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Entanglement concurrence has been widely used for featuring entanglement in quantum experiments. As an
entanglement monotone it is related to specific quantum Tsallis entropy. Our goal in this paper is to propose
a parametrized bipartite entanglement monotone which is named as q-concurrence inspired by general Tsallis
entropy. We derive an analytical lower bound for the q-concurrence of any bipartite quantum entanglement
state by employing positive partial transposition criterion and realignment criterion, which shows an interesting
relationship to the strong separability criteria. The parametrized entanglement monotone is used to characterize
bipartite isotropic states. Finally, we provide a computational method to estimate the q-concurrence for any
entanglement by superposing two bipartite pure states. It shows that the superposition operations can at most
increase one ebit for the q-concurrence in the case that the two states being superposed are biorthogonal or one-
sided orthogonal. These results reveal a series of phenomena about the entanglement, which may be interesting
in quantum communication and quantum information processing.
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I. INTRODUCTION

Quantum entanglement as one of the most remarkable
phenomena of quantum mechanics reveals the fundamental
insights into the nature of quantum correlations. It is the key of
many interesting quantum tasks such as quantum teleportation
[1], quantum dense coding [2], quantum secret sharing [3],
and quantum cryptography [4]. A fundamental problem is
how to justify whether a given quantum composite system
state is entangled or separable. So far, there are two important
entanglement criteria for the bipartite entanglement. One is
positive partial transpose (PPT) criterion [5], which implies
the partial transposition satisfying ρTA � 0 for any separable
state ρAB. The PPT criterion is a necessary and sufficient
condition of its separability for pure states and 2 ⊗ 2 and
2 ⊗ 3 mixed states, but in general not sufficient for higher
dimensions [5,6]. The other is complementary operational
criterion which is called the realignment criterion [7–9]. For
a separable ρAB, the realignment operation R(ρ) satisfies
‖R(ρ)‖1 � 1. Both entanglement criteria are widely used in
quantum experiments and quantum applications [10].

Entanglement measure as another approach is also used
to quantify entanglement [11,12]. There are some interest-
ing entanglement measures for bipartite entangled systems,
such as the concurrence [13–15], entanglement of formation
[16,17], negativity [18,19], Tsallis-q entropy of entanglement
[20], and Rényi-α entropy of entanglement [21,22]. Howbeit,
the explicit computation of these measures for arbitrary states
is a formidable task because of the extremization for mixed
states. So far, analytical results are only available for special
measures and two-qubit states or special higher-dimensional
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mixed states [15,23–27]. Moreover, these entanglement mea-
sures are also related to the PPT criterion and the realignment
criterion. Recently, some efforts have been made towards the
analytical lower bounds of concurrence [28–31]. Specially,
a completely analytical and powerful lower bound for the
concurrence was found in Ref. [29] by relating this quantity
to the PPT and realignment criteria. Further, in Ref. [30] the
authors sharpened this bound by relating concurrence to the
local uncertainty relations and the correlation matrix criterion.
Based on PPT and realignment, a lower bound for genuine
tripartite entanglement concurrence was obtained in Ref. [31].
Thereby, the development of analytical lower bounds for var-
ious entanglement measures is of great interest. One of the
goals in this paper is to construct an analytical lower bound of
an entanglement monotone. This bound includes the result in
Ref. [29] as a special case.

In fact, as one reason of the difficult quantification of mixed
states, any entanglement generated by superposing two pure
states cannot be simply featured by two individual states being
superposed. Entanglement of superpositions is first introduced
by Linden et al. [32], who found an upper bound on the en-
tanglement of formation for the superposition in terms of the
entanglement of two individual states being superposed. Their
bound is then improved by Gour [33]. So far, the entanglement
of superpositions has been addressed in terms of different
entanglement measures [34–40]. Although it is difficult to
exactly estimate the entanglement measure of the superposed
entanglement from individual states being superposed, how-
ever, it may be helpful for exploring the nature of quantum
entanglement by investigating the superposed entanglement.
Additionally, it provides direct results for the approximate
quantification of mixed entanglement [41–43].

The concurrence for a bipartite pure state |ψ〉AB is defined

by C(|ψ〉AB) =
√

2(1 − Trρ2
A) [13]. It plays a major role in
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entanglement distributions such as entanglement swapping
and remote preparation of bipartite entangled states [44]. In
fact, the concurrence for pure states is related to specific
Tsallis entropy [45,46] as C(|ψ〉AB) = √

2T2(ρA) for q = 2.
Noteworthily, Tsallis entropy provides a generalization of
traditional Boltzmann-Gibbs statistical mechanics and en-
ables us to find a consistent treatment of dynamics in many
nonextensive physical systems such as long-range interac-
tions, long-time memories, and multifractal structures [47].
Tsallis entropy also provides many intriguing applications in
the realms of quantum information theory [48–51]. Hence a
natural problem is how to construct an entanglement measure
from general Tsallis entropy with q � 2. Our goal in this
paper is to solve this problem.

The outline of the rest is as follows. In Sec. II, we pro-
pose a parametrized bipartite entanglement monotone which
is related to general Tsallis entropy for any q � 2. The so-
called q-concurrence is actually an entanglement monotone.
We prove an analytical lower bound for the q-concurrence
by using the PPT and realignment criteria. Moreover, we
valuate the q-concurrence for isotropic states. In Sec. III,
we investigate the entanglement of the superposition of two
pure states by using the q-concurrence in terms of two
states being superposed. The entanglement of the superposed
state can be expressed explicitly when two input states are
biorthogonal or one-sided orthogonal. As a result, the super-
posing operation can only increase at most one ebit in terms
of the q-concurrence in both cases. The last section concludes
the paper.

II. ENTANGLEMENT MONOTONE

Before giving our definition, we recall a well-known bi-
partite entanglement monotone. For any arbitrary bipartite
pure state |ψ〉AB on Hilbert space HA ⊗ HB, the concurrence
[13,14] is given by

C(|ψ〉AB) =
√

2
(
1 − Trρ2

A

)
, (1)

where ρA = TrB(|ψ〉AB〈ψ |) is the reduced density matrix of
the subsystem A by tracing out the subsystem B.

The concurrence defined in Eq. (1) can be regarded as
a function of specific Tsallis entropy of q = 2 [45,46], i.e.,
C(|ψ〉AB) = √

2T2(ρA) for q = 2. In this section, we define
another parametrized entanglement monotone named the q-
concurrence which is related to general Tsallis entropy for any
q � 2.

A. q-concurrence

Definition 1. For an arbitrary bipartite pure state |ψ〉AB on
Hilbert space HA ⊗ HB, the q-concurrence is defined as

Cq(|ψ〉AB) = 1 − Trρq
A (2)

for any q � 2, where ρA is the reduced density operator of the
subsystem A.

It is clear that Cq(|ψ〉AB) = 0 if and only if |ψ〉AB is a sep-
arable state, i.e., |ψ〉AB = |ψ〉A ⊗ |ψ〉B. The q-concurrence
may be concerned with Schatten q-norm for the positive
semidefinite matrices, where the Schatten q-norm [52] is de-

fined as

‖A‖q = (TrAq)1/q. (3)

It will be a useful tool to prove the subadditivity inequality in
the following Lemma 1.

Suppose a pure state |ψ〉AB defined on Hilbert space HA ⊗
HB has the Schmidt decomposition

|ψ〉 =
m∑

i=1

√
λi|ai〉A|bi〉B. (4)

It is apparent that the reduced density matrices ρA and ρB have
the same spectra of {λi}. Hence we have

Cq(|ψ〉AB) = 1 − Trρq
A = 1 − Trρq

B. (5)

This implies that

Cq(|ψ〉) = 1 −
m∑

i=1

λ
q
i , (6)

where Cq(|ψ〉) satisfies 0 � Cq(|ψ〉) � 1 − m1−q. The lower
bound is obtained for product states, while the upper
bound is achieved for the maximally entangled pure states

1√
m

∑m
i=1 |ii〉.

