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We study the dynamics of a quantum system having Hilbert space of finite dimension dy. Instabilities are
possible provided that the master equation governing the system’s dynamics contain nonlinear terms. Here we
consider the nonlinear master equation derived by Grabert. The dynamics near a fixed point is analyzed by using
the method of linearization, and by evaluating the eigenvalues of the Jacobian matrix. We find that all these
eigenvalues are non-negative, and conclude that the fixed point is stable. This finding raises the question: under
what conditions is instability possible in a quantum system having finite dy?
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I. INTRODUCTION

Consider a given closed quantum system having Hilbert
space of finite dimension dy, whose master equation, which
governs the time evolution of the reduced density matrix p,
can be expressed as dp/dt = O(p) = Oy(p) — Og(p). The
first term, which is given by ®(p) = (i/h)[p, H], where
H =H" is the Hamiltonian of the closed system, repre-
sents unitary evolution, and the second one ®4(p) represents
the effect of coupling between the closed system and its
environment. While it is commonly assumed that both the
unitary term ®,(p) and the damping term ®4(p) are linear
in p [1,2], in some cases the master equation can become
nonlinear. Two types of nonlinearity are considered below
[3,4]. For the first one, which is henceforth referred to as
unitary nonlinearity, the unitary term ®,(p) is replaced by
a nonlinear term. In most cases, unitary nonlinearity orig-
inates from either the mean field approximation [5-8], or
from a transformation mapping of the Hilbert space of finite
dimension dy into a space having infinite dimensionality (e.g.,
the Holstein-Primakoff transformation [9], which can yield a
parametric instability in ferromagnetic resonators [10]). Here,
we consider the second type, which is henceforth referred to
as damping nonlinearity, and focus on the master equation
that was proposed by Grabert [11], which has a damping term
®4(p) nonlinear in p.

Grabert has shown that the invalidity of the quantum re-
gression hypothesis gives rise to damping nonlinearity [11].
The nonlinear term added to the master equation ensures
that the purity Tr p?> does not exceed unity [12,13], and that
entropy is generated at a non-negative rate, as is expected from
the second law of thermodynamics [14].

For some cases, nonlinear dynamics can be ruled out based
on some specified assumptions. This was studied in Ref. [15]
for the assumption that faster than light signaling is prohibited
by the causality principle, and in Ref. [16] for the case of an
isolated system. However, the nonlinear damping of the type
the Grabert master equation (GME) has cannot be ruled out
by these arguments.
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The GME has a fixed point given by
e P

T Tr (e=FH)’ )

L0
where B = 1/(kgT) is the inverse of the thermal energy [11].
At the fixed point pp the system is in thermal equilibrium
having Boltzmann distribution.

Here we explore the stability of this fixed point pg
for the case where the Hamiltonian H of the closed sys-
tem is time independent. In a basis of energy eigenstates
of a time-independent Hamiltonian both matrices H =
diag(Ey, Es, - - - , Eq,) and py = diag(p1, p2, - - , pay) are di-
agonal, where p, = e #E/ Tr(e P™) [see Eq. (1)].

For the case of thermal equilibrium, one may argue that the
stability of pg is obvious. However, the stability of a driven
system is anything but obvious. Note that in many cases the
rotating wave approximation (RWA) is employed in order to
model the dynamics of a given system under external driving,
using a transformation into a rotating frame, in which the
Hamiltonian becomes time-independent in the RWA. Thus,
our conclusion, that the fixed point pg is stable for any time
independent Hermitian 7, can be extended beyond the limits
of thermal equilibrium.

