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Superfluid properties of an ultracold Fermi gas with an orbital Feshbach resonance

in the BCS-BEC crossover region
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We theoretically investigate the superfluid properties of a two-band gas of !"*Yb Fermi atoms with an orbital
Feshbach resonance (OFR). To describe the BCS-BEC crossover region, we include superfluid fluctuations
caused by interband and intraband pairing interactions associated with OFR by extending the strong-coupling
theory developed by Nozieres and Schmitt-Rink to the two-band case below the superfluid phase transition
temperature; however, the effects of an experimentally inaccessible deep bound state are removed to model
a real '*Yb Fermi gas near OFR. We show that the condensate fraction in the upper closed channel gradually
becomes smaller than that in the lower open channel as one moves from the strong- to the weak-coupling regime,
because the OFR-pairing mechanism tunes the interaction strengths by adjusting the energy difference between
the two bands. However, even when the closed-channel band is much higher in energy than the open-channel
band in the weak-coupling regime, the magnitude of the superfluid order parameter in the closed channel is found
to be still comparable to that in the open channel. As the reason for this, we point out a pair-tunneling effect by
the OFR-induced interband interaction. In addition to these superfluid quantities, we also examine collective
modes, such as the Goldstone mode, the Schmid (Higgs) mode, and Leggett mode, to clarify how they appear
in the spectral weights of pair-correlation functions in each band. Since the realization of a multiband superfluid
Fermi gas is a crucial issue in cold Fermi gas physics, our results would contribute to the basic understanding of

this type of Fermi superfluid in the BCS-BEC crossover region.
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I. INTRODUCTION

Since the proposal of a Feshbach resonance using orbital
degrees of freedom [1], this so-called orbital Feshbach res-
onance (OFR) has attracted much attention as a candidate
for the pairing mechanism of a '"*Yb Fermi gas [2-16].
Although the superfluid phase transition of this alkaline-earth-
like Fermi gas has not been realized yet, experimental groups
have succeeded in tuning the strength of a pairing interaction
between '"*Yb atoms by adjusting the threshold energy of
OFR [17,18]. At present, this system can already be cooled
down below the Fermi temperature 7y [19]. Furthermore,
the lifetime of this system is relatively long [~O(1 s)] [1].
Thus, the realization of a superfluid !*Yb Fermi gas with
OFR is very promising. Once the superfluid phase transition
is achieved, using the tunable pairing interaction, we would
be able to systematically examine superfluid properties of
this system, from the weak-coupling BCS (Bardeen-Cooper-
Schrieffer) regime to the strong-coupling BEC (Bose-Einstein
condensation) regime.

In cold Fermi gas physics, we have already had superfluid
40K and °Li Fermi gases [20-23], where a different kind of
Feshbach resonance works as the pairing mechanism [24]
[which we call the magnetic Feshbach resonance (MFR) in
this paper]. However, the quest for a superfluid !”Yb Fermi
gas is still important, because it enables us to examine multi-
band effects in the superfluid phase. (Note that the superfluid
®Li and *°K Fermi gases belong to the single-band system.)
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Because the ultracold Fermi gas system is expected as a
quantum simulator for the study of complicated quantum
many-body phenomena discussed in other fields, having both
single-band and two-band superfluid Fermi gases would be
useful for such an application.

Here, we explain how OFR is different from MFR: MFR
uses an active electron spin in the outermost s-orbital of
alkaline-metal atoms, and the Zeeman effect associated with
this electron spin plays an important role in tuning the inter-
action strength by adjusting an external magnetic field [24].
In addition, the so-called broad Feshbach resonance is used in
40K and SLi Fermi gases. In this type of resonance, although
two bands called the open and closed channels take part in
the Feshbach resonance, the latter band is much higher in
energy than the former, as far as we consider the interesting
BCS-BEC crossover region [25-27]. As a result, the closed
channel actually only appears in the intermediate state of MFR
[28]. Thus, one may examine the broad MFR case by using the
ordinary single-band (open-channel) BCS model.

In the ground state of a rare-earth 13¥h atom, since the
outermost s-orbital is fully occupied, the MFR pairing mech-
anism does not work. Instead, OFR uses two orbital states,
1Sy and 3Py, in forming the open and closed channels. These
channels are degenerate in the absence of an external magnetic
field (B = 0). This degeneracy is lifted by the nuclear Zeeman
effect when B # 0, which is also used to tune the strength of
a pairing interaction [1]. In addition, the resonance width of
OFR is not so broad [1]. The energy difference between the
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two channels is at most the order of the Fermi energy & in the
BCS-BEC crossover region. Because of this small energy dif-
ference, the thermal occupation of the closed channel cannot
be ignored. Thus, we need to treat this system as a two-band
Fermi gas.

In considering a '"3Yb Fermi gas, previous work on two-
band metallic superconductivity would be helpful: In 1959,
Shul and co-workers extended the original BCS theory to
the two-band case [29], and clarified that the behavior of
the superfluid order parameters is sensitive to the interband
pairing interaction. In 1966, Leggett predicted a collective
mode (Leggett mode) being accompanied by a relative phase
oscillation of two superconducting order parameters [30].

Recently, these topics have also been discussed in the
context of '*Yb Fermi gases: Within the mean-field BCS
approximation, the temperature dependence of the two su-
perfluid order parameters has been calculated, including the
effects of an interband interaction [2]. The possibility of the
Leggett mode has been examined in Refs. [7,14]; however,
Ref. [3] predicted that it is severely damped in a '7>Yb Fermi
gas.

In this paper, we investigate the superfluid properties of a
173Yb Fermi gas in the BCS-BEC crossover region. To include
pairing fluctuations associated with the OFR-induced tunable
attractive interactions, we extend the strong-coupling theory
developed by Nozieres and Schmitt-Rink (NSR) [31-33] in
the single-band case to the two-band system below the su-
perfluid phase transition temperature 7.. Following Ref. [3],
we choose realistic values of scattering parameters of a '">Yb
Fermi gas. In addition, as pointed out in Refs. [1-3,9,10],
in order to describe the current experimental situation for
73Yb Fermi gases, one needs to remove the experimentally
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inaccessible deep bound state from the theory [17,18]. In this
paper, this is achieved by extending a method proposed in the
normal state [9] to the superfluid phase below 7;. We briefly
note that the NSR scheme has been applied to examine the
BCS-BEC crossover behavior of T, [2,9,10], as well as the
Leggett mode at T = 0 [3], in a '”>Yb Fermi gas. It has also
been applied to the case with nonzero temperatures below T,
although a different parameter region from the '>Yb case is
considered [14] (where the above-mentioned deep bound state
is absent).

