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Improving entanglement generation rates in trapped-ion quantum networks
using nondestructive photon measurement and storage
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Long-range quantum information processing will require the integration of different technologies to form
hybrid architectures combining the strengths of multiple quantum systems. In this work, we propose a hybrid
networking architecture designed to improve entanglement rates in quantum networks based on trapped ions.
Trapped ions are excellent candidates as network nodes, but photon losses make long-distance networking
difficult. To overcome some losses and extend the range of trapped-ion-based networks, we propose including
neutral-atom-based nondestructive single-photon detection and single-photon storage in between networking
nodes, forming a hybrid network. This work builds on recently demonstrated optical frequency conversion of
single photons emitted by trapped ions. We derive the average two-node entanglement rate for this proposed
network architecture as a function of distance. Using reasonable experimental parameters, we show that this
proposed quantum network can generate remote entanglement rates up to a factor of 100 larger than that of an
equivalent homogeneous network at both near-IR and C-band wavelengths for distances up to 50 km.

DOLI: 10.1103/PhysRevA.103.052433

I. INTRODUCTION

Integrating different quantum networking elements to-
gether to form a hybrid network could offer a wider range of
capabilities over those based purely on homogeneous compo-
nents. Two well-developed quantum networking components
with complementary properties are trapped-ion and neutral-
atom systems. Trapped ions are excellent matter qubits due
to their ability to perform high-fidelity local quantum opera-
tions [1-3], making them a leading technology for quantum
computation [4—7], simulation [8—11], and quantum network-
ing nodes [12,13]. However, trapped-ion systems presently
tend to have relatively low photon collection efficiencies and
limited photonic propagation distances, reducing their effec-
tiveness in long-distance networking. Neutral-atom systems
utilize large optical nonlinearities and strong light-matter in-
teractions [14], making them well suited for high-efficiency
photon production [15], storage [16—18], and nondestructive
photon measurements [19,20]. A hybrid network combines
the strengths of each system to overcome limitations present
in homogeneous networks.

Entanglement between ions, as well as other matter qubits,
has been demonstrated in homogeneous two-node networks
relying on the interference of two photons, each entangled
with their corresponding matter qubit [12,21-27]. Such net-
works typically rely on a probabilistic entanglement heralding
protocol where, after every photon request, each node must
wait for a response from a Bell-state analyzer (BSA) before
requesting another photon. For the case of trapped-ion-based
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nodes, the reported low photon collection efficiencies [28]
means that most entanglement attempts yield a null result
because no photon has been collected. This leads to long dead
times as null events from the BSA measurement must be fed
back to each node. Increasing photon collection efficiency
remains an ongoing challenge, with efforts ranging from the
use of custom-designed cavities [29] and other in vacuo optics
[30,31] to ex vacuo custom multielement lenses [12,32].

In this work, we propose integrating neutral-atom-based
nondestructive single-photon measurement (NDSPM) and
photonic storage into a trapped-ion-based network to increase
ion-ion entanglement rates. The NDSPM acts as a flag for the
presence of an ion-produced photon, allowing for the request
of a new photon based on the result of the flag rather than
the result of the BSA measurement. This reduces much of the
dead time arising from photon loss and increases the photon
request rate of each node. Photonic storage can then be placed
at the inputs of the BSA to ensure photon synchronization
at the BSA, allowing for more efficient use of photons pro-
duced by each node. Quantum frequency conversion (QFC) is
used to make the optical frequency of ion-produced photons
compatible with neutral-atom-based technologies [33—-35] and
to produce telecom-wavelength photons suitable for long-
distance networking [36—-38]. Using reasonable experimental
parameters, we calculate the relative entanglement rates at
network distances of up to 50 km for Bat-based network
nodes. We show analytically (and, additionally, via a simu-
lation designed so an interested reader can easily add new
elements outside the analytical solutions in this work) that
trapped ion nodes integrated with neutral-atom-based systems
can give improved two-node entanglement rates by over a
factor of 100 as compared with an equivalent homogeneous
network.

©2021 American Physical Society
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FIG. 1. Layout of the proposed two-node networks. The nodes consist of trapped ions with QFC to provide optical frequency compatibility
with NDSPM and photonic storage devices as well as create C-band photons for long-distance transmission. (a) A standard homogeneous
two-node network as described in Sec. II A. (b), (c) Hybrid networks with a NDSPM flag placed directly after the conversion with additional
photon storage devices placed at the BSA in (c), as described in Secs. II B and II C. Classical signal channels are indicated with black dashed
lines with the fiber-based quantum channel indicated by the solid black lines. Extra QFC stages may be required before photonic storage and

after NDSPM flags for C-band networks, but are removed for clarity.

II. QUANTUM NETWORKING WITH TRAPPED
IONS AND PHOTONS

We consider a symmetric two-node network where each
node contains a trapped ion capable of emitting a single pho-
ton, in the form of a flying qubit, entangled with its internal
states [39—41]. Photons may be requested from each node at a
maximum rate, 7y, with the nodes synchronized to produce
photons at the same time via a shared clock signal. The ion-
emitted photons are collected and coupled into at least one
QFC setup connected to a network fiber of length L to both
reduce fiber loss and make their frequency compatible with
NDSPM and photon storage devices (Fig. 1).

