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Quantum-state reconstruction of unidirectional molecular rotations
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We present a quantum-state reconstruction procedure to retrieve a rotational wave packet created via nona-
diabatic excitation by ultrashort pulses with controlled polarization. Here a unidirectionally rotating ensemble
of CO molecules, adiabatically cooled to be populated only in J = 0 as an initial state, has been prepared
by skewed-polarization pulse-pair excitation. The two-dimensional sections of the molecular-axis probability
distribution have been captured by time-delayed Coulomb explosion with the space-slice ion-imaging setup,
recently developed in the present research group [K. Mizuse, R. Fujimoto, and Y. Ohshima, Rev. Sci. Instrum. 90,
103107 (2019)]. The time- and angle-dependent distribution has been subjected to the least-squares regression
to provide a unique set of the amplitudes and phases for the eigenstates that constitute the wave packet. The
reconstruction allows us to make a movie of the three-dimensional probability distribution and evaluate any
physical properties, e.g., the magnitude of rotational angular momentum and its degree of orientation. The
determined phases also serve as a sensitive probe for the excitation and the quantum interference to control
the directionality of the rotational wave packet.
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I. INTRODUCTION

A microscopic system is fully described by a wave function
(WF). Establishing a way to experimentally retrieve WFs is
of fundamental interest and also of much significance when
the quantum state of the system is exploited for, e.g., infor-
mation processing [1,2]. For the last two decades, there have
been various proposals for such quantum-state reconstruction
in atomic and molecular systems [3–7]. Here, a WF to be
reconstructed has been regarded as a quantum wave packet
(WP), i.e., a time-dependent coherent superposition of several
eigenstates of the systems. Since eigenstates constituting a
WP are usually well characterized, the reconstruction proce-
dure is recast into the determination of the set of complex
expansion coefficients for each eigenstate, or their amplitudes
and phases. So far, several studies have reported realization
of quantum-state reconstruction of electronic and vibrational
WPs [8–13].

Another important objective of the quantum-state recon-
struction is molecular rotation. In particular, nonadiabatic
(impulsive) excitation by an intense nonresonant ultrashort
pulse has been commonly utilized to create a rotational
WP in gaseous molecules [14–17]. Molecules in such a
nonstationary state exhibit transient alignment along the po-
larization direction of the excitation pulse, and the resultant
anisotropic molecular ensembles in field-free conditions have
been extensively utilized to attain detailed information on the
geometrical and electronic structure of the molecules [18–20]
and to observe electronic and vibrational dynamics in the
molecular frame [21–25].
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Currently, many researchers are focusing on more sophis-
ticated control of the nonadiabatic molecular alignment by
tailoring light fields. In particular, unidirectionally rotating
(UDR) molecular WPs have now gained much attention with
respect to enantio discrimination for chiral molecules [26–30].
Since the first theoretical consideration and experimental re-
alization [31,32], various approaches have been proposed and
demonstrated for creation of UDR-WPs, including a skewed-
polarization pulse pair [31,32], a chiral pulse train [33], a
polarization-twisted pulse [34–36], and an optical centrifuge
[37]. Directionality of the rotational WPs thus created has
been determined experimentally by diverse methods, e.g.,
measurements of circular dichroism [32,33], polarized Ra-
man scattering [37], rotational Doppler effects [34,38], high
harmonic generation [35], polarization imaging with vector
beams [36], and time-resolved ion imaging [39,40].

Nonadiabatic creation of rotational WPs is so sensitive
to the light field because of the highly nonlinear nature of
the excitation process. Since precise determination of the
light field at the position of the interaction is quite challeng-
ing, quantum-state reconstruction of the WPs thus created is
crucial. Our research group has developed a reconstruction
protocol based on a quantum-state resolved spectroscopic ob-
servation, in which the WP created by an ultrashort pulse has
been interfered by a delayed replica of the pulse to give delay-
dependent change in rotational distribution. Measurements on
a finite time sequence of the distribution allow us to retrieve
the phases and absolute amplitudes of the WP created by the
initial pulse [41]. This approach is, however, incapable to dif-
ferentiate degenerate eigenstates, i.e., possessing an identical
total rotational angular momentum J but different M values
of its projection onto the quantization axis. Such degenerate
states are inevitably incorporated in rotational WPs created
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via polarization-controlled excitation. The other group has
also reported rotational WP reconstruction based on the anal-
ysis of the degree of alignment measured by, e.g., Coulomb
explosion imaging [42]. The method is incapable to apply
UDR-WPs either.

