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Hugenholtz-Pines theorem for multicomponent Bose-Einstein condensates
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The Hugenholtz-Pines (HP) theorem is derived for Bose-Einstein condensates (BECs) with internal degrees
of freedom. The low-energy Ward-Takahashi identity is provided in the system with the linear and quadratic
symmetry breaking terms. This identity serves to organize the HP theorem for multicomponent BECs, such as
the binary BEC as well as the spin-f spinor BEC in the presence of a magnetic field with broken U(1) x SO(3)
symmetry. The experimental method based on the Stern-Gerlach experiment is proposed for studying the Ward-

Takahashi identity.
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I. INTRODUCTION

An exact relation among correlation functions reflects the
symmetry that a system has. The Hugenholtz-Pines (HP)
theorem is one of the Ward-Takahashi (WT) identities for
a Bose-Einstein condensate (BEC) [1], ensuring a gapless
Nambu-Goldstone mode owing to the spontaneously broken
U(1) symmetry. This theorem plays a crucial role in under-
standing the low-energy properties of superfluid liquid “He
as well as ultracold gaseous atomic BECs, and also plays a
critical role in developing theoretical frameworks on the scalar
BEC [2]. Diversity of study on ultracold atomic gases stems
from maximally utilizing the controllability and internal de-
grees of freedom in these systems. In ultracold atomic gases,
BECs with internal degrees of freedom, such as spin 1, 2, and
3 BECs where U(1) x SO(3) symmetry is broken, have been
realized [3-8], which show exotic phases [9].

In the ultracold atomic spinor BECs, the Hamiltonian in
the absence of the magnetic field has U(1) x SO(3) sym-
metry. However, a magnetic field breaks SO(3) symmetry;
for example, the ferromagnetic spinor BECs have a gapped
transverse spin excitation in the presence of the magnetic field
[9,10]. For correctly understanding the low-energy properties
of these excitations in the BEC, the HP theorem is an im-
portant relation. The original derivation of the HP theorem
for the scalar BEC is to employ the U(1) symmetry in the
energy function for counting the number of the condensate
lines in the Feynman-diagrammatically represented energy
function [1]. The relations between the diagonal and off-
diagonal self-energies can be indeed derived in the low-energy
and low-momentum limits by using the fact that because of
the U(1) symmetry, the number of the incoming BEC lines is
equal to the number of the outgoing BEC lines in each term of
the energy function. However, the SO(3) symmetry mixes the
multicomponent order parameters, where the strategy based
on the energy function originally given by Hugenholtz and
Pines [1], which exploits a simple relation between the num-
ber of the incoming and outgoing BEC lines, is hard to
utilize.

In this paper, we derive the general HP theorem for a
multicomponent BEC where the quadratic symmetry breaking
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field remains. This relation can be directly applied to derive
the HP theorem for the spinor BECs in the presence of a
magnetic field that breaks SO(3) symmetry. We also show the
HP theorem for the binary BECs. We propose an experimental
method to study the WT identity for a BEC with internal
degrees of freedom.

We here exactly clarified the HP theorem with broken
U(1) x G symmetry in the presence of G symmetry breaking
external fields H’. This generalized HP theorem is summa-
rized in the following way:

G(0)6,® =[6,,H']®, (D

where G~1(0) is the inverse Green’s function in the static and
low-momentum limits, @ the order parameter in the Nambu
space, &, a generator of U(1) x G symmetry, and H’' the G
symmetry breaking external fields. Here, the generator &, and
the symmetry breaking external fields H’ are also given in
the Nambu space. We take /i = 1 for simplicity. The effect
of the symmetry breaking external fields is included through
the noncommutativity between the symmetry generator &,
and the symmetry breaking external fields H'. The identity (1)
serves to deductively organize the HP theorem for the spin- f
spinor BECs with the broken U(1) x SO(3) symmetry. These
WT identities will be helpful to test the quantum effective
theory developed from experimental data [11,12].

II. FORMULATION

We prove the identity (1) by making use of the linear
response theory. Consider a general action Sy with a global
symmetry of a Lie group G; x G;, which may include two-
body and higher-body interactions of fields with internal
degrees of freedom ¥ (x) = (Y1 (x), ..., xp,(x))T in real space
and imaginary time with x = (r, 7). Let g,—,._, be genera-
tors of the Lie group G; x G; in the action Sy, where 7 is
the dimension of this symmetry group. The number of the
internal degrees of freedom r corresponds to the dimension
of the representation of the generator g,. We introduce the
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actions S; and §’ breaking the symmetry linear and quadratic
in the field v;, respectively, which are given by

1
Sy = 3 / dx[JT )y (x) + T ()T (@], 2)
S = fdx/dx’wT(x)h’(x—x/)tp(x/), 3)

with f dx = Oﬁ’g dt f dr. Here, J(x) is source currents that
break the symmetry Gy, given by J(x) = (J;(x), ..., J,(x))T,
and HA'(x—x') is G, symmetry breaking external
fields, given by [W'(x—x)];= h;.i(r —r)(rt—1) =
h; j(r/ —r)d(t — t’). We first study the general form of the
WT identity with respect to the field v;, and then extend to
the Nambu space in order to be immediately applicable to the
HP theorem of multicomponent BECs.

