between OTOCs and Loschmidt echo [40–43], a
well-established signature of quantum chaos. Many qualita-
tive features of the OTOC are insensitive to the specific choice
of operators, as long as their locality is fixed. Therefore, it
constitutes a meaningful simplification to focus on OTOCs
averaged over (suitably distributed) random operators.

Given a bipartition of the system Hilbert space, one can
analytically perform the uniform average over pairs of random
unitary operators, supported over either side of the bipartition
[38]. This averaged bipartite OTOC has a twofold operational
significance: (i) It quantifies the operator entanglement of
the dynamics [44,45] and (ii) it quantifies average entropy
production as well the scrambling of information at the level
of quantum channels.

Moreover, the equilibration value of the OTOCs was shown
to be sensitive to the amount of structure in the spectrum
(for example, quasifree versus nonintegrable models have de-
generate versus generic spectra, respectively). This induces
a hierarchy of constraints that can be utilized to bound the
OTOC’s equilibration value. Remarkably, the equilibration
value of the OTOC also contains information about the en-
tanglement of the full system of Hamiltonian eigenstates [38].
Note that averaging the OTOC over local, random operators
supported on a bipartition was also studied in Refs. [17,46].

All the above provides compelling evidence that the av-
eraged bipartite OTOC is a powerful tool to investigate
information scrambling and chaos in many-body quantum
systems. In this paper, we will extend this formalism to open
quantum systems, i.e., systems coupled to an environment,
which undergo a nonunitary time evolution. In fact, these are
the systems that are directly relevant to experimental situa-
tions [47,48] and to current as well as future technologies for
quantum information processing [29,32,47].
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We note that open-system effects in information scram-
bling have also been reported before in Refs. [49–57].
However, our focus is on the open-system version of the
bipartite averaged OTOC, which, as mentioned before, has a
clear operational content [38].

The paper is structured as follows. In Sec. II, we discuss
the general results extending to the open system domain, those
of Ref. [38]. In Sec. III, we analyze a few relevant examples
of quantum channels amenable of full analytical treatment,
e.g., random dephasing. In Sec. IV, we discuss, with the
help of numerical means, the application of our formalism to
paradigmatic dissipative quantum spin chains featuring regu-
lar and chaotic behavior. In Sec. V, we conclude with a brief
discussion of our results. The detailed proofs of our main
propositions are collected in Appendix C.

II. GENERAL RESULTS

Let H ∼= Cd be the Hilbert space corresponding to a d-
dimensional quantum system with L(H) denoting the space
of linear operators on H. Quantum states are represented by
ρ ∈ L(H), such that ρ � 0 and Tr ρ = 1. The space L(H) can
be endowed with a Hilbert-Schmidt inner product 〈X,Y 〉 :=
Tr[X †Y ], transforming it into a Hilbert space.

A. Preliminaries

The evolution of quantum states is described via quantum
channels, linear superoperators E : L(H) → L(K) that are
completely positive and trace preserving (CPTP). The time
evolution of observables is via the adjoint channel, E†, which
is defined as

〈X, E (Y )〉 = 〈E†(X ),Y 〉 ∀X ∈ L(H),Y ∈ L(K). (1)

For closed quantum systems, the dynamics is described by
a family of unitary channels, Ut (X ) := U †

t XUt , where Ut ∈
U (H) (= unitary group over the Hilbert space H) ∀t .

Given a unitary dynamics {Ut }t�0 over H, the fundamental
quantity that we will use to quantify information scrambling
is given by the “the square of the commutator” between an
operator W and a time-evolved one V (t ) := U †

t VUt ,

CV,W (t ) := 1

2d
‖[V (t ),W ]‖2

2, (2)

where ‖X‖2 := √〈X, X 〉. If we choose V,W to be unitary,
then the commutator CV,W (t ) is related to the four-point cor-
relation function,

FV,W (t ) := 1

d
Tr(V †(t )W †V (t )W ) (3)

as

CV,W (t ) = 1 − 1

d
ReFV,W (t ). (4)

The four-point function FV,W (t ) with unusual time ordering
is the so-called out-of-time-ordered correlator (OTOC). Note
that we will be working with the infinite-temperature case
throughout this paper, and hence the factor of 1/d in the
OTOC (and the associated squared commutator).

Following Ref. [38], we will from now on consider a bipar-
tite Hilbert space, HAB = HA ⊗ HB

∼= CdA ⊗ CdB and define

the averaged bipartite OTOCs by

G(Ut ) := EVA,WB [CVA,WB (t )], (5)

where VA = V ⊗ IB,WB = IA ⊗ W , with V ∈ U (HA), W ∈
U (HB), and EV,W [•] := ∫

Haar dV dW [•] denotes Haar aver-
aging over the standard uniform measure over U (HA(B) ). We
emphasize that in this work (and Ref. [38]), the Haar averages
are performed over the operators V,W in the OTOC but not
over the dynamical unitary Ut , which is left as an input to this
correlation function. Equation (5) defines the key quantity of
this paper. In Ref. [38], we showed that the double-average in
Eq. (5) can be performed analytically, and for unitary dynam-
ics, the averaged bipartite OTOC takes the following form.
Throughout this paper, we will use primed subsystems A′ to
refer to a replica of a subsystem A, i.e., HA

∼= HA′ , HB
∼= HB′ ,

and so on.
Proposition 1. From Ref. [38], let SAA′ be the operator over

HAB ⊗ HA′B′ that swaps A with its replica A′, and so one has

G(Ut ) = 1 − 1

d2
Tr

(
SAA′U ⊗2

t SAA′U †⊗2
t

)
. (6)

This simple formula—which, quite surprisingly, coincides
with the operator entanglement of Ut as originally defined
in Ref. [44]—provides the starting point of the analysis in
Ref. [38]. It allows one to connect the averaged bipartite
OTOC to a variety of physical and information-theoretic quan-
tities, e.g., entropy production and channel distinguishability,
among others. For completeness, we review some of these
ideas in Appendix A.

We are now ready to discuss the generalization of the
bipartite OTOC formalism to open quantum systems, where
unitary transformations are replaced by more general quantum
operations.

B. Open OTOC

Assuming that standard Markovian properties hold, the
system dynamics in the Schrödinger picture is then described
by a trace preserving, completely positive (CP) map, also
known as a quantum channel E† [58]. It follows that in the
Heisenberg picture (i.e., the one adopted throughout this pa-
per) the observable dynamics is described by the unital CP
map E . Recall that a quantum channel E is called unital if and
only if E ( Id ) = I

d , where I
d is the maximally mixed state (or

the Gibbs state at infinite temperature). Namely, such a map
has the maximally mixed state as a fixed point. Several impor-
tant physical operations that one can perform on a quantum
system are unital, for example, unitary evolution, projective
measurements without postselection, and dephasing channels,
among others. A quantum channel E is trace preserving if and
only if E† is itself unital. While many of the results and ideas
which follow do not rely on this assumption, for the sake of
simplicity, we will assume that E† is indeed unital (⇒ E is a
quantum channel).

We define the open (averaged) bipartite OTOC by

G(E ) := 1

2d
EVA,WB‖[E (VA),WB]‖2

2, (7)

where VA, WB, and the average are as defined in Eq. (5). The
first step is to generalize Eq. (6) to the open case.
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Proposition 2. Let S ≡ SAA′BB′ be the swap operator over
HAB ⊗ HA′B′ ; then for a quantum channel E : L(HAB) →
L(HAB), the open bipartite OTOC takes the following form:

G(E ) = 1

d2
Tr ((dBS − SAA′ )E⊗2(SAA′ )). (8)

A few remarks are in order:
(a) If LS (X ) := SX [59], one has that [E⊗2, LS] = 0, if and

only if E is unitary (see Appendix C for a proof). In this case,
the first term in Eq. (8) becomes equal to one, giving back
Eq. (6).

(b) From [E⊗2, LS] = 0 and SBB′ = SAA′S = SSAA′ , one sees
that the second term in Eq. (8) can be written SBB′E⊗2(SBB′ ).
This means that in the unitary case there a symmetry between
the subsystems A and B which is lost in the general open case.

(c) Since, for unitary dynamics, Eq. (6) coincides with
operator entanglement [44] of U , one has that

G(U ) = 0 ⇐⇒ U = UA ⊗ UB. (9)

However, for nonunitary dynamics, E = EA ⊗ EB ⇒ G(E ) =
0, but the converse is not true. Namely, one can have zero
G(E ) even for E �= EA ⊗ EB. Later, we will illustrate this phe-
nomenon by an example of a dephasing channel.