Here we report a successful experimental retrieval of a
UDR-WP, based on the observation of spatiotemporal prop-
agation of molecular-axis distribution in the laboratory frame.
By utilizing the space-slice ion imaging configuration devel-
oped in our research group [39,43–45], two-dimensional (2D)
sections of the probability distribution, i.e., absolute squares
of the WP, have been directly captured as fragment-ion images
via time-dependent Coulomb explosion of the UDR molecular
ensemble. The time- and angle-dependent distribution thus
obtained has been directly fitted to determine the complete set
of the amplitudes and phases for the eigenstates constituting
the UDR-WP. The present reconstruction procedure can be
adopted without any information on the field-matter inter-
action to create the rotational WP. This is in sharp contrast
to the relevant previous studies, where the time-dependent
Schrödinger equation (TDSE) was numerically solved with
the assumption on the interaction and the laser field pa-
rameters were adjusted to simulate the experimental results
[39,45,46].

The organization of the paper is as follows. Section II
summarizes theoretical fundamentals in creation of rotational
WPs via nonadiabatic interaction with ultrashort laser pulses
and the spatiotemporal propagation of the probability dis-
tribution pertinent to the molecular orientation in space. In
Sec. III, the experimental setup adopted in the present paper
as well as some details in the experiments are described. In
Sec. IV, the time- and angle-dependent probability distribu-
tion recorded herein is represented, and the reconstruction
procedure is described to determine the amplitudes and phases
for the constituent eigenstates in the WPs. In Sec. V, the
results presented in the preceding section are discussed with
respect to the utilities of the rotational WP reconstruction, in
particular, experimentally derived phases as an indispensable
probe for the creation mechanism of WPs and quantum inter-
ference to control the degree of directionality in UDR-WPs.
This is followed by a conclusion in Sec. VI, to mention some
outlooks on the rotational WP reconstruction.

II. THEORETICAL BACKGROUND

In the present paper, we have selected a heterodiatomic
molecule, carbon monoxide, as a sample to be examined.
This is because the molecule is in the nondegenerate 1�+
electronic ground state, with no nuclear-spin isomers, as op-
posed to homodiatomic molecules like H2 and N2 with ortho-
and paramanifolds, and with no hyperfine splitting since the
nuclear spins of 12C and 16O are both zero. In addition,
the rotational energy intervals of this molecule are relatively
large. Thus, as demonstrated later, adiabatic cooling in super-
sonic expansion essentially makes all the population of the
molecules reside in the lowest rotational level with J = 0. It
allows us to regard the initial molecular ensemble as a pure
state and accordingly the quantum state after the interaction
with laser fields is fully described with a single wave packet.
It is represented as a superposition of rotational eigenstates,

|J, M〉, as

�(t ) =
∑
J,M

CJ,M exp(−iωJt ) |J, M〉 (1)

with J being the quantum number for the total angular mo-
mentum J, M the projection of J onto the space-fixed Z axis,
and CJ,M the expansion coefficients for |J, M〉. The coefficient
is also represented as CJ,M = AJ,M exp(iδJ,M ), where AJ,M is
the amplitude with real and positive value and δJ,M is the
phase angle. ωJ = EJ/h̄ with EJ = h[BJ (J + 1) − DJJ2(J +
1)2] being the eigenenergy of |J, M〉, where B and DJ are
the rotational and centrifugal-distortion constants (in Hz unit),
respectively, of which the values have been precisely known
[47]. The coefficients CJ,M change in time during the inter-
action with the laser field and stay constant under field-free
conditions. The WP reconstruction is to determine the co-
efficients for the final state, i.e., after all the field-matter
interaction take place.