For a mixed state ρAB on Hilbert space HA ⊗ HB, we define
its q-concurrence via the convex-roof extension as follows:

Cq(ρAB) = inf
{pi,|ψi〉}

∑
i

piCq(|ψi〉AB), (7)

where the infimum is taken over all the pure-state decomposi-
tions of ρAB = ∑

i pi|ψi〉〈ψi|, with
∑

i pi = 1 and pi � 0.
So far, several results have been made for the require-

ments that a reasonable measure of entanglement should fulfill
[11,53,54]. Specially, it has been proposed in Ref. [55] that the
monotonicity under local operations and classical communi-
cation (LOCC) has to satisfy as the only requirement of any
entanglement measure. This kind of entanglement measure is
then defined as entanglement monotone. In fact, Vidal [55]
states that it is an entanglement monotone E if the following
conditions hold.

(i) E (ρ) � 0 for any state ρ and E (ρ) = 0 if ρ is fully
separable.

(ii) For a pure state |�〉, the measure is a function of the
reduced density operator ρA = TrB(|�〉〈�|), i.e., E (|�〉) =
f (ρA), where the function f has the following properties:
(a) f is invariant under any unitary transformation U , i.e.,
f (UρAU †) = f (ρA); (b) f is concave, i.e., f [λρ1 + (1 −
λ)ρ2] � λ f (ρ1) + (1 − λ) f (ρ2) for λ ∈ (0, 1).

(iii) For a mixed state ρ, the measure E (ρ) is defined as the
convex-roof extension, i.e.,

E (ρ) = inf
{pi,|ψi〉}

{∑
i

piE (|ψi〉)|
∑

i

pi|ψi〉〈ψi| = ρ

}
, (8)

where the minimum is taken over all possible pure-state de-
compositions of ρ.

These conditions (i)–(iii) formalize intuitive properties of
an entanglement monotone. From this point of view any
entanglement monotone could be regarded as a measure of
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entanglement. We present the following Lemma 1 for ver-
ifying that the q-concurrence defined in Eq. (7) is a proper
entanglement monotone.

Lemma 1. Define the function

Fq(ρ) = 1 − Trρq (9)

for any density matrix ρ and q � 2. Fq(ρ) satisfies the follow-
ing properties.

(i) Non-negativity. Fq(ρ) � 0 for any density operator ρ,
where the equality holds for pure states.

(ii) Symmetry. Fq(ρA) = Fq(ρB) for a pure state ρAB of the
composite system AB.

(iii) Subadditivity. For a general bipartite state ρAB, Fq(ρAB)
satisfies the inequalities:

|Fq(ρA) − Fq(ρB)| � Fq(ρAB) � Fq(ρA) + Fq(ρB). (10)

(iv) Concavity and quasiconvexity. Fq is concave, i.e.,

∑
i

piFq(ρi ) � Fq

(∑
i

piρi

)
, (11)

where {pi} is a probability distribution and ρi’s are density
matrices. The equality holds if and only if ρi’s are identical
for all pi > 0. Moreover, Fq is quasiconvex, i.e.,

Fq

(∑
i

piρi

)
�

∑
i

pq
i Fq(ρi ) + 1 −

∑
i

pq
i , (12)

where the equality holds if and only if ρi
′s have supports

on orthogonal subspaces, i.e., ρi = |ψi〉〈ψi|, and {|ψi〉} are
orthogonal.

The proof of Lemma 1 is provided in Appendix A. Next
we prove Cq(ρ) is a proper entanglement monotone.

Proposition 1. The q-concurrence Cq(ρ) in Eq. (7) is an
entanglement monotone.

Proof. From the non-negativity in Lemma 1 and Eq. (7),
it follows that Cq(ρ) � 0 for any density matrix ρ, where
the equality holds iff ρ is separable. Furthermore, from the
concavity in Lemma 1, we know that Fq[λρ1 + (1 − λ)ρ2] �
λFq(ρ1) + (1 − λ)Fq(ρ2) for any density matrices ρ1 and ρ2

and λ ∈ (0, 1). Thus Cq(|φ〉AB) is a concave function of ρA.
Finally, Cq(|φ〉AB) is invariant under local unitary transfor-
mations from the invariance of Trρq. Then, the convex-roof
extension of the q-concurrence Cq(ρ) for mixed states is a
proper entanglement monotone [55]. �

Note that, for a given bipartite entanglement |ψ〉, the
entanglement monotone Cq(|ψ〉) in Eq. (2) is invariant un-
der the local unitary operations. From the Cayley-Hamilton
Theorem, the reduced density matrix ρA of rank d satisfies
a characteristic equation as

∑d
j=0 a jρ

j
A = 0. From the spec-

tra decomposition of ρA = ∑d
i=1 λi|φi〉〈φi|, the q-concurrence

in Eq. (6) satisfies a linear equation as
∑d

q=0 aqCq(|ψ〉) −∑
i aiC0(|ψ〉) = 0. Hence all the q-concurrences with q � d

will be evaluated for any d-dimensional pure states. However,
for a mixed state ρAB the q-concurrences Cq(ρAB) in Eq. (7) do
not satisfy the characteristic equation of the density matrix ρA

or ρAB. This implies that each q-concurrence of Cq(ρAB) may
provide different meanings for featuring the entanglement.

The proposed q-concurrence is equivalent to the previ-
ous Tsallis-q [20] for specific q. However, they are different
for large enough q. In fact, it is easy to show that the
q-concurrence can be used to detect the bipartite entangle-
ment, while the Tsallis-q entanglement cannot when q → ∞,
namely, the Tsallis-q cannot be applied for large q. In fact, as a
parametrized generalization of the Boltzmann-Gibbs entropy,
the Tsallis entropy is specially interesting in long-range sys-
tems such as the motion of cold atoms in dissipative optical
lattices [56,57], spin glass relaxation [58], or trapped ion [59].
The present q-concurrences for large q may be applicable for
featuring these long-range entangled systems beyond the stan-
dard concurrence [13] and the Tsallis-q entanglement [20].

B. Lower bound on the q-concurrence

In contrast to the simple case of pure entangled states
in Eq. (2), the quantification of mixed states is still chal-
lenging due to the optimization procedures [10]. Fortunately,
we present an effective operational way to detect the q-
concurrence for any bipartite quantum state, which manifests
an essential quantitative relation among the q-concurrence,
PPT criterion, and realignment criterion. Before presenting
the lower bound, we recall two separability criteria.

PPT criterion [5,6]. Given a bipartite state ρAB =∑
i jkl ρi j,kl |i j〉〈kl|. If ρAB is separable, then the partial

transposition ρTA with respect to the subsystem A has the non-
negative spectrum, i.e., ρTA � 0. The partial transpose ρTA is
given by ρTA = [

∑
i jkl ρi j,kl |i j〉〈kl|]TA = ∑

i jkl ρi j,kl |k j〉〈il|,
where the subscripts i and k are the row and column indices for
the subsystem A, respectively, while j and l are such indices
for the subsystem B.

Realignment criterion [7–9]. Let R be the realignment
operation on the joint system ρAB = ∑

i jkl ρi j,kl |i j〉〈kl|. The
output is given by R(ρ) = ∑

i jkl ρi j,kl |ik〉〈 jl|. If ρAB is sepa-
rable, then ‖R(ρ)‖1 � 1, where ‖X‖1 denotes the trace norm
defined by ‖X‖1 = Tr

√
XX† [60].

According to these criteria, a given state ρ is entangled if
the trace norms ‖ρTA‖1 or ‖R(ρ)‖1 are strictly larger than 1.

For the pure state defined in Eq. (4), it is straightforward to
prove [29]

‖ρTA‖1 = ‖R(ρ)‖1 =
(

m∑
i=1

√
λi

)2

. (13)

Besides, we know that

(
m∑

i=1

√
λi

)2

� m
m∑

i=1

λi = m (14)

from the Cauchy-Schwarz inequality, where {λi} is a proba-
bility distribution.