The total action S = Sy + S’ + S; has the following sym-
metry. The action § is invariant under a transformation at once
Y (x) = Uy (x), J(x) = UyJ(x), as well as H'(x — x') —
UyH' (x — xUY, where U, = exp(€qg,) With a parameter €.
The action S is, on the other hand, not invariant under the
transformation ¥ (x) — U, (x) alone, owing to the presence
of the symmetry breaking external fields J and H'.

Consider the case where the gauge of the symmetry break-
ing external fields is slightly but globally turned, such that
J(x) = UyJ (x), and H'(x — x') — U,H'(x — X' )UT, where
Uy, ~ 1 4 €49, with an infinitesimally small parameter €.
The total action then reads S + €,Sc,, where Sc, =S¢, s +
Sga, g With

1
S =3 / AxYT (O8I () = T Wgap O, @)

1
Se, hr = E/dX/dx/I//T(X)[ga,h/(x—X')]I//(x/)- ®)

The linear response of the field with respect to the input
action €S, is given by (¥ (x))s.¢, = (Y (X))s.e, — (¥ (X))s-
Here, the expectation value of O(x) is defined by (O(x));., =
Z;:a fD[i,ﬁj]O(x) exp(—S — €,S,) with the partition func-
tion Zy ., = [ D[Y;]exp(—S — €qSe, ). We have also defined
the notation (O(x)); = (O(x))/,¢,=0-

Within the first order of ¢,, we obtain the relation

(U () = € / dX'Gx — x')gaJ (x)

—l—ea/dx//dx”G(x—x’)

X [gas ' (" = XU (X))
+ea/dx//dx”f‘[gmhq(x, X, X", (6)

Here, the Green’s function G(x —x’) is given by G(x —

X)) = —(p(x)p ('), where ¢(x) = (x) — (¥(x)); with
(¢ (x)); = 0. The three-point correlation function I'fg, ; with
the commutation relation [g,, #'] is defined as

Tige.m (6, X', X") = =3P ()ga, M (X" — X)),
(7)

In the momentum and Matsubara frequency space with
k = (p, iw,), the identity reads

§(Y (k) = €aG(k)god (k)
+ €GO ga, WY (K))g + €aTig,. 1K), (8)

where we have assumed #'(x — x') = W'6(r — r')8(t — /).

It is straightforward to extend this relation to a system
with a U(1) x G symmetry, which is useful to discuss the
HP theorem for BECs with internal degrees of freedom. We
obtain the WT identity for multicomponent superfluids by
extending the field v and external fields J and /' in the
Nambu space: ¥ — ¥ = (Y1, ..., ¥, ¥, ..., v J —
J=U1, ..., Jf . )Y, and B — H' = diag(h', ™).
The unitary transformation in the Nambu space is given by
U, = exp(ie,®,) with a real number ¢,, where &, is given

by
0
_ g:) , )

and the generator g, is represented as a Hermitian matrix. By
extending Eq. (8) in the Nambu space, we find the relation
given by

o =F(g.) = (90“

G~ (k)

‘””;ﬂ = B () + (6o HN W),

+G7' (0T (o, 1 (k). (10)

The three-point correlation function is given in the form

e, m(p) = Z[ga, Wik ik (p)s - - -, vrjr(p),
I

V(=P v (=p)T (11)

where

vik(p) = = Y (¢ (P (@i (). (12)

q

Vi(=p) ==Y _($1(—p)b}(@d(@)s.  (13)

q

This term originates from the fact that /&’ is quadratic sym-
metry breaking. These three-point correlation functions y;jx
and y%, are absent because of the conservation law of the
momentum and energy in the correlation functions, since we
are considering ¢;(p) with p # 0.

If the gauge of the symmetry breaking external fields
is statically turned as an input in the context of the lin-
ear response theory, then the gauge of the field is statically
dragged with the same amount as that in the input, which
provides 8{¥);, = €48« (¥)s in a general representation, or
3(¥) e, =i€aBu(¥)s for superfluids in the Nambu space.
Since we impose the static and global transformation, we take
the static limit iw, = 0 as well as the zero-momentum limit
p — 0 in the linear response theory, which provides

G H0)B,® = B,J + [&,, H'] P, (14)

where we defined J = limp_,o J(p, iw, = 0), and the order
parameter in the Nambu space ® = limy_,o(¥(p, iw, = 0)),.
Since the U(1) symmetry is not explicitly broken in superflu-
ids, we take the limit / — 0. The WT identity in the presence
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of the quadratic symmetry breaking terms is now given by
Eq. (1).

The Goldstone-Salam-Weinberg equality [13] is one of
the WT identities for spontaneously broken symmetry. This
equality focuses on a system with the invariance under the
symmetry transformation with respect to ¥ (x) in the source
current vanishing limit J — 0, where an explicit quadratic
symmetry breaking is not included, i.e., H' = 0. The WT
identity for symmetry breaking by terms of higher canon-
ical dimensions, such as quadratic symmetry breaking, is
discussed by Zinn-Justin [14]. Reference [14] shows WT
identities given by the derivative of the generating function
with respect to the sources J; and #; o where the notation of
the source for quadratic symmetry breaking is given by p;;
or Kj;(x) in Ref. [14], instead of A;] ;- Two forms of the WT
identity can be found in Ref. [14] for quadratic symmetry
breaking. One is the identity composed of two terms: the
single and second derivatives of the generating function Z
with respect to J, i.e., §Z/8J;(x) and 82Z/8J;(x)8J(x). The
other identity is also given by two terms: the single derivatives
of Z with respect to K and J, respectively, i.e., § Z/8J;(x) and
82 /8Ky j(x). These two WT identities for the quadratic sym-
metry breaking are not a relation between typical correlation
functions as noted in Ref. [14], because the second derivatives
are taken with respect to J;(x) and Ji(x) at the same point,
where the derivative of Kj;(x) also provides the correlation
function at the same point, i.e., G(x, x). The relation in Eq. (1)
in the long-wavelength limit is one of the WT identities differ-
ent from those for the correlation at the same point discussed
in Ref. [14].

