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Radiation signal accompanying the Schwinger effect
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The properties of the forced oscillations of virtual electron-positron plasma generated in vacuum under the
action of a short laser pulse are considered. By calculating the density of the conduction and polarization currents
within the quantum kinetic approach, we demonstrate the presence of plasma oscillations at the frequency of the
external field and its odd harmonics. It is expected that radiation generated by these plasma oscillations can
be observed outside the interaction region, for example, outside the focal spot of two counterpropagating laser
beams, and can serve as an indicator of the Schwinger mechanism of electron-positron creation from vacuum.
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I. INTRODUCTION

Viewing vacuum not as a mere scene where material ob-
jects interact with each other was a necessary step towards a
self-consistent quantum field theory. Nontrivial properties of
the quantum vacuum manifest themselves, for instance, in the
phenomenon of Schwinger pair production [1–3]. To observe
this effect, one has to approach the regime of extremely large
electric field strength Ec = m2c3/|e|h̄ ≈ 1.3 × 1016 V/cm
(m and e < 0 are the electron mass and charge, respectively).
The possibility of reaching this value, albeit for a very short
time, appears due to current developments of the technology
for generating ultrahigh-power laser pulses. To achieve the
critical value Ec, it is necessary to ensure the energy flux
density in the focal spot of the laser setup close to 2.3 ×
1029 W/cm2. Presently, an intensity of about 1023 W/cm2

(E ≈ 0.001Ec) is considered to be an attainable regime within
a number of projects under construction and commissioned
[4–8]. For the next-generation projects [9–13], the expected
values of this parameter are in the range 1024–1025 W/cm2

(E ≈ 0.01Ec). Under these conditions, the question of setting
up experiments takes on practical significance.

Usually, direct detection of positrons or detection of char-
acteristic signatures of positron annihilation is considered as
a way of observing the Schwinger effect. Now we possess
detailed information on the dependence of the characteris-
tics of primary pairs on the parameters of the active field.
Basically, it can be argued that the possible directions of
the emission of the primary particles and their energies can
be predicted with high accuracy and resolution. This should
prevent an unambiguous interpretation of the recorded events.
However, there will also be a masking background arising due
to cascade processes (see, e.g., Refs. [14–19]) involving the
primary particles themselves or inevitable impurities.

In this study, we use the quantum kinetic approach and
show that the polarization of the vacuum state in the presence
of a strong alternating electric field can manifest itself in the

form of reemission of part of its energy both at its fundamental
frequency and at its odd high-frequency harmonics. In partic-
ular, we will demonstrate that subcritical vacuum polarization
results in the third harmonic in the radiation spectrum gener-
ated by virtual electrons and positrons.

This study complements recent investigations of the radia-
tion process described by the tadpole QED diagram [20–25]
(see also Refs. [26–28]). Our findings represent a next
step towards understanding the polarization properties of
quantum vacuum, which also give rise, for instance, to a
remarkable phenomenon of vacuum birefringence (see, e.g.,
Refs. [29–31] and references therein). We underline that the
process under consideration involves virtual particles excited
by the external background and described in terms of macro-
scopic current densities.

The structure of this paper is the following. In Sec. II we
briefly describe a theoretical framework based on the quantum
kinetic equations. In Sec. III we discuss the temporal evolu-
tion of the conduction and polarization currents. Our main
findings concerning quasiclassical radiation are presented in
Sec. IV. In Sec. V we provide a summary and discuss conclu-
sions. Throughout the text, we assume c = h̄ = 1.

II. KINETIC EQUATION

For the description of the process of vacuum particle pro-
duction at t → ∞ and also of the intermediate quasiparticle
excitations and polarization effects in a strong electric field,
we will employ the kinetic equation (KE) for the case of a
uniform linearly polarized electric field E (t ) = −Ȧ(t ) with
a vector potential Aμ(t ) = (0, 0, 0, A(t )) [32–36] (for more
details, see also Refs. [37,38]),

ḟ (p, t ) = 1
2λ(p, t )

∫ t

tin

dt ′λ(p, t ′)[1 − 2 f (p, t ′)] cos θ (t, t ′),

(1)
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where f (p, t ) is the quasiparticle distribution function,

λ(p, t ) = eE (t )ε⊥
ε2(p, t )

, (2)

θ (t, t ′) = 2
∫ t

t ′
dτ ε(p, τ ). (3)

Here λ is the amplitude of the vacuum transitions and θ is
a high-frequency phase describing the vacuum oscillations
which are modulated by the external field. The quasienergy

ε(p, t ) =
√

ε2
⊥ + P2 is defined by means of transverse energy

ε⊥ =
√

m2 + p2
⊥ and longitudinal kinetic quasimomentum

P = p‖ − eA(t ). Here p⊥ = |p⊥| is the magnitude of the vec-
tor p⊥ perpendicular to the field direction and p‖ = p3 is the
momentum component parallel to the external field.