(d) Let us remember that given the quantum channel E :
L(H) → L(K), one defines the Choi state associated to it by

ρE := (E ⊗ I )(|�+〉〈�+|) ∈ L(K) ⊗ L(H), (10)

where |�+〉 = d−1/2 ∑d
i=1 |i〉⊗2 ∈ L(H)⊗2, (d = dimH).

Notice that in the unitary case, E = U = U • U †, Eq. (6)
can be written as [44]

G(Ut ) = 1 − ‖trBB′ρUt ‖2
2 = SL(trBB′ρUt ), (11)

where SL is the so-called linear entropy, i.e., SL(ρ) := 1 −
Tr(ρ2). This shows why the averaged bipartite OTOC corre-
sponds to a measure of operator entanglement for Ut across
the A : B bipartition [44].

The following result can be seen as an extension of Eq. (11)
to general quantum channels.

Proposition 3.
(i) G(E ) = dB‖ TrB′ ρE‖2

2 − ‖ TrBB′ ρE‖2
2. (12)

(ii) G(E ) = dB‖ρẼ − ρT ◦Ẽ‖2
2 = dB

(∥∥ρẼ
∥∥2

2 − ∥∥ρT ◦Ẽ
∥∥2

2

)
,

(13)
where Ẽ : L(HA) → L(HAB) : X → E (X ⊗ I

dB
) and T : L

(HAB) → L(HAB) : X �→ TrB(X ) ⊗ I
dB

.
In words, the averaged bipartite OTOC (8) for a channel

E can be expressed as a difference of purities of (reduced)
Choi matrices of E or as a (squared) distance between the
Choi matrices of channels Ẽ and T ◦ Ẽ . More precisely, since
the map between channels and the corresponding Choi state
is injective, the right-hand side (RHS) of Eq. (13) measures
the distance between the channels Ẽ and T ◦ Ẽ . Hence, we
see that G(E ) = 0 if and only if Ẽ = T ◦ Ẽ . Namely, ∀X ∈
L(HA),

E
(

X ⊗ I

dB

)
= TrB E

(
X ⊗ I

dB

)
⊗ I

dB
. (14)

In passing, we observe that the map T is a (super)projection
that can be realized as a group average T (X ) = EU [(IA ⊗
U )X (IA ⊗ U †)], with U ∈ U (HB).

From the physical point of view, one of the main findings
in Ref. [38] was to show that the bipartite OTOC G(Ut )
is nothing but a measure of the average entropy production
by TrB[Ẽ] over pure states. Operationally, one prepares pure
states in the A subsystem tensorized with the totally mixed one
in the B subsystem and lets the joint system evolve according
to the channel E . The entropy that is then observed in the
A subsystem alone is the result, in the unitary case, of the
information loss due to leaking into the B subsystem induced
by the evolution, i.e., quantum information scrambling.

One can extend that key result to the open system case.
Proposition 4. We denote by ψ := |ψ〉〈ψ | with |ψ〉 ∈ HA.

Then,

G(E ) = NAEψ

[
SL(TrB Ẽ (ψ )) − dB

(
SL(Ẽ (ψ )) − Smin

L

)]
,

(15)

where Eψ is the the Haar average over HA, NA := dA+1
dA

, and

Smin
L := 1 − 1

dB
.

We note that for E = U , that is, closed system dynamics,
the second term in Eq. (15) is zero. In general, since E is
unital, one has that (SL(TrB [Ẽ (ψ )]) � SL(ψ ) � 1 − 1

dA
∀ψ ∈

HA). Hence,

G(E ) � Gscra (E ) � Gmax := 1 − 1

d2
A

, (16)

where the “scrambling entropy” production Gscra is given by
the first term in Eq. (15).

Crucially, Eq. (15) shows that in the open system case
in G(E ), there is a competition between the entropy produc-
tion, quantified by the first term Gscra due to scrambling, and
the second one due to decoherence. For example, if Ẽ (ψ ) =
I
d , ∀ψ , then the scrambling term attains its maximum value
Gmax, but this is exactly canceled by the decoherence contri-
bution. This situation, as shown in the next section, can be
physically realized by a dephasing channel in the maximally
entangled basis.

We stress that to obtain a satisfactory estimate of the
average in the RHS of Eq. (15), one does not, in practice,
need to sample over the full Haar ensemble. An adequate
estimate can be obtained with a rapidly decreasing number of
necessary samples, as the dimension dχ grows. For example,
in the unitary case, if P̃(ε) is the probability of the entropy
Slin[Et ( |ψ〉〈ψ | )] deviating from dA

dA+1 G(Ut ) more than ε for
an instance of a random state, one has that [38]

P̃(ε) � exp

(
−dAε2

64

)
. (17)

It is also important to notice that the two terms in Eq. (15)
can be, in principle, measured independently and therefore
have a well-defined operational meaning in their own right;
see Appendix B for a detailed discussion.

III. SOME SPECIAL CHANNELS

For concreteness, let us now consider a family of maps
which includes several ones of physical interest and for which
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Eq. (8) takes a particularly interesting form. Let us start with
dephasing channels stricto sensu.

A. Dephasing channels

Proposition 5. Consider the dephasing channel, E = DB,
where DB(ρ) = ∑d

α=1 �αρ�α and B = {�α}d
α=1 with �α =

|ψα〉〈ψα|, an orthonormal basis. Then,

G(DB ) = 1

d2
A

∥∥X̃B − X̃ 2
B

∥∥
1, (18)

where (X̃B )α,β := d−1
B 〈ρα, ρβ〉 is the renormalized Gram ma-

trix of the system and ρα = TrB(�α ) ∀α.
Equation (18) describes an “idempotency deficit,” namely

how far away X̃B is from being equal to its own square X̃ 2
B.

Hence, G(DB ) = 0 if and only if X̃B is a projector.
Define |φs〉X := 1√

dX

∑dX
j=1 | j〉, (X = A, B) and consider

the following two examples of vanishing G.
(i) A product dephasing channel, i.e., DB = DBA ⊗ DBA .

Let BA = {Pj}dA
j=1 and BB = {Qj}dB

j=1; then the projectors cor-

responding to DB are {Pj ⊗ Qk}dA,dB
j,k=1. It is easy to show that

the Gram matrix corresponding to B takes the form X̃ =
IA ⊗ |φs〉B〈φs|.

(ii) A maximally entangled dephasing basis, i.e., each of
the ρα = IA/dA, and therefore a simple calculation shows that
the Gram matrix takes the form X̃ = |φs〉A〈φs| ⊗ |φs〉B〈φs|.

Quite interestingly, Eq. (18) allows one to connect G(DB )
to the entanglement of the states comprising B.

Proposition 6. Let B = {�α}, ρα = TrB[�α], and �α :=
ρα − I

dA
. Then if ‖�α‖2

2 � ε (∀α), one has the following
upper bound on the open OTOC for dephasing channels,
G(DB ) � ε

dA
.

Since �α are pure states, if �α is small, then the states
�α are nearly maximally entangled across the A : B partition.
Therefore, the bound then tells us that the more entangled
the dephasing basis states, the smaller the OTOC. Note that
the assumption above, in order to make its connection to
entanglement clearer, can also be recast as

SL(ρα ) � Smax
L − ε (α = 1, . . . , d ),

where Smax
L := 1 − 1/dA.

Another useful way of rewriting Eq. (18) is obtained by
introducing the following B-dependent state, RB ∈ H⊗2 ∼=
HA ⊗ HB ⊗ HA′ ⊗ HB′ , such that

RB := 1

d

d∑
α=1

�α ⊗ �α = (DB ⊗ I )(|�+
AB〉〈�+

AB|), (19)

where |�+
AB〉 := d−1/2 ∑d

α=1 |ψα〉⊗2. The second equality
above shows that RB is nothing but the Choi state associated
to DB. Using Eqs. (12) [or (18)] and (19), one can write

G(DB ) = 1

dA
〈SAA′ , RB〉 − ∥∥RAA′

B

∥∥2

2, (20)

where RAA′
B := TrBB′RB. Since the first term in Eq. (20) is

upper bounded by 1 and the second term is lower bounded by

d2
A, one immediately obtains the B-independent upper bound

G(DB ) � 1

dA

(
1 − 1

dA

)
= O

(
1

dA

)
. (21)

This inequality shows that the maximal value of the OTOC
that is achievable by dephasing channels is well below the
upper bound Eq. (16), Gmax = 1 − 1/d2

A.
To explore this phenomenon, we now move to consider

random dephasing channels. The set of B’s is naturally acted
upon by the unitary group U (H) [60]:

B0 := {
�(0)

α

}d

α=1 �→ U · B0 := {
U�(0)

α U †}d

α=1.

