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High ellipticity of harmonics from molecules in strong laser fields of small ellipticity
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We study high-order harmonic generation (HHG) from aligned molecules in strong elliptically polarized laser
fields numerically and analytically. Our simulations show that the spectra and polarization of HHG depend
strongly on the molecular alignment and the laser ellipticity. In particular, for small laser ellipticity, large
ellipticity of harmonics with high intensity is observed for parallel alignment, along with forming a striking
ellipticity hump around the threshold. We show that the interplay of the molecular structure and two-dimensional
electron motion plays an important role here. This phenomenon can be used to generate bright elliptically
polarized extreme ultraviolet pulses.
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I. INTRODUCTION

In recent decades, high-order harmonic generation (HHG)
from atoms [1–3], molecules [4–6], and solids [7–9] has
been a hot subject in experimental and theoretical studies of
strong laser-matter interaction. HHG has shown promising
applications as a seed to generate attosecond pulses. It can
also be used as a unique tool to probe the ultrafast dynamics
of electrons within atoms and molecules with unprecedent
attosecond resolution.

HHG can be well understood with the classical [10] and
quantum [11] three-step models. These models describe HHG
as a three-step process: (i) the valence electron of atoms or
molecules is ionized by the laser field, (ii) the freed elec-
tron propagates in the external field, and (iii) the electron
is driven by the laser field to return to and recombine with
the parent ions with the emission of a high-energy harmonic
along the direction parallel to the laser polarization (parallel
harmonic). The quantum model [11], frequently termed the
strong-field approximation (SFA), also predicts the emission
of harmonics along the direction perpendicular to the laser
polarization (perpendicular harmonic). For a linear symmetric
molecule exposed to a strong linearly polarized laser field, due
to the symmetry of the laser-driven system, the perpendicular
harmonics appear only for molecular targets aligned along a
direction not parallel or perpendicular to the laser polariza-
tion [12]. According to the SFA, parallel and perpendicular
harmonics are emitted at the same instant and have no phase
differences between them. So the whole harmonics emitted
are also linearly polarized.

Experimental studies indeed have observed the elliptical
polarization of harmonics emitted from aligned molecules in
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the linearly polarized laser field [12]. This polarization effect
of HHG has attracted a great deal of attention in recent years,
as it implies that one can acquire elliptically polarized extreme
ultraviolet (EUV) ultrashort pulses with HHG in a linearly
polarized laser field [13]. A great many experimental and
theoretical efforts have been devoted to the complex origins
of this HHG polarization [14–20]. On the whole, this polar-
ization is associated with the atomic or molecular properties in
strong laser fields. It occurs for the harmonics whose parallel
or perpendicular components are subject to certain destructive
interferences so that different contributions are involved in the
emission of these two components, resulting in an inherent
phase difference between them.

When a two-dimensional (2D) laser field is used, such as
an elliptically polarized laser field [21–27], it is natural to
think that the HHG from both atoms and molecules in such
laser fields is also elliptically polarized. However, in this case,
how the molecular properties will affect this polarization is
not very clear, especially when the minor component of the
2D laser field is weak so that it destroys the symmetry of the
laser-driven system but does not have a remarkable influence
on the electron dynamics.

In this paper, we focus on the polarization of HHG from
aligned molecules [28,29] in strong elliptical laser fields with
small ellipticity. When the spectral properties of such HHG
have been studied widely [30–34], the polarization properties
of the relevant HHG are less explored. We focus on whether
it is possible to obtain a bright and ultrashort pulse with large
ellipticity using HHG polarization of molecules in such laser
fields.

Based on the numerical solution of the time-dependent
Schrödinger equation (TDSE) and the SFA, our simulations
show that the polarization of HHG from H2

+ is strongly
dependent on the molecular alignment and the laser ellipticity.
The HHG of the molecule shows striking elliptical polar-
ization located at some harmonic energy, and this location
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shifts toward higher energy as the alignment angle θ (the
angle between the molecular axis and the main component
of the elliptical laser field) is increased. In particular, for
parallel alignment of the molecule, for which the HHG ellip-
tical polarization does not occur in a linearly polarized laser
field, the harmonics around the threshold show large ellipticity
for a small laser ellipticity, along with forming a striking
ellipticity hump located at a wide energy region. This phe-
nomenon can be attributed to the interplay of the molecular
structure and laser-induced 2D electron dynamics. The small
component of the elliptical laser field destroys the symmetry
of the laser-driven system at θ = 0◦, allowing the emission
of strong perpendicular harmonics near the threshold at this
angle. The quantum-mechanical uncertainty of the electron
wave-packet motion has different effects on the phases of
parallel and perpendicular near-threshold harmonics, resulting
in large ellipticity of the harmonics. At the same time, the
effects associated with the multiple-center characteristic of
the molecular structure increase the range of harmonics with
large ellipticity, along with forming the ellipticity hump. This
phenomenon holds as we change the internuclear distance and
the molecular species. Because near-threshold harmonics in-
cluding both parallel and perpendicular components generally
have remarkably higher intensities than those in the HHG
plateau, the ellipticity hump for parallel alignment can be used
to obtain a strong elliptically polarized EUV pulse.

