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Edge-state-induced correlation effects in two-color pump-probe high-order harmonic generation
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For a finite-sized generic nanostructured band gap material, it is shown that significant laser-induced correla-
tion effects can be introduced by a two-color pump-probe scheme where edge states are resonantly pre-excited
by the pump before the probe arrives and drives the generation of high-order harmonics. Compared with the
response of a bulk sample, we demonstrate an increase in the efficiency of the generated high-harmonic signal
over a wide range of frequencies by harnessing the power of these ultrafast many-electron dynamics.
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I. INTRODUCTION

Since the demonstration of high-harmonic generation
(HHG) in solids [1], the process has attracted increased
interest due to its capability (i) to produce ultrafast co-
herent light pulses of high frequency [2–4] and (ii) to
retrieve information about electron dynamics on an ultra-
fast timescale [5]. The mechanism responsible, although still
being debated [6–17], is typically explained through a com-
bination of intraband [1,10] and interband transitions [18].
The physics of the interband transitions has basic similarities
with the three-step model of HHG in atoms [19–21]. Most
of the theoretical frameworks [1–4,10–18] describing the be-
havior of HHG in solids are based on a static band structure
picture, and HHG has also been used to reconstruct band
structures [22]. Such an independent-electron approach may
be justified when the beyond-mean-field electron-electron in-
teraction is of minor importance for the initial state as well
as for the HHG process. In typical semiconductor systems,
correlation has been found to play a minor role in single-
pulse HHG scenarios by ab initio approaches [23–26] and
further for disordered [27], topological [28], doped [29], fi-
nite [30], and systems with vacancies [31]. Exceptions to
this general trend occur in case of enhancement beyond
the first plateau where correlation effects may promote spe-
cific parts of the HHG spectra, as shown in theoretical
works [27,32] and alluded to in experiment [33]. Recently,
many-electron correlation effects of HHG have been con-
sidered in effective-Hamiltonian models that are strongly
correlated under field-free conditions [34–39], such as the
Fermi-Hubbard model. In two-dimensional materials [40,41],
a decrease in HHG signal is found within a wide range of
high-harmonic frequencies as a result of correlational effects.
It is found that HHG spectroscopy of correlated materials
can uncover ultrafast nonequilibium many-electron dynamics
through its dynamical effect on the HHG spectrum.

The question whether one can introduce, control and iden-
tify signatures of many-electron correlations by applying
external laser pulses to a system that is weakly correlated

under field-free conditions seems unexplored so far. It is
the purpose of this paper to elucidate this question. If
such correlations may be controlled, they provide a path-
way for significant enhancement across a wide range of
high-harmonic frequencies for band gap materials that are
weakly or uncorrelated in their field-free state. In search of
utilizing and characterizing such correlational effects during
strong-field driving, we enter the finite-sized regime of nanos-
tructured materials. For such nanostructures, even within the
independent-electron approach, a significant increase in effi-
ciency can be contributed to quantum confinement [42], and
if the system is sufficiently thin, the propagation damping can
be reduced [43].

In this paper, we discover methods of laser-inducing strong
electron correlation effects in a nanostructured band-gap ma-
terial by a two-color pump-probe HHG scheme. Furthermore,
we characterize the origin of these effects to stem from edge
states (ESs) and demonstrate their ability to create a signif-
icant enhancement of the HHG yield over a wide spectral
range. This paper is organized as follows. In Sec. II, the
theoretical model and methods are discussed. In Sec. III, the
results are presented, and Sec. IV concludes.