In the following sections, we will describe the entangle-
ment generation rate between a pair of trapped-ion nodes
under three different configurations: First, in Sec. IT A, we
describe entanglement rates for a standard homogeneous ion-
based network, but incorporate QFC to extend the network
range. Next, in Sec. II B, we describe entanglement rates when
adding a neutral-atom-based NDSPM to remove dead time
associated with waiting for a null result to be returned from
the BSA measurement. Finally, in Sec. II C, we describe the
case where NDSPM and photonic storage are utilized to in-
crease entanglement generation rates and improve the network
efficiency.

A. Entanglement rate Rg (L) for homogeneous
two-node networks

Ion-ion entanglement via two-photon interference fol-
lowed by a BSA measurement is typically used to generate
two-node entanglement [12,13]. Such entanglement has been
limited to networks with lengths L of only a few meters,
primarily due to photonic loss in fiber connections between
nodes. The two-node entanglement generation rate R(L) of
these networks [Fig. 1(a)] scales quadratically with the de-
tection probability (linearly for each node) as given by

R(L) = (1/2)r(L)P5(L), 6]

where r(L) is the synchronized photon request rate of the
nodes and Pg(L) is the probability of a photon being emitted,
collected, coupled into a fiber, and detected at the BSA. The
factor of 1/2 accounts for half the BSA-detected signal yield-
ing the desired entanglement [42]. The photon request rate

r(L) is given by the slower of 7y or [2£,(L)] ™", where #,(L) is
the time taken for a photon to travel the length of the network
via the quantum channel and the time for information to be fed
back to the node from the BSA via the classical channel. For
most ion-based networks, the length of the network becomes
the limiting factor after a few-hundred meters.

For the network shown in Fig. 1(a), Pg(L) is given by

Pp(L) = P,,PéPf (L)Py, 2)

where Py is the QFC efficiency, Pr(L) is the probability of
transmission along the network fiber, P, is the BSA detector
efficiency, P, is the probability of a photon being emitted,
collected, and coupled into the network fiber, and y is the total
number of QFC steps used per network arm. We assume the
nodes are synchronized via a clock signal. The probability of
transmission along a fiber is modeled as an exponential loss
as a function of the distance traveled along the fiber.

In practice, entanglement rates are greatly reduced by rela-
tively low photon collection efficiencies (typically <10% for
trapped-ion systems [12]). This is because after each photon
request event, network nodes experience a dead time of r(L)~!
waiting to receive the BSA measurement result to determine
if entanglement was successful before proceeding to request
another photon.

B. Entanglement rate R’(L) with NDSPM

The traditional two-node network, described in Sec. IT A
and shown in Fig. 1(a), may be capable of a large photon
request rate r(L), but in the presence of low photon coupling
into the network, many of these attempts are wasted due to a
low value of P,. Placing a NDSPM device at both network
nodes [Fig. 1(b)] which detects the presence of a traveling
photon, without destroying the ion-photon entangled state, can
serve as a herald to either allow the entanglement protocol to
proceed or to trigger a node to request another photon.

When no photon is detected at the start of the network
fiber, the NDSPM signal can be used to trigger a subsequent
photon request at a time of f,,, instead of 2f,(L), where
t,a 1s the NDSPM response time. The response time of the
NDSPM should not impede the entanglement protocol for a
given network distance L, and so one requires t,; << 2t,,(L).
In the example case analysis in Sec. III, a NDSPM response
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time f,y of 1 ws is used. Such rapid response is possible
using a NDSPM scheme such as that proposed by Xia et al.
[20], which uses an effective three-wave mixing scheme in a
neutral rubidium atomic vapor contained within a hollow-core
photonic crystal fiber to impart a detectable phase shift on
a probe beam when a single photon is present. With this
example, after measurement, photonic quantum state fidelities
greater than 0.9 are expected, with detection efficiencies near
0.91 [20]. This fidelity is within the range where entanglement
distillation could be used to purify the ion-ion entanglement
produced in the network at the cost of entanglement rate [43].
Alternatively, higher fidelities can be achieved by lowering the
NDSPM detection efficiency for this method. We note that
other NDSPM implementations, such as a neutral-atom cou-
pled to an optical cavity [19] and nondestructive single-photon
triggers [44], may be used to similar effect, provided they
satisfy #,; < 2¢,(L) while sufficiently preserving the fidelity
of the ion-photon entangled state.

The addition of a NDSPM flag makes it possible to request
photons at a modified maximum rate of r/ . = 1/T, where

max

T = rp + twa, until a photon is successfully detected in the

network fiber. The average photon request rate in this con-
figuration, #/(L), can be calculated using a weighted average
between 2¢,(L) and T, given by

1
PR+ (1 = p)T’
where the probability of a photon being detected, per request
by the NDSPM, is given by

P = PyPoPu, @)

r'(L) = 3)

where P,; is the NDSPM detection efficiency and n is the
number of QFC steps used before the NDSPM. In the example
case in this work, we consider a network with n = 1.

Although Eq. (3) represents the average request rate of
a single node, there is no guarantee that both nodes will
be attempting to produce a photon at the same time. One
node can successfully send a photon into the network and be
awaiting a signal from the BSA, while the other node is still
attempting to produce a photon. The only instance in which
entanglement can occur is when both nodes simultaneously
attempt to produce photons (for a symmetric network), which
occurs with probability

Lr

_ V4
(L) = T+ 20,(L) ©)

This factor is equivalent to the ratio of the average time a node
spends attempting to get a successful NDSPM, T /p, relative
to the total time it takes on average to produce a photon and
get a response from the BSA.