II. THEORETICAL METHODS

A. Numerical method

We assume that the main component of the elliptical laser
field is polarized along the direction parallel to the x axis,
and the minor component is along the y axis. In addition,
the molecular axis is located in the xy plane. Then the ellip-
tical electric field can be written as E(t ) = exEx(t ) + eyEy(t ),
with Ex(t ) = f (t )E sin ω0t , Ey(t ) = ε f (t )E sin(ω0t + φ), and
φ = π/2. ex (ey) is the unit vector along the x (y) axis [i.e.,
the major (minor) axis of the polarization ellipse]. ε is the
laser ellipticity, ω0 is the laser frequency, and f (t ) is the
envelope function. E ≡ E (ε) = E0/

√
(1 + ε2), and E0 is the

laser amplitude relating to the peak laser intensity I .
In the length gauge, the Hamiltonian of the molecule inter-

acting with the elliptical laser field can be written as H (t ) =
p2/2 + V (r) + r · E(t ) (in atomic units of h̄ = e = me = 1).
Here, V (r) is the Coulomb potential of the molecule. For the
H2

+ system first explored in the paper, the potential V (r) used

has the form V (r) = −Z/

√
ζ + r2

1 − Z/

√
ζ + r2

2, with r2
1(2) =

(x ± R
2 cos θ )2 + (y ± R

2 sin θ )2 in 2D cases. Here, ζ = 0.5 is
the smoothing parameter, which is used to avoid the Coulomb
singularity, and θ is the alignment angle. Z is the effective
nuclear charge, which is adjusted such that the ionization
energy of the model molecule at the internuclear distance R
is Ip = 1.1 a.u. Typically, for the equilibrium separation of
R = 2 a.u., we have Z = 1.

Numerically, the TDSE of i�̇(t ) = H (t )�(t ) is solved
with the spectral method [35]. We use a grid size of Lx × Ly =
204.8 × 204.8 a.u. with a grid spacing of 	x = 	y = 0.2 a.u.
for the x and y axis, respectively. To eliminate the spurious
reflections of the wave packet from the boundary, a mask

function F (r) is used in the boundary to absorb the contin-
uum wave packet. For the x direction, we have used F (x) =
cos1/8[π (|x| − x0)/(Lx − 2x0)] for |x| � x0 and F (x) = 1 for
|x| < x0. Here x0 = Lx/8 is the boundary of the absorbing
procedure. The situation is similar for the y direction. Alter-
natively, we can set the boundary of the absorbing procedure
along the x direction (i.e., the direction of the main polariza-
tion component of the elliptical laser field) as x0 = 0.9xm with
y0 = Ly/8 in the y direction unchanged [18]. Here, xm = E/ω2

0
is the maximal displacement of the electron as it travels in
the laser field following the short trajectory. In linearly po-
larized cases, it has been shown that this treatment removes
the contributions of the long trajectory and multiple returns to
HHG, but the short-trajectory contributions are not affected.
For the present elliptically polarized cases with small elliptic-
ity, we can also use the procedure to resolve short-trajectory
contributions. We will call this treatment short-trajectory sim-
ulations. The interference between long and short trajectories
has an important influence on harmonic polarization [17]. As
discussed in [18], to identify the angle dependence of HHG
polarization in a linearly polarized laser field, short-trajectory
simulations are preferred. This situation also holds in elliptical
cases, as we will discuss below.

After the wave function �(t ) is obtained, the coherent parts
of the parallel and perpendicular spectra can be evaluated with
Fourier transform of dipole acceleration:

F‖(⊥)(ω) =
∫

〈�(t )|ex(y) · ∇V (r)|�(t )〉eiωt dt . (1)

Here ω = nω0 is the emitted-photon frequency. Then the
intensities of the harmonic components can be written as
A‖(⊥)(ω) =| F‖(⊥)(ω) |2.

The ellipticity of HHG, which is related to the amplitude
ratio and the phase difference of the parallel and perpendicular
harmonics, can be evaluated using

εh =
√√√√1 + η −

√
1 + 2η cos 2δ + η2

1 + η +
√

1 + 2η cos 2δ + η2
, (2)

where δ = φ‖ − φ⊥ is the phase difference with φ‖(⊥)(ω) =
arg[F‖(⊥)(ω)], δ = kπ + δ1 with k = 0, 1, and 0 � δ1 � π .
The term η = A⊥(ω)/A‖(ω) denotes the amplitude ratio. The
subscript of the harmonic ellipticity εh differentiates it from
the laser ellipticity ε. The range of harmonic ellipticity is
εh ∈ [0, 1]. Equation (2) shows that high HHG ellipticity can
be expected when the intensity of the perpendicular harmonic
is comparable to the parallel one and there is a phase dif-
ference of δ1 ∼ π/2 [19]. We mention that the orientation
dependence of parallel and perpendicular harmonics can also
be qualitatively discussed with the Floquet theorem [36].