III. APPLICATION

A. Relations in scalar and binary BECs

We first discuss typical cases in the absence of the
quadratic symmetry breaking H'. The theorem is given by
G~ '(0)&,® = 0, which is identical to the original version of
the Goldstone-Salam-Weinberg theorem [13], where &, ® is
an eigenvector of the zero eigenvalue. In the spontaneously
broken U(1) symmetry case in a scalar BEC, the HP theorem
is given by G~1(0)J® =0, with J= F(1) =03 and ® =
(Do, CDZ‘))T. Here, 0i—; 2 3 are the Pauli matrices. The inverse
Green’s function is given by

G~ (k) = Gy (k) — =(k), (15)

where X(k) is the (2x2) matrix self-energy, G, (k)
iw,03 — (ep — ) with the chemical potential w, and €, =
p?/(2m) with a mass m. The HP theorem is thus given by the
well known form

£ - 22C00) = p, (16)

where £1?2(0) and %'>D(0) are the diagonal and off-
diagonal self-energies, respectively. Here, we have assumed
the order parameter to be real ®y = &g. This is consistent
with the proof of the HP theorem for the scalar BEC, given
by Hohenberg and Martin [15,16].

For the binary BEC with components “a” and “b”,
the HP theorem is given by G‘I(O)fia(b)tb = 0, where the
order parameter in the Nambu space is given by ® =

(P,, Dy, (b:, (Di)T and ja(b) = ]:(O'a(b)) with o, = dlag(l, 0)
and oy, = diag(0, 1). The matrices o, and o}, are related to
the gauge transformation of the order parameters ®, and Py,
respectively. By introducing the chemical potential (1, and
the (4 x4) matrix self-energy, the HP theorem can be given by

21#0) = 32°00) = i, an

21220 - 2752 0) =0, (18)

for (i, j) = (a,b) and (b, a), where we have taken the order
parameters to be the real number. For the representation of
the self energy Ef‘f , two subscripts i and j represent the
component in the binary system, and superscripts « and 8
distinguish diagonal and off-diagonal self-energies.

Related to the scalar BEC spontaneously broken U(1)
symmetry, a collective mode of the Cooper-pair fluctuation
is also gapless in superfluid Fermi gases [17,18]. The iden-
tity for the BCS-BEC crossover can be reduced to the gap
equation within the Gaussian pair fluctuation approximation.
The physics behind this is also the extended version of the
HP theorem to the superfluid Fermi gas. The Hamiltonian for
the BCS-BEC crossover with a contact interaction U (>0) is
given by

. V2
H =/dr Z \yj,(r)<—
gl 2m

-U / dr Wl (n) W] ()W, ()W4(r),

- M) \Ilzr (l‘)

19)

where W, is the Grassmann variable with the pseudospin
o =1, | [17,18]. Integrating out these fermionic fields after
introducing the Hubbard-Stratonovich transformation with an
auxiliary field A(x), we obtain the effective action Se =
So + Scr(¢, ¢*) after employing the stationary phase approx-
imation [17,18], where S is the stationary value of the action
with the stationary solution ® = (A, A})T. The action with
the Gaussian pair fluctuation is given by

1
Scr(®.9") = =3 3 'R k). (20)
k

where ¢ (k) = (A(k), A*(k))" — @ is fluctuations of the order
parameter, and I'~! (k) the vertex function given by

g (xR xR
r (k)—( X+—(k))s

X @b
1
3 ; Tr[o,G(k' + k)oy Gk, (22)

with the correlation function

J 1
k)= ——=08s _y —
X7 k) = =

for s, s’ = 4 [17]. Here, we have taken the system volume to
be unity, and G(k) = iv, — (e, — n)o3 + Agoy is the mean-
field Green’s function, where iv, is the fermionic Matsubara
frequency, and o1 = (01 £ 0,)/2. The HP theorem is given
by I'"1(0)J® = 0 [19], which provides

x*(0) — x>7*(0) =0,

where we have assumed the order parameter to be real
A¢ = Ag. This identity (23) is reduced to the gap equation

(23)
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0=U""- Zp tanh(BE,/2)/(2E}) in the Gaussian pair fluc-

tuation approximation, where E, = ,/(ep — u)* + A(Z). Since

relations x** (0)=x ~*~*(0) hold, we obtain det I'~'(0)=0,
which is consistent with the fact that J® is an eigenvector of
the zero eigenvalue. The excitation of the Cooper-pair fluctu-
ation is thus gapless as long as the approximation satisfies the
gap equation in the Gaussian pair fluctuation approximation.