Analogous to Eq. (1), the entanglement rate is then given
by

R(L) = a(L)r'(L)[PuaTwaPs(L)I*/2, (6)

where I',,; represents the transmission of the NDSPM, allow-
ing for the possibility of a photon being successfully detected,
but not transmitted past the NDSPM device. Such a transmis-
sion loss is not fundamental to the NDSPM scheme proposed
in [20], but has been observed [19]. Using the experimental

parameters presented in Sec. III, we show that this rate can
exceed that given by Eq. (1).

C. Entanglement rate R}, (L) with NDSPM
and BSA photonic storage

The network with a NDSPM described in Sec. IIB can
only produce entanglement when both nodes simultaneously
attempt to produce photons, with probability «(L). We can
remove the requirement for simultaneous photon emission on
a given experimental cycle by using photonic storage just be-
fore each input to the BSA to synchronize photon arrival times
[Fig. 1(c)]. A photon that successfully reaches the photonic
storage at one BSA input is stored until the photonic storage
for the other BSA input also contains a photon, whereupon
both photons are released into the BSA. This release event can
be triggered by control electronics at the location of the BSA
using logic circuitry and classical information fed forward by
each NDSPM in the event of a successful photon herald. After
the synchronized photon release from the storage elements,
the result of the BSA measurement is fed back to the nodes so
that they are again requested to produce photons.

This method will decrease the average attempt rate for
each node, but, with sufficient storage efficiency, will allow
for more efficient use of photons produced by the nodes and
an increase in entanglement rate. In this section, we will
determine the average amount of time it takes for both nodes
to produce a successful NDSPM, which is a requisite before
entanglement may be attempted. We can then use this time to
determine the entanglement rate of a hybrid network incorpo-
rating both NDSPM and photonic storage. The entanglement
rate is compared with a homogeneous network’s entangle-
ment rate [Eq. (1)], for the case of a barium ion and neutral
rubidium-based hybrid network in Sec. III.

We begin by considering the number of photon-request
attempts needed before node i receives a successful NDSPM
flag. The probability this occurs on the xth photon request
since the last command from the BSA is given by a geometric
distribution,

P(x)=(1-p)'p, (7

where i € {1, 2}.

The probability that a node has successfully emitted a
photon into the network after any of the first X repetitions is
given by the cumulative distribution function,

Px<X)=1-(1-p~*. 8)

Assuming node 1 is successful, the two possible outcomes
are that node 2 has either already produced a photon or that
node 2 still needs to produce a photon. In the former case,
the production of a photon from node 1 is the limiting factor,
with both nodes successfully sending a photon into the net-
work by time X T . For the latter case, node 2 is the limiting
factor and entanglement can only be attempted after waiting
an additional 1/p repetitions, on average. The average time
for both nodes to successfully send a photon into the network
isthen XT + T/ p for this case. We can therefore calculate the
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FIG. 2. (a) Multiplicative factor B(p, T, t) required to adjust entanglement rates as a function of p for given ratios of storage time 7 to
experimental rep rate 7. (b) Zoom-in of 0 < p < 0.1, which is a typical operating range of current trapped-ion systems. The dashed vertical

line indicates the value of p used in Sec. III.

average time between entanglement attempts as

T*(L) =)  P(X){XPyx < X)
X=1

+ X +p O = Pale <XONT +26,(L),  (9)

where the additional term 27,(L) is the network round-trip
time described in Sec. Il A. Inserting Eqgs. (8) into (9) and
simplifying gives

2p—3
p(p—2)

The inverse of T*(L) is then the node’s effective repetition
rate r*(L). We can write the entanglement generation rate in a
manner similar to Eq. (6) as

T*(L) = T + 2t,(L). (10)

R*(L) = r*(L)[Py(L)T.aEsPyPa]’ 2. (11)
where E; is the efficiency of the photon storage just before
the BSA and where z is the number of QFC steps used in
each network arm after the NDSPM. (This is distinct from
the total number of QFC steps, y, as defined in Sec. IT A.)
Depending upon the color used for network transmission and
color needed for photon storage, there might be multiple QFC
steps after the NDSPM involved as discussed in Sec. III.

Any realistic storage will not be able to store photons
indefinitely. Assuming storage that decays exponentially in
time with time constant 7, one can show that R*(L) is modified
by the multiplicative factor (see Appendix C)

T/t _
B(p.T.7) = p(l+e p)

= . 12
@-=p)e"t+p-1) (12

Critically, this factor does not depend on the length of the
network and instead displays an exponential dependence on
the ratio 7/t. This factor is plotted as a function of p for
various ratios of 7/t in Fig. 2(a). As current trapped-ion
systems have p < 0.1, a zoom-in of the region 0 < p < 0.1
is shown in Fig. 2(b). For typical ion systems, = 1000 T
will ensure that finite storage reduces entanglement rates by
<10%.