II. THEORETICAL MODEL AND METHODS

We apply a model based on time-dependent density func-
tional theory (TDDFT) [44]. This approach allows us to
include contributions from all bands in the band structure
and consider dynamical electron-electron interaction. Macro-
scopic propagation effects are neglected. Our approach is
therefore valid for thin target materials, which are feasible
experimentally [45–49]. We consider samples with nanoscale
precision. Such precision is obtainable in production of, e.g.,
ZnO nanowires [50]. To make the discussion as general as
possible, we consider a nanoscale model sample of a generic
band gap material with band gap energy of multiple in-
frared (IR) photons, as well as its bulk limit. Features of
the present findings can thus be expected for a range of
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band gap materials if accounting for system-specific rescaling
of laser parameters. We work in atomic units with a linear
chain of N ions, each with nuclear charge Z = 4 generating a
static ionic potential, vion(x) = −∑N−1

i=0 Z[(x − xi )2 + ε]−1/2

for nuclear coordinates xi = [i − (N − 1)/2]a, separated by
lattice constant a = 7. To model the nanoscale system, we
consider N = 80, which matches the ∼30 nm diameter of
ZnO nanorods [50]. We consider a charge and spin neu-
tral system with the three-dimensional (3D) expression for
local spin-density exchange and apply a softened Coulomb
potential, with the softening parameter ε = 2.25, to mimic
3D electrons driven in the linear polarization direction. We
have performed extensive scans over system size. The re-
ported findings are consistent in the range of 60 � N �
160. Below N = 60, we observe behavior of atomic na-
ture [30]. Above N = 160, we observe convergence to the
bulk response [26]. The system is ideal for comparisons with
previous theoretical works, as it has been studied extensively
in the literature [25–31] and is generally considered weakly
correlated, as correlations have shown to be negligible in
the literature for single-pulse studies, whether being bulk,
finite, doped, containing impurities, or topological edges.
When applying a laser pulse described by its vector potential
A(t ), the Kohn-Sham (KS) orbitals ϕσ,i(x, t ) are propa-
gated through the time-dependent KS equation i∂tϕσ,i(x, t ) =
{−∂2

x /2 − iA(t )∂x + ṽKS[nσ ](x, t )}ϕσ,i(x, t ) using the time-
dependent KS potential

ṽKS[{nσ }](x, t ) = vion(x) + vH [n](x, t ) + vxc[{nσ }](x, t ).
(1)

The dynamical part hereof consists of the Hartree
potential vH [n](x, t ) = ∫

dx′n(x′, t )[(x − x′)2 + ε]−1/2, and
the exchange-correlation potential, which in the local
spin-density approximation is given as vxc[{nσ }](x, t ) �
−[6nσ (x, t )/π ]1/3. The spin density and the total density
are given, respectively, as nσ (x, t ) = ∑Nσ −1

i=0 |ϕσ,i(x, t )|2,
and n(x, t ) = ∑

σ=↑,↓ nσ (x, t ), with Nσ being the number
of electrons with spin σ = {↑,↓}. We have checked
that the conclusions of this paper remain unaffected by
using another functional [51]. Similarly, the fundamental
physics in terms of ES excitation and ES-induced density
variations would not change qualitatively by considering,
e.g., a TDDFT + U approach [52]. The orbitals obtained
by imaginary time propagation are propagated using the
Crank-Nicolson method with a predictor-corrector step
applying an absorbing potential [53]. In multiple earlier
single-IR-pulse studies [25,27–31], all-electron dynamics
were well-described in the independent many-electron band
structure picture using a “frozen” calculation, corresponding
to setting ṽKS[{nσ }](x, t ) � ṽKS[{nσ }](x, 0). This is equivalent
to a noninteracting electron calculation, where all electrons
move independently in a static, effective potential which
contains the electron-electron interaction but only for the
initial static system. We employ the notation of being
correlated if going beyond this frozen approach during the
HHG process, see also Refs. [23,38,40]. By including the
dynamical electron-electron interaction, the full “dynamical”
propagation method can be applied with a time-dependent
KS potential ṽKS[{nσ }](x, t ), and the approach captures
laser-induced electron correlation effects. The HHG spectra

FIG. 1. (a) Band structure with the highest energy valence band
(VB) and the lowest energy conduction band (CB). The edge states
(ESs) are indicated below the CB by the horizontal line at ≈−0.18.
The free-space (FS) dispersion is visible. Arrows denote central pho-
ton energies: the smallest red arrows depicting the 11ωd multiphoton
transition, 1. illustrating the pre-excitation pulse when resonant with
the ES, and 2. the pre-excitation pulse off-resonant with the ES.
(b) The norm-squared wave function in real space of the ES below
CB for an N = 80 system. (c) Two-color pump-probe pulse sequence
with the ultraviolet (UV) pre-excitation pump and the infrared (IR)
driving laser pulses in units of the period of the IR laser Td and with
each pulse normalized individually. The pulses drive the transitions
in (a), see text for parameters.

are calculated through the modulus squared of the Fourier
transformed current. A window function is applied to account
for dephasing; it attains the value 1 before the center of the
driving pulse, whereafter it follows a cos8 decay.