Within the NSR scheme, we consider (i) superfluid order
parameters, (ii) condensate fractions, and (iii) superfluid col-
lective modes [Goldstone mode [34], Schmid (Higgs) mode
[35,36], and Leggett mode [30]]. We clarify the band depen-
dence of these quantities in the whole BCS-BEC crossover
region. For the Leggett mode, we confirm that it does not
appear in a superfluid '7>Yb Fermi gas [3].

This paper is organized as follows: In Sec. II, we present
our formulation based on NSR. We also explain how to re-
move the effects of the deep bound state from the theory there.
In Sec. III, we show our numerical results on the superfluid
order parameters, condensate fractions, and collective modes
in the BCS-BEC crossover region below 7;. Throughout this
paper, we set i = kg = 1, and the system volume is taken to
be unity for simplicity.

II. FORMULATION
A. Model two-band superfluid Fermi gas
To examine a '"*Yb Fermi gas near OFR, we consider a

four-component Fermi gas [(two bands) x (two pseudospins)],
described by the Hamiltonian [1-3,7,9-11],

— i i i i
H = Z gg[cg,i,pcg’ivl’ +Cep pletpl + Z E;[cg,T,pcg'TvP T ey pledn]

p p
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Here, c; op is the creation operator of a 13¥bh Fermi atom,

where A = g, e represent two orbital states 'Sy and 3P, re-
spectively. o =1, | denote two nuclear spin states of an
I =5/2 'Yb atom, contributing to OFR. Among the four
components, |g, |) and |e, 1) form the open channel, with
the kinetic energy &, =¢, —p = p*/(2m) — u, where u
is the Fermi chemical potential and m is the mass of a
173Yb atom. The closed channel consists of |g, 1) and |e, ),
with the kinetic energy &, = &, + wn/2 — . Here, wn/2
is the energy difference between the two channels and wy,
is referred to as the threshold energy of OFR. Experimen-
tally, wgy/2 is tunable by adjusting an external magnetic
field [1].

In Eq. (1), Uy (< 0) and U, represent an intraband and
interband pairing interaction, respectively. These are related

[
to the observable scattering lengths a,+ as [1,2,7,9,10]
47Ta5:|: _ Uj:

- e 17
m 14+ Uy ;E

)

where Uy = Uy F Uy, and p, is a high-momentum cutoff. For
a '3Yb Fermi gas near OFR, we should take [17,18]

as+ = 1900ay,

3
a,_ = 200ay,

where ag = 0.529 A is the Bohr radius. For these realistic
values (ayi/as— >> 1), Ref. [3] points out that the Leggett
mode does not appear. References [7,14] take different val-
ues, kpas+ = 1 and agy /a;— = 0.8 =~ 1 (where kg is the Fermi
momentum), and they show the existence of this mode. In this
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paper, although we mainly consider the '">Yb case in Eq. (3),
the latter case is also discussed.

In the superfluid phase, it is convenient to rewrite Eq. (1)
in the Nambu representation [37,38]:

5>
p.a=0,c

1
+1 2

q,o,0'=0,c,j=1,2

\flz,p[égm + Aatl]\i/a,p

U DY (@D (—@) + Eo.  (4)

where
208, P 2|A i
Ey=— « 5
0 A + ) & 5)
p,a=0,c
and
A Cet.
bop = <c’r " ) (©6)
gl.—p

o

C
ep = (Cf’“’ ) %)
gt-p

are the two-component Nambu fields in the open and closed
channels, respectively. 7; (i = 1, 2, 3) are the Pauli matrices
acting on particle-hole space in each channel. In Eq. (4),

Ao = U Z(Cg,i,fpce,T,p) +U Z(Cg,ﬂ*,*pce,l,,p)s (®)

)4 14
Ac =Uy Z(Cg,mfpce,i,p) + U Z(Cg,i,fpce,T,p)» &)
p p

are the superfluid order parameters in the open and closed
channels, respectively. In this paper, these are taken to be real
and proportional to the 7| component, without loss of general-
ity. Ay in Eq. (5) are related to Ay—oc as Ax = [Ac F Aol/2.

The interaction term involved in Eq. (4) consists of the in-

is the generalized density operator in the o channel [38,39].
Since we are taking A,_, . to be parallel to the r; component,
A and p3 physically describe the amplitude and phase fluc-
tuations of the superfluid order parameter in the o channel,
respectively [38].

B. Amended NSR theory in the superfluid phase

We include the effects of superfluid fluctuations in the
BCS-BEC crossover region by extending the NSR theory
[31] to the present model two-band system below 7. In this
approach, the thermodynamic potential Q2 = Qup + §QNsr
consists of the mean-field BCS term Qyr and the fluctuation
correction 6 Q2nsr. The former has the form

20047 21A-P
QmF = — -
Uy U_
+ Y ey —E:—2Tm[1+5/T]], an
p,a=0,Cc
where E; = ‘/51‘;‘2 + A2 is the Bogoliubov single-particle

dispersion in the o channel. The NSR correction term §Q2nsg
involves the effects of superfluid fluctuations around the
mean-field order parameters Ay—, ¢, Which is diagrammati-
cally given in Fig. 1: In this figure, the first and second line
describe the contribution of superfluid fluctuations in the open
and closed channels by the intraband interaction Uy, respec-
tively. The last line describes the effects of channel-coupling
by the interband interaction U;. Summing up these diagrams,
we have