Theorem 1. For any mixed entanglement state ρ on Hilbert
space HA ⊗ HB with the dimension of m and n (m � n),
respectively, the q-concurrence Cq(ρ) satisfies the following
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inequality:

Cq(ρ) �
[

max
{‖ρTA‖q−1

1 , ‖R(ρ)‖q−1
1

} − 1
]2

m2q−2 − mq−1
. (15)

Proof. Consider the optimal decomposition of ρ as ρ =∑
i piρi in order to achieve the infimum of Cq(ρ) in Eq. (7),

where ρi’s are pure states with ρi = |ψi〉〈ψi|. First, we will
prove that

Cq(ρi ) �
(∥∥ρ

TA
i

∥∥q−1

1 − 1
)2

m2q−2 − mq−1
, (16)

Cq(ρi ) �
[‖R(ρi )‖q−1

1 − 1
]2

m2q−2 − mq−1
. (17)

In fact, note that the function g(λ) = λq is convex for
q � 2 and λ ∈ (0, 1). This means that h(λ1, . . . , λm) =∑m

k=1 λ
q
k is Schur convex [52]. Since the uniform distribu-

tion of { 1
m , . . . , 1

m } is majorized by any other distribution
{λ1, . . . , λm}, i.e., { 1

m , . . . , 1
m } ≺ {λ1, . . . , λm}. For the Schur-

convex function h(λ1, . . . , λm) it follows that [52]

m∑
k=1

λ
q
k � 1

mq−1
. (18)

From Eq. (6), we have

Cq(ρi ) = 1 −
m∑

k=1

λ
q
ik

=
( ∑m

j=1

√
λi j

)2q−2 − ∑m
k=1 λ

q
ik

(∑m
j=1

√
λi j

)2q−2

(∑m
j=1

√
λi j

)2q−2

�
( ∑m

k=1

√
λik

)2q−2 − 1(∑m
k=1

√
λik

)2q−2 (19)

=
[( ∑m

j=1

√
λi j

)2q−2 − 1
]2

( ∑m
k=1

√
λik

)2q−2[( ∑m
k=1

√
λik

)2q−2 − 1
]

�
(∥∥ρ

TA
i

∥∥q−1

1 − 1
)2

m2q−2 − mq−1
, (20)

where the inequality (19) is due to the inequality
−∑m

k=1 λ
q
ik (

∑m
j=1

√
λi j )2q−2 � −1, which can be proved by

using the inequalities (14) and (18). Moreover, for a pure
state ρi = |ψi〉〈ψi|, we have ‖ρTA

i ‖1 = (
∑m

k=1

√
λik )2 � m as

shown in Eq. (13). This implies the inequality (20).
From Eq. (20), we have

∑
i

piC(ρi ) �
∑

i pi
(∥∥ρ

TA
i

∥∥q−1

1 − 1
)2

m2q−2 − mq−1
. (21)

In what follows, we prove that

(‖ρTA‖q−1
1 − 1

)2 �
∑

i

pi
(∥∥ρ

TA
i

∥∥q−1

1 − 1
)2

. (22)

In fact, for ρTA = ∑
i piρ

TA
i , we obtain

(∥∥ρTA
∥∥q−1

1 − 1
)2 =

(∥∥∥∥∥
∑

i

piρ
TA
i

∥∥∥∥∥
q−1

1

− 1

)2

�
(∑

i

pi

∥∥ρ
TA
i

∥∥q−1

1 − 1

)2

(23)

�
∑

i

pi

∥∥ρ
TA
i

∥∥2q−2

1

−2
∑

i

pi

∥∥ρ
TA
i

∥∥q−1

1 + 1 (24)

=
∑

i

pi
(∥∥ρ

TA
i

∥∥q−1

1 − 1
)2

. (25)

Note that we have ‖∑
i piρ

TA
i ‖q−1

1 � ∑
i pi‖ρTA

i ‖q−1
1 from

the convexity of function f (x) = ‖x‖q−1
1 with q � 2.

Moreover, ‖∑
i piρ

TA
i ‖q−1

1 � 1 and
∑

i pi‖ρTA
i ‖q−1

1 � 1 from
‖ρTA

i ‖q−1
1 � 1 for any density matrix ρi and q � 2. This fol-

lows the inequality (23). The inequality (24) is obtained from
the convexity of the function f (x) = x2, i.e.,(∑

i

pi

∥∥ρ
TA
i

∥∥q−1

1

)2

�
∑

i

pi

∥∥ρ
TA
i

∥∥2q−2

1 . (26)

Thereby, by substituting Eq. (25) into Eq. (21) we obtain

Cq(ρ) �
(‖ρTA‖q−1

1 − 1
)2

m2q−2 − mq−1
. (27)

From Eq. (13), similar to Eq. (20), we can prove that

Cq(ρ) �
[‖R(ρ)‖q−1

1 − 1
]2

m2q−2 − mq−1
. (28)

Combining (27) and (28), we get that

Cq(ρ) � max

{(‖ρTA‖q−1
1 − 1

)2

m2q−2 − mq−1
,

[‖R(ρ)‖q−1
1 − 1

]2

m2q−2 − mq−1

}
. (29)

Note that ‖ρTA‖q−1
1 � 1 and ‖R(ρ)‖q−1

1 � 1 for any density
matrix ρ and q � 2. The inequality (15) follows from the
inequality (29). This completes the proof. �

For q = 2, the inequality (15) in Theorem 1 is re-
duced to C2(ρ) � [max {‖ρTA ‖1,‖R(ρ)‖1}−1]2

m(m−1) , i.e.,
√

2C2(ρ) �√
2

m(m−1) max {‖ρTA‖1, ‖R(ρ)‖1} − 1, which is just the result

(6) in Ref. [29]. The interesting feature is that the lower bound
in the right side of (15) depends on the entropy parameter
related to the detailed states. This allows us to choose proper
q depending on m and n such that Cq(ρ) � 0 for experimental
entanglement detection of specific state ρ.

Example 1. Consider a 5-qubit Heisenberg model with a
random magnetic field in the z direction. Its Hamiltonian is
given by

H5 = 5σ1 · σ5 + 2σ1 · σ3 + 4σ2 · σ4

+6σ3 · σ5 +
5∑

i=1

h jσ
z
j , (30)
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FIG. 1. Schematic six-body system with long-range correlations.
The dotted line denotes a long-range correlation between two par-
ticles. Two gray regions represent a bipartite cut of {1, 2, 3} and
{4, 5, 6}.

where we suppose that the pairs of (1, 5), (1, 3), (2, 4), (3, 5)
are correlated with each other; herein, σ j = (σ x

j , σ
y
j , σ

z
j ) rep-

resents a vector of Pauli matrices on qubit j and h j ∈
[−10, 10] denotes the strength of the disorder. For a 6-qubit
system, the Hamiltonian is given by

H6 = 5σ1 · σ5 + 2σ1 · σ3 + 4σ2 · σ4

+σ4 · σ6 + 6σ2 · σ6 +
6∑

i=1

h jσ
z
j , (31)

where the pairs of (1,5),(1,3),(2,4),(2,6),(4,6) have correlation
with each other (as shown in Fig. 1). Moreover, the Hamilto-
nian for a 7-qubit system is given by

H7 = 5σ1 · σ5 + 2σ1 · σ3 + 4σ2 · σ4

+σ4 · σ6 + 6σ2 · σ6 + 3σ5 · σ7 +
7∑

i=1

h jσ
z
j , (32)

where the pairs of (1,5),(1,3),(2,4),(2,6),(4,6),(5,7) are
correlated with each other. Consider the initial state
|+〉⊗5, |+〉⊗6, |+〉⊗7, respectively, and the evolution time 500,
where |+〉 = 1√

2
(|0〉 + |1〉). We can obtain the q-concurrence

defined in Eq. (2) and Tsallis-q entanglement as shown in
Fig. 2. From Fig. 2, the Tsallis entanglement decreases in
terms of entropy parameter q. This implies that the Tsallis en-
tanglement may be unapplicable for large q because it cannot
be distinguished from separable states when the experimental
noise is involved. However, the present q-concurrence tends
to 1 for large q. This is greatly different from separable states.
This implies that the q-concurrence can be applied in this case.
This holds for any bipartite entangled pure states. Another
example is for characterizing the entangled ground state of
many-body systems.

Example 2. Isotropic states are a class of mixed states on
Cd ⊗ Cd which are invariant under the operation U ⊗ U ∗
with any unitary transformation U . Such mixed states are
generally expressed as [7]

ρF = 1 − F

d2 − 1
(1 − |�+〉〈�+|) + F |�+〉〈�+|, (33)

where 1 denotes the identity operator, |�+〉 = 1√
d

∑d
i=1 |ii〉,

and F is the fidelity of ρF with respect to ρ� = |�+〉〈�+|,
i.e., F = f�+ (ρF ) = 〈�+|ρF |�+〉, which satisfies 0 � F �
1.