III. CASE STUDY USING BARIUM IONS
AND RUBIDIUM ATOMS

To highlight the entanglement rate increase using the hy-
brid network tools described in this work, we present an
example using network nodes comprised of single trapped
Ba™ ions. The ions are optically excited with near-unity prob-
ability leading to the probabilistic emission of a single 493-nm
photon which serves as a flying qubit maximally entangled
with the ion’s internal states [39]. We use a maximum node
photon request rate of ry,x = 2 MHz as a realistic maximum
for current ion trap experiments [12].

We set the probability of a photon being emitted, collected,
and coupled into the network fiber as P, = 0.06, which as-
sumes a 0.6 NA collection optic, 80% fiber coupling, and
an even Ba™ isotope [39]. We use one QFC step (y = 1) for
converting the 493-nm photon to 780 nm, making it compat-
ible with neutral Rb NDSPM devices (efficiency P,; = 0.75
corresponding to a fidelity of >0.965 using the method in [20]
and set I',; = 1) and an additional QFC step (y = 2) to take
the photon frequency to the C-band. We note that a three-step
distillation process as outlined in [43] is projected to increase
a fidelity of >0.965 to ~0.9975 with an entanglement rate
penalty of ~8. An additional QFC step is required for the
C-band network using photonic storage (Sec. IIC) to take
the C-band back to 780 nm for compatibility with neutral-Rb
storage devices (efficiency E; = 1). Thus, z = 0 and z = 2 for

TABLE I. Values used in entanglement rate calculations.

Variable Description Value used
Fimax maximum photon production rate 2 MHz
thd NDSPM time 1 us
t,(L) network travel time 1.4L/c
P, per-shot photon collection efficiency 0.06

Py QFC efficiency per stage 0.60

P, BSA detector efficiency 0.8

P,y NDSPM efficiency 0.75

E; photon storage efficiency 1

J NDSPM transmission 1
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FIG. 3. The entanglement generation rate of a two-node network connected using 780 nm fiber links in a standard homogeneous network
described in Sec. II A (black solid), using NDSPM as described in Sec. II B (magenta dashed and triangles) and using NDSPM and photon
storage as described in Sec. II C (magenta solid and squares) as a function of network distance L. Rates are also shown for a C-band-linked
network in a standard homogeneous configuration (black dot-dashed), using NDSPM (blue dashed and circles) and using NDSPM and photon
storage (blue solid and diamonds). (a) The rates over 5 km; (b) the rates over 50 km. The theory curves are determined from the analytical
solutions in the paper and the points are from simulated data with statistical error bars smaller than the plot points.

the 780-nm- and C-band-based networks using storage, re-
spectively. The QFC efficiencies are set at 60% (see Appendix
A). We assume all network links are comprised of optical fiber
with a refractive index of 1.4, which is a good approximation
for both near-IR and C-band networks. The fiber attenuation is
set to 3 and 0.15 dB /km for the 780-nm and C-band network,
respectively. Table I gives the values used for entanglement
rate calculations.

In Figs. 3 and 4, we compare the entanglement gener-
ation rates for this example case in network configurations
described in Secs. IT A, II B, and ITC and operating at either
780 nm or in the C-band. The entanglement rates in Figs. 3
and 4 are determined using Egs. (1), (6), and (11) (lines)
and also using simulated data (data points in Fig. 3). See
Appendix B for more details on the simulation.

The black curves in Fig. 3 show the entanglement genera-
tion rates for basic two-node networks at 780 nm (black solid)
and C-band (black dot-dashed) as described in Sec. I A. The
dashed curves show the rates for a network using NDSPM
as described in Sec. IIB using 780-nm photons (magenta

and triangles) and C-band photons (blue and circles). When
comparing hybrid networks using NDSPM (circles and trian-
gles) to those using NDSPM and photonic storage (diamonds
and squares), as described in Secs. II B and II C, respectively,
there is an increase in entanglement rates. For example, the
780-nm network with NDSPM outperforms a basic network
using C-band photons up to ~1.8 km. Then, by adding the
photonic storage, this distance can be increased to ~5 km
(magenta squares) in Fig. 3. Similarly, Fig. 3(a) shows that
a C-band network using NDSPM outperforms the 780-nm
network using NDSPM and photonic storage after ~3.8 km.
The ratio of entanglement rate between a hybrid net-
work using NDSPM [Eq. (6)] and a homogeneous network
[Eq. (1)] shows a peak followed by a slow decline (dashed
curves in Fig. 4). This decline can be explained by Egs. (3)
and (5), where 2¢#,(L) will dominate at large distances and,
eventually, this method underperforms the homogeneous net-
work rate R(L). Comparing Eqgs. (1) and (6), this occurs
at lengths such that Pnzdz% < t,(L). The 780-nm network
using photonic storage in addition to NDSPM [Eq. (11)]

7@

4 --- 780 NDSPM
—— 780 NDSPM+Storage

- S~

Rate Increase
=
o
r

o

T®

4 —--- C-Band NDSPM
—— C-Band NDSPM+Storage

- ~<

Distance (km)

7 07 1 10 1%

107 171 107 107 107
Distance (km)

FIG. 4. Entanglement rate increases are shown for networks with NDSPM (dashed) and NDSPM with storage (solid) over standard
homogeneous networks using (a) 780-nm photons and (b) C-band photons, as a function of distance L. These are calculated from the ratios of
the relevant curves in Fig. 3. In all cases, the theory curves are determined from the analytical solutions in the paper.
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FIG. 5. Entanglement rate increase contours at both 780 nm and C-band as a function of E; and P, for various distances. All other variables

are kept constant, as given by Table I and as mentioned in Sec. II1I.

for each node outperforms a standard 780-nm network at
all distances for the values used in this work (solid curves
in Fig. 4). At long distances T*(L)~ r(L)~' and for the
780-nm network, the rate ratio approaches an asymptotic
limit given by [[",4Es/ (PI,PQ)]2 & 772, the increase in suc-
cess probability given a successful NDSPM. The C-band
network with storage, having an additional stage of QFC
versus the nonstorage case, approaches an asymptotic limit of
[TaEs/Py)* ~ 278.