T U .
SQNsR = 5 ZTrln [1 - fl(g, w,,):| (12)

q.v
where v, is the boson Matsubara frequency,

U 0 U O
0 Uy 0 U

traband interaction (U, , = U, . = Uy) and the interband one U= , (13)
(Uoe = Ueo = Uy). In this term 0 U 0
o,c — Yc,o — V1)- > 0 Ul 0 UO
pi@) = Z LOMILIL e (10)  and
|
I19,(g, ivy)  TI9,(q, ivy) 0 0
ao o [ 118,(g, ivy)  T15,(q, ivs) 0 0
I(q, iv,) = 0 0 M (q. ivy)  T1S,(q, ivy) (14)
0 0 I15,(q, iv,) TI5,(q, iv,)
In Eq. (14),
/T .
Mq.iv) == [ dee (1o, 05 (-0.0)])
0
=T Y Te[5G"(p+q/2. iy + iv)T,G*(p — /2. iwy)] (15)
POn
is the pair-correlation function, where w,, is the fermion Matsubara frequency, and
G (p, iwm) : (16)
y Iy ) =
Wy — S;‘L} — Aal’l
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FIG. 1.

superfluid fluctuations
in the open channel

superfluid fluctuations
] <+ |in the closed channel

coupled superfluid fluctuations
between the two channels

NSR fluctuation corrections §2nsg to the thermodynamic potential €2 in the superfluid phase below 7. The diagrams in the first

(second) line describe the effects of superfluid fluctuations in the open (closed) channel, which are enhanced by the strong intraband pairing
interaction Uy. The diagrams in the third line involve not only Uy, but also the interband interaction Uy, indicating that these diagrams physically
describe the effects of coupled superfluid fluctuations between the two channels. In each diagram, the bubbles are the pair correlation functions
Hf_‘/:"’c (i, j = 1,2) in Eq. (14): I1{, (I15,) physically describes amplitude (phase) fluctuations of the superfluid order parameter A, in the
a-channel. TI{, and TI, represent the coupling of amplitude and phase fluctuations of the superfluid order parameter. 7, , are the Pauli

matrices acting on particle-hole space in each channel.

is the 2 x 2 matrix single-particle BCS Green’s function [37]. The w,,-summation in Eq. (15) gives

« Epra2bp-q/2 — Da Eprarn —Epyp o o
i, =;[l— e } ) - 6 )
2> [ ”*E",ff;gjq/fi} (E;ﬂ’:‘f; ;;ﬁ 1= (B = 15 ) a7
R T e L
- Z[ B }(Epj/:f;i;/: 0= 1) - (85 ) as)
M= D[ - | ) 1 )
[ g ) 1) 19

and II%, =

—I1{,. Here, f(x) is the Fermi distribution function. Among these, IT{,

I15,, and I1Y, physically describe

the amplitude and phase fluctuations of the superfluid order parameter, and the coupling between these fluctuations,

respectively.

In the NSR scheme, the superfluid order parameter A, in the « channel is determined from the extremum condition
0QMmr/0 A, = 0 for the mean-field thermodynamic potential Qyr in Eq. (11). The resulting coupled gap equations are given

by [1]

A A,

1| a-1 3+1 1 > 1

§|: 4nyzs+ - 4rrr:,-f = Xp: ZES tanh 2T E ’ 20
A A

1| 22— 1 ™ 1 1 E; 1

_ c — < = t h — — | 21

2|: 47I'ZS+ 47!)2;7 ; ZE; an 2T 281, @D
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where the ultraviolet divergence has been absorbed into the
scattering lengths a4 in Eq. (2). We briefly note that the gap
equations (20) and (21) can also be obtained from Egs. (8)
and (9) when the expectation values in these equations are
evaluated by using the BCS single-particle Green’s functions
G=°°(p, iw,,) in Eq. (16).

The gap equations (20) and (21) have two types of solu-
tions [3,5,7]: The in-phase solution [sgn(A,) = sgn(A.)] and
the out-of-phase solution [sgn(A,) = —sgn(A.)]. Between
the two, the latter is known to be related to a shallow bound
state [3,5] (see also Appendix A), and it is responsible for the
recently observed OFR in a '"3Yb Fermi gas [17,18]. On the
other hand, the in-phase solution is related to a deep bound
state [3], and it has nothing to do with the observed OFR. This
deep bound state is inaccessible in the current experiments
on a 'Yb Fermi gas near OFR [17,18]. Because we are
interested in the observed situation, we focus only on the
out-of-phase solution of Egs. (20) and (21).

Following the standard NSR approach [38], we solve the
gap equations (20) and (21), together with the equation for the

J

total number N of Fermi atoms, to consistently determine A,,
A¢, and p. The number equation is obtained from the thermo-
dynamic identity N = —92/du (where Q = Qumr + 62nsR),
giving

T . 3
N= > Ng+ 5 ZTr|:I‘(q, ivn)al"[(q, ivn)]. (22)

a=0,C q,Vv,
Here,
SO( EOI
N¢ = 1 — 22 tanh -2 23
; Xp:[ £y QT] (23)

is the number equation in the mean-field level, and
g, iv)) =11 - UT(g, iv)) 'O (24)

is the 4 x 4 particle-particle scattering matrix in the general-
ized random phase approximation (GRPA) [38,39] in terms of
the intraband (Uy) and interband (U;) interactions. In Egs. (22)
and (24), the ultraviolet divergence involved in the pair-
correction function f[(q, iv,) in Eq. (14) has been removed as

119,(g. iva)  T13,(q. ivy) 0 0
fi(q. iv,) = n&(g, iv,) ng(g, ivy) ﬁil(:I)» - ﬁ?z(;)’ o | = %fl(q, iv,) + Z ii. (25)
0 0 IS, (q, ivy)  TI5,(q, ivy) P
Here, 1 is the 4 x 4 unit matrix. The interaction matrix U in Eq. (24) has the form
ao 0 ag O
0— 40 ao 0 ag 26)

m | dsi 0 as0 0 ’
0 Ay 0 ago

where

aso = [as— + asy1/2,
ag = [a;— — agy1/2. 27

We briefly note that the GRPA scattering matrix f‘(q, iv,) in Eq. (24) satisfies the required gapless condition for the Goldstone
mode. That is, ['(g, iv,) has a pole at ¢ = v, = 0 when the superfluid order parameters Ag—o,c satisfy the coupled gap equations
(20) and (21). For the proof, see Appendix B.