For isotropic states ρF , there are lots of analytic results in
the entanglement of formation [26], the tangle and concur-
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FIG. 2. Comparison of the q-concurrence and Tsallis-q entangle-
ment in terms of q. Here, we consider three evolution systems with
5, 6, and 7 qubits.

rence [24], and Rényi α-entropy entanglement [61]. Inspired
by the techniques [24,26,61], the q-concurrence Cq(ρF ) for
these states will be derived by an extremization as follows.

Lemma 2. The q-concurrence for isotropic states ρF on
Hilbert space Cd ⊗ Cd (d � 2) is given by

Cq(ρF ) = co(ξ (F, q, d )), (34)

where F ∈ (1/d, 1] and co( ) denotes the largest convex func-
tion that is upper bounded by a given function ξ (F, q, d )
defined as

ξ (F, q, d ) = 1 − γ 2q − (d − 1)δ2q, (35)

with γ = √
F/

√
d + √

(d − 1)(1 − F )/
√

d and δ =√
F/

√
d − √

1 − F/
√

d (d − 1).
The evaluation is essentially algebraic and quite tedious,

as shown in Appendix B. For convenience, we take q = 2 as
an example. The 2-concurrence of an two-qubit isotropic state
ρF is given by [24]

C2(ρF ) =
{

0, 0 � F � 1
2 ,

(1−2F )2

2 , 1
2 � F � 1.

(36)

Moreover, from Theorem 1, it implies C2(ρF ) � (1 −
2F )2/2 = C2(ρF ). This implies that the upper bound gives the
exact value of the 2-concurrence for this qubit system. For
arbitrary d � 3, the 2-concurrence C2(ρF ) is given by

C2(ρF ) =

⎧⎪⎨
⎪⎩

0, F � 1
d ,

ξ (F, 2, d ), 1
d � F � 4(d−1)

d2 ,

dF−d
d−1 + d−1

d , 4(d−1)
d2 � F � 1.

(37)

Moreover, it is shown that ‖ρTA
F ‖1 = ‖R(ρF )‖1 = dF for F >

1/d [8,19]. From Theorem 1 we get that

C2(ρF ) � (dF − 1)2

d2 − d
. (38)
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FIG. 3. 2-concurrence (green) of isotropic states ρF and lower
bounds (blue) in Example 1. (a) 3 � d � 10 and 1/d � F � 4(d −
1)/d2. (b) 3 � d � 10 and 4(d − 1)/d2 � F � 1.

For simplicity, C2(ρF ) in Eq. (37) and its lower bounds in
Eq. (38) are shown in Fig. 3 with 3 � d � 10. Especially, it
illustrates that the present lower bound is very close to the
exact value of the 2-concurrence, which shows the tightness
of our bounds.

The lower bound in Theorem 1 can be used to detect the
q-concurrence for all the entangled states of the two-qubit
or qubit-qutrit system because the PPT criterion is necessary
and sufficient for the separability in both cases [5,6]. Unfor-
tunately, it cannot detect all the other entangled states due to
the limitation of the PPT criterion [5,6] and the realignment
criterion [7,8]. Thus it is intriguing to explore other bounds
for the q-concurrence of general mixed states.

III. q-CONCURRENCE OF SUPERPOSITION STATES

Assume that a state |�〉 is generated by superposing two
pure states |〉 and |�〉, i.e., |�〉 = α|〉 + β|�〉. Our goal
in this section is to explore the q-concurrence for these
superposition states. We discuss how the entanglement of
superpositions of some given pure states is related to the

entanglement contained in input states. In detail, we consider
four cases: two component states in the superposition are
biorthogonal states, one-sided orthogonal states, orthogonal
states, and arbitrary states.

A. Biorthogonal states

Definition 2. Two bipartite states |〉AB and |�〉AB on
Hilbert space HA ⊗ HB are biorthogonal if they satisfy

TrB[TrA(|〉〈|)TrA(|�〉〈�|)] = 0, (39)

TrA[TrB(|〉〈|)TrB(|�〉〈�|)] = 0. (40)

For two biorthogonal states |〉 and |�〉 we get up to local
unitary transformations [33] that

|〉 =
d1∑

i=1

ai|i〉A|i〉B,

|�〉 =
d∑

i=1

bi|i + d1〉A|i + d1〉B, (41)

where ai, bi are positive constants. In this case, the q-
concurrence of the superposition state |�〉 will be evaluated
as follows.

Theorem 2. Given two biorthogonal states |〉 and |�〉,
then the q-concurrence of the superposition |�〉 = α|〉 +
β|�〉 satisfies

Cq(|�〉) = |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2), (42)

where hq(t ) = 1 − t q − (1 − t )q and α, β ∈ C with |α|2 +
|β|2 = 1.

Proof. From Eq. (41) the reduced states of the system
A for |〉 and |�〉 are diagonal in the same basis. More
specifically, from Eq. (2), we have Cq(|�〉) = Fq(ρA) with
ρA = TrB(|�〉〈�|). It follows that the first d1 eigenvalues of
ρA are given by {|α|2a2

i , i = 1, 2, . . . , d1}, and all the remain-
ing eigenvalues are given by {|β|2b2

j, j = 1, 2, . . . , d}. Thus,
from Definition 1, we get

Cq(|�〉) = 1 −
∑

i

(|α|2a2
i

)q −
∑

j

(|β|2b2
j

)q

= |α|2q

(
1 −

∑
i

a2q
i

)
+ |β|2q

(
1 −

∑
j

b2q
i

)

+1 − |α|2q − |β|2q

= |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2). (43)

From Lemma 1 for any density matrices ρ and σ we get
the following inequalities:

Fq(|α|2ρ + |β|2σ ) � |α|2Fq(ρ) + |β|2Fq(σ ), (44)

Fq(|α|2ρ + |β|2σ ) � |α|2qFq(ρ) + |β|2qFq(σ ) + hq(|α|2).

(45)

Moreover, from Lemma 1, Eq. (45) holds iff ρ and σ are
orthogonal. Since |〉 and |�〉 are biorthogonal, their re-
duced density matrices ρA and σA are orthogonal. Thus, from
Eq. (45), we get Eq. (42). �
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Note that the entanglement of the superposition is re-
lated to the average of the entanglement of two states being
superposed. For convenience, we define the increase of q-
concurrence entanglement for the superposition state |�〉 =
α|〉 + β|�〉 as follows:

�Cq(|�〉) = Cq(|�〉) − [|α|2Cq(|〉) + |β|2Cq(|�〉)]. (46)

For the biorthogonal states |〉 and |�〉, we obtain the follow-
ing Corollary 1.

Corollary 1. Given two biorthogonal states |〉 and |�〉,
the increase of the q-concurrence of the superposition state
|�〉 is upper bounded by one ebit, i.e., �Cq(|�〉) � 1.

Proof. From Theorem 2, we obtain

Cq(|�〉) − [|α|2qCq(|〉) + |β|2qCq(|�〉)] = hq(|α|2). (47)

Moreover, since |α|, |β| � 1, it is obvious that

�Cq(|�〉) = Cq(|�〉) − [|α|2Cq(|〉) + |β|2Cq(|�〉)]

� Cq(|�〉) − [|α|2qCq(|〉) + |β|2qCq(|�〉)].
(48)

Thereby, combining Eqs. (47) and (48), we get

�Cq(|�〉) � hq(|α|2) � 1, (49)

which implies that the increase of the q-concurrence for the
superposition state |�〉 cannot be greater than one ebit. �

Example 3. Consider the superposition state

|�〉 = α|〉 + β|�〉, (50)

with α, β ∈ C and |α|2 + |β|2 = 1, where |〉 = cos θ |00〉 +
sin θ |11〉 and |�〉 = cos φ|22〉 + sin φ|33〉 are generalized bi-
partite entangled states for θ, φ ∈ (0, π/2). Note that |〉
and |�〉 are biorthogonal states. From Eq. (2) it is easy to
check that Cq(|〉) = 1 − cos2q θ − sin2q θ , Cq(|�〉) = 1 −
cos2q φ − sin2q φ, and

Cq(|�〉) = 1 − |α|2q(cos2q θ + sin2q θ )

−|β|2q(cos2q φ + sin2q φ). (51)

Moreover, we have hq(|α|2) = 1 − |α|2q − |β|2q. Thus
Eq. (42) holds for the superposition state |�〉 in Eq. (50),
which is consistent with Theorem 2. From Eq. (46) we have

�Cq(|�〉) = Cq(|�〉) − [|α|2Cq(|〉) + |β|2Cq(|�〉)]

= (|α|2 − |α|2q)(cos2q θ + sin2q θ )

+(|β|2 − |β|2q)(cos2q φ + sin2q φ). (52)

To show the result in Corollary 1, we take the special
case of α = β = 1/

√
2 and q = 4. As shown in Fig. 4, it

is apparent that the function �Cq(|�〉) of θ and φ satisfies
�Cq(|�〉) � 1.