To create a UDR-WP in CO molecules, we have adopted
the skewed-polarization pulse-pair excitation scheme, where
the molecular ensemble is interacted with an appropriately
delayed pair of two linearly polarized laser pulses of which
mutual polarization directions were tilted to each other
[31,32]. The space-fixed axes are defined so that the Z axis
is along the laser propagation direction [16,32,39]. The po-
larization directions of the two pulses lie both within the XY
plane and here that of the first pulse is defined as along the
X axis and that of the second is set tilted by +45◦ from the
X axis (to maximize the directionality) [31,32]. With this axis
system, the interaction at time t with the ith pulse (i = 1 or 2)
is represented as

V̂i(t, φi ) = −Ei(t )2

12

{
α‖ + 2α⊥ − �αD(2)∗

0,0

+
√

3

2
�α

[
D(2)∗

2,0 e−2iφi + D(2)∗
−2,0e+2iφi

]}
(2)

with Ei(t ) being the laser pulse envelope, α‖ and α⊥ the paral-
lel and perpendicular components of the polarizability, �α =
α‖ − α⊥, D(k)

p,q the Wigner’s rotational matrix, and φi the angle
between the X axis and the laser polarization direction (= 0
and π/4 for i = 1 and 2, respectively) [16]. If the shapes of
the two pulses are identical, the envelope of the second pulse
is related to the first one as E2(t ) ∝ E1(t − τ ) with τ being the
interval between them. The interaction term in Eq. (2) couples
the eigenstates with the change in the quantum numbers as
�J = 0,±2 and �M = 0,±2 [16,48]. This selection rule is
identical for Raman transitions but multiple states can be con-
nected via the interaction during a single pulse because of the
high strength of the laser field. Then, when the initial state is
|J, M〉 = |0, 0〉 as is the case in the present paper, the WP thus
created as denoted in Eq. (1) is a superposition of eigenstates
with |0, 0〉 , |2, 0〉 , |2,±2〉 , |4, 0〉 , |4,±2〉 , |4,±4〉, and so
forth. Even when the shapes and intensities of the two pulses
are kept constant, the coefficient CJ,M can be manipulated via
quantum interference by adjusting the delay τ and the relative
polarization direction �φ = φ1 − φ2 between the pulses.

The rotational eigenfunction of a linear molecule is
given as a spherical harmonics: |J, M〉 = YJ,M (θ, φ) =
�J,M (θ )
M (φ) with �J,M (θ ) = NJ,MPM

J (cos θ ) and
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M (φ) = exp(iMφ)/
√

2π where PM
J (x) is the associated

Legendre polynomial, NJ,M is the normalization constant,
and θ and φ are polar and azimuthal angles [48]. The
three-dimensional (3D) spatial distribution concerning the
molecular axis in the laboratory frame is represented as the
absolute square of the WP, as

P(θ, φ, t ) = |�(θ, φ, t )|2

=
∣∣∣∣∣
∑
J,M

CJ,M�J,M (θ )
M (φ) exp(−iωJt )

∣∣∣∣∣
2

=
∑
J,M

[AJ,M�J,M (θ )]2/(2π )

+
∑

(J,M )	=(J ′,M ′ )

AJ,MAJ ′,M ′/π

× �J,M (θ )�J ′,M ′ (θ ) cos(�Mφ − �ωt + �δ)
(3)

with �M = M − M ′, �ω = ωJ − ωJ ′ , and �δ = δJ,M −
δJ ′,M ′ . All the CJ,M coefficients can be determined once the
time evolution of the 3D distribution is recorded, but this
is extremely challenging. Instead, the time sequence of 2D
sections of the distribution, e.g., those in the XY plane (with
θ = π/2), allows us to retrieve the coefficients when none of
�J,M (θ ) vanishes in the configuration. This is the case in the
present paper, since PM

J (cos θ ) has finite values with θ = π/2
when (J + M ) is even [48].

III. EXPERIMENT

The experiment was carried out by combining a multipulse
optical setup and the space-slice ion-imaging apparatus previ-
ously reported [39,43–45].