Now, we remove the effects of the (experimentally inaccessible) deep bound state from the theory [2,3,9,10] in order to
describe a real '*Yb Fermi gas near OFR [17,18]. For this purpose, we extend the prescription developed in the normal state
[9,10] to the superfluid phase below T.: Noting that the particle-particle scattering matrix (g, iv,) in Eq. (24) involves superfluid
fluctuations associated with (i) the shallow bound state being responsible for OFR and (ii) the unwanted deep bound state, we
first diagonalize I'(q, ivy) as

Af (g, ivy) N 0 0 0
A NS PSP 0 A3,(q, ivy) 0 0
(g, iv,) = WITW = 0 l A (g ivy) 0 : (28)
0 0 0 A5,(q, ivy)

(

In Eq. (29), the scattering length a,, appears in AT] In
addition, the pole equation 1 — (4mas, /m)I12(0,0) =0 of
A3, (g = 0,0) is just the same form as the gap equation in the
out-of-phase case, given in Eq. (A2) in Appendix A. Thus, one
finds that A, and A%, respectively, describe the amplitude
(29) and phase fluctuations of the superfluid order parameters

where the 4 x 4 matrix W diagonalizes [". When oy, = 0 and
vo = 0, the eigenvalues in Eq. (28) are reduced to

dragt 1

Aj(q,0) = = :
JJ 1— 47Tn(fi Hjj(qy O)
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associated with the shallow bound state [38,39]. On the other
hand, the pole condition 1 — (4mwa,_ /m)l:[22 0,0)=0 of
A5,(q =0,0) gives the gap equation (Al) in the in-phase
case, so that A~ is found to be associated with the deep bound
state. Thus, we remove the latter contribution by replacing the
particle-particle scattering matrix (g, iv,) in Eq. (22) with

00 00 oc oc
LR
1_‘CO l—‘CO IﬂCC 1_‘CC
re To Td T2
Aﬁ(%’ivm) A+(0iv) 8 8
=W 0 22%’ m o o WL
0 0 0 O
(30)

In Sec. III A, we will show self-consistent solutions for the
coupled gap equations (20) and (21) with the number equation
(22) where I' is replaced by I'.

C. Condensate fraction N,

The condensate fraction N, = NJ + NS physically de-
scribes the number of Bose-condensed Cooper pairs [40].
Here,

Ne=e =3 |8 W, ) 31)
p

is the condensate fraction in the « channel [40-42], where
7_ = (11 — irp)/2. Using Eq. (16), one obtains

2

NE = "|T Y e[ G*(p, iwm)]

P Wy
A2 “
=) —% tanh® 2. (32)
— 4Eg 2T

Equation (32) is consistent with the gap equations (20) and
(21) in the sense that the latter equations can also be obtained
from the same single-particle BCS Green’s function G¥ in
Eq. (16) as

Agmoe = UpT Y Tr[z_G*(p. iw,)]

P.wy

+UIT Y Trlr- G (p. iwn)), (33)

P,y

where “—a” means the opposite component to . On the other
hand, G in Eq. (16) cannot reproduce the whole expression
for the number equation (22), but it only gives the mean-field
part N. The same inconsistency also exists in the single-
channel case [31-33], where fluctuation corrections to the
mean-field BCS single-particle Green’s function are necessary
to obtain the NSR number equation. In the single-channel
case, however, the effects of these corrections on the con-
densate fraction are known to actually be very weak in the
BCS-BEC crossover region [42]. In this paper, therefore, we
also examine the condensate fraction within Eq. (32).

D. Collective excitations

The energy of a collective mode associated with the
superfluid order can be determined from a pole of the analytic-
continued particle-particle scattering matrix ['(gq, iv, — o +
i6) in Eq. (30) (where § is an infinitesimally small positive
number). In this paper, we approximately evaluate the mode
energy by only solving the real part of this pole condition
[38,43,44],

Re[det(F (g, iv, — w +i8))] = 0. (34)

In particular, we set w = csq (¢ ~ 0) in looking for the gapless
Goldstone mode with the sound velocity c¢s. The approximate
mode equation (34) is valid for the case when the collective
mode is weakly damped. To check this, we also examine how
the spectral peak of this mode sharply appears in the spectral
weights, given by

.. 1 ..
AlJ(q,w) = —=Im[['}/(q,iv, > 0 +i8)],  (35)
T

where f‘({;{;(q, iv,) (@ =o0,c, j=1,2) is given in Eq. (30).
In (35), Al and A2? are, respectively, the spectral weight
of the amplitude correlation function of the superfluid order
parameter and that of the phase correlation function in the «
channel.

III. SUPERFLUID PROPERTIES OF A *Yb FERMI GAS

A. Superfluid order parameters A,

Figure 2 shows self-consistent (out-of-phase) solutions for
the coupled gap equations (20) and (21) with the number
equation (22) with I* being replaced by I" in Eq. (30). The
values of the scattering lengths a,y are given in Eq. (3). In
this figure, we measure the interaction strength in terms of
(kpag)~' [1,2,4,9,10], where

i U A Nz 6

1 — az/mwg

is the s-wave scattering length in the open channel. kp =
[3721]'/3 is the Fermi momentum in an assumed single-band
two-component Fermi gas with the particle density n =5 x
10" em™ [1-3].

Figures 2(a) and 2(b) indicate that the sign of A. is
opposite to that of A,, which is characteristic of the out-
of-phase solution. In addition, one also finds from these
figures that |A,| > |A.|, and they exhibit a very similar tem-
perature dependence to each other. As known in metallic
superconductivity [29,45], these indicate the importance of
the interband interaction U, in realizing a superfluid '>Yb
Fermi gas. If U, is much weaker than the intraband interaction
Uy, their temperature dependence would be very different
from each other near 7., especially in the weak-coupling BCS
regime where the closed-channel band &, is much higher than
the open-channel band 51‘; [29,45]. Thus, when the super-

fluid phase transition is achieved in a '*Yb Fermi gas, the
observation of |Ay—o | would provide useful information
about the importance of the interband interaction.

We see in Fig. 2 that A,_, . and p exhibit weak first-order
behavior near T, when the interaction becomes strong to some
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(a) Ao /ep
1

0.3 s 1 05 o 05
(kpag)™!
(b) —Ac /e
1
0.8
0.6
0.4
0.2

1
T 05 0o 05

(kpay)!