B. Relations in spinor BECs in Bogoliubov approximation

We discuss the relation between the identity (1) and the
Bogoliubov approximation in the spin-f spinor BEC. In
the Bogoliubov approximation, the action is reduced to the
quadratic form given by Sg = Sy — >, ¢ (k)G ' (k)$(k)/2,
where S is the stationary value of the action. Here, the
fluctuation in the Nambu space ¢(k) is given by ¢(k) =
(@rk), ..., ¢_s(k), p3(=k), ..., ¢* [(—k))", the dimension
of which is 4f + 2, and G (k) = iw,03 ® Ipp1 — Hp is the
Green’s function in the Bogoliubov approximation, where
I>f41 is the identity matrix of dimension 2f + 1, and the
Hamiltonian has the form [9]

HE =

p

HO 4+ g
( P (24)

H®
(2)7* ) 1 *>
[H®] [H) + HD]

The dimension of H” as well as H""? is 2f + 1. The identity
(1) in the Bogoliubov approximation is reduced to the form

G5 (0)8,® = [6,, H']®. (25)

In the spin-f spinor BEC, a generator &, corresponds to
J = F(yr41) as well as §; = F(§;) fori = x, y, z, where fy .,
are spin matrices, whose dimension of the representation is
2f 4+ 1.

We apply the identity (25) to spin 1 and 2 spinor BECs in
the Bogoliubov approximation. The Hamiltonian H 150) is given
by

HY = (e — lapp1 + 1, (26)

where W' = —pf, + qff represents the linear and quadratic
Zeeman effects that break the SO(3) symmetry. Here, p and ¢

J

Gll Gll Gll

+1,+1 +1,0 +1,-1
11 11 11
GO,-H GO,O GO,—]
11 11 11
G = G—1,+l G—l,O G—l,—l
- G21 G21 G21
+1,+1 +1,0 +1,—-1
21 21 21
G0,+1 GO,O GO,fl
21 21 21
G71,+1 Gfl,O Gfl.fl

are the linear and quadratic Zeeman energies, respectively. In
the spin-1 BEC, we have

HY = n|:C()(,0 + H2f+1) + ¢ Z (Fipfi + ﬁfz)], 27

i=x,y,2

(28)

H? = n|:c0[) + ¢y Z f,[)f:r:|,

i=x,y,2

where n is the total density, f; = ¢'fic, p=¢¢t, p=¢eT
with ¢ = (P, ...,CILf)T/\/ﬁ, and cp; are coupling con-
stants of the spin-independent and spin-dependent interaction,
respectively [9]. In the spin-2 BEC, we have

fﬂ”EnPﬂp+Hﬂﬂ)+clE:Gmﬁ+fm)+2Q%P%},
i=X,,2

(29)

H® = n|:cofo + ¢ Z fipfr + CzaooPo:|, (30)

i=x,y,2

where ¢, is the coupling constant of the spin-singlet pair
interaction, agy = ¢TPy¢ the spin-singlet pair amplitude per
particle, and Py the Clebsch-Gordan coefficient matrix,
given by (Po)ml.mz = (07 O|f1 ml;fv mZ) forf =2 [9] Taklng
appropriate order parameters shown in Ref. [9], we can ana-
lytically confirm the consistency between the HP theorem (25)
and the Bogoliubov theory in the static and low-momentum
limits in the ferromagnetic, antiferromagnetic, polar, as well
as broken-axisymmetry phases in the spin-1 BEC. In the spin-
2 BEC with appropriate order parameters [9], we can also
analytically confirm that the identity (25) exactly holds in
the ferromagnetic F, and F; phases, the uniaxial and biaxial
nematic (UN and BN) phases, the cyclic and C, 3 4 phases, as
well as the D), phase.

In the UN and BN phases in the absence of a magnetic
field, quasi-Nambu-Goldstone modes emerge in the Bogoli-
ubov approximation, for the mean-field ground state energy
has the hidden U(1)xSO(5) symmetry [20]. The identity (25)
also holds for those quasi-Nambu-Goldstone modes, given
in the form Gg'(0)§1335® = [F1335, H'1® with Fi335 =
F(F1335), where Fj3 35 is generators of the SO(5) symmetry
[20].

C. HP theorem in spin-1 BECs

The spin-1 BEC has the following (6x6)-matrix Green’s
function:

G G12 GIZ

12
+1,+1

+1,0 +1,—1
12 12 12
GO,-H GO,O GO,—I
12 12 12
G—l,+l G—l,O G—l,—l (31)
G22 G22 G22 ’
+1,+1 +1,0 +1,—1
22 22 22
GO,+1 GO,O GO,*I
22 22 22
G71,+1 Gfl,O G71’71

where the self-energy matrix X has the same form. Since the two-body interaction in the spinor BEC conserves the total spin of
two interacting atoms, the matrices G and ¥ become sparse in a particular phase where the order parameters are given [21]. In
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the following, we list the HP theorem in the spin-1 BEC. The order parameter has the form

® = /ng = V/n(G4, o, £ (32)
which gives @ = (®, ®*)T in the Nambu space. The spin-1 matrices are given by
1 (0 10 ; (0 -1 0 1 0 O
fe=—7|1 0 1], f=—7 o -1], =10 0 O (33)
V2o 1 o V2lo 1 o 0 0 -1

The HP theorem has been discussed in the spin-1 ferromagnetic and polar BECs [21], which is based not on the symmetry and
the WT identity (1), but on the the gapless condition of the poles in the Green’s function obtained from the Dyson’s equation.