In our simulations, we use a 10-cycle laser pulse that is
linearly ramped up for two optical cycles and then kept at
a constant intensity for six additional cycles and finally lin-
early ramped down for two optical cycles. Unless mentioned
elsewhere, our discussions will be performed for a peak laser
intensity of I = 5 × 1014 W/cm2, a laser wavelength of λ =
800 nm, and R = 2 a.u.
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B. Analytical description

In analytical treatments, we assume that the molecular axis
is along the z axis, and the laser field E(t ) is located in the xz
plane with an angle θ between its major axis and the molecular
axis. Then according to the SFA, the time-dependent dipole
moment can be written as [11]

x(t ) = i
∫ ∞

0
dτ

[
ξ (τ )d∗

r [pst + A(t )]e−iS(pst ,t,τ )

× E(t − τ ) · di[pst + A(t − τ )]
] + c.c. (3)

Here, τ = t − t ′ is the excursion time of the rescatter-
ing electron in the driving laser field when it is ionized
at the time t ′, and ξ (τ ) = ( π

ε′+i τ
2

)
3
2 with infinitesimal ε′.

The term pst ≡ pst (t, t ′) = − 1
t−t ′

∫ t
t ′ A(t ′′)dt ′′ is the canonical

momentum, and A(t ) = − ∫ t E(t ′)dt ′ is the vector poten-
tial of the external field E(t ). The term S(pst , t, τ ) =∫ t

t ′ dt ′′{ [pst +A(t ′′ )]2

2 + Ip} is the semiclassical action. The term
di(p) is the bound-free dipole transition matrix element
between the molecular ground state |0〉 and the contin-
uum |p〉 (which is approximated with the plane wave
|eip·r〉) in the ionization step, and it can be written as
di(p) = 〈p|r|0〉 = (2π )−3/2

∫
dr e−ip·rr〈r|0〉. Similarly, the

term dr (p) = 〈pk|r|0〉 = (2π )−3/2
∫

dr e−ipk ·rr〈r|0〉 is that in
the recombination step with the effective momentum pk ,
which considers the Coulomb correction on the momentum
p of the continuum |p〉 ∝ |eip·r〉 in recombination. Note, this
correction changes only the momentum p of the state |p〉,
assuming the energy Ep = p2/2 of the state |p〉 is unchanged.
For linearly polarized cases, one can use the expression of
pk = p

|p| pk with pk = √
2(Ep + Ip) [37]. We will discuss the

form of the effective momentum pk for the present elliptically
polarized cases with small laser ellipticity later.

Through Fourier transform of x(t ), the coherent part of the
spectrum along the major axis e‖ of the elliptical laser field
can be written as

Fl (ω) =i
∫

dt
∫ ∞

0
dτ

[
ξ (τ )e‖ · d∗

r [pst + A(t )]

× E(t − τ ) · di[pst + A(t − τ )]e−iS(pst ,t,τ )eiωt
]
.

(4)

The integration in the above expression can be treated with
solving the saddle-point equation [11,38]

[pst + A(t ′
s )]2/2 + Ip = 0,

[pst + A(ts)]2/2 + Ip = ω.
(5)

The first equation describes the tunneling process with the
ionization momentum psi = pst + A(t ′

s ), and the second equa-
tion describes the recombination process with the recollision
momentum psr = pst + A(ts). These momenta generally have
complex forms in 2D laser fields. Solving the saddle-point
equations, one can get the saddle-point ionization time t ′

s and
saddle-point return time ts of the rescattering electron, as well
as the saddle-point momentum pst (ts, t ′

s ). So Eq. (4) can be
simplified as

Fl (ω) ∝
∑

s

[G(ts, τs)e‖ · d∗
r (psr )E(t ′

s ) · di(psi )Sp(ω)]. (6)

Here, G(ts, τs) = ξ (τs)[1/ det(ts, τs)]1/2, and det(ts, τs) de-
notes the determinant of the 2 × 2 matrix formed by the
second derivatives of the action with respect to t and τ [39].
The term τs = ts − t ′

s is the saddle-point travel time. The sum
in Eq. (6) extends over all possible saddle points (t ′

s, ts) for
the emission of a harmonic ω. The term Sp(ω) has the form
of Sp(ω) = e−i(Ss−ωts ), with Ss ≡ S(pst , ts, τs). The real parts
of the saddle points (t ′

s, ts) have been considered as the ioniza-
tion and return times of the electron, respectively. The saddle
points have also been termed as electron trajectories, includ-
ing long trajectory, short trajectory, and multiple returns. The
trajectories are well resolved in the temporal region and have
different ionization and return times.