In terms of the RB matrices, RB0 �→ U ⊗2RB0U
†⊗2. By con-

sidering the U ’s Haar distributed, one obtains the desired
ensemble of random dephasing channels. The next proposi-
tion shows the average and measure concentration for G(DB )
for such an ensemble with dA � dB.

Proposition 7. (i) EU [G(DU ·B0 )] � 7
4 d2

A
= O( 1

d2
A

).

(ii) Prob{G(DB ) � 7
4d2

A
+ ε} � exp[−dε2/K2], where K is

the Lipschitz constant of the function F (U ) := G(DU ·B0 ) and
can be chosen K � 100.

In words, in large dimension the overwhelming majority of
random dephasing channels have a G(DB ) which is (1/d2

A).
This is the result of decoherence which makes the first term
in Eq. (20) [or Eq. (12)] be O(1/d2

A) for typical dephasing
channels. On the other hand, such a term in the closed case
is identically one and typical unitaries have a G(U ) which is
close to Gmax [38].

B. Entanglement-breaking channels

Here we discuss the class of channels called entanglement-
breaking (EB) or measure-and-prepare, defined (in the
Heisenberg picture) as

�EB(X ) =
∑

k

Mk Tr[δkX ], where
∑

k

Mk = I. (22)

Here, �EB : L(HAB) → L(HAB), where {Mk}, {δk} are linear
operators on L(HAB) with the additional constraint that {Mk}k

form a positive operator-valued measure (POVM) and {δk}k is
a set of quantum states.

For general EB channels, we have the following form.
Proposition 8. Consider a general entanglement-breaking

(EB) channel as in Eq. (22); then

G(�EB) = 1

d2

∑
k,k′

〈
δA

k , δA
k′
〉[

dB〈Mk, Mk′ 〉 − 〈
MA

k , MA
k′
〉]
, (23)

where MA
k ≡ TrB Mk and δA

k ≡ TrB δk .
Note that dephasing channels are a special case of EB

channels when the measurements are rank-1 projectors and
the prepared states are (the same) pure states; that is, let B =
{|ψk〉〈ψk|}d

k=1 and δk = |ψk〉〈ψk| = Mk ∀k = {1, 2, . . . , d},
and then �EB = DB. Therefore, G(�EB) takes the analytical
form in Eq. (18).

As an example, one can consider the following form
of EB channel. Let B = {�α},�α = |ψα〉〈ψα| and B̃ =
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{�̃α}, �̃α = |φα〉〈φα| be two bases for HAB. Then,

�
(B→B̃)
EB (X ) :=

d∑
k=1

�̃α〈ψα|X |ψα〉. (24)

For this class of channels, we have the following form of the
open OTOC. Let ρα := TrB �α, ρ̃α := TrB �̃α . Then,

G
(
�

(B→B̃)
EB

) = 1

d2

(
dB

d∑
k=1

‖ρk‖2
2 −

d∑
k,k′=1

〈ρk, ρk′ 〉〈̃ρk, ρ̃k′ 〉
)

.

(25)

For B = B̃ (with the identical ordering of states), this takes
the form of the dephasing channel.

It is easy to see that also for Eq. (25) the bound (21) holds.
Indeed, the first term in Eq. (25) is clearly upper bounded by
1/dA, i.e., when all the ρk’s are pure, and the second can be
written ‖d−1 ∑

k ρk ⊗ ρ̃k‖2
2 and therefore is lower bounded

by 1/d2
A. This is achieved for B being a product basis and B̃

maximally entangled, i.e., ρ̃k = I/dA, (∀k).

C. B-diagonal channels

Let us now move to analyze a generalization of the above
which we refer to as B-diagonal channels. Consider a basis
B := {|α〉}d

α=1 of HAB and map E�̂ such that

E�̂(|α〉〈α′|) = φα,α′ |α〉〈α′| (∀α, α′), (26)

with φα,α′ ∈ C ∀α, α′. This family, for example, comprises
unitary channels, dephasing channels, and quantum measure-
ments. We can then prove the following.

Proposition 9. (i) If �̂ := (φα,α′ )α,α′ � 0, and φα,α =
1 (∀α), then Eq. (26) defines a (unital) quantum channel
whose eigenvalues are encoded in the matrix �̂.

(ii) ρα,α′ = TrB |α〉〈α′|, then

G(E�̂) = dB

d2

∑
α,α′

|φα,α′ |2‖ρα,α′ ‖2
2

− 1

d2

∑
α,α′,β,β ′

φ∗
α,α′φβ,β ′ |〈ρα,α′ , ρβ,β ′ 〉|2. (27)

We note the following facts:
(a) For �̂ = 1, we recover the dephasing channel DB and

Eq. (27) becomes Eq. (18).
(b) For φα,α′ = ei(θα−θα′ ) with {θα}α ∈ [0, 2π ), one recovers

unitary channels and Eq. (27) becomes Eq. (6). In particular, if
φα,α′ = 1(∀α, α′) we have E�̂ = I and therefore G vanishes.

(c) Suppose that the dynamics is generated by a Lindbla-
dian

L(X ) =
∑

μ

(
LμXL†

μ − 1

2
{LμL†

μ, X }
)

,

where the Lindblad operators Lμ form an Abelian algebra and
{X,Y } := XY + Y X . Then one one has that Et = etL is of the
form Eq. (26) with

φα,α′ = exp

[
−1

2

∑
μ

(|αμ − α′
μ|2 − 2iIm(α′

μᾱμ))

]
,

being the |α〉 a joint eigenbasis of the Lμ, i.e., Lμ|α〉 =
αμ|α〉, L†

μ|α〉 = ᾱμ|α〉, (∀μ, α).

To illustrate the physical relevance of the family of chan-
nels in Eq. (27), we now provide a couple of simple analytical
examples arising from a dynamical semigroup. They are
aimed at making manifest nonunitary effects and their inter-
play with unitary ones. For both examples below, HA

∼= HB

and the relevant basis {|α〉} is an eigenbasis of the swap
operator S, e.g., the Bell basis for dA = dB = 2.

Example 1. Let us consider the Lindbladian

L = AdS − I,

where AdS(X ) := SXS. Then, by a straightforward exponen-
tiation one finds a convex combination of unitaries

Et = eLt = a(t )I + b(t )AdS

with a(t ) = 1
2 (1 + e−t ), b(t ) = 1

2 (1 − e−t ). The Lindbladian
here is designed to generate an evolution which is a mixture
of the identity and the SWAP unitaries. The idea is that the
swap unitary maximizes the (unitary) bipartite OTOC, while
the identity channel corresponds to zero bipartite OTOC. The
probabilities for these two evolutions are time dependent and,
as time evolves, the weight corresponding to the swap unitary
increases exponentially (from zero) while that of the identity
decays (from one) to zero. Namely, it generates a maximally
scrambling evolution with increasing time. We have �̂αα′ =
a(t ) + b(t )λαλα′ with λα/α′ = ±1. The open averaged bipar-
tite OTOC for this channel is

G(Et ) = b2(t ) Gmax.

Note that the identity component of Et does not contribute
to the averaged bipartite OTOC and G(E∞) = 1

4 Gmax.

Example 2. Let us consider the Lindbladian

L = i adH + λ(DB − I ),

where adH (X ) := [H, X ] and DB is the dephasing superop-
erator. We assume that the dephasing basis is the same as the
Hamiltonian eigenbasis, i.e., B = {� j} with � j the Hamilto-
nian eigenstates. In this case [adH,DB] = 0 and therefore the
dynamics is given by a convex combination of a unitary and a
dephasing channel

Et = etL = ã(t ) eitadH + b̃(t )DB,

where ã(t ) := e−λt and b̃(t ) := 1 − ã(t ). This corresponds
to �̂αα′ = ã(t ) eit (λα−λα′ )e + b̃(t ) δαα′ , with λα/α′ = ±1. More-
over, if we assume that DB(X ⊗ I

dB
) = Tr(X ) Id , then the

bipartite OTOC becomes

G(Et ) = ã2(t ) G(eitadH ).