1. Spin-1 ferromagnetic phase

The order parameter in the ferromagnetic phase is given by

¢ =(1,0,0)". (34)
The Green’s function in this phase has the form [21]
G}Fll +1 0 0 G1+21 +1 0 0
0 G(l,}o 0 0 0 0
11

G4 0 0 G 0 0
0 0 0 G%?O 0

0 0 0 0 0 G2721,71

(33)
where the self-energy matrix ¥ has the same components
[21]. By applying the HP theorem G 1(0)®,® = [&,, H']P
with &, =T = F(Ipr41) as well as &, = §; = F(§;) fori =
X, Yy, Z, we have the HP theorem given by

S0 - 22200 —p—p+g=0,  (36)

Bo 2 (0) = — p+q =0. (37)

By solving the Dyson equation G~! = G, ' — %, where
G,' = iw,03 ® Iopyy — L @ H{”, with (36) and (37), we

find that [Gfl(lf)l (0)]7! = 0, where the correlation function
Grl(!lj)l provides a gapless excitation regardless of the pres-

ence of a magnetic field. We have here used the compact
notation Gf‘]ﬁ (0) = limp_,¢ Gf‘f (p, iw, = 0). The correlation
form =0, —1 read as

11 1
Gilo(0) = — ——, (38)

: i1
functions G, ,

1
—utptq

G _,(0)= (39)

11
E—l —1

The correlation function G(l)}o provides the gapful excitation
with the energy gap p — ¢ in the presence of the magnetic field
with the condition p # g, where the energy gap does not in-
clude any many-body corrections. This mode turns gapless at
p = g, which includes the case in the absence of the magnetic
field p = g = 0. The correlation function G'!, | generally
shows the gapful excitation. 7

2. Spin-1 polar phase
The order parameter in the polar phase is given by

¢ =1(0,1,0)T. (40)

[
The Green’s function in this phase has the form [21]

G, 0 0 0 0 G2,
o G, o o a0
a_| © 0 G GE. 0 0
0 0 Gy G 0 0
o @, o 0 @ o
G2, 0 0 0 0 G2,
(41)

where the self-energy matrix ¥ has the same components

[21]. By applying the HP theorem G '(0)6,P = [&,, H']P
with &, =T = F(I41) as well as &, = §; = F(§;) fori =
X, y, z, we have the HP theorem given by
11(22)(0) 12(21)(0) —u=0 (42)
21210) — =5%00) — p =0. (43)

Using these results, we obtain the following Green’s func-
tions in the static and long-wavelength limits: The correlation
function G(l)}élz provides the gapless excitation; other Green’s
functions in the static and long-wavelength limit read as

22
O)—ntp+g
Glill,il(o) = FLF , (44)
D4,
0) -
G2 0) = il +1 ’ 45
+1.710) —Di] (45)
where for m = +1,
—[E,L‘,,,,<0> —pu—mp+ mzq]
X [232,,1’_,,1(0) — 1+ mp +m*q]. (46)

The correlation functions G} ,,(0) and Gf]Y:F,(O) provide
the gapful (gapless) excitation in the presence (absence) of
the linear and quadratic Zeeman effect.

3. Spin-1 antiferromagnetic phase

The antiferromagnetic phase is realized in the case p = 0,
where the order parameter is given by

¢ =(1/32,0,1/v2)". (47)

053307-5



SHOHEI WATABE

PHYSICAL REVIEW A 103, 053307 (2021)

The Green’s function in this phase has the form

Gih 0 G, Gi. 0 G}&-ZI,—I
0 Gy 0 0 G 0
G= G1_11,+1 0 Gl—]l,—l Gl—21,+1 0 Gl—zl,—l
G 0 G GAL 0 GH_,
0 Gg'o 0 0 G5 0
G2 0 G, GH 0 G*

(48)

where the self-energy matrix X has the same components.
By applying the HP theorem G~ (0)&,® = [&,, H']® with
6, =T =Far41) as well as &, =F; = F(f;) for i =
X, ¥, z, we have the HP theorem given by

1122 12(21
E:tl(,:ti(o) - Z:i:l(,:ti(o) —p+gq=0, 49)
11(22) 1221) /oy
Zil,:pl(o) - Eil,:pl(o) =0, (50
1122 1221
Too 2 (0) — 232 (0) — u + g =0. (51)
|
11 11 11 11 11
Gy Gohua Gy 6oy G
11 11 11 1 11
Gl Gow Ghio Goo G
11 11 11 11 11
Go 42 Go 41 G Gy, Gy, _»
11 11 11 11 11
G, GL4, GL, G, G5,
11 11 11 11 11
G = GLi GL G, G, G5,
- G21 GZI GZI G21 G21
12,42 F2.41 32,0 +2,-1 +2,-2
21 21 21 21 21
Ghy Ghiya Gho 6o Gho
21 21 21 21 21
Go 42 Go.41 G Go,— G2
21 21 21 21 21
Gl G4 Go, G, GI L,
21 21 21 21 21
G Gy G, G5, G5,

Using these results, we obtain the following Green’s functions
in the static and long-wavelength limits: The correlation func-
tions G!l(ﬁ)l a.nd G_El(,];)l proyide the gapless excitatio.ns;. other
Green’s functions in the static and long-wavelength limit read

as

2500) — 1

Gy =+ 20~ (52)

’ Do,o

ZU0) — i+ g

Gig(0) = — =5 ———. (53)

0,0

where

Dy = [E11,00) = i — p+¢][E2, _,0(0) — i — p+4]

- [lell,m (O) -

w—mp+mq)
x [22, 0 (0) — u+m'p+m?q]. (54)

The correlation functions G(l)}é 12) provide the gapful (gapless)
excitation in the presence (absence) of the magnetic field.