III. RESULTS AND DISCUSSION

As a start, we apply imaginary time propagation to obtain
the KS orbitals. For large systems, a Fourier transformation of
the KS orbitals resolves the band structure [30]. The presence
of a band structure shows that the system is only weakly cor-
related. The band structure consists of two completely filled
valence bands (VBs) and numerous unoccupied conduction
bands (CBs). In finite-sized systems, several ESs appear, in
this model, just below each VB and CB. We examine the in-
teraction with two ESs just below the lowest energy CB [26].
The highest energy VB and lowest energy CB are depicted in
Fig. 1(a) for an N = 80 system with the ES energy shown by
the horizontal line at an energy of ≈−0.18. One of these ESs
is depicted in real space in Fig. 1(b). Due to its localization
in real space, it is delocalized in momentum space, and all k
values within the first Brillouin zone are contained in a single
ES. Such ESs have been seen to dominate the electron dynam-
ics in low-dimensional elongated systems such as graphene
nanoribbons and carbon nanotubes [54].
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FIG. 2. High-harmonic generation (HHG) spectra (a) for a finite-
sized system (N = 80) and (b) bulk system for two-color pump-
probe and infrared (IR)-only (nd = 15-cycle IR pulse with ωd =
0.023 and F0,d = 0.00552) references in correlated and independent-
electron descriptions. (c) Ratio between the pump-probe signal for
correlated and independent electrons for N = 80 and the bulk sys-
tem. The 153-cycle ultraviolet (UV) pump with ωp = 0.235, F0,p =
0.0005, and resonant with the edge states (ESs) [see Figs. 1(a) and
1(c)] was at a time τ = 26Td earlier than the IR probe.

The two linearly polarized pump-probe pulses of different
colors are illustrated in Fig. 1(c). The field can be described
by F (t ) = Fp(t ) + Fd (t ), where the subscripts p and d denote
a pre-excitation and driving pulse, respectively. Both pulses
are sinusoidal waves with a sin2 envelope function for the
vector potential. The 15-cycle IR pulse has a frequency of
ωd = 0.023 (λd � 2μm). As seen in Fig. 1(a), an interband
process requires at least an 11-photon transfer. The driving
field has amplitude F0,d = 0.00552 corresponding to an in-
tensity of �1012W/cm2, as used earlier [25,31]. Applying
similar parameters as in earlier two-color pump-probe stud-
ies [55], we first consider the pump-probe setting of Fig. 1(c)
with two different colored pulses of similar pulse duration and
a peak-to-peak delay of τ = 26Td , which is within the sponta-
neous decay time of the carriers [55]. Here, Td = 2π/ωd is
the period of the driving frequency. We apply a 153-cycle
pre-excitation pulse tuned either resonantly to the ESs with
ωp = 0.235 or to the CB with ωp = 0.455575 [Fig. 1(a)].
The pre-excitation pulse allows for controlled population of
carriers, which is capable of selectively enhancing specific
harmonics within the independent-electron approach [55,56]
and not considering ESs. We use the capability of controlled
population of carriers to explicitly target multielectron corre-
lation effects to identify the characteristics hereof. To examine
nanoscale-related behavior, we populate the ESs of the system
with a pre-excitation pulse [see Fig. 1(a), 1. arrow] and find a
significant enhancement when including electron correlation.
This is shown in Fig. 2, where the parameters are given in the
caption. When comparing the single IR pulse reference with
the two-color pump-probe result, we see the characteristics

of the one-photon resonant transition from the VB to the ES,
visible as a peak ω ∼ 10.2ωd , corresponding to the frequency
of the pump pulse ωp. We have verified by a calculation ap-
plying only the pre-excitation pulse, that this peak occurs as a
perturbative response. For the finite system, a correlational en-
hancement appears when comparing the independent-electron
and the correlated dynamical methods. For the bulk system,
no such correlation effects appear, solidifying the finite-sized
characteristic of this effect. The bulk response is found by an
N = 300 calculation, in which the spectrum has converged to
the spectra of a periodic system [26].