B. One-sided orthogonal states

Definition 3. Two bipartite states |〉AB and |�〉AB on
Hilbert space HA ⊗ HB are one-sided orthogonal if they sat-
isfy only one of Eqs. (39) and (40).

Without loss of generality, we assume that two one-sided
orthogonal states satisfy Eq. (39). Up to local unitary transfor-

FIG. 4. Increase �Cq(|�〉) of the q-concurrence for the superpo-
sition state |�〉 in Example 2. Here, α = β = 1/

√
2 and q = 4.

mations [33], we have

|〉 =
d1∑

i=1

ai|i〉A|i〉B,

|�〉 =
d∑

i=1

bi|i〉A|i + d1〉B, (53)

where ai and bi are positive constants.
Now, consider the case of |〉 and |�〉 being one-sided

orthogonal but not necessarily biorthogonal, i.e., they satisfy
Eq. (53).

Theorem 3. Given two one-sided orthogonal states |〉
and |�〉, the q-concurrence of the superposition state |�〉 =
α|〉 + β|�〉 is given by

Cq(|�〉) = |α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|, (54)

where ρA and ρB are reduced density matrices of ρAB, ρAB :=
|α|2|〉〈| + |β|2|�〉〈�|, with |α|2 + |β|2 = 1, and hq is de-
fined in Theorem 2.

Proof. Note that ‖|�〉‖ = √〈�|�〉 =
√

|α|2 + |β|2 = 1. It
means that |�〉 is normalized. From Eq. (53) we know that

TrB(|�〉〈�|) = |α|2TrB(|〉〈|) + |β|2TrB(|�〉〈�|), (55)

which is also defined as the reduced density matrix ρA

by tracing ρAB over the subsystem B. Hence we get that
TrB(|�〉〈�|) = ρA. From Eq. (2) it follows that

Cq(|�〉) = Fq(ρA). (56)

Note that TrA(|�〉〈�|) �= ρB because ρB is defined as the re-
duced density matrix by tracing ρAB over the subsystem A,
i.e.,

ρB = |α|2TrA(|〉〈|) + |β|2TrA(|�〉〈�|), (57)

while

TrA(|�〉〈�|) = |α|2TrA(|〉〈|) + αβ∗TrA(|〉〈�|)
+α∗β TrA(|�〉〈|) + |β|2TrA(|�〉〈�|).

(58)

052423-7



YANG, LUO, YANG, AND FEI PHYSICAL REVIEW A 103, 052423 (2021)

From Eqs. (53) and (57) the first d1 eigenvalues of ρB are
given by {|α|2a2

i |i = 1, 2, . . . , d1}, and all the rest are shown
as {|β|2b2

j | j = 1, 2, . . . , d}. Thus, according to the definition
of Fq(ρ) in Eq. (9), we get

Fq(ρB) = 1 −
∑

i

(|α|2a2
i

)q −
∑

j

(|β|2b2
j

)q

= |α|2q

(
1 −

∑
i

a2q
i

)
+ |β|2q

(
1 −

∑
j

b2q
i

)

+1 − |α|2q − |β|2q

= |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2). (59)

By utilizing Eqs. (45) and (55) we have

Fq(ρA) � |α|2qFq[TrB(|〉〈|)]
+|β|2qFq[TrB(|�〉〈�|)] + hq(|α|2)

= |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2). (60)

From Eqs. (59) and (60) Fq(ρB) � Fq(ρA) for the one-sided
orthogonal states defined in Eq. (39). Due to Eqs. (56) and
(59) we obtain

Cq(|�〉) = |α|2qCq(|〉) + |β|2qCq(|�〉)

+hq(|α|2) − [Fq(ρB) − Fq(ρA)]. (61)

In a similar manner, for one-sided orthogonal states in
Eq. (40) we get that

Cq(|�〉) = |α|2qCq(|〉) + |β|2qCq(|�〉)

+hq(|α|2) − [Fq(ρA) − Fq(ρB)]. (62)

Combining Eqs. (61) and (62), we have completed the
proof. �

Note that Fq(ρA) = Fq(ρB) holds for biorthogonal states
|〉 and |�〉. Thus we can obtain Eq. (42) for Theorem 2.
Moreover, since |〉 and |�〉 are orthogonal pure states, we
have Fq(ρAB) = hq(|α|2). This implies hq(|α|2) � |Fq(ρA) −
Fq(ρB)| from the triangle inequality of Fq(ρAB) in Lemma 1.

Similar to Corollary 1, we get the following result for one-
sided orthogonal states.

Corollary 2. Given two one-sided orthogonal states |〉 and
|�〉, the increase of the q-concurrence for the superposition
state |�〉 is no more than one ebit, i.e., �Cq(|�〉) � 1.

Proof. From Theorem 3 we have

Cq(|�〉) − [|α|2qCq(|〉) + |β|2qCq(|�〉)]

= hq(|α|2) − |Fq(ρA) − Fq(ρB)|. (63)

Note that

hq(|α|2) − |Fq(ρA) − Fq(ρB)| � hq(|α|2), (64)

where the equality holds for the biorthogonal states |〉 and
|�〉.

Clearly, Eq. (48) holds for one-sided orthogonal states |〉
and |�〉. Thus, combining Eqs. (63), (64), and (48), we obtain
�Cq(|�〉) � hq(|α|2) � 1. This completes the proof. �

Example 4. Consider the superposition state

|�〉 = α|〉 + β|�〉 (65)

FIG. 5. Increase of the q-concurrence �Cq(|�〉) for the superpo-
sition state |�〉 in Example 3. Here, α = β = 1/

√
2 and q = 6.

with |α|2 + |β|2 = 1, where |〉 = cos θ |00〉 + sin θ |11〉 and
|�〉 = cos φ|02〉 + sin φ|13〉 are one-sided orthogonal entan-
gled states for θ, φ ∈ (0, π/2). From Eq. (2), it is easy
to calculate that Cq(|〉) = 1 − cos2q θ − sin2q θ, Cq(|�〉) =
1 − cos2q φ − sin2q φ, and

Cq(|�〉) = 1 − (|α|2 cos2 θ + |β|2 cos2 φ)q

− (|α|2 sin2 θ + |β|2 sin2 φ)q. (66)

According to Eq. (9), one can check that

Fq(ρA) = 1 − (|α|2 cos2 θ + |β|2 cos2 φ)q

− (|α|2 sin2 θ + |β|2 sin2 φ)q (67)

and

Fq(ρB) = 1 − |α|2q cos2q θ − |α|2q sin2q θ

− |β|2q cos2q φ − |β|2q sin2q φ. (68)

Moreover, note that hq(|α|2) = 1 − |α|2q − |β|2q. It is easy
to verify Eq. (54) for the superposition state |�〉 defined in
Eq. (65). This is consistent with Theorem 3.

Similar to Eq. (52), we can calculate �Cq(|�〉) of the
superposition state |�〉 defined in Eq. (65). For convenience,
we take α = β = 1/

√
2 and q = 6 for numerical evaluations.

From Fig. 5, it indicates that �Cq(|�〉) � 1, which is consis-
tent with Corollary 2.

C. Arbitrary states

For general cases, two pure states that are superposed are
not orthogonal. This means that the superposition state is
not normalized, if we define |�′〉 = 1

c+
|�〉 with |�〉 = α|〉 +

β|�〉 as the normalized state of |�〉, where c+ is the normal-
ization constant. By using Theorem 1, we prove the following
inequality for its q-concurrence.