We consider Eq. (1) with zero initial conditions, i.e.,
f (p, tin ) = 0, and set E (tin) = 0 and A(tin) = Ain. It is also
assumed that the electric field is switched off in the out state
[E (t → ∞) = 0 and A(t → ∞) = Aout can differ from Ain].

The non-Markovian integro-differential equation (1) is
equivalent to a system of three ordinary differential equations

ḟ = 1
2λu, u̇ = λ(1 − 2 f ) − 2εv, v̇ = 2εu, (4)

where u(p, t ) and v(p, t ) are auxiliary functions describ-
ing vacuum polarization effects. Equations (4) are to be
considered with the initial conditions f (p, tin ) = u(p, tin ) =
v(p, tin ) = 0. This system is convenient for a numerical inves-
tigation of the problem.

The kinetic equation (1) and the equivalent system (4) are
exact within the tree level of QED, i.e., when one neglects
the interaction with a quantized part of the electromagnetic
field. They were obtained within several nonperturbative
approaches: Bogoliubov transformation [33–35,37], QED
equations in the Wigner representation [32,39], the Foldy-
Wouthuysen method [36,40], and a general KE system
describing pair production in a classical background field [38].

The density of the quasiparticles, i.e., the number of quasi-
particles per unit volume, reads

n(t ) = 2
∫

[d p] f (p, t ), (5)

where the factor 2 corresponds to spin degeneracy and [d p] ≡
d3 p/(2π )3. The total current density can be decomposed into
the sum of the conduction and polarization components [41],

j(t ) = jcond(t ) + jpol(t ), (6)

where

jcond(t ) = 2e
∫

[d p]
P

ε(p, t )
f (p, t ), (7)

jpol(t ) = −e
∫

[d p]
ε⊥

ε(p, t )
u(p, t ). (8)

According to Eq. (8), the function u(p, t ) can be inter-
preted as a current polarization function. The function v(p, t )
determines the energy density of the vacuum polarization
[37,38]. Both of these components originate from single-
particle anomalous correlation functions.

Let us discuss the convergence of the integrals in Eqs. (7)
and (8). Assuming that p 	 m, i.e., ε 	 m, one can demon-

strate that the asymptotic behaviors of the functions f (p, t )
and u(p, t ) read [42]

f 
 f4 = 1

16

(
λ

ε

)2

, (9)

u 
 u3 = 1

4ε

d

dt

(
λ

ε

)
, (10)

where the subscripts indicate the order of the corresponding
terms within the power expansion with respect to m/ε � 1.
From this it follows that the conduction current (7) is already
well defined, whereas the integral in Eq. (8) possesses a
logarithmic divergence in the ultraviolet domain and should
be regularized according to the subtraction procedure u(t ) →
u(t ) − u3(t ) [42]. In what follows, we will always take into
account this counterterm providing finite values of the polar-
ization current, which will be denoted by jpol

R (t ).
According to the KEs (1) and (4), the distribution function

f (p, t ) and the vacuum polarization functions u(p, t ) and
v(p, t ) incorporate temporal oscillations with the character-
istic frequency of the external field (low frequency) and with
the doubled frequency of the vacuum oscillations 2

√
m2 + p2

(high frequency) depending on the momentum p. Integrating
the macroscopic densities (5), (7), and (8) over momentum
space flattens the high-frequency oscillations, making the re-
sults slowly varying with t and more representative.

Finally, we note that within a period of the external field
action, one can represent the total current (6) as a sum of
the conduction and polarization components only formally as
these cannot be distinguished experimentally. Basically, the
vacuum polarization effects dominate in the densities men-
tioned above. In what follows, we will examine these effects
by analyzing the currents (7) and (8).