If the Hamiltonian is the SWAP operator, S one gets
G(eitadH ) = (1 − cos4(t )) Gmax. Figure 1 shows the corre-
sponding pattern of exponentially damped oscillations.

IV. QUANTUM SPIN CHAINS

As a physical application of the open OTOC, we study
paradigmatic quantum spin-chain models of quantum chaos
in the presence of open-system dynamics. For systems in-
teracting with a Markovian environment, the dynamics can
be described by a Lindblad master equation (sometimes also
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FIG. 1. Nonunitary OTOC G(eLt ) with L = iadS + λ(DB − I ),
where S is the swap operator and B is the Bell basis (dA = dB = 2).
The different curves correspond to different choices of the dephasing
parameter λ. Over the timescale λ−1 on which dephasing becomes
relevant, the “scrambling entropy” [first term in Eq. (15)] is balanced,
and eventually overwhelmed, by the decoherence-induced entropy
production [second term in Eq. (15)]. For any fixed time t , the OTOC
suppression is exponential in the dephasing strength λ. Moreover, in
sharp contrast with the unitary case, for any λ �= 0, the infinite time
limit of the OTOC is vanishing.

called the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
form) [58],

dρ(t )

dt
= L†(ρ(t )) ≡ −i[H, ρ(t )]

+
∑

j

(
Ljρ(t )L†

j − 1

2
{L†

j L j, ρ(t )}
)

, (28)

where L† is the Lindbladian, H is the Hamiltonian, ρ(t ) is
the quantum state at time t , and {Lj} are called the Lindblad
(or jump) operators, which constitute the system-environment
interaction. The master equation above gives rise to a one-
parameter family of time-evolution superoperators (in the
Schrödinger picture),

E†
t = etL†

, t � 0. (29)

We consider two quantum spin-1/2 chains on L sites: (i)
the transverse-field Ising model (TFIM) with an onsite magne-
tization and (ii) the next-to-nearest-neighbor Heisenberg XXZ
model (XXZ-NNN).

HTFIM = −
(∑

j

σ z
j σ

z
j+1 + gσ x

j + hσ z
j

)
. (30)

HXXZ = J
L−1∑
j=1

(
σ x

j σ
x
j+1 + σ

y
j σ

y
j+1 + �σ z

j σ
z
j+1

)

+ J ′
L−2∑
j=1

(
σ x

j σ
x
j+2 + σ

y
j σ

y
j+2 + �′σ z

j σ
z
j+2

)
. (31)

Here, the σα
j , α ∈ {x, y, z} are the Pauli matrices. For the

TFIM, g, h denote the strengths of the transverse field and
the local field, respectively. The TFIM Hamiltonian is

integrable for h = 0 and nonintegrable when both g, h are
nonzero. We consider as the integrable point, g = 1, h =
0 and the nonintegrable point g = −1.05, h = 0.5. For the
XXZ-NNN model, J (J ′) denotes the strength of the nearest-
(next-to-nearest-) neighbor coupling, and �(�′) denotes the
anisotropy along the z axis. The XXZ-NNN model Hamil-
tonian is integrable by Bethe ansatz for J ′ = 0 = �′. We
consider as the integrable point J = 1,� = 0 = J = �′,
which can be mapped onto free fermions and as the nonin-
tegrable point, J = 1,� = 0.5, J = 1,�′ = 0.5 [61].

We consider two types of jump processes at the boundary:
(i) amplitude damping, with Lindblad operators

√
ασ±

1 and√
ασ±

L ; and (ii) boundary dephasing, with Lindblad operators√
γ σ z

1 ,
√

γ σ z
L . Note that similar models have been considered

before to study nonequilibrium spin transport [62–64] and
dissipative quantum chaos [65]. To numerically simulate the
evolution, we “vectorize” the Lindbladian superoperator L
into a 4L × 4L dimensional matrix representation,

|L〉〉 = i(I ⊗ H† − H∗ ⊗ I) +
∑

j

(
LT

j ⊗ L†
j

− 1

2
L∗

j L
T
j ⊗ I − 1

2
I ⊗ L†

j L j

)
, (32)

where X T , X ∗ denote the matrix transpose and complex con-
jugation, respectively [66].

We simulate exact dynamics for the open system and com-
pute G(Et ) for L = 6 spins across the bipartition 1 : L − 1. In
Figs. 2 and 3, we consider the two models in Eqs. (30) and (31)
with their integrable and chaotic limits. As we increase the
strength of system-environment coupling, namely, in Fig. 2
the parameter α and in Fig. 3 the parameters α, γ , the open
OTOC G(Et ) starts decaying from its closed system value,
G(Ut ). In Fig. 2, the integrable and chaotic phases are clearly
distinguishable for the closed system case (α = 0); however,
for α = 0.05, the phases become indiscernible due to open-
system effects. Similarly, in Fig. 3, the revivals in the free
fermions regime is clearly distinguishable from the noninte-
grable regime for the closed system (α = 0 = γ ). However,
at α = 0.1 = γ , the two are less discernible. Note, however,
in this “strongly integrable” regime (since the system can be
mapped onto free fermions), even by increasing the dissipa-
tion strength, one can see revivals (or fluctuations).

Furthermore, following the intuition developed in Proposi-
tion 2, we can separate the contributions due to environmental
decoherence and the dynamical entanglement generation. The
open OTOC G(Et ) = G(1)(Et ) − G(2)(Et ) is the difference
of two terms, G(1)(Et ) ≡ dB

d2 Tr[SE⊗2(SAA′ )] and G(2)(Et ) ≡
1

d2 Tr[SAA′E⊗2(SAA′ )]. As illustrated in Fig. 4, the first term
G(1)(Et ) displays a similar behavior in the integrable and
chaotic regimes for both the TFIM and the XXZ-NNN model;
however, the second term, G(2)(Et ) can still diagnose quantum
chaos, even in the presence of dissipation. In fact, as we
know from Proposition 3, this is the open-system variant of
the operator entanglement-OTOC connection for the unitary
case and is expected to be the diagnostic of these two phases.
Moreover, notice that after separating these two contributions,
one is able to distinguish the chaotic and integrable phases for
the TFIM which were less discernible previously.
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FIG. 2. Temporal variation of the open OTOC G(Et ) for the TFIM Eq. (30) with L = 6 spins. The three curves correspond to varying
choices of the dissipation strength α in the Lindblad operators, Eq. (28). The chaotic (g = −1.05, h = 0.5) and integrable (g = 1, h = 0)
phases are clearly distinguishable for the α = 0 case (closed system); however, increasing the dissipation strength to α = 0.05 makes them
fairly indiscernible and destroys the revivals (or fluctuations) characteristic of integrable systems.

V. CONCLUSIONS

In this work, we generalize the bipartite OTOC to the case
of open quantum dynamics described by quantum channels.
We provide an exact analytical expression for this open bi-
partite OTOC which allows us to understand the competing
entropic contributions from environmental decoherence and
information scrambling. The separate contributions to entropy
production can be understood via (a) Proposition 3 as the
difference of purities of the Choi state (corresponding to the
dynamical map) across different partitions and (b) Proposition
4 as the average entropy production under the reduced dynam-
ics and that due to the (global) mixedness of the evolution.

As a concrete example, we study special classes of
channels, namely dephasing channels, entanglement-breaking
channels, and B-diagonal channels. For dephasing channels,
the open OTOC can be expressed in terms of the “idempo-
tency deficit” of the Gram matrix of reduced states of the
states in the dephasing basis. Moreover, if the (dephasing)
basis states are highly entangled, then an upper bound on the
open OTOC can be obtained in terms of their deviation from
maximal entanglement. Furthermore, we provide an analytical
estimate of the open OTOC for random dephasing channels,
deviations from which are exponentially suppressed due to
measure concentration.

Finally, as a physical application of our analytical re-
sults, we consider paradigmatic quantum spin-chain models
of quantum chaos in the presence of open system dynamics.
As expected, the dissipation effects obfuscate the dynami-
cal scrambling of information and the integrable and chaotic
phases become less discernible as the strength of dissipation is
increased. However, our analytical results allow us to separate
the entropic contributions, making discernible the “scram-
bling entropy” even in the presence of dissipation.