The schematic of the experimental setup is shown in Fig. 1.
Briefly, CO molecules diluted in He (0.15–0.3% with total
pressure of 2 MPa) were adiabatically expanded into vacuum
and introduced to the interaction region of the imaging appara-
tus. The rotational temperature of the molecular ensemble was
estimated to be 1.5 K, where concentration of the population
into J = 0 was realized. Then, molecules were irradiated
successively by three ultrashort laser pulses coming from a
Ti:sapphire laser amplifier. The first and second pulses were
for pumping to create a UDR-WP. They were linearly polar-
ized with their center wavelength of 820 nm and the pulse
duration of 120 fs. Their intensities were kept relatively low
(<70 μJ/pulse with the beam diameter of 28 μm) to avoid
unwanted ionization. The polarization of the first pulse was
along the X axis while that of the second pulse was tilted by
+45◦ from the axis. The interval of the two pulses was set
so that the second pulse hit the molecules at the time when
molecules were aligned along the polarization direction of
the first pulse. The third pulse was for probing via Coulomb
explosion imaging (circularly polarized in the XY plane,
407 nm, 120 fs, >50 μJ/pulse, 8-μm beam diameter). By the
irradiation of this pulse, molecules were multiply ionized and
then exploded within the laser duration. The angular distri-
bution of fragments in the XY plane was a direct measure of
the molecular-axis probability distribution at the time of probe

FIG. 1. Schematic of the experimental setup. On the upper-left
side, the present space-fixed axis system is shown. Experimentally
recorded fragment-ion images at several delay times are also shown
in black and white.

irradiation, owing to isotropic ionization efficiency within the
plane by the circularly polarized probe pulse. The subsequent
UDR-WP dynamics was tracked by scanning the probe delay
with a 33- or 67-fs step. The fragment ions thus generated
were first accelerated by ion optics to the X direction, and the
3D expanding ion cloud was sliced out to be a 1-mm-thick
sheet in the XY plane by passing through a mechanical slit.
The sliced sheet of ions of interest was further repelled by ap-
plying a pulsed high voltage along the −Z direction to hit the
2D position sensitive detector (microchannel plates backed by
a phosphor screen and a digital camera), installed parallel to
the XY plane. In the present experiments, ion images of C2+
from CO3+ or CO4+ were measured.

IV. RESULTS AND ANALYSIS

For comparative purposes, we recorded the spatiotemporal
evolution of WPs created by a single-pump pulse, as well as
UDR-WPs by a pair of pump pulses. Typical examples of
the results are shown in Figs. 2 and 3. The figures are false
color representations of the time- and angle-dependent proba-
bility distributions for single- and double-pump experiments,
respectively. Such 2D maps representing wavelike behavior of
matter are commonly termed quantum carpets [49]. Figure 2
clearly exhibits a well-known revival structure with the distri-
bution becoming the initial value after every Trev = 1/(2B) =
8.675 ps. Though not so evident, the revival also appears in
Fig. 3. The quantum carpet for the single pump is symmetric
with respect to the horizontal line at φ = 180◦, while that for
the double pump shows traces at an angle. This is a signature
of directional rotation (clockwise in this case), with the φ an-
gle increasing with time. The alignment parameters 〈cos2 φ〉
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FIG. 2. Time- and angle-dependent probability distribution for a
rotational WP created by a single-pump pulse. The horizontal axis
corresponds to delay time of the probe pulse relative to the pump
pulse, and the vertical axis corresponds to the azimuthal angle φ. The
pump intensity was estimated to be ≈15 TW/cm2. The polarization
direction of the pump pulse is directed along φ = 0 and 180◦.

for the two carpets are shown in Fig. 4, to assess the degree of
alignment and its temporal dynamics.

The distribution is periodic both in time and angle, as
represented in Eq. (3). Thus beat components for sets of
(�ω,�M ) can be extracted by 2D Fourier transformation.
The results for the single- and double-pump experiments are
shown in Figs. 5 and 6, respectively. Here the 2D power
spectra developed in the �ω and �M domains are shown
in false color representation. The maximum beat frequency
observed in the �ω domain is 20B both in Figs. 5 and 6.
This value is for J = 4 ↔ 0 and thus the two rotational WPs
are composed of the eigenstates with J = 0, 2, and 4. In
addition, there is no appreciable peak at 10B for J = 3 ↔ 1.
This observation confirms that contribution of WPs from the
J = 1 initial state is negligible. The compositions of the peaks
in the 2D power spectrum are different to each other. The

FIG. 3. Time- and angle-dependent probability distribution for
a UDR-WP created by a skewed-polarization pair of pump pulses.
Time zero is set to the peak of the second pulse. The first pulse was
introduced 3.87 ps before. The pulse intensities were estimated to
be 6 TW/cm2 or more. The polarization direction of the first pump
pulse is directed along φ = 0 and 180◦ while that of the second pump
is tilted by +45◦.