In Eq. (6), these two dipoles es · di(psi ) and e‖ · d∗
r (psr )

are mainly responsible for the angle dependence of HHG,
as discussed in [40]. The symbol es denotes the unit vector
along the laser polarization of the electric field E(t ) at t = t ′

s.
We write the product of these two dipoles at the saddle point
(ts, t ′

s ) as

Ms(ω, θ ) =|es · di(psi )|2|e‖ · d∗
r (psr )|2. (7)

When describing the ground-state wave function using
a linear combination of atomic orbitals–molecular orbitals
(LCAO-MO) approximation, the dipole moment for H2

+ with
a 1σg valence orbital can be written as [37]

d1σg (p) = N1σg

[
− 2i cos

(
p · R

2

)
d1s(p)

]
. (8)

Here, N1σg is the normalization factor, and R is the vector
between the two atomic cores of the molecule. The term
cos(p · R/2) denotes interference between these two cores,
and d1s(p) denotes the atomic dipole moment of a 1s orbital.
When the laser ellipticity ε is small so that the main com-
ponent of the elliptical laser field dominates the ionization,
the ionization momentum psi can be approximately expressed
with psi ≈ ±iκ = ±i

√
2Ip [41]. Equation (7) can then be

rewritten as [37,40,42,43]

Ms(ω, θ ) ∝
∣∣∣∣ cos

(
iκ

R

2
cos θI

)∣∣∣∣
2

Mr
s (ω, θ )Ma

s , (9)

with

Mr
s (ω, θ ) =

∣∣∣∣ cos

(
p′

sr

R

2
cos θR

)∣∣∣∣
2

. (10)

Here, Ma
s ≡| [es · d1s

i (psi )][e‖ · d1s∗
r (p′

sr )] |2, and θI (θR) is the
exit (recollision) angle between the vectors psi (psr) and R
[44]. In Eq. (10), we have used the effective momentum p′

sr
instead of psr in the recombination dipole to consider the
Coulomb correction, as discussed in Eq. (3). For the ellip-
tical laser field with a small ellipticity ε explored here, the
effective momentum p′

sr used has the form of p′
sr = e‖ p′

‖ +
e⊥ p⊥, with p′

sr =
√

p′2
‖ + p2

⊥. Here, the symbol e⊥ denotes

the unit vector along the minor axis of the elliptical laser
field, with p′

‖ = √
2[ω − εIp] and p⊥ being the real part of the

e⊥ component of psr = pst + A(ts) at the saddle point (t ′
s, ts).

Accordingly, the recollision angle θR has the expression of
θR = arctan(p⊥/p′

‖) − θ .
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FIG. 1. Spectra (a) and ellipticity (b) of harmonics for aligned
molecules H2

+ at θ = 0◦ and ε = 0.1, obtained with short-trajectory
(black square) and full (red circle) TDSE simulations. In (c) and (d),
we show relevant time-frequency distributions for short-trajectory
(c) and full (d) simulations.

As discussed in [37], for H2
+ in linearly polarized laser

fields, the term Mr
s (ω, θ ) in Eq. (9) is the most sensitive to the

molecular alignment. Our simulations show that the situation
also holds for the cases of small laser ellipticity in the paper.
In the following, we will compare the predictions of Mr

s (ω, θ )
of Eq. (10) with the TDSE results to understand the angle-
dependent HHG ellipticity.

III. RESULTS AND DISCUSSIONS

In Fig. 1, we show the HHG results of full TDSE
simulations and short-trajectory simulations at ε = 0.1 and
θ = 0◦. As the spectra of full simulation show the com-
plex interference structure, the short-trajectory simulation is
smoother, as seen in Fig. 1(a). Accordingly, the ellipticity
of short-trajectory harmonics is also more regular than the
full-simulation harmonics, with a remarkable ellipticity hump
shown around the threshold, as seen in Fig. 1(b). This elliptic-
ity hump at θ = 0◦, which disappears in a linearly polarized
laser field, is the main phenomenon we will discuss in the pa-
per. In Fig. 1(d). the time-frequency analysis of TDSE dipole
acceleration [45] also clearly shows the complex interference
between different electron trajectories in full TDSE simula-
tions, as the interference structure is basically absent in the
short-trajectory results shown in Fig. 1(c). In the following,
we focus on the short-trajectory results, which allow a clear
identification of the angle-dependence polarization of HHG
from molecules in the elliptical laser field.

To understand the polarization of HHG from aligned
molecules in elliptical laser fields, in Fig. 2 we plot the TDSE
short-trajectory spectra of parallel versus perpendicular har-
monics of H2

+ at different angles θ and laser ellipticity ε. For
comparison, the results of a model atom with Ip = 1.1 a.u. are
also shown.

For cases of parallel harmonics in the left column of Fig. 2,
the results in each panel show that the intensities of the spectra
decrease fast when the laser ellipticity is increased, reflecting
the suppression of the recombination due to the lateral mo-
tion of the electron induced by the minor component of the

FIG. 2. Spectra of parallel (a)–(d) and perpendicular (e)–(h) har-
monics for aligned molecules H2

+ at θ = 0◦ (a),(e), 30◦ (b),(f), 45◦

(c),(g), and for a model atom with similar Ip to H2
+ (d),(h), with the

laser ellipticity of ε = 0 (black dotted), ε = 0.1 (red solid), ε = 0.2
(blue dashed), and ε = 0.3 (green dashed-dotted). The horizontal
arrows in each row are plotted to facilitate the comparison.