III. PARTICLE DENSITY AND CURRENTS

We consider the external electric background in the
following form:

E (t ) = E0 cos �te−t2/2τ 2
. (11)

Below we will also use the parameter σ = �τ , which is a
dimensionless measure of the characteristic duration τ of the
pulse governing the number of carrier cycles. In this case, the
initial time instant tends to minus infinity, tin → −∞.

The expression (11) mimics the focal spot of two counter-
propagating high-intensity laser pulses. We treat the external
field as locally uniform in space since the qualitative character
of our results does not change if the spatial inhomogeneities
are taken into account (in Ref. [25] it was demonstrated that
the field can be considered locally constant up to the fre-
quency ω � 0.5 m, which is satisfied in our investigation).

Our goal is to investigate the temporal behavior of the
number density of quasiparticles (5) and current densities (7)
and (8) during the action of the external electric pulse (11).
Unfortunately, for optical and near-infrared frequencies this
task is beyond the present computational capabilities, so we
will work within the hard-x-ray domain. We expect that the
main findings of this study will also provide correct quali-
tative predictions in the region of lower frequencies. In our
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(a) (b)

FIG. 1. (a) Distribution function f (p, t ) at p = 0 and (b) pair density (5) as functions of time together with the square of the external field
strength E (t ). The field parameters are E0 = 0.1Ec, � = 0.1 m, and σ = 12. The curve E 2(t ) almost exactly reproduces the other two curves.

simulations, the external field frequency corresponds to the
photon energy of 51 keV (� = 0.1 m).

The problem is solved in two stages. In the first stage,
we calculate the distribution f (p, t ) according to the KE (1)
and then, in the second stage, we evaluate the integrals (5),
(7), and (8). The first stage is the most laborious since the
function f (p, t ) is defined in four-dimensional space. By solv-
ing the system of equations (4), one can obtain its temporal
dependence only for a given set of parameters {p1, p2, p3}.
However, the axial symmetry reduces the dimension of the
problem, so we assume p2 = 0, leaving p1 and p3 as the trans-
verse and longitudinal projections of the particle momentum,
respectively (p1 = p⊥ and p3 = p‖).

Our calculations were carried out for E0 = 0.1Ec. Al-
though the energy of the external-field quanta amounts only
to 51 keV, with such a high intensity, it turns out that the
virtual electrons or positrons can gain about ten times more
energy. Accordingly, the functions f (p, t ), u(p, t ), and v(p, t )
were computed within the domain 0 � p1 � pcut and −pcut �
p3 � pcut, where pcut = 10.0 m. In the second stage, the inte-
gral characteristics, i.e., the number density (5) and currents
(7) and (8), were calculated at each step of the temporal grid

containing 1000 points within the laser pulse support, which
provided a high temporal resolution.

Figure 1 allows one to compare the temporal evolution of
the distribution function at p = 0 with the behavior of the
pair number density (5). In these graphs we also depict the
temporal dependence of the square of the field strength (11)
in order to demonstrate that the particle density evolution is
qualitatively similar to E2(t ) [43]. The high-frequency oscil-
lations become visible when one employs a logarithmic scale.

The temporal dependence of the conduction and polar-
ization currents is displayed in Fig. 2. The results for the
conduction current were obtained using the definition (7). The
polarization current was calculated in accordance with Eq. (8),
taking into account the counterterm (10) for regularization.
First, one observes that the polarization current is about two
orders of magnitude larger than the conduction one. Second,
the conduction current exhibits a much more complicated
temporal behavior containing double spikes of alternating di-
rection [Fig. 2(a)]. The evolution of the polarization current
is simpler [see Fig. 2(b)]: Its temporal dependence jpol

R (t )
approximately reproduces a rescaled plot of E (t ) [Eq. (11)]
shifted by 
t = π/2�.

(a) (b)

FIG. 2. Temporal dependence of (a) the conduction current and (b) the polarization current together with the external field strength E (t ).
The field parameters are E0 = 0.1Ec, � = 0.1 m, and σ = 12.
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(a) (b)

FIG. 3. Spectrum of (a) the conduction and polarization currents and (b) the external field E (t ). The field parameters are E0 = 0.1Ec,
� = 0.1 m, and σ = 12.