FIG. 4. Time-dependent alignment parameters 〈cos2 φ〉 for
(a) the rotational WP created by a single-pump pulse (corresponding
to Fig. 2) and (b) the UDR-WP created by a skewed-polarization pair
of pump pulses (corresponding to Fig. 3).

FIG. 5. Power spectrum from the 2D Fourier transformation of
the time- and angle-dependent probability distribution (shown in
Fig. 2) from the single-pump experiment. The horizontal axis corre-
sponds to the frequency in the B unit and the vertical axis corresponds
to the M quantum number.

FIG. 6. Power spectrum from the 2D Fourier transformation of
the time- and angle-dependent probability distribution (shown in
Fig. 3) from the double-pump experiment. Note the frequency reso-
lution is four times better than in Fig. 5 due to the extended coverage
in time.
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peak at (�ω,�M ) = (6B, 2) contains only a single com-
ponent of |2, 2〉 ↔ |0, 0〉. On the other hand, the peak at
(0,2) includes six components: |4,−2〉 ↔ |4,−4〉, |4, 0〉 ↔
|4,−2〉, |4, 2〉 ↔ |4, 0〉, |4, 4〉 ↔ |4, 2〉, |2, 2〉 ↔ |2, 0〉, and
|2, 0〉 ↔ |2,−2〉. It is noted that the peaks at (0,2) and (0,−2)
are complex conjugate to each other, and their information
contents are essentially the same.

The gross feature of the 2D power spectrum visualizes
the nature of the rotational WP. In Fig. 5, the magnitudes of
the peaks at +�M and −�M are essentially identical for
the same �ω. This directly indicates that the net value of
�M is vanishing, consequently 〈ĴZ〉 = 0 for the rotational
WP created by a linearly polarized pulse. On the other hand,
peaks with positive �M’s dominate over those with negative
values in Fig. 6. This is a clear manifestation of the positively
oriented rotational angular momentum in the WP created via
the skewed-polarization pulse-pair excitation.

Since the time- and angle-dependent probability distribu-
tion is represented as Eq. (3), real and imaginary components
of each peak in the 2D Fourier-transformed spectrum of the
distribution are given as

Re(�ω,�M ) =
∑

�J,M (π/2)�J ′,M ′ (π/2)/π

× AJ,MAJ ′,M ′ cos(δJ,M − δJ ′,M ′ ) (4)

and

Im(�ω,�M ) =
∑

�J,M (π/2)�J ′,M ′ (π/2)/π

× AJ,MAJ ′,M ′ sin(δJ,M − δJ ′,M ′ ), (5)

respectively, where the summation is taken over J , J ′, M, and
M ′ that satisfy �ω = ωJ − ωJ ′ and �M = M − M ′. It implies
that the amplitudes AJ,M and phases δJ,M for the eigenstates
that constitute the rotational WP can be determined from the
data set of the peaks in Fourier space, as given in Eqs. (4)
and (5). Then we employed the Gerchberg-Saxton algorithm
for the retrieval of the amplitudes and phases [50]. Unfortu-
nately, the determined parameters accompany with relatively
large uncertainty. In particular, the standard deviations for
the phases are close to 50◦ for the worst case. This inferior
quality of the fit may be mostly due to the determination
of many parameters (18 in total) from limiting numbers (at
most 20) of the peaks in the Fourier space. So we finally
executed direct least-squares fitting of the quantum carpets
shown in Figs. 2 and 3 to the function in angle φ and time t
represented as Eq. (3) with θ fixed to π/2, to determine the set
of AJ,M and δJ,M . Here the set of the amplitudes derived from
the fit of the peaks in the power spectra was used as initial
values. The amplitudes and phases thus determined are shown
in Figs. 7 and 8 for the single-pulse excitation while those
for the skewed-polarization pulse-pair excitation are shown
in Figs. 9 and 10. Since the differences between the phases
are only determined as shown in Eq. (3), the value of δ0,0 is
arbitrarily fixed to zero. As expected, the amplitudes of ±M
with the same J values are identical for the former WP, while
those for the latter, i.e., UDR-WP, exhibits predominance for
positive M values. The values of the phase angles determined
show characteristic trends. For the single-pulse excitation, the
phases of ±M with the same J are essentially identical, and
they show +180◦ shift by �M = ±2. On the other hand, the