FIG. 2. Self-consistent out-of-phase solutions for the coupled
gap equations (20) and (21) with the number equation (22) where I
is amended as I" in Eq. (30). (a) Superfluid order parameter A, (> 0)
in the open channel. (b) Superfluid order parameter A, (< 0) in
the closed channel. (c) Fermi chemical potential p. T, €f, and kg
are, respectively, the Fermi temperature, Fermi energy, and Fermi
momentum in an assumed single-band two-component free Fermi
gas with the particle density n = 5 x 10'3 cm~ [1-3]. The values
of the scattering lengths a4 are given in Eq. (3) [17,18], For these
parameters, the threshold energy wy, vanishes when (kpa,)™' = 1.57
[2,9,10] (which experimentally corresponds to the vanishing exter-
nal magnetic field). Thus, we only show the results in the weaker
coupling region, (kga,)™' < 1.57.

extent. The same phenomenon also occurs in the single-band
case, which is, however, known as an artifact of the NSR
theory [42]. This problem still exists in a more sophisticated
strong-coupling theory, such as the self-consistent 7 -matrix
approximation [46], and it is still unknown how to recover
the expected second-order phase transition in the whole BCS-
BEC crossover region. In this paper, therefore, leaving this

(@) N./N
0.5
0.4
0.3
0.2

05 !

kFas)' !

51 05 0
2 (

FIG. 3. (a) Calculated condensate fraction N, in a superfluid
YD Fermi gas near OFR. Panels (b) and (c) show the open- and
closed-channel components, respectively. In obtaining these results,
we have used A,—, . and p in Fig. 2.

problem as a future problem, we use the NSR data in Fig. 2 in
calculating the condensate fraction N, as well as the spectral
weights in the following discussions.

B. Condensate fraction

Figure 3 shows the condensate fraction in the BCS-BEC
crossover regime of a two-band superfluid Fermi gas. For
clarity, we also show in Fig. 4(a) the interaction dependence of
this quantity far below 7. In the weak-coupling BCS regime
[(kpas)~' < — 1], one sees in Fig. 3(a) that the total conden-
sate fraction N, is much smaller than N/2, which is realized
when all the Fermi atoms form Cooper pairs. This is simply
because only atoms near the Fermi surface contribute to the
pair formation in this regime [41,42].

One also finds from Figs. 3(b), 3(c) and 4(a) that the
condensate fraction N, is dominated by the open-channel
component N in the BCS regime. To understand this, we
recall that the OFR-induced pairing interaction is tuned by ad-
justing the energy difference wy, /2 between the upper closed
channel and the lower open channel: The weak-coupling
regime is realized when wy, /2 is large. As a result, most Fermi
atoms occupy the open-channel band in the weak-coupling
regime, so that the number of atoms in the closed channel is
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very small. This naturally leads to N <« N >~ N.. Indeed, it
has been shown that the closed channel is almost vacant when
(kea,) ™' < —19].

In the weak-coupling BCS regime [(kpas)™' < —1], in
spite of N; < N?, the magnitude of the superfluid order pa-
rameter |A.| in the closed channel is still comparable to that
in the open channel |A,| [see Figs. 2(a), 2(b) and 4(b)]. More
precisely, Fig. 4(b) shows that |A.| =|A,| (which is consistent
with the previous work in the mean-field approximation [2]).
To consistently understand these different results (NS < N?
and |A.| =|A,l), the key point is that, while the conden-
sate fraction literally means the number of Bose-condensed
Cooper pairs, the superfluid order parameter is related to the
binding energy of a Cooper pair. Thus, although the number of
Cooper pairs in the closed channel is very small in the weak-
coupling BCS regime, each Bose-condensed Cooper pair in
this channel has the nonzero binding energy Ep, ;. given by

Elfind
_ {ZIACI (n 2 on/2),
2l (@n/2 — 1) + A2 — (0n/2 — )] (1 < 0n/2).
(37)

In particular, deep inside the BCS regime (where wg, /2 > 1),
Eq. (37) gives Ef,q = 2|Ac] x (|Acl/wm) < 2|Ac|, which is
much smaller than the binding energy Ep, , = 2A, in the
open channel in this regime. This result may be interpreted
as showing that the closed channel is in the weaker coupling
regime than the open channel, which is consistent with the
fact of a smaller condensate fraction Ny < N? in the former
channel than that in the latter.

The reason why |A.| =~ |A,| is obtained even in the weak-
coupling BCS regime (where NJ < N;) is that A in Eq. (9)
is made up of the pair amplitude, not only in the closed chan-
nel (cg 4,—pCe,y,p) but also in the open channel (cg |, _pCe 1,p)-
Thus, even when the closed channel cannot produce the pair
amplitude, A, can still become nonzero by using the pair
amplitude supplied from the open channel through the inter-
band interaction U;. Regarding this, we note that the interband
interaction in Eq. (1) may be viewed as a pair-tunneling term,
where a pair of Fermi atoms moves from one band to the other.

The total condensate fraction N, increases monotonically
upon increasing the interaction strength [see Fig. 3(a)]. As
shown in Figs. 3(c) and 4(a), the closed-channel component
N¢ also increases in this procedure, because the interaction
strength is increased by decreasing the energy difference
ww /2 between the two bands. The open- and closed-channel
bands are degenerate at (kpas)~' = 1.57, at which NS =N?
is achieved. Although we cannot go beyond this coupling
strength, Fig. 4(a) shows that more than 80% of Fermi atoms
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FIG. 4. (a) Condensate fractions N, and N~ as functions of
the interaction strength (kga,)~'. (b) Superfluid order parameters
Ay—o.c and Fermi chemical potential  as functions of the interaction
strength. We set 7 /Ty = 0.01.

already form Cooper pairs and are Bose-condensed far below
T, when (kpa;)~! = 1.57.

C. Spectral weights and Goldstone mode

Figure 5 shows that the spectral weights A%;(g, w) of the
amplitude (j = 1) and phase (j = 2) correlation functions of
the superfluid order parameters in a superfluid '"*Yb Fermi
gas at the unitarity. In this figure, we see that overall spec-
tral structures are similar between the amplitude (j = 1) and
phase (j = 2) components, as well as between the open (o« =
0) and closed (@ = c) channels: They commonly have (a) the
two-particle continuum, and (b) the peak line starting from
q = o = 0 [see panel (al)].