elliptical laser field. For cases of perpendicular harmonics,
the intensities of spectra also decrease with the increase of
laser ellipticity on the whole, as seen in each panel in the right
column of Fig. 2. It is worth noting that for θ = 0◦ in Fig. 2(e)
and for the atom case in Fig. 2(h), the perpendicular harmon-
ics disappear for ε = 0 corresponding to a linearly polarized
laser field, due to the symmetry of the laser-driven system
in the cases. In addition, results in Fig. 2 also show that for
lower harmonic orders below the threshold (about H19), the
yields of parallel and perpendicular harmonics are remarkably
higher than those in the plateau regions of the spectra and are
not sensitive when changing the laser ellipticity. In particular,
they are comparable at small laser ellipticity, suggesting the
possibility of a high harmonic ellipticity according to Eq. (2).
With the help of the horizontal arrows in each panel, a careful
comparison for the molecular cases also shows that both the
parallel and perpendicular spectra differ for the molecular
alignment, and the parallel spectra in the plateau region are
stronger at θ = 0◦ than in other cases. We will return to this
point later.

In Fig. 2, our discussions are mainly concentrated on the
dependence of HHG yields of parallel versus perpendicular
harmonics on the laser ellipticity for a certain alignment angle.
In Fig. 3, we present a comparison between HHG ellipticity
and the corresponding spectra and dipoles of Eq. (10) at differ-
ent angles for a certain laser ellipticity. First, for ε = 0 of the
linearly polarized case in Fig. 3(a), the harmonics at θ = 30◦
and 45◦ show large ellipticity, with an ellipticity peak formed
around some harmonic energy. The position of the ellipticity
peak shifts with the increase of the angle and corresponds to
the minimum in the relevant parallel spectrum in Fig. 3(b).
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FIG. 3. Ellipticity (the first row), spectra of parallel harmonics (second), the corresponding function curves Mr
s (ω, θ ) of Eq. (10) (third),

and the corresponding recombination dipoles e‖ · dr (p) calculated with the Coulomb continuum wave (fourth) for aligned molecules H2
+ at

different angles of θ = 0◦ (black square), θ = 30◦ (red circle), and θ = 45◦ (blue triangle) and different laser ellipticity of ε = 0 (the first
column), ε = 0.1 (second), and ε = 0.2 (third). In the second row, spectra of perpendicular harmonics at θ = 0◦ (solid), θ = 30◦ (dashed), and
θ = 45◦ (dotted) are also plotted with gray curves for comparison.

These spectral minima are associated with two-center inter-
ference and are well described by the corresponding minima
in the function curves of Eq. (10) in Fig. 3(c). For simplicity,
we will call the function curve of Eq. (10) the dipole from
hereon. A careful comparison tells us that the spectrum at
θ = 0◦ in Fig. 3(b) also shows a minimum at about H21,
which is near the threshold, in agreement with the prediction
of Mr

s (ω, θ ) in Fig. 3(c). However, the harmonics at this angle
do not show the ellipticity due to the absence of perpendicular
harmonics. For the case of a small laser ellipticity of ε = 0.1
in Fig. 3(e), a striking ellipticity plateau of harmonics located
around the threshold is observed for θ = 0◦, which has been
indicated in Fig. 1. For this laser ellipticity in Fig. 3(e), the
harmonics at θ = 30◦ and 45◦ also show a remarkable ellip-
ticity peak, the magnitudes of which are somewhat smaller
than the corresponding ones in Fig. 3(a). When comparing
with the spectra in Fig. 3(f), one can also observe that the
large ellipticity of harmonics generally appears at the har-
monic orders at which the harmonic spectrum shows a striking
minimum, as discussed in the first column of Fig. 3. The
positions of the spectral minima in Fig. 3(f) also basically
agree with the positions of the dipole minima, as shown in
Fig. 3(g). In comparison with the results in Fig. 3(c), one
can also observe from Fig. 3(g) that the minima in dipoles
for intermediate angles of θ = 30◦ and 45◦ shift somewhat
toward lower energy, while the minimum in the dipole of
θ = 0◦ shifts somewhat toward higher energy. This is due to
the influence of the minor component of the elliptical laser
field, which changes the recollision angle of HHG. We will
address this question in detail in Fig. 4.

Comparing the spectra at different angles in Fig. 3(f), it
is clear that the spectrum of θ = 0◦ is somewhat lower than
those of θ = 30◦ and 45◦ at lower harmonic orders near and

FIG. 4. Recollision angles of HHG short trajectories from
aligned molecules H2

+ at θ = 0◦ (a) and θ = 30◦ (b) for different
laser ellipticity ε. In (c)–(f) we show the ellipticity of harmonics for
H2

+ with R = 2 a.u. (c), R = 1.7 a.u. (e), and R = 2.3 a.u. (f) at
θ = 0◦ and for a model atom with similar Ip to H2

+ (d). The laser
ellipticity used for obtaining the curves is as shown.
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FIG. 5. Trains of pluses I‖(t ) and I⊥(t ) obtained from a specific
HHG spectral region for an aligned molecule H2

+ at θ = 0◦ (a) and
θ = 30◦ (b,c) and for a model atom with similar Ip to H2

+ (d). In
each panel, the laser ellipticity used for obtaining the HHG spectrum
and the corresponding specific spectral region are as shown.

below the threshold, but it is remarkably higher than those in
the HHG plateau region. Since the yields of below-threshold
harmonics for θ = 0◦ are one order or several orders of mag-
nitude higher than those in the plateau region for intermediate
angles of θ = 30◦ and 45◦, one can expect that EUV pulses
with high ellipticity obtained with the ellipticity hump of
θ = 0◦ at lower harmonic orders will also be remarkably
brighter than those obtained with the plateau harmonics of
intermediate angles. We will discuss this point in Fig. 5.