FIG. 7. A bar diagram representing the amplitudes AJ,M of the
rotational eigenstates |J, M〉 that constitute the rotational WP created
by the single-pulse excitation. The horizontal axis is for the rotational
states and the vertical axis is for the magnitudes of the amplitude.
Colored bars on the left side for each |J, M〉 are those determined by
the least-squares regression on the time- and angle-dependent prob-
ability distribution shown in Fig. 2. The error bars for the standard
deviations of the fit are indicated. Gray bars on the right side are
those derived from the TDSE calculation, in which the laser pulse
with Gaussian envelope (120-fs duration, 11-TW/cm2 peak power)
is adopted.

phases in the UDR-WP do not exhibit such regular changes.
The interpretation of the characteristics will be discussed later.

To demonstrate the agreement between the observation
and the reconstructed results, movies of the 2D representa-
tion of the time- and angle-dependent probability distribution
are given as Supplemental Material (Movies S1 and S2 for
the single-pulse and skewed-polarization pulse-pair excita-
tion, respectively) [51]. Several snapshots of the observed and
reconstructed 2D probability distributions are also represented
in Fig. 11 for the UDR-WP.

To confirm the experimentally reconstructed sets of the am-
plitudes and phases of the rotational WPs, we also performed
TDSE calculation [16] by adopting appropriate parameters for
the ultrashort pump pulses and the molecular constants of CO

FIG. 8. A polar plots representing the phase angles δJ,M of the
rotational eigenstates |J, M〉 that constitute the rotational WP created
by the single-pulse excitation. The value for the |0, 0〉 state is fixed to
zero. Left: Those determined by the least-squares regression on the
time- and angle-dependent probability distribution shown in Fig. 2.
The error bars for the standard deviations of the fit are buried within
the thickness of the lines. Right: Those derived from the TDSE
calculation.

053104-5



UENO, MIZUSE, AND OHSHIMA PHYSICAL REVIEW A 103, 053104 (2021)

FIG. 9. A bar diagram representing the amplitudes AJ,M of the
rotational eigenstates |J, M〉 that constitute the rotational WP created
by the skewed-polarization pulse-pair excitation. Colored bars on the
left side for each |J, M〉 are those determined by the least-squares
regression on the time- and angle-dependent probability distribution
shown in Fig. 3. Gray bars on the right side are those derived from the
TDSE calculation, in which the laser pulses with Gaussian envelope
(120-fs duration, 5.3 and 5.5 TW/cm2 for the first and second pulses)
are adopted. The time interval between the two pump pulses is set to
be 3.87 ps.

[47,52]. The results are also shown in Figs. 7–10. The TDSE
results satisfactorily agree with the reconstructed amplitudes
and phases, once the peak powers of the pump pulses are
adjusted. The agreement validates the present reconstruction
of the rotational WPs. The peak powers to give good match-up
with the reconstruction results are slightly smaller than those
estimated from the experimental pulse parameters.

V. DISCUSSION

In the present paper, the amplitudes and phases for the
eigenstates constituting the WPs have been precisely deter-
mined, and thus the time evolution of the WPs can be fully
reconstructed in 3D space. The molecular movies thus derived
for the probability distribution are given in the Supplemental
Material [51]. As it must be, the 3D time-dependent dis-
tribution for the single-pulse excitation exhibits alignment

FIG. 10. A polar plots representing the phase angles δJ,M of the
rotational eigenstates |J, M〉 that constitute the rotational WP cre-
ated by the skewed-polarization pulse-pair excitation. Left: Those
determined by the least-squares regression on the time- and angle-
dependent probability distribution shown in Fig. 3. Right: Those
derived from the TDSE calculation.