In closing, we list two promising directions for future
investigations. First, exploring further the interplay of the
two distinct contributions to entropy production—that can
obfuscate the effect of information scrambling—and how to
build robust techniques to delineate them in an experimen-
tally accessible way. And second, the averaged (bipartite)
open OTOC discussed in this paper has a well-defined
quantum-information theoretic meaning in terms of opera-
tional protocols (see Appendix B), which make no direct
reference to the system’s temperature. However, it is a com-
pelling topic for future research to study extensions where the
formal infinite-temperature average is replaced by expecta-
tions over other steady states of the quantum channel under
examination, for example, finite-temperature Gibbs states for
Davies generators [67,68].
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FIG. 3. Temporal variation of the open OTOC G(Et ) for the XXZ-NNN model Eq. (31) with L = 6 spins. The three curves correspond
to varying choices of the dissipation strength α in the Lindblad operators Eq. (28). The nonintegrable (J = 1, � = 0.5, J = 1, �′ = 0.5) and
integrable (J = 1,� = 0 = J = �′) phases are clearly distinguishable for the α = 0 = γ case (closed system). The integrable model here
can be mapped onto free fermions and hence unlike the TFIM case, even after increasing the dissipation strength (α = 0.1 = γ ), the system
demonstrates revivals (or fluctuations) characteristic of integrable systems.
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APPENDIX A: REVIEW OF OPERATOR ENTANGLEMENT
AND ENTANGLING POWER

Let us briefly recall the ideas associated to operator en-
tanglement and entangling power; see Refs. [44,45,69] for
a detailed discussion. Given a d-dimensional Hilbert space
H, the algebra of linear operators over H, L(H) is endowed
with a Hilbert space structure itself denoted as HHS , induced
via the Hilbert-Schmidt inner product. Moreover, HHS is iso-
morphic (both algebraically and as a Hilbert space) to H⊗2;
therefore, one can associate bipartite states to linear operators.
This is analogous to the Choi-Jamiolkowski isomorphism.

Formally, given U ∈ HHS , one can define |U 〉 := (U ⊗
I)|�+〉, where |�+〉 := 1√

d

∑d
j=1 | j〉| j〉 is the maximally

entangled state across H⊗2. Now, if the Hilbert space
H itself has a bipartite structure, that is, H ∼= HA ⊗ HB,
then the corresponding state representation of U ≡ UAB

(since it generically acts on the total space) is a four-
party state. Namely, |U 〉ABA′B′ = (UAB ⊗ IA′B′ )|�+〉ABA′B′ with
|�+〉ABA′B′ = 1√

d

∑d
j=1 | j〉AB| j〉A′B′ . Moreover, notice that for

the state |U 〉ABA′B′ , the entanglement across the AB|A′B′ par-
tition is maximal (since it is local unitarily equivalent to
the maximally entangled state). However, the entanglement
across the AA′|BB′ partition is nontrivial and one way to quan-
tify this would be to compute the linear entropy across this
bipartition. This is precisely the operator entanglement. That
is, tracing out over BB′ we obtain σU := TrBB′ [|U 〉〈U |] and
computing its linear entropy defined as Slin(ρ) := 1 − Tr[ρ2],

we have

Eop(U ) := Slin(σU ) = 1 − Tr[(TrBB′ |U 〉〈U |)2]. (A1)

Another key quantity that is related to the operator entan-
glement is the entangling power of a unitary U acting on a
(symmetric) bipartite space HAB

∼= HA ⊗ HB with dA = dB =√
d , defined as the average amount of entanglement generated

by U via its action on pure product states. Formally,

ep(U ) := EV ∈U (HA ),W ∈U (HB )[Eop(U |ψVA〉|ψWB〉)], (A2)

where |ψVA〉 = V |ψ0〉 (and similarly for |ψWB〉). Quite remark-
ably, the entangling power and the operator entanglement are
related as

ep(U ) = d2

(d + 1)2 [Eop(U ) + Eop(US) − Eop(S)], (A3)

where S is the SWAP operator between subsystems A, B (as-
sumed to be symmetric for the connection to entangling
power).

APPENDIX B: A PROTOCOL FOR ESTIMATING
THE OPEN OTOC

Proposition 4 establishes the open OTOC, G(E ), as the
difference of two terms, each of which quantify the average
entropy production of channels Ẽ and TrB[Ẽ], respectively. Let
us briefly review the case for unitary channels first, which was
first discussed in Ref. [38].

For a unitary time evolution {Ut }t�0, the bipartite OTOC
can be expressed as

G(Ut ) = dA + 1

dA
Eψ∈HA

[
Slin

(
�

(A)
t (ψ )

)]
, (B1)

where �
(A)
t (ρA) := TrB[Ut (ρA ⊗ IB/dB)U †

t ], Eψ∈HA denotes
random pure states uniformly distributed in HA, and Slin(·)
is the linear entropy. The basic protocol is to (i) initialize a
random state in subsystem A and a maximally mixed state in
subsystem B, (ii) apply the channel Ut to the entire system
AB, (iii) trace out subsystem B, (iv) measure the linear entropy
of the resulting state, and (v) repeat for many random initial
states uniformly distributed in HA.
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FIG. 4. Temporal variation of the individual terms of the open OTOC G(1)(Et ) = dB
d2 Tr[SE⊗2(SAA′ )] and G(2)(Et ) = 1

d2 Tr[SAA′E⊗2(SAA′ )]
with G(Et ) = G(1)(Et ) − G(2)(Et ). The two figures correspond to the integrable and chaotic limits as considered above for the (a) TFIM and
(b) XXZ-NNN model with L = 6 spins, respectively. The dissipation parameters are α = 0.01, γ = 0.01. The first term G(1)(Et ) originates
from environmental decoherence and is similar for both the integrable and the chaotic cases. However, the second term, G(2)(Et ), is clearly
distinct for the two phases and can diagnose quantum chaos even in the presence of dissipation.
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The key ideas are that (i) due to measure concentration, as
dA grows, fewer random states are needed to estimate G(Ut )
exponentially well and (ii) linear entropy of a quantum state
can be measured in an experimentally accessible way. See,
for example, the seminal experiment in Ref. [70] where the
purity (which is equal to one minus the linear entropy) was
measured by interfering two uncorrelated but identical copies
of a many-body quantum state; similar ideas have also been
considered previously [71–74].

Furthermore, there have also been recent proposals based
on measurements over random local bases that can probe
entanglement given just a single copy of the quantum state,
and, in this sense, go beyond traditional quantum state tomog-
raphy. The main idea consists of directly expressing the linear
entropy [75,76], as well as other functions of the state [77], as
an ensemble average of measurements over random bases.

Now, for the open-system case, to estimate
Eψ [Slin(TrB Ẽ (ψ ))], we replace in the protocol above, Ut

with the channel E . To understand this, recall that Ẽ is defined
such that its action is Ẽ (ρA) �→ E (ρA ⊗ I

dB
), analogous to the

channel �
(A)
t for the unitary case. For the second term that is

proportional to Eψ [Slin(Ẽ (ψ ))], we simply drop the partial
tracing over subsystem B above and everything else in the
protocol is the same.

APPENDIX C: PROOFS

1. Proof of Proposition 2

Proof. Let us start by simplifying G(E ) first,

G(E ) := 1

2(dAdB)
EA∈UA,B∈UB‖[E (A), B]‖2

2, (C1)

where EX∈G (· · · ) ≡ ∫
X∼Haar dX (· · · ) denotes the Haar av-

erage and the factor of 1
2 originates from the squared

commutator, while the factor of 1
dAdB

is for the infinite-
temperature state.

Now, expanding the commutator gives us

G(E ) = 1

d
[Tr (E (A†)E (A)) − Re Tr (E (A)B†E (A†)B)],

(C2)

where d ≡ dAdB.
Using the identity

Tr(XY ) = Tr(SX ⊗ Y ), (C3)

we have

Tr (E (A†)E (A)) = Tr (SE⊗2(A† ⊗ A)), (C4)

and

Tr(E (A)B†E (A†)B) = Tr(SE⊗2((A ⊗ A†))(B† ⊗ B)). (C5)

We now use another key identity,

EA∈UA (A† ⊗ A) = SAA′

dA
, (C6)

where SAA′ is the operator that swaps the replicas A with A′.
The analogous expression for BB′ also holds.

Then, we have

EA∈UA Tr (SE⊗2(A† ⊗ A)) = Tr

(
SE⊗2

(
SAA′

dA

))
, (C7)

and

EA∈UA,B∈UB Tr(E (A)B†E (A†)B) = Tr

(
SE⊗2

(
SAA′

dA

)(
SBB′

dB

))
= 1

d
Tr

(
SAA′E⊗2

(
SAA′

))
,

(C8)

where in the last equality we have used the fact that S =
SAA′SBB′ .