The example cases in Figs. 3 and 4 use set values of the
photon storage efficiency, E; = 1, and NDSPM efficiency,
P,; = 0.75. Variations in these values will affect the network’s
entanglement rate increase over a homogeneous network. In
Fig. 5, we show contour plots for both the 780-nm- and C-
band-based networks as a function of E; and P,,. In both the
780-nm and C-band networks, it can be seen that entangle-
ment generation rates over an order of magnitude compared
with a homogeneous network can be achieved with only mod-
est values of E; and P,;. In fact, for the C-band network,
factors of over 100 can be achieved after 10 km with E; and
P, values of ~0.6.

We have described how integration of neutral-atom-based
technologies into a trapped-ion-based quantum network can
overcome photon losses to yield significant increases in en-
tanglement generation rates. We show this increase can be
over a factor of 100 in both 780-nm- and C-band-based
fiber network links. The use of hybrid technology in trapped-
ion-based quantum networks is a promising method for
establishing quantum networks with projected gains over
their homogeneous counterparts in entanglement generation
rates.
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APPENDIX A: QFC EFFICIENCIES

We have performed frequency conversion efficiency tests
using a waveguide buried in a periodically poled LiNbO;
(PPLN) crystal fabricated via reverse proton exchange [45].
Within the waveguide, difference frequency generation re-
sults in the conversion of 493-nm photons to 780-nm photons
in the presence of a high-intensity pump [33,39,46]. A
high-intensity pump laser operating at 1343 nm as well as
low-intensity 493-nm light are combined via a dichroic mirror
and then coupled into one side of the waveguide using an
uncoated aspheric lens. At the output of the PPLN waveguide,
another uncoated aspheric lens is used to roughly collimate
the converted 780-nm light. The converted signal is then sep-
arated from the pump through use of both a dichroic mirror
as well as a set of band-pass (Semrock 1326/SP-25 and Sem-
rock LLO1-780-12.5) filters and coupled into a polarization
maintaining single-mode fiber. The power of the converted
signal is then measured at the output of this short fiber using
a standard power meter. This is similar to the setups used
in [47].

We observe end-to-end QFC efficiencies of ~40% in the
conversion of 493-nm photons to 780-nm photons, includ-
ing coupling back into optical fiber (Fig. 6). An end-to-end
efficiency ~60% could be achieved via the incorporation of
antireflection coatings on coupling optics and on the facets of
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FIG. 6. Efficiency of QFC from 493 nm to 780 nm as a function
of pump power P, coupled into a LiNbO; waveguide [45]. The
solid line is a fit to n sin?[(7x /2)+/P/P,], where P,, is the power at
maximum conversion efficiency and 7 is the maximum conversion
efficiency. Deviations of the data from theory fit are thought to be due
to pump-induced phase-matching changes for this particular waveg-
uide. Uncertainties result from converted signal power fluctuation
over the course of the measurement.

the LiNbO3 waveguide [45], neither of which were used in
the taking of the data in Fig. 6. We, therefore, assume 60%
QFC efficiency from 493 nm to 780 nm for this work and
assume the same efficiency for QFC from 780-nm to C-band
wavelengths, as has been previously demonstrated [48]. The
output frequency of the QFC setup may be tuned into or
out of optical resonance with neutral-rubidium systems (or to
match other systems) by tuning the QFC setup’s pump laser
frequency.

APPENDIX B: NETWORK SIMULATIONS

As verification of the theory presented in the main text,
we run a simulated experiment. The simulation iterates over
a set number of clock cycles, with a cycle period equal to
T as defined in Sec. II B. All photon-emission attempts are
implemented at an integer number of clock cycles, as would
be needed experimentally for synchronization purposes, and
all travel times are rounded up to the nearest number of cycles
for ease of coding. Events that can occur in the experiment
with nonunity probability are simulated via comparison to
random number generators (RNGs) with a precision of 1074
A Boolean flag variable is used for each channel, which can be
set to True, after a successful photon detection event, or False,
when no photon is detected or when the experiment should be
reset.

First, we discuss the configuration presented in Fig. 1(b)
described in Sec. II B. At every clock cycle, equivalent to one
iteration of the program loop, the program checks the flag
variable for each channel, and if a flag is not raised (i.e., it
is False), a photon-generation attempt is performed using a
comparison between an RNG and the per-shot probability a
photon is detected by the NDSPM, given by Eq. (4) in the
main text. In the case of a successful NDSPM, the correspond-
ing flag variable is set to True, preventing photon production
from that channel for the amount of time it would take for
information to travel to the BSA and back, 2¢,(L), rounded

to the nearest number of clock cycles, after which the flag
is reset to False. In the case of a successful NDSPM, on the
same cycle, the probability of a photon making it to the BSA
is compared to an RNG to determine if the photon makes it
through the network and, if so, a Boolean variable for the
BSA is set to True. If both channels have a BSA variable
set to True, an entanglement event is recorded. The error in
the entanglement rates is determined from statistical errors
after 10% program iterations. At the end of every program
iteration, the BSA variable for each channel is set to False
to ensure that entanglement events are only recorded when
both nodes successfully produce a photon on the same clock
cycle.