Upon further increasing the laser ellipticity to ε = 0.2, the
results in the third column of Fig. 3 are somewhat similar to
those in the second column, but the ellipticity of harmonics in
Fig. 3(i) is somewhat more irregular than that in Fig. 3(e),
and the intensities of spectra in Fig. 3(j) are one order of
magnitude lower than those in Fig. 3(f). The remarkable shift
of the dipole minima with the change of the laser ellipticity
can also be seen in Fig. 3(i). We mentioned that in Figs. 3(j)
and 3(k), the agreement between the spectra and the dipoles
for the minima is not as remarkable as in other columns of
Fig. 3, suggesting that the form of the effective momentum p′

sr
used here is more applicable for small ellipticity. In addition,
the spectral minima can be influenced by the contributions of
excited states to HHG, which are not included in the SFA.
By comparison, the intersections of the spectra at different
angles match better with those of the relevant dipoles in Fig. 3.
Similar phenomena have been discussed in [37,40].

From the results in Fig. 3, one can conclude that for in-
termediate angles, the large ellipticity of harmonics is also
closely associated with the effect of intramolecular interfer-
ence, which plays an important role in the emission of parallel
harmonics and has a relatively small role in the perpendicular
harmonics, resulting in a phase difference between parallel
and perpendicular harmonics. From the perpendicular spectra
of gray curves in the second row of Fig. 3 (see also Fig. 2),
one can observe that the perpendicular spectra do not show
the striking hollow structure relating to two-center interfer-
ence, as seen in the corresponding parallel spectra there. On
the whole, the intensities of perpendicular spectra gradually

decrease with the increase of harmonic order. The influence of
two-center interference on the ellipticity of HHG from aligned
molecules for intermediate angles in a linearly polarized laser
field has been discussed in [14,18–20]. Here, we focus on
the case of parallel alignment and elliptically polarized laser
fields.

For the case of parallel alignment of θ = 0◦, the situation
is more complex. As seen in the second column of Fig. 3,
although the dipole of θ = 0◦ shows a striking minimum
near the threshold in Fig. 3(g), the two-center interference
minimum is poorly pronounced for the spectral result of θ =
0◦ in Fig. 3(f). This is consistent with previous studies that
showed that the visibility of two-center interference in the
molecular HHG spectra tends to zero as the interference min-
imum approaches the threshold energy [46]. Accordingly, the
contribution of the interference mechanism to the ellipticity
of harmonics should also decrease to zero. This prevents the
recognition of the interference mechanism as the main cause
of ellipticity in the case of the angle θ close to zero. However,
the behavior of harmonic ellipticity is very similar here to the
atomic case, as shown in Fig. 6 in [25] [see also Fig. 4(d) be-
low], demonstrating the peak near the threshold harmonic. It
can therefore be concluded that in this case, the main physics
behind the harmonic ellipticity is completely different from
that in the case of large angles θ . It is very likely to be the
same as in atoms, where the origin of harmonic ellipticity is
related mostly to the quantum-mechanical uncertainty of the
electron wave-packet motion, as revealed in [17].

On the other hand, the maximum ellipticity in this case
falls in the region near or below the threshold, where the
intensity of harmonics is much higher than on the plateau. The
generation of the strong near- or below-threshold harmonics
is not dominated by the recollision mechanism caused by
free-bound transitions, but by other mechanisms in which
bound-bound transitions are involved. In this case, one can
expect that two-center interference effects, which are inherent
only in free-bound transitions, play a small role. However, the
multiple-center characteristic that differentiates the molecule
from the atom may also play a nontrivial role here. We will
return to this point later.

It should be stressed that the plane-wave approximation ne-
glects the Coulomb effect on the continuum electron. The use
of the effective momentum pk instead of p in the plane wave
partly considers the Coulomb effect, but it is not enough for
an accurate description [47]. The continuum electron can be
better described with the Coulomb continuum wave, as shown
in [48,49]. We have also performed simulations calculating
the recombination dipole e‖ · dr (psr ) with the Coulomb wave
[50]. Relevant results are shown in the fourth row of Fig. 3.
It can be seen that the use of the Coulomb wave improves
the comparison between the dipole and the HHG spectrum,
especially for higher harmonic orders.