Theorem 4. Given any two different states |〉
and |�〉, then the q-concurrence of the superposition
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|�〉 = α|〉 + β|�〉 satisfies

Cq(|�′〉) � 2

c2+
[|α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|] (69)

or

Cq(|�′〉) � 2

c2+
[|α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|]

− c2
−

c2+

(‖σ TA‖q−1
1 − 1

)2

m2q−2 − mq−1
, (70)

where |α|2 + |β|2 = 1 and σ is the density operator of |�′
−〉,

i.e., σ = |�′
−〉〈�′

−|. σ TA stands for a partial transpose with
respect to the subsystem A. ‖X‖1 denotes the trace norm.

Proof. Consider that Alice, in addition to Hilbert space HA,
introduces an auxiliary state |0〉a and |1〉a on Hilbert space Ha.
And consider the state

|�〉 = α|〉|0〉a + β|�〉|1〉a. (71)

Bob’s reduced state of |�〉 is given by

ρB = |α|2TrA(|〉〈|) + |β|2TrA(|�〉〈�|). (72)

According to Eq. (45), we get

Fq(ρB) � |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2). (73)

Since Bob can repeat the same operations by introducing an
auxiliary state, in this case, for the reduced density matrix ρA,
we have

Fq(ρA) � |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2). (74)

Thus, from Eqs. (73) and (74), we have

max{Fq(ρA), Fq(ρB)} � |α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2). (75)

Additionally, ρB may be written into

ρB = c2
+
2

TrA

[(
α|〉 + β|�〉

c+

)(
α∗〈| + β∗〈�|

c+

)]

+ c2
−
2

TrA

[(
α|〉 − β|�〉

c−

)(
α∗〈| − β∗〈�|

c−

)]
,

(76)

where |�±〉 = α|〉 ± β|�〉, |�′
±〉 = 1

c±
|�±〉 is the normal-

ized state of |�±〉, and c± are the normalization constants of
|�±〉.

Now, using Eqs. (44) and (76), we get the following in-
equalities:

Fq(ρB) � c2
+
2

Cq(|�′
+〉) + c2

−
2

Cq(|�′
−〉). (77)

In similar way, we obtain

Fq(ρA) � c2
+
2

Cq(|�′
+〉) + c2

−
2

Cq(|�′
−〉). (78)

Similar to Eq. (75), Eqs. (77) and (78) can be written into

min{Fq(ρA), Fq(ρB)} � c2
+
2

Cq(|�′
+〉) + c2

−
2

Cq(|�′
−〉). (79)

If max{Fq(ρA), Fq(ρB)} = Fq(ρA), according to Eq. (75) we
get

Fq(ρB) + Fq(ρA)

� |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2) + Fq(ρB). (80)

It means that

min{Fq(ρA), Fq(ρB)} = Fq(ρB)

� |α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − Fq(ρA) + Fq(ρB).

(81)

If max{Fq(ρA), Fq(ρB)} = Fq(ρB), we can also get

min{Fq(ρA), Fq(ρB)} � |α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − Fq(ρB) + Fq(ρA).

(82)

Thus, combining Eqs. (81) and (82), we obtain

min{Fq(ρA), Fq(ρB)} � |α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|.
(83)

Moreover, from Eqs. (79) and (83), we have

c2
+
2

Cq(|�′
+〉) + c2

−
2

Cq(|�′
−〉)

� |α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2)

− |Fq(ρA) − Fq(ρB)|. (84)

If Cq(|�′
−〉) = 0, i.e., the superposition state |�′

−〉 is sepa-
rable, from Eq. (84) it is obvious that

Cq(|�′
+〉) � 2

c2+
[|α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|]. (85)

If Cq(|�′
−〉) > 0, i.e., a superposition state |�′

−〉 defined on
m ⊗ n(m � n) systems is entangled, from Eq. (16) we get

Cq(|�′
+〉) � 2

c2+
[|α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2)

− |Fq(ρA) − Fq(ρB)|] − c2
−

c2+

(‖σ TA‖q−1
1 − 1

)2

m2q−2 − mq−1
,

(86)

where σ is the density operator of |�′
−〉, i.e., σ = |�′

−〉〈�′
−|.

This completes the proof. �
Corollaries 1 and 2 feature the maximal changes of the

entanglement by the superposing two special states. For more
general states, we get the following result.

Corollary 3. Given two arbitrary states |〉 and |�〉, the
increase of the q-concurrence for the superposition state |�〉
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satisfies

Cq(|�′〉) − a[|α|2Cq(|〉) + |β|2Cq(|�〉)]

� a[hq(|α|2) − |Fq(ρA) − Fq(ρB)|] (87)

or

Cq(|�′〉) − a[|α|2Cq(|〉) + |β|2Cq(|�〉)]

� a[hq(|α|2) − |Fq(ρA) − Fq(ρB)|]

−ac2
−
(‖σ TA‖q−1

1 − 1
)2

2m2q−2 − 2mq−1
, (88)

where a = 2
c2+

, and ‖σ TA‖1 is defined in Theorem 4.
Proof. Since |α|, |β| � 1, we get that

|α|2qCq(|〉) + |β|2qCq(|�〉)

� |α|2Cq(|〉) + |β|2Cq(|�〉). (89)

From Eqs. (69) and (70), Corollary 3 is obtained by a straight-
forward evaluation. �

Example 5. Consider the superposition state

|�〉 = α|〉 + β|�〉, (90)

with α, β ∈ C and |α|2 + |β|2 = 1, where

|〉 = cos θ |00〉 + 1√
2

sin θ |11〉 + 1√
2

sin θ |22〉,

|�〉 = cos φ|03〉 + 1√
2

sin φ|11〉 + 1√
2

sin φ|22〉, (91)

which are entangled for θ, φ ∈ (0, π/2). From Eq. (2), we
obtain

Cq(|〉) = 1 − cos2q θ − 21−q sin2q θ, (92)

Cq(|�〉) = 1 − cos2q φ − 21−q sin2q φ. (93)

Here, we consider α = β = 1/
√

2 for the superposition state
|�〉 in Eq. (90). It should be clear that

Cq(|�′
+〉) = 1 − 2q(cos2 θ + cos2 φ)q + 2(sin θ + sin φ)2q

4qc2q
+

,

(94)

Cq(|�′
−〉) = 1 − 2q(cos2 θ + cos2 φ)q + 2(sin θ − sin φ)2q

4qc2q
−

,

(95)

where |�′
±〉 is the normalized state of |�±〉 and c± =√

1 ± sin θ sin φ is the normalization constant. According to
Eq. (9), it is easy to check that

Fq(ρA) = 1 − (cos2 θ + cos2 φ)q

2q
− (sin2 θ + sin2 φ)q

22q−1

(96)

and

Fq(ρB) = 1 − cos2q θ + cos2q φ

2q
− (sin2 θ + sin2 φ)q

22q−1
.

(97)

Moreover, hq(|α|2) = 1 − 21−q. Note that Cq(|�′
−〉) = 0 iff

θ = φ. We present the upper bound in Eq. (69) from Theorem

FIG. 6. q-concurrence (blue) and upper bounds (green) of the
superposition state |�〉 in Example 4. Here, 2 � q � 4 and θ ∈
(0, π/2). The upper bound of the q-concurrence is restricted to be
no larger than 1.

4 and the entanglement of superposition state |�〉 in Eq. (90)
in Fig. 6. It indicates that the present bound is close to the
exact value of the entanglement for superposition state |�〉.
Howbeit, there may be some entanglement values of super-
position states that cannot be effectively evaluated, i.e., the
present bound is larger than 1. Thus the present bound in
Eq. (69) may be further improved.

When Cq(|�′
−〉) > 0, i.e., θ �= φ, for convenience, we

take θ = π/3, φ = π/6, and q = 2 as an example. We get
‖σ TA‖1 = 2.2571, since the superposition state is a 3 ⊗ 4
system, which implies that m = 3 in the right side of the
inequality (70). From Eqs. (92)–(97), a straightforward cal-
culation shows the upper bound in the inequality (70) being
0.8335, while Cq(|�′

+〉) = 0.6663 according to Eq. (70) in
Theorem 4. This indicates that the upper bound in Eq. (70)
may be further improved. In a similar manner, it is easy to
verify the validity of Corollary 3.