The origin of this correlational enhancement relies on the
controlled population of the ESs excited by the pump pulse.
During the UV pump, these states will fluctuate slightly in
energy below the CB, as their energies depend on the time-
dependent density distribution. Furthermore, as the ESs are
localized in real space and delocalized in momentum space,
transitions hereto are allowed from every state in the VB
and thereby at a wide range of frequencies. A pre-excitation
frequency scan clearly reveals the importance of including
correlations to describe finite-sized enhancement, when the
UV frequency is in the range of the ESs. As is seen by
Fig. 2(c), the correlation enhancement is present at a wide
range of harmonic frequencies, including the first plateau, thus
entering the range of most current experimental detection.
By varying the intensity of the UV pre-excitation pulse, no
enhancement at UV intensities <109 W/cm2 is found. For
higher intensities, the enhancement persists, and the spectra
show a saturationlike convergence at intensities >8.8 × 1010

W/cm2. This scaling is especially interesting, as the effect
of a band gap pre-excitation was shown to give a reduction
of HHG when increasing pre-excitation intensity for uncorre-
lated bulk ZnO in Ref. [57].

To show that the correlation effect arrives as a result of res-
onant control of population transfer to the ESs, as compared
with a similar controlled carrier population of the band gap
a nonresonant pump-probe calculation with a frequency of
ωp = 0.455575 was made [see Fig. 1(a), 2. arrow]. Applying
this UV frequency, there are no resonant transitions available
to the ES within the spectral range of the pump pulse. The
resulting spectra in Fig. 3 show no finite-sized correlational
enhancement, as the finite-system response coincides rela-
tively well with the bulk response. The characteristics of the
one-photon resonant transition from the VB to the CB is vis-
ible as a peak at ω ∼ 19.8ωd , corresponding to the frequency
of the pre-excitation pulse ωp. This paper indicates that a two-
color pump-probe scheme can promote finite-sized effects and
increases the limit for bulk-dominated dynamics from N ∼ 60
(∼22 nm for the present lattice constant) seen in Ref. [30] to
N ∼ 220 (∼81 nm), even more than for converged one-pulse
results [26], further elucidating the range of sizes where the
ESs affect the electronic behavior [54].

The underlying ultrafast dynamics which provide cor-
relational enhancement can be interpreted as additional
correlational excitations, see, e.g., the hauling up effect of
Ref. [32]. In the present case, a time-resolved investiga-
tion is useful. This is done with the correlated propagation
method applying various peak-to-peak pump-probe delays τ

[Fig 1(c)]. To resolve the dynamics in time, a 2-cycle driving
IR pulse with a vanishing carrier envelope phase was applied.
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FIG. 3. As Fig. 2, but for ωp = 0.455575, off resonant with the
edge states (ESs) [see Fig. 1(a)].