We now discuss the simulation for the network shown
in Fig. 1(c) and discussed in Sec. I C, which removes the
requirement that both photons be produced on the same clock
cycle. In this case, the flag variables for each channel are set
to True in the same manner as above, but are not reset to
False after a set time. Instead, a successful NDSPM results
in a storage variable for that channel being set to True after
a time t,(L), the time it takes for a photon to travel from
each node to the BSA. After the NDSPM, BSA variables
for each channel may be set to True in the same manner as
discussed for the nonstorage case, with the addition inclusion
of storage efficiency in the photon transmission probability.
In this case, however, BSA variables are not automatically set
to False at the beginning of every cycle, as photons can now
be stored at the BSA. This allows one channel to preserve
its photons in the storage element, while the other channel
continues photon-generation attempts.

Every cycle, the simulation checks to see if the storage
variables for both channels are simultaneously set to True.
At this point, if the photon variables for both channels are
set to True, an entanglement event is recorded. Both photon
variables are then set to False, and after a time 7,(L), to allow
for information to travel back to each node, the flag variables
for each channel are set to zero to allow photon production to
recommence.

The code for this simulation is available at Ref. [49] or on
request.

APPENDIX C: EFFECT OF NONINFINITE STORAGE TIME

The entanglement rates given in the main text assume that
the photons from each node can be stored indefinitely. Any
realistic storage element will, however, have limits on the
storage time. We will examine the effect of this finite storage
time on entanglement rates.

When a photon from one of the nodes reaches the storage
element, it is stored until the other node’s photon is stored.
Critically, this means that the relevant timescale is the dif-
ference between the arrival times of each of the photons to
their respective storage devices. Because the network length is
symmetric, the relative arrival time is equivalent to the relative
time between the successful NDSPM of photons produced
by each node. The travel time (and therefore the network
length) has no affect on this time for the symmetric network
considered. The probability that the second node successfully
produces a photon M cycles after the first node successfully
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produces a photon is given by

Piy(M) =) " PI(N)Py(N + M)

N=1
[o¢]

— sz(l _p)2N+M—2
N=1

_p=p

Cl
=) (ChH

Similarly, the probability that the second node produces a
photon M cycles before the first node successfully produces a
photon is given by

Py (M) =) PL(N)Py(N — M)O(N — M)
N=1

=Y PP =p* MW — M)
N=I

_a-p"

p— (€2)

where 0 (x) represents the left-side continuous Heaviside step
function.

Using these values, we can calculate the weighted proba-
bility that the photons from both nodes are successfully stored.
We consider single-photon storage that decays exponentially
over time, with decay constant . Both photons are then stored
and successfully released with a probability, relative to the
maximum storage probability of Ey, of

oo

B(p.T.7) =Y [Pr(M)+ Py (M)le™"/* — P(0)
M=0

_ pd+et—p)
C-p)m+p-1)’
where T is the period as defined in Sec. II B. The P;,(0) term
is subtracted to keep from double counting for M = 0, where

one should note P;(0) = P»;(0). The entanglement rate then
is altered to

(C3)

R*(L) = B(p, T, t)r*(L)[Pf(L)EsPéPd]Z/Z. (C4

[1] T. P. Harty, D. T. C. Allcock, C. J. Ballance, L. Guidoni,
H. A. Janacek, N. M. Linke, D. N. Stacey, and D. M. Lucas,
Phys. Rev. Lett. 113, 220501 (2014).

[2] C.J. Ballance, T. P. Harty, N. M. Linke, M. A. Sepiol, and D. M.
Lucas, Phys. Rev. Lett. 117, 060504 (2016).

[3] J. P. Gaebler, T. R. Tan, Y. Lin, Y. Wan, R. Bowler, A. C.
Keith, S. Glancy, K. Coakley, E. Knill, D. Leibfried, and D.J.
Wineland, Phys. Rev. Lett. 117, 060505 (2016).

[4] S. Debnath, N. M. Linke, C. Figgatt, K. A. Landsman, K.
Wright, and C. Monroe, Nature (London) 536, 63 (2016).

[5] A. Erhard, J. J. Wallman, L. Postler, M. Meth, R. Stricker,
E. A. Martinez, P. Schindler, T. Monz, J. Emerson, and R. Blatt,
Nat. Commun. 10, 5347 (2019).

[6] K. Wright, K. Beck, S. Debnath, J. Amini, Y. Nam, N. Grzesiak,
J.-S. Chen, N. Pisenti, M. Chmielewski, C. Collins et al.,
Nat. Commun. 10, 5464 (2019).

[7] J. M. Pino, J. M. Dreiling, C. Figgatt, J. P. Gaebler, S. A. Moses,
M. S. Allman, C. H. Baldwin, M. Foss-Feig, D. Hayes, K.
Mayer, C. Ryan-Anderson, and B. Neyenhuis, Nature (London)
592,209 (2021).