D. HP theorem in spin-2 BECs

The spin-2 BEC has the following (10x 10)-matrix Green’s
function:

G}Q—22,+2 Gf2,+ 1 GfZ,O G}&-22, -1 G}&-22, -2
GEEI,-&-Z G}kzl,-ﬂ—l G}kzl,O Glﬁ-zl,—l Gfl,—z
Gf. G, RGP, G,
G£21,+2 G1721,+1 Glle,O Gl}l,fl G1721,72
R R Y
G+2,+2 G+2,+1 G+2,0 G+2,71 G+2,72
G G Ghe Gh GR
GP OFa GB GE. G
GFp Ry GR, GR GR
G2—22, +2 G2—22, +1 G2—22,0 G2—22, -1 G2—22, -2

where the self-energy matrix ¥ has the same form. Since the two-body interaction conserves the total spin of two interacting
atoms, the matrices G and X are found to be sparse in a particular phase. In the following, we list the HP theorem in the spin-2
BEC. The order parameter has the form

O = /¢ = /L2, i1, S0, Eo1, Eo2)',

which gives ® = (&, ®*)T in the Nambu space. The spin-2 matrices are given by

fx

o o O

= o &' o
[NS][8) [\S]198)

oo&,o.—

[\ ]1o%)

~o\‘oo
[SS]Lo%)

0

i

o o O

i

—i
0

+ /3

¥
0
0

0

—i

0

0

1. Spin-2 ferromagnetic F, phase

The order parameter in the ferromagnetic F, phase is given by

(56)
0 0
3 20 0 0 0
: 0 0 01 0 0 0
—i\@ ol. .=lo 0 0 o o
; , 00 0 -1 0
3 0 —i 00 0 0 -2
i 0
(57)

¢=(1,0,0,0,0)".
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The Green’s function in this phase has the form [22]

G, 0 0 0 0 G%, 0 0 0 0
0 GY. 0 0 0 0 0 0 0 0
0 0 Giy 0 0 0 0 0 0 0
0 0 0 GY., 0 0 0 0 0 0
| o 0 0 0 GL., 0 0 0 0 0
“=le,, o 0 0 0 G%, 0 0 0 o | (58)
0 0 0 0 0 0 G2, 0 0 0
0 0 0 0 0 0 0 G 0 0
0 0 0 0 0 0 0 0 G2, 0
0 0 0 0 0 0 0 0 0o G2,

where the self-energy matrix ¥ has the same components [22]. By applying the HP theorem G~!(0)&,® = [&,, H']® with
6, =T = F(Ipr41) as well as &, = §; = F(f;) fori = x, y, z, we have the HP theorem given by

213220 — =1220(0) — u — 2p + 49 =0, (59)
212(0) — 1 —2p +4g =0. (60)

Using these results, we obtain the following Green’s functions in the static and long-wavelength limits: The correlation

functions Gilélf)z provide the gapless excitation; other Green’s functions read as
1

P—3q

G 1(0) =~ , (61)

1
Elizlm(o) — M —mp+ m2q '

G, ,,(0) = (m=0,—1,-2). (62)

The correlation function G!! +1.41 Pbrovides the gapful excitation with the energy gap p — 3¢ in the presence of the magnetic field
with the condition p # 3¢, where the energy gap does not include any many-body corrections. This mode turns gapless in p = 3q,
which includes the case in the absence of the magnetic field p = ¢ = 0. The correlation functions G,l,}ym form=0,—-1,-2
generally show the gapful excitation.

2. Spin-2 ferromagnetic F, phase

The order parameter in the ferromagnetic F; phase is given by

£=10,1,0,0,0)T. (63)
The Green’s function in this phase has the form
G\, ., 0 0 0 0 0 0 sz,o 0 0
0 G ., 0 0 0 0 Gfl 4l 0 0 0
0 0 G(l)}o 0 0 G(lf i 0 0 0 0
0 0 0 G{llyfl 0 0 0 0 0 0
0 0 0 0 GY, 0 0 0 0 0
G= 21 ’ 22 ’ (64)
0 0 Giho 0 0 G5 0 0 0 0
0 Gill 1 0 0 0 0 G%rzl 41 0 0 0
G%} 2 0 0 0 0 0 0 G%?O 0 0
0 0 0 0 0 0 0 0 Gz_zl,_ 1 0
0 0 0 0 0 0 0 0 0 G2_22,_2

where the self-energy matrix ¥ has the same components. By applying the HP theorem G~!(0)8,® = [&,, H']® with &, =
J = F(Iyf41) as well as &, = §; = F(§;) fori = x, y, z, we have the HP theorem given by

2?20 - 22N 0) —u—p+g =0, (65)

T - \[2 £12200) — = p+q =0, (66)
2

oo (0) — \f Zo2 (0 = —p+q=0. (67)
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Using these results, we obtain the following Green’s functions in the static and long-wavelength limits: The correlation functions
Gl provide the gapless excitations; other Green’s functions in the static and long-wavelength limit read as