Putting everything together, we have

G(E ) = 1

(dAdB)2
Tr ((dBS − SAA′ )E⊗2(SAA′ )). (C9)

Note that if E = U , then SU ⊗2SAA′U †⊗2 = U ⊗2SBB′U †⊗2

using [S,U ⊗2] = 0 and S = SAA′SBB′ , and then the first term
of G(E ) becomes one.

We now show that [LS, E⊗2] = 0 ⇐⇒ E is unitary.
Let LS (X ) := SX be the superoperator that denotes the left

action of the swap operator. Note that

LSE⊗2(S) = E⊗2LS (S) = E⊗2(I ). (C10)

Let E (X ) = ∑
j A jXA†

j with
∑

j A†
jA j = I be its Kraus

representation. Then,

LHS = S

(∑
i, j

(Ai ⊗ Aj )S(A†
i ⊗ A†

j )

)
=

∑
i, j

A jA
†
i ⊗ AiA

†
j ,

(C11)

where LHS indicates the left-hand side. Now, the RHS is∑
i, j AiA

†
i ⊗ AjA

†
j . Taking the trace of both sides, we have∑

i, j

|Tr(AjA
†
i )|2 =

∑
i, j

Tr(AiA
†
i )︸ ︷︷ ︸

‖Ai‖2
2

Tr(AjA
†
j )︸ ︷︷ ︸

‖Aj‖2
2

. (C12)

Using the Cauchy-Schwarz inequality, we have

|〈Aj, Ai〉|2 � ‖Ai‖2
2‖Aj‖2

2, (C13)

where the equality holds if and only if ∀i, jAi = λi jA j .
If Ai = λiA0 ∀i, then

E (X ) =
∑

i

|λi|2A0XA†
0 = Ã0XÃ†

0,

where Ã0 ≡
√∑

i

|λi|2A0. (C14)

Namely, E is a CP map with a single Kraus operator,
therefore, E is unitary. �

2. Proof of Proposition 3

Proof. Given a bipartite channel, EAB, consider its Choi
state,

ρE = (EAB ⊗ IA′B′ )(|φ+〉〈φ+|), (C15)

where |φ+〉 ≡ |φ+
ABA′B′ 〉 = 1√

d

∑dAdB
i, j=1 |iA jB〉 ⊗ |iA′ jB′ 〉.
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Then,

ρE = 1

d

dA∑
i,l=1

dB∑
j,m=1

E (|i〉〈l| ⊗ | j〉〈m|) ⊗ |i〉〈l| ⊗ | j〉〈m|.

(C16)

Notice that

TrBB′ [ρE ] = 1

d

dA∑
i,l=1

TrB [E (|i〉〈l| ⊗ IB) ⊗ |i〉〈l|] ≡ ρAA′
E .

(C17)

And,

TrB′ [ρE ] = 1

d

dA∑
i,l=1

E (|i〉〈l| ⊗ IB) ⊗ |i〉〈l| ≡ ρABA′
E . (C18)

Then,

∥∥ρAA′
E

∥∥2

2 = 1

d2

dA∑
i,l=1

‖ TrB[E (|i〉〈l| ⊗ IB)]‖2
2

= 1

d2
Tr[SAA′E⊗2(SAA′ )], (C19)

and∥∥ρABA′
E

∥∥2

2 = 1

d2

dA∑
i,l=1

‖E (|i〉〈l| ⊗ IB)‖2
2 = 1

d2
Tr[SE⊗2(SAA′ )].

(C20)

Therefore, the open OTOC can be re-expressed as the
difference of purities of the Choi state ρE across different
partitions,

G(E ) = dB‖ TrB′ [ρE ]‖2
2 − ‖ TrBB′ [ρE ]‖2

2. (C21)

Notice that for a dephasing channel, DB, one finds

ρDB
= 1

d

∑
α

�α ⊗ �α ≡ RB (C22)

and the G(DB ) becomes the known expression with the R
matrix.

Moreover, for unitary channels, ρABA′
U is isospectral to ρB′

U
since the state ρABA′B′

U is pure. It is easy to show that ρB′
U =

IB′/dB′ ; therefore, its purity is 1/dB. That is, for unitary chan-
nels the first term of G(U ) is equal to one, as expected. As
a result, we have G(U ) = 1 − ‖ρAA′

U ‖2
2, which is the operator

entanglement of the unitary channel U .
To prove part (ii), notice that

Tr[SE⊗2(SAA′ )] =
dA∑

i, j=1

Tr[SE⊗2(|i〉A〈 j| ⊗ IB ⊗ | j〉A′ 〈i| ⊗ IB′ )]

=
dA∑

i, j=1

Tr[SE (|i〉〈 j| ⊗ IB) ⊗ E (| j〉〈i| ⊗ IB′ )]

(C23)

= d2
B

dA∑
i, j=1

∥∥∥∥E(|i〉〈 j| ⊗ IB

dB

)∥∥∥∥2

2

. (C24)

Now, notice that for Ẽ (X ) = E (X ⊗ IB
dB

), we have

ρẼ = 1

dA

dA∑
i, j

(Ẽ ⊗ I )|i〉A〈 j| ⊗ |i〉A′ 〈 j|

= 1

dA

dA∑
i, j

E
(

|i〉〈 j| ⊗ I

dB

)
⊗ |i〉A′ 〈 j|. (C25)

Then, ‖ρẼ‖2
2 = 1

d2
A

∑dA
i, j ‖E (|i〉〈 j| ⊗ I

dB
) ⊗ |i〉A′ 〈 j|‖2

2
.

Therefore,

dB

d2
Tr[SE⊗2(SAA′ )]= dB

d2
A

dA∑
i j

∥∥∥∥E(|i〉〈 j| ⊗ IB

dB

)∥∥∥∥2

2

= dB‖ρẼ‖2
2.

(C26)

Similarly, we have

Tr[SAA′E⊗2(SAA′ )]

= 1

d2
A

dA∑
i, j

Tr

[
SAA′E

(
|i〉〈 j| ⊗ IB

dB

)
⊗ E

(
| j〉〈i| ⊗ IB

dB

)]
(C27)

= 1

d2
A

dA∑
i, j

∥∥∥∥TrB

[
E
(

|i〉〈 j| ⊗ IB

dB

)]∥∥∥∥2

2

= dB‖ρT ◦Ẽ‖2
2.

(C28)

Putting everything together, we have the desired proof. �

3. Proof of Proposition 4

Proof. Let |φA〉 be an arbitrary state and |ψA〉 := U |φA〉
correspond to Haar random pure states over HA. Then, the key
idea of the proof is the observation that SAA′ can be expressed
via the identity

EψA∼Haar (|ψA〉〈ψA|)⊗2 = 1

dA(dA + 1)
(IAA′ + SAA′ ). (C29)

Plugging this into Eq (2), we have

1 − dA + 1

dA

{
dB Tr

(
SE⊗2

(
ψ⊗2

A ⊗ IBB′

d2
B

ψA))

− Tr

(
SAA′E⊗2

(
ψ⊗2

A ⊗ IBB′

d2
B

ψA))}
. (C30)

Then, using

SL(X ) = 1 − Tr
(
X 2

) = 1 − Tr (SX ⊗ X ), (C31)

we have

1 − dA + 1

dA

{
SL(TrB (Ẽ (ψA)))

ψA

− dB

[
SL(Ẽ (ψA))

ψA −
(

1 − 1

dB

)]}
, (C32)

where Ẽ (ψA) = E (ψA ⊗ IB
dB

).
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Now, notice that

SL(Ẽ (ψA)) � 1 − 1

dB
≡ Smin

L , (C33)

and since E is unital, SL(E (ψA ⊗ IB
dB

)) must increase with time,
since entropy cannot decrease under a unital map. �

4. Proof of Proposition 5

Proof. Consider the dephasing channel, E = DB, where
DB(X ) = ∑d

α=1 �αX�α = ∑d
α=1 |ψα〉〈ψα|〈ψα|X |ψα〉,

where {�α}α is a basis (of rank-1 projectors).
First, note that

Tr (SE⊗2(SAA′ )) =
dA∑

i, j=1

Tr (SE (|i〉〈 j| ⊗ IB) ⊗ E (| j〉〈i| ⊗ IB))

=
dA∑

i, j=1

‖E (|i〉〈 j| ⊗ IB)‖2
2, (C34)

where we have used SAA′ = ∑dA
i, j=1 |i j〉AA′ 〈 ji| ⊗ IBB′ .