The resulting spectra are depicted in Fig. 4(a) as a function
of τ with certain lineouts depicted in Fig. 4(c). By compar-
ing the HHG spectra at different τ , see, e.g., τ = 21Td and
τ = 26Td in Fig. 4(c), it shows that if including laser-induced
correlation, the HHG spectra depends strongly on τ and hence
on the electron dynamics in the nanoscale material after the
pre-excitation pulse. A direct way of gaining insight into the
underlying dynamics is by considering the time-dependent
density of a pre-excited system as in Fig. 4(b). By resonant
coupling of the ESs, the edge of the system is populated
during the pre-excitation pulse. Soon hereafter, the populated
localized ESs will create an increased repulsion, resulting in
an electron wave propagating from the edges inward toward
the center of the sample. The dynamical ES-induced electron-
density fluctuation propagates and interferes throughout the
system [Fig. 4(b)]. This fluctuation of electron density leads
to a time-dependent change in the KS potential, which breaks
the translational symmetry within the sample. The density
fluctuates even though nothing is driving the system after the
pre-excitation pulse has ended at 7.5Td . The Hartree term
of the dynamical KS potential drives the system away from
regions where the interfering density fluctuation is localized.
Consequently, when applying a driving pulse, its interaction
with the time-dependent electron density will be τ dependent
and result in τ dependent spectra. Such correlation effects
were revealed in Fig. 2 to contribute to an important effect
when applying a driving field to a pre-excited nanoscale sys-
tem. One can observe in Fig. 4 that the timescale of the
density fluctuations are like that of the fluctuations in the HHG
spectra. We note that modeling of the two-color pump-probe
scheme of Fig. 4 by an independent-electron simulation (with
frozen KS potential) will show no variation of the density as
a function of τ after the end of the pre-excitation pulse, as
no repulsion is initialized in the ESs. For such a calculation,
a slight τ dependency can still be witnessed in the HHG
spectra since the wave packet initialized by the pre-excitation
pump pulse is probed at different times by the driving pulse

FIG. 4. (a) High-harmonic generation (HHG) spectra of a finite
(N = 80) system as a function of time-delay between pre-excitation
by an np = 153-cycle ultraviolet (UV) pulse with ωp = 0.235 and
F0,p = 0.0005 and a nd = 2-cycle infrared (IR) pulse with ωd =
0.023 and F0,d = 0.00552 driving pulse, applying correlated dynam-
ical propagation. (b) The density fluctuations n(x, t ) − n(x, 0) of the
system applying the correlated dynamical method given as a function
of time, with parameters of (a) but with no driving field. (c) HHG
spectra at certain τ from (a) compared with spectra from calculations
in the same setting but with an independent-electron approach.

[Fig. 4(c)]. This τ dependency will, however, in a full simu-
lation be completely overshadowed by the large laser-induced
correlation effects, as seen when comparing spectra resulting
from the independent and correlated calculations [Fig. 4(c)].
This difference in the pump-probe-delay behavior of the spec-
tra with the independent-electron and correlated approaches
indicates that, if a significant time-dependent fluctuation is
observed in the HHG spectra, it can be a signature of an
underlying correlational dynamic, which further alludes to a
possibility for two-color pump-probe HHG spectroscopy to
provide a pathway to resolve such coherent many-electron
dynamics in finite systems. We have found that this delay-
dependency is also present for the 15-cycle driving field of
Fig. 2, even though the timescale of the fluctuations cannot
be resolved. This indicates that by tuning τ of a pump-probe
HHG scheme, one can experimentally test for indications
of dynamics beyond independent-electron approaches. The
calculations furthermore suggest that the ability to tune τ is
crucial for achieving optimal correlational enhancement. The
results for large temporal overlap of the UV pre-excitation
pump pulse and the IR driving pulses (not shown) show lack
of correlational enhancement, as do the previous one-pulse
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studies [25,26,29–31]. Thus, the correlations need time to
initiate a detectable change in the HHG signal.

IV. CONCLUSIONS

In conclusion, the present results elucidate the impor-
tance of considering laser-induced electron correlation effects
when investigating HHG in nanosized band gap materials
in pump-probe schemes. We characterized the correlational
enhancement as a consequence of ES-induced electron fluctu-
ations and showed that these many-electron dynamics enforce
a significant time dependency in the HHG spectra when con-
sidered as a function of the time delay between the pump and
the probe pulse. The sensitivity to the time delay is much

larger when laser-induced electron correlations are accounted
for than when they are not, as in the independent-electron ap-
proach. This difference in the behavior of the spectra indicates
that the underlying dynamics might be revealed through HHG
spectroscopy or harnessed for optimization of the enhance-
ment in two-color pump-probe HHG. As the localized ESs
initialize the dynamics, it would be interesting to investigate in
the future if similar effects can stem from localized atomlike
orbitals introduced by, e.g., doping.
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