Next, we further discuss the mechanism of the angle-
dependent HHG ellipticity observed in Fig. 3, along with
analyzing the interference term Mr

s (ω, θ ) of Eq. (10) in the
recombination dipole. In Figs. 4(a) and 4(b), we show the rec-
ollision angles θR, associated with short electron trajectories
and defined in Eq. (10), for θ = 0◦ and 30◦ at different ε.
For the case of parallel alignment in Fig. 4(a), on the whole,
the recollision angle gradually decreases upon increasing the
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harmonic order for a certain laser ellipticity, and it increases
with the increase of laser ellipticity for a certain harmonic
order. In particular, for ε = 0, the recollision angle is zero and
it agrees with the alignment angle of θ = 0◦. For the interme-
diate angle of θ = 30◦, the situation is different, as shown in
Fig. 4(b). In that case, the absolute value of the recollision
angle basically decreases as the laser ellipticity increases,
and this decrease is more striking for lower harmonic orders.
According to Eq. (10), in the region of |θR| ∈ [0, π/2], as the
absolute value of the angle θR increases, the value of cos θR

decreases, and the minimal value of the function Mr
s (ω, θ )

will appear at larger psr . Therefore, for θ = 0◦, the increase of
the laser ellipticity, which gives rise to the increase of θR, will
induce a shift of the minimum of Eq. (10) toward somewhat
larger harmonic energy. This situation is reversed for θ = 30◦.
These analyses explain the results in the third row of Fig. 3,
and they shed light on the spectral and polarization results in
other rows of Fig. 3.

In comparison with intermediate angles, the maximum
ellipticity for θ = 0◦ of H2

+ will appear at lower harmonic
energy at which the harmonic spectra usually have larger am-
plitudes. This effect also holds for other internuclear distances
of H2

+ and for other molecular targets such as N2 with other
symmetries. We will discuss the case of N2 later. Therefore,
the parallel alignment of molecules is preferred for obtaining
a bright EUV pulse with high ellipticity. As a comparison, in
Figs. 4(c)–4(f), we show the HHG polarization results of H2

+
at different internuclear distances and laser ellipticity, and we
also show the results of the model atom. One can observe that
the remarkable polarization phenomenon at lower harmonic
energy appears in all of the cases. However, when the results
of molecules show an ellipticity hump around the threshold on
the whole, the ellipticity curves of the model atom are some-
what sharper. This ellipticity hump for molecules with small
R at θ = 0◦ observed here is somewhat similar to that for
molecules with large R at intermediate angles in a linearly po-
larized laser field [20]. In [20], it was shown that excited-state
effects related to the molecular property play an important role
in the ellipticity hump there. In addition, excited-state effects
are also important for high ellipticity of lower-order harmon-
ics of molecules with a small R at intermediate angels in a
linearly polarized laser field [19]. One can therefore expect
that this hump observed here is also closely associated with
the multiple-center characteristic of the molecule. Quantum
effects relating to this characteristic increase the range of har-
monics with large ellipticity, along with forming the ellipticity
hump. From the perspective of shaping a short EUV pulse
with a broad energy region of harmonics, the ellipticity hump
is also preferred, as shown in Fig. 5.

In Fig. 5, we plot trains of pulses I‖(t ) and I⊥(t ), obtained
from the HHG spectra of H2

+ at θ = 0◦. We also compare the
results to cases of H2

+ at θ = 30◦ and to the model atom. The
expressions of I‖(t ) and I⊥(t ) are as follows [51,52]:

I‖(⊥)(t ) =
∣∣∣∣
∫ ωu

ωd

F‖(⊥)(ω)e−iωt dω

∣∣∣∣
2

. (11)

Here, F‖(⊥)(ω) are the parallel and perpendicular HHG spectra
of Eq. (1). For H2

+ at θ = 0◦ and for the model atom, we con-

sider the case of ε = 0.1, and our calculations are performed
for the spectral region from H9 to H17 (i.e., ωd = 9ω0 and
ωu = 17ω0), at which the harmonics have large ellipticity and
high intensities. For H2

+ at θ = 30◦, the cases of ε = 0 and
0.1 are considered, and the spectral region integrated is from
H33 to H41.

First, for H2
+ at θ = 0◦ with ε = 0.1, the obtained parallel

and perpendicular pulses are comparable for intensities with
a remarkable time delay, as seen in Fig. 5(a). For the case
of θ = 30◦ with ε = 0.1 in Fig. 5(b), the pulses of parallel
and perpendicular components show a small time delay, and
the intensities of perpendicular components are remarkably
lower than the parallel ones. By comparison, for ε = 0 in
Fig. 5(c), the synthesized parallel and perpendicular pulses
show comparable intensities and a small time delay. Note,
for ε = 0, the HHG from H2

+ at θ = 0◦ does not show the
elliptical-polarization effect due to the absence of perpendic-
ular harmonics. However, the intensities of the pulses shown
in Figs. 5(b) and 5(c) for θ = 30◦ are one order of magnitude
lower than those in Fig. 5(b) for θ = 0◦. The results of the
model atom in Fig. 5(d) are somewhat similar to those in
Fig. 5(b), with the perpendicular pulse showing small inten-
sities. The results in Fig. 5 support our previous discussions
that the harmonics of molecules with parallel alignment are
preferred for obtaining a bright elliptically polarized EUV
pulse.