+1,+1
£540) — p
Glh 12(0) = + = ——, (68)
Disro
222 0O)—pu—2p+4
Gyly(0) = + 2@ k-2 q’ (69)
' Dy _»
VIS, (0) = — p + 4]
G'%(0) = — = , (70)
+2,0
V32[Z05(0) — w — p+4q]
GPr(0) = — 2.0 , 1)
Dy >
1
G, (0) = (m=—1,-2), (72)

C B0 = —mp+miq
where Dy, ,y is given by Eq. (54). The correlation functions G;}’m form = +2,0and G,lnzm for (m, m") = (42, 0), (0, +2) provide
the gapful (gapless) excitation in the presence (absence) of the magnetic field. The correlation functions G,',}_m(O) form=—1,-2
generally show gapful excitations.

3. Spin-2 uniaxial nematic phase

The order parameter in the UN phase is given by

£ =1(0,0,1,0,0)". (73)
The Green’s function in this phase has the form [22]
Gﬁrll 4 0 0 0 0 0 0 0 0 Glfzﬁz
0 G£1,+1 0 0 0 0 0 0 Glflﬁl 0
0 0 G(l,}o 0 0 0 0 G(l],zo 0 0
0 0 0 Gl_'l,_1 0 0 G1_21,+1 0 0 0
G 0 0 0 0 Gl_lz,_2 G1_22, 2 0 0 0 0 (74)
0 0 0 0 Gi‘z, Y szy 2 0 0 0 0
0 0 0 Gill,_, 0 0 Gfl&, 0 0 0
0 0 Gé_lo 0 0 0 0 Gé?o 0 0
0 G2_11, 4 0 9 0 0 0 0 Gz_zly_ ! 0
G2712, “ 0 0 0 0 0 0 0 0 sz’ )

where the self-energy matrix ¥ has the same components [22]. By applying the HP theorem G~!(0)&,® = [&,, H']® with
6, =T = F(Iyr41) as well as &, = §; = F(f;) fori = x, y, z, we have the HP theorem given by

hE 1 220) — i 32P(0) — 1 =0, (75)
A= %0) — i2 % (0) — u =0. (76)

Using these results, we obtain the following Green’s functions in the static and long-wavelength limits: The correlation
functions G(])l(glz) provide the gapless excitation; other Green’s functions in the static and long-wavelength limit read as

22 (0= pn+mp+m’q

Gn(0) = + —=—— (m = £1), (77)

o (0) —
G2_,(0)=— % (m = 1), (78)

11 Zzzm 7m(0) - + mp + mzq

G, (0) =+ —= o . (m==£2), (79)

2
G2, (0)=— M(), (m = £2), (80)

s D;n
where D,, is given in Eq. (46), and

D, =%, (02, (0)—[%,,0)—u—mp+mql[£2, _,(0)—u+mp+m’q). (81)
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The correlation functions G}, ., and Glfl,;, provide the gapful (gapless) excitation in the presence (absence) of the magnetic
field. The correlation functions Glilz’ 1,(0) and GL22,$2 generally show gapful excitations.

4. Spin-2 biaxial nematic phase

The biaxial nematic phase is realized in the case p = 0, where the order parameter is given by

¢ =(1/+/2,0,0,0,1/v2)". (82)
The Green’s function in this phase has the form
Gﬂrlz’ I 0 0 0 Gilz,_z sz’ 2 0 0 0 sz,_z
0 G}rll,-H 0 0 0 0 0 0 Gf],_, 0
0 0 G(l),lo 0 0 0 0 G 0 0
0 0 0 Gljlyfl 0 0 G£21,+1 0 0
G— G£12,+2 0 0 0 Glflz,fz G£22,+2 0 0 0 Glfzz,fz (83)
Gilzarz 0 0 0 G2+12,72 Gizzgrz 0 0 0 G2+22,72 ’
0 0 0 Gillﬁl 0 0 G%fL 41 0 0 0
0 0 Gé}o 0 0 0 0 G(zfo 0 0
0 GE‘L 41 0 0 0 0 0 0 G2721,71 0
G2—12,+2 0 0 0 Gz—]z,—z G2—22,+2 0 0 0 G2—22,—2

where the self-energy matrix X has the same components. By applying the HP theorem G~ (0)®,® = [&,, H']® with &, =
J = F(Iyf41) as well as &, = §; = F(§;) fori = x, y, z, we have the HP theorem given by

hE 5200) — BB 5°00) — w + 49 =0, (84)
AE132(0) — 525 (0) =0, (85)
A% 0) — 1221 (0) — 1+ 49 =0. (86)

Using these results, we obtain the following Green’s functions in the static and long-wavelength limits: The correlation
functions Glilz(liz; and Gilz(ﬁ)z provide the gapless excitation; other Green’s functions in the static and long-wavelength limit read
as

230) — n
G0y =+ 20~ = T (87)
12 0
2500) —
G(0) = — O"D— (88)
22 0
P 0)—n+gq
G!tll,:tl(o) =+ — D’ ’ (89)
+1
1 (0) — 1+ 4q
G m(0)= - —=—; : (90)
+1
where D), is given in Eq. (81) and
D, = [2,,(0) = p+4q][2%, _,0) =+ 4q] = [3,,,(0) =+ m*q][2%, _,,(0) — pu+ m’q]. oD

The correlation functions G}, ,, and Gﬁ;, provide the gapful (gapless) excitation in the presence (absence) of the magnetic
field. The correlation functions Gi_le’ 1,(0) and ng?z generally show gapful excitations.