In Theorem 4, if two states |〉 and |�〉 are orthogonal,
i.e., 〈|�〉 = 0, we have c± = 1. We can obtain the following
Corollary from Theorem 4.

Corollary 4. Given two orthogonal states |〉 and |�〉 (not
necessarily biorthogonal), the q-concurrence of the superpo-
sition state |�〉 = α|〉 + β|�〉 satisfies

Cq(|�′〉) � 2[|α|2qCq(|〉) + |β|2qCq(|�〉)

+ hq(|α|2) − |Fq(ρA) − Fq(ρB)|] (98)

or

Cq(|�′
+〉) �2[|α|2qCq(|〉) + |β|2qCq(|�〉) + hq(|α|2)

− |Fq(ρA) − Fq(ρB)|] −
(‖σ TA‖q−1

1 − 1
)2

m2q−2 − mq−1
.

(99)

In fact, the entanglement of the quantum channel can be
reckoned as the communication capacity of this quantum
channel. As an application, our method in Sec. III can provide
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FIG. 7. Schematic three types of channels. (a) Quantum channels
ε1 and ε2. (b) The classical mixing channel ε3. (c) Quantum super-
position channel ε4. Here, the input ai is sent through the channel εi

corresponding to the output bi.

a powerful tool for investigating the quantum superposition
channels of quantum communication.

Example 6. Consider three types of channels. The first one
is from two entangled channels associated with ε1 = |φ1〉〈φ1|
and ε2 = |φ2〉〈φ2|. The second one is a classically mixing
channel of ε1 and ε2 with the probability distribution {pi},
i.e., ε3 = ∑2

i=1 piεi. The third one is a quantum superposition
channel defined by ε4 = |�〉〈�| with |�〉 = ∑2

i=1 pi|φi〉, as
shown in Fig. 7. Note that Cq(|φi〉) provides a quantum com-
munication capacity associated with the channel εi. Hence it
is reasonable to regard p1Cq(|φ1〉) + p2Cq(|φ2〉) as the com-
munication capacity of a classically mixing channel of ε3

as shown in Fig. 7(b). On the other hand, Cq(|�〉) may be
considered as the communication capacity of the quantum
superposition channel of ε4 as shown in Fig. 7(c). From
Corollaries 1 and 2, it follows that the quantum superposition
channel of ε4 can provide at most one qubit capacity larger
than the classically mixing channel ε3. This implies a quantita-
tive relationship between two different channels independent
of entropy parameter q. Thus the present method here should
be self-interesting in quantum communication and quantum
information processing.

IV. CONCLUSION

Given an entanglement, how much is it entangled? The
entanglement monotone has been introduced to solve this
problem by quantifying the degree of entanglement. In this
paper, inspired by the general Tsallis entropy, we define a
parametrized entanglement monotone as q-concurrence for
any q � 2. We prove a lower bound of the q-concurrence
for general states. The present bound is exact for two-qubit
isotropic states. In addition, the parametrized entanglement
monotone is finally applied for characterizing the superposi-
tion state in terms of two states being superposed, especially
for biorthogonal and one-sided orthogonal states. It shows that
the increase of the q-concurrence for the superposition state
is upper bounded by one ebit in both cases. These results
are interesting in the entanglement theory, quantum infor-
mation processing, quantum communication, and quantum
many-body theory.
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APPENDIX A: PROOF OF THE LEMMA 1

(I) Since the discrete spectra of ρi of ρ are in [0,1], we
conclude the operator inequality ρq � ρ, where the equality
holds iff ρ is pure state. It follows that Trρq � 1, where the
equality holds iff ρ is a pure state. This implies Fq(ρ) � 0,
where the equality holds iff ρ is a pure state.

(II) From the Schmidt decomposition in Eq. (4), we know
that the reduced density matrices ρA and ρB have the same
spectra. From Eq. (9), it is easy to show that Fq(ρA) = Fq(ρB).

(III) For Fq(ρAB) � Fq(ρA) + Fq(ρB), the key is an inequal-
ity (see Theorem 2 in Ref. [62]) with the Schatten q-norm as

1 + ‖ρAB‖q
q � ‖ρA‖q

q + ‖ρB‖q
q. (A1)

This can be rewritten into

Trρq
A + Trρq

B � 1 + Trρq
AB, (A2)

which is equivalent to the inequality:

1 − Trρq
AB � 1 − Trρq

A + 1 − Trρq
B. (A3)

It means that

Fq(ρAB) � Fq(ρA) + Fq(ρB), (A4)

which completes the proof.
Similar to the von Neumann entropy, the subadditivity

inequality leads to the triangle (or “Araki-Lieb”) inequality
[63]. For |Fq(ρA) − Fq(ρB)| � Fq(ρAB), the proof is inspired
by Ref. [64]. Given a bipartite pure state |ψ〉ABC , from the
Schmidt decomposition of |ψ〉ABC , the density matrices ρAB

and ρC have the same nonzero eigenvalues. Hence Fq(ρAB) =
Fq(ρC ). Similarly, we have Fq(ρA) = Fq(ρBC ). Combining
these with the inequality (A4), we get

Fq(ρA) − Fq(ρB) � Fq(ρAB). (A5)

By symmetry, we also have

Fq(ρB) − Fq(ρA) � Fq(ρAB). (A6)

Combining Eqs. (A5) and (A6), we have the claim that

|Fq(ρA) − Fq(ρB)| � Fq(ρAB). (A7)

(IV) For
∑

i piFq(ρi ) � Fq(
∑

i piρi ), we first prove
λFq(ρ) + μFq(σ ) � Fq(λρ + μσ ) with λ,μ � 0 and λ +
μ = 1. Here, from Minkowski’s inequality [65] with positive
semidefinite matrices ρ and σ , we get

[Tr(ρ + σ )r]1/r � (Trρr )1/r + (Trσ r )1/r (A8)
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for r � 2. From Eq. (A8), we have

[Tr(λρ + μσ )r]1/r � λ(Trρr )1/r + μ(Trσ r )1/r, (A9)

where λ,μ � 0 and λ + μ = 1. Due to r � 2, from Eq. (A9),
we get

Tr(λρ + μσ )r � [λ(Trρr )1/r + μ(Trσ r )1/r]r

� λ Trρr + μ Trσ r, (A10)

where the inequality (A10) is obtained from the convexity of
the function y = xr for r � 2. The inequality (A10) implies
that

λ(1 − Trρr ) + μ(1 − Trσ r ) � 1 − Tr(λρ + μσ )r . (A11)

By induction on i, we obtain the following inequality:

∑
i

piFq(ρi ) � Fq

(∑
i

piρi

)
, (A12)

where {pi} is the probability distribution corresponding to
density operators ρi of ρ. The equality holds iff all the states
ρi are identical.

For Fq(
∑

i piρi ) �
∑

i pq
i Fq(ρi ) + (1 − ∑

i pq
i ), similar

with Lemma 1 in Ref. [66]. Suppose a joint state ρ = ∑
i piρi;

we get

Fq

(∑
i

piρi

)
= 1 − Tr

(∑
i

piρi

)q

� 1 −
∑

i

pq
i Tr

(
ρ

q
i

)
=

∑
i

pq
i

[
1 − Tr

(
ρ

q
i

)] + 1 −
∑

i

pq
i

=
∑

i

pq
i Fq

(
ρ

q
i

) + 1 −
∑

i

pq
i . (A13)

The equality holds iff the states ρi have support on orthogonal
subspaces. The proof is as follows: let λi j and ei j be the
eigenvalues and corresponding eigenvectors of ρi. Note that
piλi j and ei j are the eigenvalues and eigenvectors of

∑
i piρi.

Thereby, we have

Fq

(∑
i

piρi

)
= 1 −

∑
i

(piλi j )
q

=
∑

i

pq
i

(
1 − λ

q
i j

) + 1 −
∑

i

pq
i

=
∑

i

pq
i Fq(ρi ) + 1 −

∑
i

pq
i , (A14)

which completes the proof.