[8] J. Smith, A. Lee, P. Richerme, B. Neyenhuis, P. W. Hess, P.
Hauke, M. Heyl, D. A. Huse, and C. Monroe, Nat. Phys. 12,
907 (2016).

[9] J. Zhang, P. W. Hess, A. Kyprianidis, P. Becker, A. Lee, J.
Smith, G. Pagano, L.-D. Potirniche, A. C. Potter, A. Vishwanath,
N. Y. Yao, and C. Monroe, Nature (London) 543, 217 (2017).

[10] C. Hempel, C. Maier, J. Romero, J. McClean, T. Monz, H. Shen,
P. Jurcevic, B. P. Lanyon, P. Love, R. Babbush, A. Aspuru-
Guzik, R. Blatt, and C. F. Roos, Phys. Rev. X 8, 031022 (2018).

[11] P. Jurcevic, H. Shen, P. Hauke, C. Maier, T. Brydges, C.
Hempel, B. P. Lanyon, M. Heyl, R. Blatt, and C. F. Roos,
Phys. Rev. Lett. 119, 080501 (2017).

[12] L. J. Stephenson, D. P. Nadlinger, B. C. Nichol, S. An, P.
Drmota, T. G. Ballance, K. Thirumalai, J. F. Goodwin, D. M.
Lucas, and C. J. Ballance, Phys. Rev. Lett. 124, 110501
(2020).

[13] D. Hucul, I. V. Inlek, G. Vittorini, C. Crocker, S. Debnath, S. M.
Clark, and C. Monroe, Nat. Phys. 11, 37 (2015).

[14] J. Lampen, H. Nguyen, L. Li, P. R. Berman, and A. Kuzmich,
Phys. Rev. A 98, 033411 (2018).

[15] Y. Dudin and A. Kuzmich, Science 336, 887 (2012).

[16] M. D. Eisaman, A. André, F. Massou, M. Fleischhauer, A. S.
Zibrov, and M. D. Lukin, Nature (London) 438, 837 (2005).

[17] 1. Novikova, R. L. Walsworth, and Y. Xiao, Laser Photon. Rev.
6, 333 (2012).

[18] W. S. Leong, M. Xin, C. Huang, Z. Chen, and S.-Y. Lan,
Phys. Rev. Res. 2, 033320 (2020).

[19] A. Reiserer, S. Ritter, and G. Rempe, Science 342, 1349 (2013).

[20] K. Xia, M. Johnsson, P. L. Knight, and J. Twamley, Phys. Rev.
Lett. 116, 023601 (2016).

[21] C. Simon and W. T. M. Irvine, Phys. Rev. Lett. 91, 110405
(2003).

[22] D. L. Moehring, P. Maunz, S. Olmschenk, K. C. Younge, D. N.
Matsukevich, L.-M. Duan, and C. Monroe, Nature (London)
449, 68 (2007).

[23] S. Ritter, C. Nolleke, C. Hahn, A. Reiserer, A. Neuzner, M.
Uphoff, M. Miicke, E. Figueroa, J. Bochmann, and G. Rempe,
Nature (London) 484, 195 (2012).

[24] M. Lettner, M. Miicke, S. Riedl, C. Vo, C. Hahn, S. Baur, J.
Bochmann, S. Ritter, S. Diirr, and G. Rempe, Phys. Rev. Lett.
106, 210503 (2011).

[25] B. Hensen, H. Bernien, A. E. Dréau, A. Reiserer, N. Kalb, M. S.
Blok, J. Ruitenberg, R. F. L. Vermeulen, R. N. Schouten, C.
Abellan et al., Nature (London) 526, 682 (2015).

052433-8


https://doi.org/10.1103/PhysRevLett.113.220501
https://doi.org/10.1103/PhysRevLett.117.060504
https://doi.org/10.1103/PhysRevLett.117.060505
https://doi.org/10.1038/nature18648
https://doi.org/10.1038/s41467-019-13068-7
https://doi.org/10.1038/s41467-019-13534-2
https://doi.org/10.1038/s41586-021-03318-4
https://doi.org/10.1038/nphys3783
https://doi.org/10.1038/nature21413
https://doi.org/10.1103/PhysRevX.8.031022
https://doi.org/10.1103/PhysRevLett.119.080501
https://doi.org/10.1103/PhysRevLett.124.110501
https://doi.org/10.1038/nphys3150
https://doi.org/10.1103/PhysRevA.98.033411
https://doi.org/10.1126/science.1217901
https://doi.org/10.1038/nature04327
https://doi.org/10.1002/lpor.201100021
https://doi.org/10.1103/PhysRevResearch.2.033320
https://doi.org/10.1126/science.1246164
https://doi.org/10.1103/PhysRevLett.116.023601
https://doi.org/10.1103/PhysRevLett.91.110405
https://doi.org/10.1038/nature06118
https://doi.org/10.1038/nature11023
https://doi.org/10.1103/PhysRevLett.106.210503
https://doi.org/10.1038/nature15759

IMPROVING ENTANGLEMENT GENERATION RATES IN ...