5. Spin-2 cyclic phase

The cyclic phase is realized in the case p = g = 0, where the order parameter is given by

¢ =(1/2,0,1/42,0,—1/2) . (92)
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The Green’s function in this phase has the form

G}ﬁ-lz +2 0 Glulz.o 0 G}&-lz,—Z G-lk—zz +2 0 G-1|—22,0 0 sz,—z
0 G}&—ll +1 0 G}i—ll —1 0 0 G}kzl +1 0 G}Q—zl -1 0
Golp 0 Goy 0 Gpl, G, 0 Gy, 0 G,
0 GY" 0 G" _, 0 0 G2 0 G43_, 0
G = GHZ +2 0 GIJZ,O 0 Glfl2,72 G122 +2 0 G£22,0 0 6122,72 (93)
G~2k12 +2 0 G<2k12,0 0 Gilz,fz Gizz +2 0 G%rzz,o 0 G%r22,72 7
0 G2+11 +1 0 Gill —1 0 0 G%rzl +1 0 G2+21 -1 0
G 0 Gy 0 G, G, 0 G 0  Gi,
0 G\ 0 G 0 0 G2 0 G* 0
G* . 0 G%, 0 G, ., G2, 0 G3, 0 G3

where the self-energy matrix ¥ has the same components. By applying the HP theorem G~!(0)8,® = [&,, H']® with &, =

J = F(pp41) as well as &, = §; = F(f;) fori = x, y, z, we have the HP theorem given by

BUT0 - B0 £ S0 - BP0 -k =0 o
V25 570) = 5501 £ [29570) - 25 O] F =0, (95)

BUT0 - BEB0F (BP0 - 25 0] =0 )
BUZO F ZEE%0 F ZRlT0 - 250 -u =0 o)
EAR0F VIEE 0+ V3ELZ 0 + BE%0 -n=0 )

Using this result, we find that all the components of the Green’s functions diverge in the static and long-wavelength limits, which

do not provide any gapful excitations.

E. Gedanken experiment

We discuss a gedanken experiment for studying the WT
identity in spinor BECs, by taking an example of the fer-

(

In this case, the small condensate wave function with mg = 0
emerges in the representation of the original quantization axis
(z axis), which is given in the form §& = ieS, D, i.e.,

romagnetic phase in the spin-1 BEC (Fig. 1). We prepare F 0
the ferromagnetic spin-1 BEC with ® = (&, ®p, d_,)" = so — [ 50y | = ic \/? 1l ©99)
(v/n, 0, 0)T by imposing the magnetic field, the axis of which 5D, 2\o

is taken as the z axis. We first measure the single-particle
correlation function Gy, for the mg = 0 component by using
the spectroscopy. By using the same initial setup, we take
another operation: We tilt the magnetic field around the x axis
very slowly with a small angle € with respect to the z axis.

-
— measure

correlation function

11
GO,O

magnetic field B

We then perform the Stern-Gerlach experiment for measuring
the condensate density, where the direction of the magnetic
field is suddenly switched to the z axis, and we measure
the condensate density with mg = 0, i.e., dny = |§ d|2, with
projecting onto the original quantization axis. Based on the
WT identity (1), we have a relation

5Dy = ie [—\/ﬁp—\;{]%}o(m].

We thus have the relation between the condensate density dng

(100)

mp = +1
! B and the correlation function G0 0> given by
_ n(q —p)
I - dng = € ———=Gy,(0), (101)
0P =ieS, P | |60, 2 where we used Egs. (99) and (100). The same result can be

tilt magnetic field

Stern—Gerlach
experiment

FIG. 1. Idea of experiment to test the Ward-Takahashi identity in
the spinor BEC.

derived by using (99) and (38) with the forms Sng = |8Pg|? =
€’n/2 and the identity 1 = (¢ — p)G{,(0). The condensate
density 8n9 and the correlation function Gy, measured in the
experiment should satisfy the relation (101). The idea of this
experiment well reflects the spirit of the proof of the identity
in this paper.
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The correlation function Gyly(p,0) evaluated from the
experimental data should show the asymptotic behavior for
reaching G(l)}O(O) = 1/(q — p) in the long-wavelength limit.
Recently, the extraction of the quantum effective action from
experimental data has been studied in ultracold atoms [11,12],
where in principle the correlation function could be evaluated
by using this technique. Our results, which provide one of the
WT identities, will be helpful to test the quantum effective
theory developed from experimental data.

IV. CONCLUSIONS

In summary, we have clarified the Hugenholtz-Pines (HP)
theorem for multicomponent Bose-Einstein condensates

(BECs). After deriving an explicit form of the Ward-
Takahashi (WT) identity in the presence of the quadratic
symmetry breaking, we have deductively organized the HP
theorem in BECs with internal degrees of freedom, such as a
binary BEC and the spinor BECs with broken U(1)xSO(3)
symmetry. We discussed an idea of an experiment for study-
ing the WT identity in spinor BECs using the Stern-Gerlach
experiment.
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