APPENDIX B: PROOF OF THE LEMMA 2

The proof is inspired by recent techniques [25,61,67] with
local symmetry. The q-concurrence under the symmetry state
ρF is given by

Cq(ρF ) = co(ξ (F, q, d )), (B1)

where the function ξ (F, q, d ) is defined as

ξ (F, q, d ) = inf{Cq(|ψ〉)| f�+ (|ψ〉) = F, rank(ρψ ) � d},
(B2)

where rank(ρψ ) denotes the rank of the density operator ρψ =
|ψ〉〈ψ |.

The q-concurrence of the pure state |ψ〉 = ∑d
i=1

√
λi|aibi〉

is given in terms of the Schmidt coefficients by

Cq(|ψ〉) = 1 − Tr
(
ρ

q
A

) = 1 −
d∑

i=1

λ
q
i . (B3)

In order to evaluate f�+ (|ψ〉), we decompose |ψ〉 into its
Schmidt decomposition as |ψ〉 = ∑d

i=1

√
λi|aibi〉 = (UA ⊗

UB)
∑d

i=1

√
λi|ii〉. From a straightforward calculation, we

get f�+ (|ψ〉) = 1
d | ∑d

i=1

√
λivii|2 [26], where V = U T

A UB and
vi j = 〈i|V | j〉.

Obviously, the value of ξ (F, q, d ) for F ∈ (0, 1
d ] is

easily obtained by setting λ1 = 1, v11 = √
F , which yields

ξ (F, q, d ) = 0. For F ∈ ( 1
d , 1], by using the Lagrange

multipliers [24], one can minimize Eq. (B3) subject to the
constraints ∑

i

λi = 1, (B4)

∑
i

√
λi =

√
Fd, (B5)

with Fd � 1. And then, the condition for an extremum is
given by

(
√

λi )
2q−1 + μ1

√
λi + μ2 = 0, (B6)

where μ1 and μ2 denote the Lagrange multipliers. It is
evident that f (

√
λi ) = (

√
λi )2q−1 is a convex function

of
√

λi for q � 2. Since a convex and a linear function
cross each other in at most two points, this equation has
maximally two possible nonzero solutions for

√
λi. Let γ and

δ denote these two positive solutions. The Schmidt vectors
λ = {λ1, λ2, . . . , λd} have coefficients

λ j =
⎧⎨
⎩

γ 2, j = 1, . . . , n,

δ2, j = n + 1, . . . , n + m,

0, j = n + m + 1, . . . , d,

(B7)

where n + m � d and n � 1. The minimization problem has
been reduced into the following problem:

Given integers n, m, n + m � d,

min Cq(|ψ〉) (B8)

such that nγ 2 + mδ2 = 1,

nγ + mδ =
√

Fd, (B9)

where Cq(|ψ〉) = 1 − nγ 2q − mδ2q.
By solving Eq. (B9), we obtain

γ ±
nm(F ) = n

√
Fd ± √

nm(n + m − Fd )

n(n + m)
(B10)

and

δ±
nm(F ) =

√
Fd − nγ ±

nm

m

= m
√

Fd ∓ √
nm(n + m − Fd )

m(n + m)
. (B11)
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Since γ −
mn = δ+

nm, the function in Eq. (B8) has the same value
for γ +

nm and γ −
mn. Therefore, we only need to consider the

solutions of γnm := γ +
nm. Since γnm is a proper solution of

Eq. (B10), the quantity inside the square root has to be
non-negative, which implies that Fd � n + m. On the other
hand, δnm should be non-negative in Eq. (B11), which implies
that Fd � n. In this regime, one can verify that δnm(F ) �√

Fd/(n + m) � γnm(F ). Note that n = 0 is not defined.
Hence we have n � 1.

To find the minimum of Cq(|ψ〉) over all choices of n and
m, we can perform the minimization explicitly by regarding
n and m as continuous variables. It is completed by mini-
mizing Cq(|ψ〉) over the parallelogram defined by 1 � n �
Fd and Fd � n + m � d . Note that the parallelogram col-
lapses to a line when Fd = 1, i.e., the separability boundary.
Within the parallelogram, we have γnm � δnm � 0. γnm = δnm

iff n + m = Fd , while δnm = 0 iff n = Fd . We first calculate
the derivatives of γnm and δnm with respect to n and m by
differentiating the constraints (B9) as

∂γ

∂n
= 1

2n

2γ δ − γ 2

γ − δ
,

∂δ

∂n
= − 1

2m

γ 2

γ − δ
,

∂δ

∂m
= − 1

2m

2γ δ − γ 2

γ − δ
,

∂γ

∂m
= 1

2n

δ2

γ − δ
. (B12)

These can be used in Eq. (B8) to calculate the partial deriva-
tives of Cq(|ψ〉) with respect to n and m as

∂Cq

∂n
= (q − 1)γ 2q − qγ 2δ(γ 2q−2 − δ2q−2)

γ − δ
(B13)

and

∂Cq

∂m
= (q − 1)δ2q − qδ2γ (γ 2q−2 − δ2q−2)

γ − δ

� (q − 1)δ2q − qδ2γ (γ + δ) (B14)

� (q − 1)δ2q − 2qδ4 (B15)

� (q − 1 − 2q)δ4 (B16)

� 0, (B17)

where the inequality (B14) is confirmed because f (q) =
(γ 2q−2 − δ2q−2)/(γ − δ) is an increasing function of q, i.e.,

∂ f

∂q
= (2q − 2)(γ 2q−3 − δ2q−3)

γ − δ
� 0 (B18)

for q � 2 and γ � δ. The inequality (B15) holds for γ � δ.
The inequality (B16) is from ν(δ) = δ2q being a decreasing
function of q � 2. The inequality (B17) is obtained for 2q �
q − 1 with q � 2.

Now we introduce two parameters u = m − n and v =
m + n, which correspond to motions parallel and perpendic-
ular to the m + n = c (c is a constant) boundaries of the
parallelogram. The derivative of Cq(|ψ〉) with respect to u is

given by

∂Cq

∂u
= ∂Cq

∂n

∂n

∂u
+ ∂Cq

∂m

∂m

∂u

= 1

2
(q − 1)(δ2q − γ 2q)

−q(γ 2q−2 − δ2q−2)(δ2γ − γ 2δ)

2(γ − δ)

� 1

2
(q − 1)(δ2q − γ 2q) − q

2
(γ + δ)γ δ(δ − γ )

(B19)

� 1

2
(q − 1)(δ4 − γ 4) + q

2
(γ 2 − δ2)γ δ (B20)

� 1

2
[(δ4 − γ 4) + (γ 2 − δ2)γ δ] (B21)

� −1

2
[(γ 2 − δ2)(γ 2 + δ2 − 2γ δ)] (B22)

= −1

2
(γ + δ)(γ − δ)3 � 0, (B23)

where the inequality (B19) holds for Eq. (B18). The inequality
(B20) is from g = (δ2q − γ 2q) being a decreasing function of
q � 2, i.e.,

∂g

∂q
= 2q(δ2q−1 − γ 2q−1) � 0. (B24)

Let h = 1
2 (q − 1)(δ4 − γ 4) + 1

2 q(γ 2 − δ2)γ δ. We get

∂h

∂q
= −(γ 2 − δ2)(γ 2 + δ2 − γ δ)

2
� 0. (B25)

Thus h is a decreasing function of q � 2. The inequality (B21)
is achieved. The inequality (B22) holds for γ δ � 2γ δ.

From Eqs. (B17) and (B23), it is obvious that ∂Cq

∂m � 0

within the parallelogram and ∂Cq

∂u � 0 except on the bound-
ary m + n = Fd , where it is zero. These results imply that
the minimum of Cq(|ψ〉) occurs at the vertex of n = 1 and
m = d − 1. Thus we get the minimum of Cq(|ψ〉) as

Cq(|ψ〉) = 1 − γ
2q
1,d−1 − (d − 1)δ2q

1,d−1. (B26)

In this way, we derive an analytical expression of the function
ξ (F, q, d ) as

ξ (F, q, d ) = 1 − γ 2q − (d − 1)δ2q, (B27)

where γ and δ are defined as

γ = 1√
d

[
√

F +
√

(d − 1)(1 − F )],

δ = 1√
d

(√
F −

√
1 − F√
d − 1

)
. (B28)

Thus the q-concurrence for isotropic states Cq(ρF ) =
co(ξ (F, q, d )), and ξ (F, q, d ) has the form in Eq. (B27). This
completes the proof of Lemma 2.
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