To confirm our discussions above, we have also per-
formed calculations for the N2 molecule with a 3σg

valence orbital, which can be operated more easily in
experiments. To simulate the HHG of N2 with Ip =
0.57 a.u., we have used the model potential V (r) [53]

with the form V (r) = −[(Z − Z0)e−ρr2
1 + Z0]/

√
ζ + r2

1 −
[(Z − Z0)e−ρr2

2 + Z0]/
√

ζ + r2
2. The expressions of r2

1(2) are

as for H2
+. The relevant parameters used are Z = 5, Z0 =

0.5, R = 2.079 a.u., ζ = 0.5, and ρ = 1.555. Because of
the smaller ionization potential for N2 compared with H2

+,
here we use a weaker driving laser intensity of I = 1.2 ×
1014 W/cm2 and a longer laser wavelength of λ = 1400 nm.
Relevant results at different angles θ with ε = 0.1 are pre-
sented in Fig. 6. For comparison, the results of a model atom
with similar Ip to N2 are also presented here. We focus on
lower harmonic orders near the threshold. One can observe
from Fig. 6(a) that the parallel spectra of N2 at θ = 0◦ show
larger intensities than those in the cases of other angles and the
model atom. Around H25, somewhat higher than the threshold
harmonic of H19, the harmonics of θ = 0◦ also show an
ellipticity hump, more remarkable than in other cases, as seen
in Fig. 6(b). We mention that in our extended simulations in
which the laser parameters are changed, this hump holds. The
trains of pulses obtained from the spectral region of H23–H31
for N2 at the parallel alignment and for the model atom are
presented in Figs. 6(c) and 6(d). When the results of the model
atom for parallel and perpendicular pulses of I‖(t ) and I⊥(t )
do not show an obvious time delay in Fig. 6(d), the time delay
for the results of N2 can be clearly identified in Fig. 6(c).
In addition, the relative intensity of the perpendicular pulse
in comparison with the parallel one is also remarkably larger
for N2 than for the model atom. The results also support the
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FIG. 6. Spectra of parallel harmonics (a) and ellipticity of har-
monics (b) for aligned molecules N2 at θ = 0◦ (black square), θ =
30◦ (red circle), θ = 45◦ (blue triangle), and for a model atom with
similar Ip to N2 (green star), obtained with short-trajectory TDSE
simulations. In (c) and (d), we show trains of pulses I‖ (black solid)
and I⊥ (red dashed) obtained from a specific HHG spectral region of
H23–H31 for N2 (c) and the model atom (d). The laser parameters
used are I = 1.2 × 1014 W/cm2 and λ = 1400 nm with ε = 0.1.

above discussion that the parallel alignment is preferred for
generating a strong elliptically polarized EUV pulse.

We mention that in [12] for experimental studies of the
N2 molecule with a linearly polarized laser field, it is shown
that the ellipticity of harmonics is zero at θ = 0◦ and 90◦
and is maximized at intermediate angles around θ = 50◦. Our
extended simulations with similar laser parameters to those
previous experiments (I = 2 × 1014 W/cm2, λ = 800 nm, and
ε = 0) reproduce the experimental results, with the ellip-
ticity of the H17–H27 harmonics peaking around θ = 50◦.
When increasing the laser ellipticity with other laser param-
eters unchanged in our extended simulations, the ellipticity of
harmonics at θ = 0◦ begins to increase remarkably, and for
ε = 0.1, the results obtained for 800 nm are similar to those
shown in Fig. 6. However, in our calculations for N2, we use

the model potential and single-electron approximation. For
real N2 in experiments, multiple-electron effects can also play
an important role in the HHG ellipticity. In addition, in our
simulations we assume that the molecule is perfectly aligned,
while in real experiments perfect alignment is impossible.
Therefore, the theoretical predictions made here need to be
checked further in comparison with experimental studies.

IV. SUMMARY

In conclusion, we have studied the polarization properties
of HHG from aligned molecules in strong elliptically polar-
ized laser fields with small laser ellipticity. We have shown
that the addition of the vertical component of the laser field
with a small intensity has important influences on not only
the yields but also the polarization of harmonics. In partic-
ular, for the parallel alignment of the molecule, for which
the perpendicular harmonics disappear in a linearly polarized
laser field, the addition of the small vertical component in-
duces a strong emission of perpendicular harmonics and an
accompanying high ellipticity of harmonics near or below
the threshold with the formation of an ellipticity hump. We
show that the phenomenon is related mostly to the quantum-
mechanical uncertainty of the electron wave-packet motion,
and it holds for molecules with different internuclear dis-
tances and symmetries. By comparison, the HHG ellipticity
for larger alignment angles appears at higher harmonic orders
located in the plateau region of the HHG spectra, and it can be
attributed to the effects of two-center interference. Because
the harmonics near or below the threshold usually have re-
markably higher intensities than those in the HHG plateau, the
ellipticity hump for the parallel alignment suggests a manner
for generating bright elliptically polarized EUV pulses.
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