FIG. 11. Snapshots of the observed (blue or dark gray line) and
reconstructed (green or light gray line) 2D probability distribution
for the UDR-WP at several delay times. The distribution is indicated
in the polar plots for the φ angle.

dynamics with axial symmetry around the polarization vector
(the X axis) as shown in Movie S3. Movie S4 demonstrates
unidirectionally rotating dynamics induced by the skewed-
polarization pulse-pair excitation. Since the WP thus created
is composed of almost exclusively the J = 0 and 2 states,
with negligible contribution (0.3% in population) from J = 4,
it exhibits almost nondispersing spatiotemporal propagation,
i.e., the shape of the 3D distribution shows marginal mod-
ification while keeping UDR, as has been discussed in the
previous studies [53,54]. Characterization of 3D probability
distribution is indispensable when the anisotropic molecular
ensemble in the nonstationary quantum state is utilized for
detailed studies on photoexcitation dynamics of molecules
and manipulation of waveforms and polarization of optical
fields. Also, any physical quantity can be evaluated from
the reconstructed WPs. For the rotational WP created by

the single-pulse excitation, 〈Ĵ2〉 and 〈ĴZ〉 are evaluated to be
1.03 and 0.0, respectively, and those for the UDR-WP by the
skewed-polarization pulse-pair excitation are 0.59 and 0.16.

The characteristics in the phases here determined are inter-
preted as follows. As shown by the predominance of |J, M〉 =
|0, 0〉 (�80% in population), the excitation by the ultrashort
pulses in the present paper is so weak that the coefficients for
J = 2 are well evaluated by the first-order perturbation. In
the infinitesimally short pulse limit, the coefficients by the ith
pulse are approximated as

C(i)
2,M = 1

ih̄

∫
〈2, M| V̂i(t, φi ) |0, 0〉 exp(iωJt )dt

≈ − i

12h̄
�αF2,M (φi)

∫
[Ei(t )]2dt (6)

with

F2,M (φi) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

〈2, 0|D(2)∗
0,0 |0, 0〉 M = 0

−
√

3
2 e−2iφi 〈2, 2|D(2)∗

2,0 |0, 0〉 M = +2

−
√

3
2 e+2iφi 〈2,−2|D(2)∗

−2,0|0, 0〉 M = −2

. (7)

For the single-pulse excitation, φi = 0 and thus the phase
factors are estimated as −i for M = 0 while +i for M = ±2,
since �α > 0 and the matrix elements of D(2)∗

M,0 are real and
positive. The involvement of the states with J = 4 proceeds
via two-step Raman excitations: J = 0 → 2 → 4. Therefore,
the phases of J = 4 are further shifted by −90◦ and +90◦
for �M = 0 and ±2, respectively, from those of J = 2. This
simple consideration reasonably agrees with the reconstructed
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FIG. 12. Schematic representation of complex coefficients in the
skewed-polarization pulse-pair excitation. The coefficients of J = 2
are indicated as arrows (blue, M = 0; orange, M = +2; red, M =
−2) in the complex plane (real and imaginary parts in the horizontal
and vertical axes, respectively). The two plots in the upper left repre-
sent the creation of the WP by the first pulse and its time evolution.
The plot in the upper right is for the WP creation by the second pulse.
The vectorial addition of the two coefficients yields to the final states,
represented in the lower plot.

results shown in Fig. 8. Slight offsets from the estimation may
originate from effects of the finite pulse width.

The situation in the double-pulse excitation is more in-
volved. Schematic representation is shown in Fig. 12. Here the
final coefficient is approximated as a simple sum of those by
the two pulses given in Eq. (6) since the excitation is executed
under weak-field conditions. Then the phases by the first pulse
are estimated to be −90◦ and +90◦ for M = 0 and ±2 in
J = 2, respectively, as discussed above. Due to the delay (τ =
3.87 ps) to the second pulse, the WP created by the first pulse
exhibits time evolution and the phases of the state with J =
2 are rotated by the angle of −ωJ=2τ = −480◦(= −120◦).
The WP created by the second pulse has different initial
phases (180◦ for M = +2 and zero for M = −2) due to the
skewed angle of the polarization φ2 = 45◦ [see Eq. (7)]. The
complex coefficients for the two pulses are summed up to be
the final ones, as shown in Fig. 12. Since the coefficients by
the two pulses are almost parallel to each other for M = +2
while those for M = −2 point to opposite directions, the re-
sultant amplitude for M = +2 much dominates over that for
M = −2, to give a large degree of orientation in final WP.
This simple model reasonably reproduces the reconstructed
results shown in Figs. 9 and 10. This exemplifies the utility of
experimentally reconstructed results, in particular phases, to
serve as a sensitive probe for the excitation process to create
the rotational WP. It is noted that the phase shift −ωJ=2τ due
to the waiting time has not been set here exactly to −90◦, to
give a favorable condition also to the contribution from states
with J = 4. The pulse interval dependence of the degree of
orientation has been discussed in some detail in our recent
study [45].