Regarding the characteristic spectral structures (a) and (b),
the two-particle continuum (a) is associated with the breakup
of a Cooper pair. When the interband interaction U, is absent
and the open-channel band is completely disconnected from
the closed-channel band, they should have different threshold
energies with respect to two-particle excitations, Ej~ "¢ =

Min[ES, , + E®, ,1[43.47]. That s,

(u =2 0and g < 24/2mu),

. (38)
(otherwise),
(e 2 0 and g < 24/2mu),
39
(otherwise). (39)
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FIG. 5. Calculated spectral weights Aj‘j:"'c(q, ) of the amplitude (j = 1) and phase (j = 2) correlation functions in Eq. (35) in a unitary

13Yb superfluid Fermi gas [(kga,)~! = 0]. In panel (al), the continuum spectrum (a) describes two-particle excitations being accompanied by
dissociation of a Cooper pair. The peak line (b) is the Goldstone mode. We also see a weak peak line (c), which is the Schmid (Higgs) mode
[35,36]. The dotted line in each panel shows E{ in Eq. (38), which gives the threshold energy of the two-particle continuum. The spectral
intensity is normalized by 2772 /(mkg). The same normalization is also used in Figs. 6 and 8.

Here, u. = ;t — ww /2. However, as seen in Fig. 5, the thresh-
old energy Ey, of two-particle excitations is commonly given
by

Ey = Min[E$, E§ | = Ej. (40)

This is because the interband interaction mixes the two chan-
nels, so that the depairing of Cooper pairs in the open channel
also affects the two-particle continuum in the closed channel.

In Fig. 5, the peak line (b) is just the (gapless) Goldstone
mode in the superfluid phase, so that it becomes broad at
T. (see the lowest panels). Although this mode is physically
interpreted as the collective phase oscillation of the superfluid
order parameter, this spectral peak line actually appears in
both A, (g, @) (amplitude component) and A%,(q, w) (phase
component). This is a result of the amplitude-phase coupling
described by the correlation functions I1Y,(q, iv, — @ + i8)
in Eq. (19), as well as I15; = —TII{, [42]. Because this cou-
pling effect vanishes at w = 0 [see Eq. (19) with iv, - o +
i8], the peak intensity in A{, (¢, ) becomes weak around g =
w = 0, as seen in the left two columns in Fig. 5. In addition,
it is known that the amplitude-phase coupling also vanishes
when the system has particle-hole symmetry with respect to
the Fermi surface [39,43,48]. This situation is realized deep
inside the BCS regime where the region near the Fermi surface
dominantly contributes to the superfluid instability [39,43,48].
Indeed, as shown in Figs. 6(al) and 6(a2), the peak inten-
sity associated with the Goldstone mode is much weaker in
A?,(q, ) than in A3, (g, w) in the BCS regime.

In Fig. 6, the dashed line shows w = cyq, where the sound
velocity ¢ is evaluated from Eq. (34). The agreement of
this linear dispersion with the spectral peak line confirms the
validity of this approximate mode equation, at least in the
present case. The same agreement is also obtained when we
draw @ = c,q in all the panels in Fig. 5 below T¢, although we
do not explicitly show the result here.

We plot the calculated sound velocity ¢y from Eq. (34)
in Fig. 7. In the weak-coupling BCS regime, ¢y at low
temperatures approaches the sound velocity of the Anderson-
Bogoliubov mode [34,47] in a single-band Fermi superfluid,
given by

AB _ UF

g 7 (41)
with the Fermi velocity vgp = (372N)'/3/m [see Fig. 7(b)].
This is simply because most Fermi atoms occupy the open-
channel band due to the fact that the upper closed-channel
band is much higher than the lower open-channel band in
this regime. Thus, the system properties in the BCS regime

become close to the case of a single-band Fermi superfluid.
The two bands become degenerate (wg/2 = 0) when
(kgag)~! = 1.57. Thus, the system again may be treated as
the single-band case there. Then, using the knowledge about
the strong-coupling BEC regime of the ordinary single-band
Fermi gas, the system in this regime is expected to be well de-
scribed by a superfluid gas of ng = N/2 Bose molecules with
a molecular mass M = 2m and a repulsive interaction Ug =
4mag /M, where the molecular scattering length ag equals
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FIG. 6. Spectral weights A};(¢g, @) (j = 1,2) in the open chan-
nel. We set T = 0.017z < T.. (al) and (bl) Weak-coupling BCS
regime [(kga,)”™! = —2]. (a2) and (b2) Unitary limit [(kpa,)~' = 0].
(a3) and (b3) Strong-coupling BEC regime [(kpa,)~' = 1.57]. The
dotted line shows the threshold of the two-particle continuum, given
in Eq. (38). The dashed line shows the linear dispersion w = c,q
of the Goldstone mode, where the sound velocity ¢, is determined
from Eq. (34). Similar results are also obtained in the closed channel,
although we do not explicitly show them here.

2ag (> 0) within the NSR theory [48]. Indeed, Fig. 7(b) shows
that, with increasing the interaction strength in the BEC side
[(kpas)~" 201, the sound velocity ¢ approaches the velocity
of the Bogoliubov phonon in such a Bose superfluid, given by

U
B =/ i;B' 42)

The above discussions indicate that, even for the present
two-band '*Yb superfluid Fermi gas, the character of
the Goldstone mode still changes continuously from the
Anderson-Bogoliubov mode in a single-band Fermi super-
fluid to the Bogoliubov phonon in the ordinary molecular
Bose superfluid, with increasing the interaction strength.
Thus, although the closed channel may affect ¢, in the unitary
regime [(kpas)~! ~ 0] to some extent, the overall BCS-BEC
crossover behavior of this quantity is similar to the single-
band case [49], such as **K and °Li superfluid Fermi gases
[20-23].

D. Absence of the Leggett mode in a ">Yb Fermi superfluid

Because the Leggett mode is the out-of-phase oscilla-
tion of the superfluid order parameters A, and A, [30], it
would appear in the phase component of the spectral weight
A%,(q, w), if it exists. However, one only sees the Goldstone
mode (which is the in-phase oscillation of the superfluid order
parameters) in Figs. 5 and 6. This concludes the absence of
the Leggett mode, at least in the low-energy region below

@ Cs/Up
0.6

0.4

“'w)  TT=0.01
"2 15 -1 05 0 05 1 15
(kFGS)_l

FIG. 7. (a) Calculated sound velocity cs of the Goldstone mode
in a '>Yb superfluid Fermi gas. vy is the Fermi velocity of an
assumed single-channel Fermi gas with N Fermi atoms. (b) ¢ as
a function of the interaction strength, when T/Tz = 0.01. ¢/B =
vp/+/3 is the velocity of the Anderson-Bogoliubov mode in a
single-band BCS superfluid. ¢ = /Ugng/M is the velocity of the
Bogoliubov phonon in an interacting Bose superfluid with ng = N/2
bosons with particle mass M = 2m. Ug = 4mag /M is a repulsive in-
teraction between bosons, where ag = 24 is the molecular scattering
length. As mentioned in Sec. III A, the first-order behavior seen in
the strong-coupling regime is an artifact of the NSR theory.

the two-particle continuum. This conclusion agrees with the
previous work by He and co-workers [3].