The main part of the present study is devoted to the anal-
ysis of the spectral content of the calculated currents. In
order to investigate this issue and perform the corresponding
calculations, we utilized the Periodogram standard routines
of Mathematica [44]. For better visibility of the results, we
averaged the data from the partitions of the original list and
smoothed the values with a window function of the Hann
type. The resulting absolute values are presented in Fig. 3(a).
Both curves clearly demonstrate the presence of higher odd
harmonics (ω/� = 1, 3, 5, . . .). The third harmonic of the po-
larization current is well pronounced and is about two orders
of magnitude larger than that of the conduction current. For
the fifth harmonic, the amplitudes of the currents turn out to be
very close in magnitude. For comparison, in Fig. 3(b) we de-
pict an analogous Fourier transform of the external field (11)
in which there are obviously no additional harmonics. This
emphasizes that the appearance of high-frequency harmonics
in the generated currents is a result of a complex nonlinear
response of the physical vacuum. Our results qualitatively
coincide with the findings presented in Refs. [25–28] and
obtained by means of different techniques.

IV. BACKREACTION PROBLEM AND RADIATION

The virtual electron-positron plasma (VEPP) currents gen-
erate the internal electric field Eint(t ), which obeys Maxwell’s
equation

Ėint(t ) = − j(t ) = − jcond(t ) − jpol
R (t ). (12)

The currents jcond(t ) and jpol
R (t ) should now be governed by

a combined action of the external and internal fields, i.e., by
the effective field Eeff(t ) = E (t ) + Eint(t ). The backreaction
problem requires a self-consistent description of the KE (1)
[or the KE system (4)] and Eq. (12) (see Refs. [35,41] and
references therein).

Here we are interested in the spectral energy density of the
plasma oscillations

w(ω) = 1

8π
|Eint(ω)|2 = 1

8πω2
| j(ω)|2 (13)

that follows from Eq. (12). The behavior of this function is
shown in Fig. 4(a) for four different values of the field ampli-
tude E0 (� = 0.1 m and σ = 12). The peak at the fundamental
frequency of the external field and the third harmonic are well
observed. There are signs of odd harmonics of higher orders,
but for quantitative estimates of their characteristics, the data
available at our disposal are not sufficiently accurate.

To assess the response of the physical vacuum to the action
of the external field, let us consider the ratio of the spectral en-
ergy density of the plasma field (13) for the fundamental and
third harmonics to the spectral energy density of the external
field. Namely, we will explore here the relative brightness of
the harmonics,

B1(E0) = |Eint(�)|2
|E (�)|2 , B3(E0) = |Eint(3�)|2

|E (�)|2 , (14)

depending on the external field amplitude.
The results for the range 0.05 � E0/Ec � 0.3 are shown

in Fig. 4(b). If the external field is present within a finite
spatial region, the inner plasma field can escape from this
domain, so one is able to detect the corresponding radiation
far from the active area. Of course, at the fundamental fre-
quency of the external field, its energy absolutely dominates
|Eint(�)|2 � |E (�)|2. However, the direction of propagation
of the rays that form this field is strictly determined. Within
the KE formalism, the problem of extracting the angular dis-
tribution of the radiation flux generated by the plasma field is
very difficult and beyond the scope of this study. It can only
be noted that this radiation will be concentrated in a plane
perpendicular to the plane of the polarization of the primary
rays since the external and internal electric fields are collinear.
However, there is no clear reason to believe that this secondary
radiation will go strictly along the propagation line of the
beams forming the focal spot (cf. Ref. [21]). Therefore, the
results presented indicate that approaching the critical field
strength in the focal spot should lead to the scattering of a
(very small) part B1 of the energy of the primary beams at suf-
ficiently large angles. It can be noted that such scattering can
be regarded as an analog of Thompson scattering of photons
by free charges. However, in this case, the charge carriers are
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(a) (b)

FIG. 4. (a) Spectral energy density (13) of the VEPP oscillations for E0 = 0.05Ec, 0.1Ec, 0.2Ec, and 0.3Ec and (b) the relative brightness
B1 and B3 defined in Eq. (14) as a function of E0 according to the data. The other field parameters are � = 0.1 m and σ = 12.

virtual electrons and positrons, the role of which becomes no-
ticeable in near-critical fields. The presence of high-frequency
harmonics in plasma radiation can be considered as one more
firm indication of the nonlinear vacuum polarization effects in
a strong field preceding plasma creation.