PHYSICAL REVIEW A 103, 052433 (2021)

[26] R. Stockill, M. J. Stanley, L. Huthmacher, E. Clarke, M.
Hugues, A. J. Miller, C. Matthiesen, C. Le Gall, and M. Atatiire,
Phys. Rev. Lett. 119, 010503 (2017).

[27] P. C. Humphreys, N. Kalb, J. P. Morits, R. N. Schouten, R. F.
Vermeulen, D. J. Twitchen, M. Markham, and R. Hanson,
Nature (London) 558, 268 (2018).

[28] J. D. Siverns and Q. Quraishi, Quantum Inf. Proc. 16, 314
(2017).

[29] H. Takahashi, E. Kassa, C. Christoforou, and M. Keller,
Phys. Rev. Lett. 124, 013602 (2020).

[30] G. Araneda, G. Cerchiari, D. B. Higginbottom, P. C. Holz, K.
Lakhmanskiy, P. Obsil, Y. Colombe, and R. Blatt, Rev. Sci.
Instrum. 91, 113201 (2020).

[31] G. Shu, C.-K. Chou, N. Kurz, M. R. Dietrich, and B. B. Blinov,
J. Opt. Soc. Am. B 28, 2865 (2011).

[32] C. Crocker, M. Lichtman, K. Sosnova, A. Carter, S. Scarano,
and C. Monroe, Opt. Express 27, 28143 (2019).

[33] J. D. Siverns, J. Hannegan, and Q. Quraishi, Phys. Rev. Appl.
11, 014044 (2019).

[34] J. D. Siverns, J. Hannegan, and Q. Quraishi, Sci. Adv. 5,
eaav4651 (2019).

[35] A. N. Craddock, J. Hannegan, D. P. Ornelas-Huerta, J. D.
Siverns, A. J. Hachtel, E. A. Goldschmidt, J. V. Porto, Q.
Quraishi, and S. L. Rolston, Phys. Rev. Lett. 123, 213601
(2019).

[36] T. Walker, K. Miyanishi, R. Ikuta, H. Takahashi, S. Vartabi
Kashanian, Y. Tsujimoto, K. Hayasaka, T. Yamamoto, N.
Imoto, and M. Keller, Phys. Rev. Lett. 120, 203601 (2018).

[37] V. Krutyanskiy, M. Meraner, J. Schupp, V. Krcmarsky, H.
Hainzer, and B. Lanyon, npj Quantum Inf. 5, 1 (2019).

[38] M. Bock, P. Eich, S. Kucera, M. Kreis, A. Lenhard, C. Becher,
and J. Eschner, Nat. Commun. 9, 1998 (2018).

[39] J. D. Siverns, X. Li, and Q. Quraishi, Appl. Opt. 56, B222
(2017).

[40] S. Olmschenk, D. Hayes, D. Matsukevich, P. Maunz, D.
Moehring, and C. Monroe, Int. J. Quantum Inf. 8, 337 (2010).

[41] S. Olmschenk, D. Matsukevich, P. Maunz, D. Hayes, L.-M.
Duan, and C. Monroe, Science 323, 486 (2009).

[42] J. Calsamiglia and N. Liitkenhaus, Appl. Phys. B 72, 67 (2001).

[43] R. Nigmatullin, C. J. Ballance, N. De Beaudrap, and S. C.
Benjamin, New J. Phys. 18, 103028 (2016).

[44] J. C. Howell and J. A. Yeazell, Phys. Rev. A 62, 032311 (2000).

[45] PPLN device from www.srico.com.

[46] P. Kumar, Opt. Lett. 15, 1476 (1990).

[47] J. Hannegan, U. Saha, J. D. Siverns, J. Cassell, E. Waks, and Q.
Quraishi, arXiv:2103.16450.

[48] T. van Leent, M. Bock, R. Garthoff, K. Redeker, W. Zhang, T.
Bauer, W. Rosenfeld, C. Becher, and H. Weinfurter, Phys. Rev.
Lett. 124, 010510 (2020).

[49] See https://github.com/ionquantumnetworks/Trappedlon-
PhotonMeasStorage.

052433-9


https://doi.org/10.1103/PhysRevLett.119.010503
https://doi.org/10.1038/s41586-018-0200-5
https://doi.org/10.1007/s11128-017-1760-2
https://doi.org/10.1103/PhysRevLett.124.013602
https://doi.org/10.1063/5.0020661
https://doi.org/10.1364/JOSAB.28.002865
https://doi.org/10.1364/OE.27.028143
https://doi.org/10.1103/PhysRevApplied.11.014044
https://doi.org/10.1126/sciadv.aav4651
https://doi.org/10.1103/PhysRevLett.123.213601
https://doi.org/10.1103/PhysRevLett.120.203601
https://doi.org/10.1038/s41534-019-0186-3
https://doi.org/10.1038/s41467-018-04341-2
https://doi.org/10.1364/AO.56.00B222
https://doi.org/10.1142/S0219749910006381
https://doi.org/10.1126/science.1167209
https://doi.org/10.1007/s003400000484
https://doi.org/10.1088/1367-2630/18/10/103028
https://doi.org/10.1103/PhysRevA.62.032311
http://www.srico.com
https://doi.org/10.1364/OL.15.001476
http://arxiv.org/abs/arXiv:2103.16450
https://doi.org/10.1103/PhysRevLett.124.010510
https://github.com/ionquantumnetworks/TrappedIonPhotonMeasStorage