Recently, Refs. [7,14] pointed out that the Leggett mode
appears below the two-particle continuum, when we choose
as—Jasy = 0.8. [Note that Eq. (3) gives a,_/a, ~0.11 K
0.8.] Indeed, considering this case by setting

as+ = 1900ay,
a,_ = 1520ay,

(43)

we see in Fig. 8 a gapped peak line (B) corresponding to the
Leggett mode, in addition to the gapless peak line (A). In
the case of Eq. (43), the binding energy Eping— = 1/(ma?_)
of the lower bound state is not so different from the binding
energy Epina+ = 1/(maZ,) of the “shallow” bound state as
Ebvind—/Epbing+ == 1.5. Thus, we have retained both bound states
in obtaining Fig. 8.

We find from Fig. 9 that the energy of the Leggett mode
increases with decreasing the ratio a,_ /ayy [7]. Thus, it seems
that the present !">Yb Fermi gas near OFR [which has the
scattering lengths in Eq. (3)] is not useful for the observation
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FIG. 8. Calculated phase component of the spectral weight
AS,(g, @), when (kpa,)~' = 0. In this calculation, we take a,, =
1900qay and a,_ = 1520ay, and we do not remove the deeper bound
state. In the upper two panels (T < T¢), the spectral peaks (A) and (B)
correspond to the gapless Goldstone mode and the gapped Leggett
mode, respectively. In panel (c), the low-energy peak line describes
the dispersion of the noncondensed Bose molecules at 7;.. The dashed
line shows the threshold of the two-particle continuum.

of the Leggett mode, even when the deep bound state becomes
experimentally accessible. To observe this collective mode in
the low-energy region ( <ep), we need to look for a different
situation of a '7>Yb Fermi gas, or another two-band Fermi gas
with a;_ >~ a,..

E. Schmid (Higgs) mode

The peak structure (c) in Fig. 5(al) is the Schmid mode
[35,36], which is also referred to as the Higgs mode in the
recent literature. The same peak is also seen in Figs. 5(a2),
5(bl), and 5(b2). This collective mode is accompanied by
the amplitude oscillation of the superfluid order parameter,
so that it appears in the amplitude component A} *(q, ®)
of the spectral weight. Because of the amplitude-phase cou-
plings I1{, and II§,, in principle, it may also appear in
A%,(q, w). However, because this collective mode appears at
the threshold of two-particle continuum, it is not clearly seen
in A%,(q, w), as shown in the right two columns in Fig. 5.
To confirm this more explicitly, we show in Fig. 10 the en-

160 : :
1400\~ (a) '3Yb
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100}
80 |
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40 |
20

T/Te=0.01

o (q=0)/ep

© @)
0 0:2 014 O‘.6 0.8 1
as—/as—|—

FIG. 9. Calculated energy wi (¢ = 0) of the Leggett mode as a
function of the ratio a,_/a,,. We take wy, =0, T /Tz = 0.01, and
as. = 1900ay. (a) a,_ = 200ay (> Yb Fermi gas). (b) a,_ = 860a.
(c) a;_ = 1520ay (Fig. 8). (d) a,_ = 1900a,.

ergy dependence of A};(g, w) at ¢ = 0: This amplitude mode
clearly appears as a peak structure at the threshold energy
of the two-particle continuum in A9, (g = 0, @), as shown in
Figs. 10(al) and 10(a2). However, such a peak structure is
absent in the phase component AS,(q¢ = 0, @) shown in the
right column in Fig. 10.

The Schmid (Higgs) mode is known to disappear in
the BEC regime when p < 0 [14,50-52]. Indeed, when
(kpas)~' = 1.57 [where u < 0, see Fig. 4(b)], the spectral
peak no longer exists at the threshold of the two-particle
continuum in A9, (¢ = 0, w), as shown in Fig. 10(a3).

When the interband interaction U is absent and the open-
channel band is disconnected from the closed-channel band,
we would have two independent amplitude modes associated
with A, and A.. In the present case, however, since the
Schmid mode appears at the threshold of the two-particle con-
tinuum, it is difficult to examine how the interband interaction
causes the coupling of these two amplitude modes, which
remains as our future problem. Regarding this, we point out
that, in the field of metallic superconductivity, the Schmid
mode is known to sometimes appear below the two-particle
continuum [53]. Thus, the realization of such a situation in
an ultracold Fermi gas would be useful for the study of this
problem.

IV. SUMMARY

To summarize, we have discussed the superfluid properties
of a '*Yb Fermi gas with an orbital Feshbach resonance
(OFR). Including superfluid fluctuations within the frame-
work of the strong-coupling theory developed by Nozieres
and Schmitt-Rink, and removing the effects of an experi-
mentally inaccessible deep bound state, we self-consistently
determined the superfluid order parameters in open and closed
channels, as well as the Fermi chemical potential, as functions
of temperature, in the BCS-BEC crossover region below T¢.
Using these data, we also calculated the condensate fractions,
as well as the spectral weights of the amplitude and phase
correlation functions of the superfluid order parameters in the
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FIG. 10. Spectral weights Af(g = 0, w) (j = 1, 2) as functions of w.

two channels. From the spectral weights, we determined the
sound velocity of the Goldstone mode in the crossover region.
We also discussed the Leggett mode and Schmid (Higgs)
mode.

In the weak-coupling BCS regime, we showed that the
condensate fraction in the closed channel (7) is much smaller
than that in the open channel (N?). This is because the OFR
pairing mechanism tunes the interaction strength by adjusting
the energy difference between the two channels: The weak-
coupling BCS regime is realized when the closed-channel
band is much higher than the open-channel band, so that the
number of atoms, as well as the condensate fraction, in the
closed channel becomes small there.