The absence of even harmonics in the spectra of the cur-
rents is a consequence of the maximal space-time symmetry of
the physical vacuum as an active medium and is in accordance
with the general theory of the response of nonlinear systems
to external perturbations [45]. We also point out that quantum
photon emission due to absorption of an even number of
external-field quanta is also prohibited according to Furry’s
theorem [46]. Nevertheless, this process becomes possible if
there are two outgoing photons instead of one. Then after the
absorption of 2n external-field quanta with the frequency �,
the two photons can have the frequency n� each and n can
be odd [26]. However, this process will be suppressed by the
additional factor α ≈ 1/137 and powers of E0/Ec.

V. CONCLUSION

A characteristic feature of nonequilibrium VEPP generated
from vacuum under the action of intense external fields is the
appearance of strong electric currents and the corresponding
inner-plasma electromagnetic fields (the backreaction effect
[35,41]). Such phenomena can be described either in terms
of the tadpole QED diagram [20–28] or in the framework of
a specific kinetic theory, as in the present study, predicting
quasiclassical radiation. These two approaches are closely
related: In the QED tadpole diagram the wave function of the
outgoing photon is contracted with a loop which corresponds
to the mean value of the current operator. Therefore, the spec-
tral analysis of the current allows one to describe the process
of photon emission. On the other hand, evaluating the mean
value of the current operator in terms of the functions involved
in the KEs (1) and (4), one exactly obtains the expressions (7)
and (8). This fact represents a justification for our approach
using the quasiparticle densities at the intermediate time in-
terval, where the interpretation of the kinetic functions may
be uncertain. We also point out that this formalism does not

incorporate quantum radiation due to annihilation of the e+e−
pairs in plasma (see Ref. [47]). Another source of radiation is
the process of photon emission accompanying production of
e+e− pairs (see, e.g., Fig. 1 in Ref. [25]). The first steps in
studying this mechanism were taken in Refs. [25,26,48,49].
However, this radiation channel corresponds to the emission
of soft photons, i.e., it is responsible for a different part of the
spectrum and thus does not alter the findings discussed in the
present paper. Note also that real electrons and positrons can
also emit photons via Thomson or Compton scattering (see,
e.g., Ref. [50]). As we assume that the initial state does not
contain any real particles, this radiation can only occur after
the external field produces and accelerates pairs. Accordingly,
in the (near) subcritical regime, this emission channel will
not obscure the presence of odd harmonics in the radiation
spectrum.

We also point out that vacuum harmonic generation or
frequency mixing can occur in a background magnetic field
[51] (see also Refs. [52,53] and references therein) and due
to the four-wave interaction or similar processes (see, e.g.,
Refs. [53–60]).

The present investigation was motivated, on the one hand,
by the previous work of Smolyansky et al. [61] on the nonper-
turbative kinetic description of excitations in graphene under
the action of an external time-dependent electric field and,
on the other hand, by studies [62–64] where both theoreti-
cal and experimental investigations of the radiation processes
in graphene in optical and infrared domains were carried
out.

In this study, it was shown that under the action of a
short linearly polarized laser pulse with a high energy density,
plasma oscillations are excited in the physical vacuum. Their
spectrum contains the fundamental frequency of the external
field and its high-frequency harmonics. It is expected that
these vibrations cause additional radiation that escapes from
the spatial region where the external laser fields are localized.
The detection of this radiation and the observation of the third
harmonic will convincingly indicate that the effects of vacuum
polarization within strong-field QED take place in such a
process, that is, it approaches the critical regime where the
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production of electron-positron pairs should become possible.
Let us underline the fact that the results obtained are of a rather
general and stable character with respect to the specific choice
of the external field setting. For example, the same conclu-
sion can be drawn in the case of a circularly polarized field
as the physical vacuum can be regarded as a homogeneous
isotropic active medium with a nonlinear response. Moreover,
according to our data, the properties of the additional radia-
tion are qualitatively independent of the Keldysh parameter
γ = m�/|eE0|, which obeys γ � 1 in the tunneling
(Schwinger) regime and γ 	 1 in the perturbative (multi-

photon) regime, provided the external-field frequency � is
well defined (in this paper, we presented the results for
γ = 0.3–2.0).
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