Now,

E (|i〉〈 j| ⊗ IB) =
∑

α

|ψα〉〈ψα|〈ψα|(|i〉〈 j| ⊗ IB)|ψα〉 (C35)

=
∑

α

�α Tr(ραα|i〉〈 j|) =
∑

α

〈 j|ραα|i〉�α,

(C36)

where ραα := TrB(|ψα〉〈ψα|).
Therefore,

dA∑
i, j=1

‖E (|i〉〈 j| ⊗ IB)‖2
2 =

dA∑
i, j=1

∑
α

|〈i|ραα| j〉|2 =
∑

α

‖ραα‖2
2.

(C37)

Similarly,

Tr (SAA′E⊗2(SAA′ )) =
dA∑

i, j=1

‖ TrB (E (|i〉〈 j| ⊗ IB))‖2
2

=
dA∑

i, j=1

∥∥∥∥∥∑
α

ραα〈 j|ραα|i〉
∥∥∥∥∥

2

2

(C38)

=
dA∑

i, j=1

∑
α,β

〈 j|ραα|i〉〈i|ρββ | j〉〈ραα, ρββ〉 =
∑
α,β

|〈ραα, ρββ〉|2.

(C39)

Putting everything together, we have the desired result:

G(DB ) = 1

d2

[
dB

∑
α

‖ραα‖2
2 −

∑
α,β

|〈ραα, ρββ〉|2
]
. (C40)

Define the renormalized Gram matrix as Xαβ = 〈ραα,ρββ 〉
dB

,
and then

G(DB ) = 1

d2
A

[∑
α

Xαα −
∑
αβ

X 2
αβ

]
= 1

d2
A

( Tr(X ) − Tr(X 2))

= 1

d2
A

‖X − X 2‖1. (C41)

For the bound, note that X � X 2 since X is bistochastic.
Therefore, one has that spec(X ) ⊆ [0, 1]. Then,

‖X − X 2‖1 =
∑

α

xα (1 − xα ) � rank(X )/4. (C42)

And, rank(X ) � min(d2
A, d ) since it is a Gram matrix of vec-

tors in a d2
A-dimensional space. Therefore, we have the bound,

G(DB ) � 1

4
min

(
1,

d

d2
A

)
= 1

4
min

(
1,

dB

dA

)
. (C43)

�

5. Proof of Proposition 6

Proof. First notice that

Xαβ =
〈

IA

dA
+ �α,

IB

dB
+ �β

〉
= 1

dAdB
+ 〈�α,�β〉

dB
(∀α, β ).

(C44)

Namely, X̂B = |φs
AB〉〈φs

AB| + δ̂B where |φs
AB〉 =

1√
dAdB

∑dA
i=1

∑dB
j=1 |i〉 ⊗ | j〉 and [δ̂]αβ = 〈�α,�β 〉

dB
.

Then, using∑
α

�α =
∑

α

ρα − dBIA = TrB

[∑
α

|ψα〉〈ψα|
]

= dBIA − dBIA = 0, (C45)

we find that
1

d2
A

Tr
[
X̂B − X̂ 2

B

] = 1

d2
A

Tr
[
δ̂B − δ2

B

] = G(DB ). (C46)

Ignoring the squared term, it follows that

G(DB ) � 1

d2
A

Tr[δ̂B] = 1

d2
A

∑
α

〈�α,�α〉
dB

� 1

d2
A

∑
α

ε

dB
= ε

d

d2
AdB

= ε

dA
. (C47)

�

6. Proof of Proposition 7

Proof. We have

G(DB ) = 1

dA
〈SAA′ , RB〉 − ∥∥RAA′

B

∥∥2

2. (C48)

Let us consider the two terms separately:

1

dA
Tr

[
SAA′U ⊗2

(
1

d

∑
α

|α〉〈α|⊗2

)
︸ ︷︷ ︸

�0

U †⊗2

]
. (C49)
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Then, notice that EU [U ⊗2�0U †⊗2] = I+S
d (d+1) , and hence

1

dAd (d + 1)
Tr[SAA′ (I + S)] = 1 + dB

dA

d + 1
� 2

d2
A

. (C50)

For the second term, using convexity, we have

‖ TrBB′ RB‖2
2

B
�

∥∥TrBB′ RB
B∥∥2

2. (C51)

Recall that

TrBB′ RB
B = TrBB′

[
I + S

d (d + 1)

]
= d2

BIAA′ + dBSAA′

d (d + 1)
. (C52)

Therefore,∥∥RB
B∥∥2

2 = d2
B

d2(d + 1)2
‖dBIAA′ + SAA′ ‖2

2

= d2
B

d2(d + 1)2

[
d2 + d2

A + 2d
]
� d2

B

(d + 1)2
. (C53)

Finally, putting Eqs. (A50) and (A53) together,

G(DB )
B � 2

d2
A

− d2
B

(d + 1)2 � 2

d2
A

− d2
B

(2d )2

= 7

4
d−2

A = O

(
1

d2
A

)
. (C54)

For the proof of part (ii) of Proposition 7, let us consider

f (B) ≡ 1

dA
〈SAA′ , RB〉 − ∥∥RAA′

B

∥∥2

2 ≡ α(B) + β(B). (C55)

We first collect a few results. First,

|α(B) − α(B̃)| = 1

dA
|〈SAA′ , RB − RB̃〉|

� 1

dA
‖SAA′ ‖∞‖RB − RB̃‖1

� 1

dA
‖RB − RB̃‖1, (C56)

where in the first inequality we have used the Holder-type
inequality (for matrices), | Tr[A†B]| � ‖A‖∞‖B‖1, and in the
second inequality, ‖U‖∞ = 1 for any unitary U .

Second,

|β(B) − β(B̃)| = ∣∣∥∥RAA′
B

∥∥2

2 − ∥∥RAA′

B̃

∥∥2

2

∣∣
= ∣∣(∥∥RAA′

B

∥∥
2 + ∥∥RAA′

B̃

∥∥
2

)(∥∥RAA′
B

∥∥
2 − ∥∥RAA′

B̃

∥∥
2

)∣∣
(C57)

= 2
∥∥RAA′

B − RAA′

B̃

∥∥
2 � 2

∥∥RAA′
B − RAA′

B̃

∥∥
1

� 2‖RB − RB̃‖1, (C58)

where in the first inequality we have bounded the 2-norm with
the 1-norm distance and in the second inequality we have
used the fact that partial trace is a CP map and the 1-norm
is contractive under CP maps.

Now, we have to bound

‖RB − RB̃‖1 = ‖RB0 − (V †U )⊗2RB0 (V †U )⊗2‖1, (C59)

where we have use the unitary invariance of the 1-norm.

Define U − V ≡ � ⇒ V †U = I + �. Then,
(I + �)⊗2 = I ⊗ I + � ⊗ I + I ⊗ � + � ⊗ � ≡ I + X.

(C60)

Using this, we have
‖RB − RB̃‖1 = ∥∥XRB0 + RB0 X + XRB0 X

∥∥
1 � 2‖X‖∞

+‖X‖2
∞ = ‖X‖∞(2 + ‖X‖∞), (C61)

where we have repeatedly used ‖AB‖1 � ‖A‖∞‖B‖1, submul-
tiplicativity of norms and the fact that RB0 is a quantum state,
‖RB0‖1 = 1.

Now,

‖X‖∞ = ‖� ⊗ I + I ⊗ � + � ⊗ �‖∞ � 2‖�‖∞ + ‖�‖2
∞

(C62)

= ‖�‖∞(2 + ‖�‖∞) � 4‖�‖∞ = 4‖U − V ‖∞.

(C63)

Therefore,
‖RB − RB̃‖1 � 4‖�‖∞(2 + 4‖�‖∞)

� 4‖�‖∞(2 + 4 × 2) = 40‖�‖∞, (C64)

where we have used ‖�‖∞ � 2.
Bringing everything together, we have

|F (B) − F (B̃)| � |α(B) − α(B̃)| + |β(B) − β(B̃)|

�
(

1

dA
+ 2

)
‖RB − RB̃‖1

� 40

(
1

dA
+ 2

)
‖�‖∞ (C65)

� 40 × 5

2
‖�‖∞ = 100‖U − V ‖∞

� 100‖U − V ‖2. (C66)

�

7. Proof of Proposition 8

Proof. To compute the open OTOC for the general
case, G(�EB), we need to compute Tr(S�⊗2

EB(SAA′ )) =∑dA
i, j=1 ‖�EB(|i〉〈 j| ⊗ IB)‖2

2 and Tr(SAA′�⊗2
EB(SAA′ )) =∑dA

i, j=1 ‖ TrB(�EB(|i〉〈 j| ⊗ IB))‖2
2.