VI. CONCLUSION

In the present paper, we demonstrate the quantum-state re-
construction of the rotational WPs by utilizing time-resolved

ion imaging coupled with the skewed-polarization pulse-pair
excitation for the creation of the UDR molecular ensemble.
The key to this successful demonstration is the implemen-
tation of the space-slice ion-imaging experimental setup
developed by our research group [39,43–45]. It allows us to
directly capture the time- and angle-dependent probability
distribution in the plane perpendicular to the laser propaga-
tion direction with 2D isotropic detection efficiency by using
the circularly polarized Coulomb explosion probe pulse. The
time sequences of the probability distribution thus recorded
precisely are subjected to the least-squares regression to de-
termine the unique sets of the amplitudes and phases of
eigenstates constituting the WPs. Then, the WPs are fully
retrieved, to track the spatiotemporal evolution of the 3D prob-
ability distribution, and to evaluate any physical properties,
i.e., the expectation values of the angular momentum and its
degree of orientation. In particular, the reconstructed phases
are indispensable experimental sources to shed light on the
excitation processes to create WPs. In the present paper, the
WP creation is in the perturbative regime with weak-field
excitation. It is expected that the phases exhibit substantial de-
viation from those in the weak-field limit when the excitation
pulse becomes stronger [41]. Such nonperturbative signa-
ture will be captured in UDR-WPs by applying the method
presented here to experiments with more intense excitation
pulses.

We will finally make some discussion on possible applica-
bility of the present WP reconstruction to molecular systems
other than heterodiatomic molecules, such as symmetric- and
asymmetric-top molecules. The discussion is very relevant
to the topic mentioned in the Introduction, namely, UDR
of chiral molecules to be utilized for enantio discrimination
[26–30]. Achieving a higher degree of rotational angular
momentum orientation is crucial for increasing the discrim-
ination efficiency. To this end, experimental evaluation of
the orientation is important and WP reconstruction may con-
tribute to a considerable extent.

When a rotational WP is created from a single initial
state in a symmetric- or asymmetric-top molecule, the time-
dependent spatial distribution is represented with a functional
form similar to Eq. (3), where the angular parts �J,M (θ )
should only be replaced by appropriate functions. Thus, the
rotational WP can be reconstructed by the present protocol,
unless the plane of detection is coincident with a nodal plane
of eigenfunctions that constitute the WP. In case of polyatomic
molecules, rotational states are more congested than diatomic
molecules. Even by adopting extensive adiabatic cooling, it
is hardly realized to concentrate the rotational-state distri-
bution of the sample into the lowest J = 0 state. In this
respect, utilization of the Stark deflector to spatially separate
quantum states of polar molecules will be very beneficial
[46,55]. When the initial molecular ensemble is in an incoher-
ent manner, e.g., a thermal ensemble with finite temperature,
the system is fully described by a density matrix. Complete
retrieval of the density matrix should be too demanding,
since information encoded in 2D time-dependent angular
probability is generally insufficient to independently deter-
mine all the matrix elements. Even in this case, the method
developed in the present paper will be of some use. In particu-
lar, 2D Fourier transformation analysis on the time-dependent
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angular probability will visualize the composition of the rota-
tional WPs, as exemplified in Figs. 5 and 6.

Another issue to be addressed is to correctly image
the probability distribution via Coulomb explosion or pho-
todissociation of polyatomic molecules. Ionization and dis-
sociation dynamics of this kind of molecules are much
involved and axial-recoil approximation for fragments may
not be valid. The deconvolution of the nonaxial-recoil ef-
fects in a Coulomb explosion has been reported [56].
Such a detailed consideration will be valuable for UDR-
WP reconstruction of polyatomic molecules including chiral
species.
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