We also showed that the magnitude of the superfluid order
parameter in the closed channel |A.| is comparable to that
in the open channel |A,|, even in the weak-coupling BCS
regime. As the reason for this, we pointed out that the inter-
band interaction U, plays a crucial role. Because the closed
channel is almost vacant in the BCS regime, A, is dominantly
made of the pair amplitude (cg | —pCe 1) produced in the
open channel, which is transferred to the closed channel by
the interband interaction.

The closed-channel contribution to the condensate fraction
increases with increasing the interaction strength, because the
energy difference between the two bands becomes small. At
the strongest interaction strength (kpa,)~' = 1.57, they are
degenerate, where N; = N is realized. Our result shows that
more than 80% of atoms take part in the total condensate
fraction at this interaction strength.

We have also examined the spectral weights A%7"%(g, ) of
the amplitude (j = 1) and phase (j = 2) correlation functions
of the superfluid order parameters. We found that, in both the
open and closed channels, the threshold energy of the two-
particle continuum is commonly determined by the superfluid
order parameter A, in the open channel, as a result of the
mixing of the two channels by the interband interaction.

Below the two-particle continuum, the gapless Gold-
stone mode appears as a spectral peak line starting from
q = w = 0. The peak position was shown to be the same
between the open-channel component Af;(¢q,®) and the
closed-channel one A; (g, o). This means that a channel-
selective measurement is not necessary in observing the
Goldstone mode in a '"*Yb superfluid Fermi gas. Regarding
this, if the open and closed channels are disconnected from
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each other, these two channels would have different Gold-
stone modes with different sound velocities. In this sense,
the fact that both channels have the same Goldstone mode
also originates from the channel-mixing by the interband
interaction.

Besides the Goldstone mode, the Schmid (Higgs) mode
was shown to appear at the threshold of the two-particle
continuum in the amplitude component A{ (g, w) of the
spectral weight. However, the Leggett mode was not obtained
below the two-particle continuum when the scattering lengths
for a !’3Yb Fermi gas with OFR are employed. This indicates
that the present !7>Yb Fermi gas with OFR may not be useful
for the study of the Leggett mode. A proposal about how to ob-
serve this mode is a crucial theoretical issue in cold Fermi gas
physics. Apart from this future problem, since the presence of
an interband interaction is characteristic of multiband Fermi
gases, our results would be useful for the study of how this
interaction affects the superfluid properties of a '>Yb Fermi
gas in the BCS-BEC crossover region.
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APPENDIX A: IN-PHASE (OUT-OF-PHASE) SOLUTION
AND DEEP (SHALLOW) BOUND STATE

To see that the in-phase (out-of-phase) solution of the gap
equations (20) and (21) is related to the deep (shallow) bound
state, we consider the situation in which the open and closed
channels are degenerate (wy,/2 = 0) and |A,| = |A.| is real-
ized. In a '*Yb Fermi gas with OFR, it corresponds to the
case when (kpa,)~' = 1.57 [1,2]. For the in-phase solution
(Ap = Ac = A), Egs. (20) and (21) are reduced to the same
BCS-type gap equation,

4ma,_ 1 E, 1
1= T4 Y |stanh 22— — | (AD
m > 2E, 2T 2¢,

where E, = /(g — )* + A2,

For the out-of-phase solution (A, = —A. = A), one has
4ma, 1 E 1
lz—ﬂz — tanh —& — — |.
m 2E, 2T 2,
P

Noting that a,y = 1900ay and a;,_ = 200ay in the case of
a 'Yb Fermi gas near OFR [17,18], we solve the “in-
phase” gap equation (Al) in the strong-coupling regime
(where u < 0,|A/u| <« 1,and |T/u| < 1), which gives u =
—1/(2maZ2_). In this regime, on the other hand, the “out-of-
phase” gap equation (A2) gives u = —1/ (2maf ). Since the
Fermi chemical potential i (< 0) approaches half the energy

(A2)

Evound (< 0) of a two-body bound state in the BEC regime,
one reaches

- m;,_‘ (in-phase),

Ebound ~ 1

- (out-of -phase). (A3)
N

Together with the above-mentioned values of as+, we find
from Eq. (A3) that the bound state in the in-phase case is much
deeper than that in the out-of-phase case. Using the typical
value of the number density n = k3/(372) =5 x 103 cm 3
[1,3,9,10], one has

|Ebouna| _ [138  (in-phase),
~|1.5 (out-of-phase).

(A4)

EF
While |Epound| is comparable to the Fermi energy er in the
out-of-phase case, it is much larger than &g in the in-phase
case.

APPENDIX B: POLE CONDITION FOR 1(0, 0)

We prove that the particle-particle scattering matrix
I'(q, iv,) in Eq. (24) has a pole at ¢ = v, = 0 when the gap
equations (20) and (21) are satisfied. Noting that lzl‘fz(O, 0) =
I15,(0, 0) = 0 [see Eq. (19)], one obtains the pole condition
for 1°(0, 0) as

0 = det[1 — UT1(0, 0)]

_ o [(1— 2 T15,(0, 0)
=o' o, 0

1 — #20113,(0, 0)
Xdet( _471%1:[(2)2(03 0)

— 415,000
I — =8 115,(0,0)

_ dmag 1:[(: (0 O) )
Prao Fe 0 oy ) Bl
1 - $fig 0.0)) PV

where the scattering lengths a9 and ay; are given in Eq. (27).
Because the superfluid order parameters A,—, . are chosen
to be parallel to the t; component in Eq. (4), the gapless
Goldstone mode associated with phase fluctuations of the
superfluid order parameters appears as the zero of the latter
determinant in Eq. (B1). This pole condition can also be
written as

0 = det[D], (B2)
where
5 _ 1+ — 115,(0,0) —1- )
D= ~ . B3
( —N- n+ — 113,(0,0) )
Here, 14 are related to the scattering lengths a,y in Eq. (3) as
LY (B4)
=5 dmway, ~ 4mas_ |
Summarizing the gap equations (20) and (21) as
—_ N AO
0= D< AC>, (B)

we find that the pole equation (B2) is always satisfied when
the superfluid order parameters Ay, . satisfy the gap equa-
tion (BS).
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