(i) �EB(|i〉〈 j| ⊗ IB) =
∑

k

Mk Tr[δk|i〉〈 j| ⊗ IB]

=
∑

k

Mk〈 j|δA
k |i〉, (C67)

where δA
k ≡ TrB[δk].

Therefore,
dA∑

i, j=1

‖�EB(|i〉〈 j| ⊗ IB)‖2
2

=
dA∑

i, j=1

Tr

[∑
k,k′

MkMk′ 〈i|δA
k | j〉〈 j|δA

k′ |i〉
]

(C68)

=
∑
k,k′

〈
δA

k , δA
k′
〉〈Mk, Mk′ 〉. (C69)
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Similarly,

(ii) TrB [�EB(|i〉〈 j| ⊗ IB)]

= TrB

[∑
k

Mk Tr [δk|i〉〈 j| ⊗ IB]

]
=

∑
k

MA
k 〈 j|δA

k |i〉,

(C70)

where MA
k ≡ TrB[Mk].

Therefore,

dA∑
i, j=1

‖ TrB[�EB(|i〉〈 j| ⊗ IB)]‖2
2

=
dA∑

i, j=1

Tr

[∑
k,k′

MA
k MA

k′ 〈i|δA
k | j〉〈 j|δA

k′ |i〉
]

(C71)

=
∑
k,k′

〈
δA

k , δA
k′
〉〈

MA
k , MA

k′
〉
. (C72)

Putting everything together, we have

G(�EB) = 1

d2

∑
k,k′

〈
δA

k , δA
k′
〉[

dB〈Mk, Mk′ 〉 − 〈
MA

k , MA
k′
〉]
,

(C73)

�

8. Proof of Proposition 9

Proof. To prove (i), we need to show that given, B =
{|α〉} a basis of HAB, d = dim(HAB) with �̂ = [φα,α′ ]d

α,α′=1

such that �̂ � 0 and φα,α = 1 ∀α, the map E�̂(X ) =∑d
α,α′ φα,α′Xα,α′ |α〉〈α′| is a quantum channel.
First, notice that E�̂ defines a linear map on L(HAB) such

that

Tr[E�̂(X )] =
∑
α,α′

φα,α′Xα,α′δα,α′ =
∑

α

φα,αXα,α

=
∑

α

Xα = Tr[X ]. (C74)

Hence, E�̂ is a trace-preserving map.
Then, since �̂ � 0, one can write �̂ = S�̂DS† where

�̂D ≡ diag(φμ), φμ � 0 and S is a unitary. Then, E�̂ can be

expressed as

E�̂(X ) =
∑

μ,α,α′
λμSα,μSα′,μXα,α′ |α〉〈α′|. (C75)

We now define Aμ|α〉 := √
λμSα,μ|α〉 ∀α, α′. Therefore,

E�̂(X ) =
∑

μ,α,α′
Xα,α′Aμ|α〉〈α′|A†

μ =
∑

μ

AμXA†
μ. (C76)

Moreover,

〈α|
∑

μ

A†
μAμ|α′〉 =

∑
μ

λμSα,μSα′,μ〈α|α′〉

= δα,α′
∑

μ

λμ|Sα,μ|2 = φα,αδα,α

= δα,α (∀α, α′). (C77)

Therefore,
∑

μ A†
μAμ = I and since E�̂ can be expressed in a

Kraus form, it is CP.
Remark. Let F = {�̂ ∈ MC

d |�̂ � 0 and φα,α = 1(∀α)}.
Then, F is a convex subset of MC

d , the set of d × d matrices
over C. Maps of the form E�̂ are parametrized by elements
in F and bases B. For a fixed B, the map �̂ ∈ F → E�̂ is an
affine map of convex bodies.

To prove (ii), the proof strategy is similar to Proposition 4.
The key observation is that the action of the map, E�̂, can be
expressed as

E�̂(X ) =
d∑

α,β=1

φα,β |α〉〈α|X |β〉〈β| =
d∑

α,β

φα,βxα,β |α〉〈β|,

(C78)

where xα,β ≡ 〈α|X |β〉. This follows from the action
E�̂(|α〉〈α′|) = φα,α′ |α〉〈α′|.

We need to evaluate Tr(SE⊗2(SAA′ )) = ∑dA
i, j=1

‖E (|i〉〈 j| ⊗ IB)‖2
2 and Tr(SAA′E⊗2(SAA′ )) = ∑dA

i, j=1 ‖ TrB

(E (|i〉〈 j| ⊗ IB))‖2
2.

Now,

E (|i〉〈 j| ⊗ IB) =
∑
α,β

φα,β |α〉〈α|(|i〉〈 j| ⊗ IB)|β〉〈β|

=
∑
α,β

φα,β�α,β Tr[ρα,β |i〉〈 j|], (C79)

where �α,β ≡ |α〉〈β| and ρα,β ≡ TrB[|α〉〈β|].

Furthermore,

dA∑
i, j=1

‖E (|i〉〈 j| ⊗ IB)‖2
2 =

dA∑
i, j

Tr

[ ∑
α,β,γ ,δ

φ∗
α,βφγ ,δ〈 j|ρα,β |i〉�β,α〈 j|ργ ,δ|i〉�γ,δ

]
(C80)

=
dA∑
i, j

∑
α,β,γ ,δ

φ∗
α,βφγ ,δ〈 j|ρα,β |i〉 Tr[�β,α〈 j|ργ ,δ|i〉�γ,δ]︸ ︷︷ ︸

=δα,γ δβ,δ

(C81)

=
dA∑
i, j

∑
α,β

|φα,β |2|〈 j|ρα,β |i〉|2 =
∑
α,β

|φα,β |2‖ρα,β‖2
2. (C82)

062214-13



PAOLO ZANARDI AND NAMIT ANAND PHYSICAL REVIEW A 103, 062214 (2021)

Similarly, we have

TrB [E (|i〉〈 j| ⊗ IB)] =
∑
α,β

φα,β〈 j|ρα,β |i〉 TrB [�α,β ]︸ ︷︷ ︸
=ρα,β

=
∑
α,β

φα,β〈 j|ρα,β |i〉ρα,β . (C83)

Then,

‖TrB [E (|i〉〈 j| ⊗ IB)]‖2
2 =

∑
α,β,γ ,δ

φ∗
α,βφγ ,δ〈i|ρβ,α| j〉〈 j|ργ ,δ|i〉 Tr [ρβ,αργ ,δ] (C84)

and
dA∑

i, j=1

‖ TrB[E (|i〉〈 j| ⊗ IB)]‖2
2 =

dA∑
i, j=1

∑
α,β,γ ,δ

φ∗
α,βφγ ,δ〈i|ρβ,α| j〉〈 j|ργ ,δ|i〉 Tr[ρβ,αργ ,δ] (C85)

=
∑

α,β,γ ,δ

φ∗
α,βφγ ,δ|〈ρα,β, ργ ,δ〉|2. (C86)

�
Putting everything together, we have the desired proof.

[1] I. A. Larkin and Y. N. Ovchinnikov, Quasiclassical method in
the theory of superconductivity, J. Exp. Theor. Phys. 55, 2262
(1969) [Sov. Phys. JETP 28, 1200 (1969)].

[2] A. Kitaev, A simple model of quantum holography (part 1),
http://online.kitp.ucsb.edu/online/entangled15/kitaev/.

[3] J. Maldacena, S. H. Shenker, and D. Stanford, A bound on
chaos, J. High Energy Phys. 08 (2016) 106.

[4] D. A. Roberts and D. Stanford, Diagnosing Chaos Using Four-
Point Functions in Two-Dimensional Conformal Field Theory,
Phys. Rev. Lett. 115, 131603 (2015).

[5] J. Polchinski and V. Rosenhaus, The spectrum in the Sachdev-
Ye-Kitaev model, J. High Energy Phys. 04 (2016) 001.

[6] M. Mezei and D. Stanford, On entanglement spreading in
chaotic systems, J. High Energy Phys. 05 (2017) 065.

[7] D. A. Roberts and B. Yoshida, Chaos and complexity by design,
J. High Energy Phys. 04 (2017) 121.

[8] S. Pappalardi, A. Russomanno, B. Žunkovič, F. Iemini, A. Silva,
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