The GME for the reduced density matrix p can be ex-
pressed as [12]

Z—l; = O(p) = Ou(p) — Bu(p), 2)
where the damping term is given by ®y(p) = Oa(p) +
Op(p), where Oa(p), which is given by Ox(p) =
velO, [O, p]l, is linear in p, and Op(p), which is given by
Op(p) = ByelQ, [Q, H],] is nonlinear. The constant yg > 0
is a damping rate, the Hermitian operator QT = Q describes
the interaction between the quantum system and its environ-
ment, and

1
A, :/ dn p"Ap' . 3)
0
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Alternatively, the damping term ®4(p) can be expressed
as O4(p) = ByelQ, [Q, Unl,], where Uy = H + B~ log p is
the Helmholtz free energy operator [11]. According to the
master equation (2), the time evolution of the Helmholtz free
energy (Uy) = Tr(Uyp) is governed by

d (U
W~ o 4

where C = i[Q, Uy], and thus d(Uy)/dt < 0 (since Ct=0)
[12,17], i.e., the Helmholtz free energy (Uy) is a monotoni-
cally decreasing function of time.

Note that the operator C vanishes at the fixed point pg
given by Eq. (1). Alternatively, the Kubo identity [given by
Eq. (4.2.17) of Ref. [17]] can be used to show that py is
a fixed point [11]. For some cases the existence of a limit
cycle (i.e., periodic) solution for the GME (2) can be ruled
out using Eq. (4). Along such a solution the condition C = 0
must be satisfied [since Tr(C,C) = 0 implies that C = 0 when
Tr p? < 1]. Hence, when p = py is a unique solution of C =
0, a limit cycle solution can be ruled out.

A linear master equation can be derived by replacing the
nonlinear term Og(p) by the term (8'/%)yE[Q, [Q, H]], where
B’ > 0. It was shown in Ref. [18] (see also Appendix B of
Ref. [8]) that such a linear master equation is stable pro-
vided that yg > 0. Below we analyze the stability of the
nonlinear GME (2).

II. LINEARIZATION

The stability of the fixed point py of the master equa-
tion (2) is explored by the method of linearization applied
to the nonlinear term ®g(p). In the vicinity of py =
diag(p1, p2, - -+ , pay) the density matrix p is expressed as
0 = po + €V, where € is a real small parameter. Let upu' =
pa = diag(py, p5, - - ,p;,H) be diagonal, where u is unitary,
i.e., u'u = 1. With the help of time-independent perturbation
theory one finds that the eigenvalues p;, of p are given by

oy = pn + €m|VIn) + O(€?), (5)

and the unitary transformation u that diagonalizes p is
given by

u—Z(I )4y SV )Ik)>( |+ 0(e?),

ksn Pn
(6)
or
u=1-ieF + 0(&*), (7
where the Hermitian matrix F is given by
F= Y S, ®)

k£l

(k|V|l) = Vyy is the (k’th raw - [’th column) matrix element of
V, and |k)(l| denotes a dy x dy matrix having entry 1 in the
(k’th raw - [’th column), and entry O elsewhere.

Using the identity [12]

1
/ Xy 7y = F(x,y), 9)
0

where
X—=y
Flx,y) = , (10)
logx —logy
one finds that (recall that pq is diagonal)
1
/ dn plApy ™ = F oA, (11)
0

where o denotes the Hadamard matrix multiplication
(element by element matrix multiplication), and where the
matrix elements of F' are given by F,, = F(p,, p,,)-
Note that F,,, = Fun + O(€), where F,,, = F(pn, pm) [see
Eq. (5)], hence, the following holds [see Eqgs. (3) and (7) and
note that udu™ = A + i€[A, F]1+ O(€?)],

A, =F oA+ ielF, F o Al +ieF o [A, F1+ 0(€?), (12)

where F/ = F + e(dF/de) + O(€?).
The following holds [see Eq. (10)]

) 13

F(x,y) fd (x +y> (13)

where the function f3(n) is given by

2n n
(n) = = :
fa log }%Z tanh~! 5

(14)

The function fy is symmetric, i.e., fg(—n) = fa(n), and the
following holds f4(0) = 1 and f4(£1) = 0. With the help of
Egs. (5) and (13) one finds that the matrix dF/de is real,
symmetric, and the following holds (no summation due to
repeated indices n and m)

df d(){nm dnnm
(E)nm = e —Fun + Qi —— de an’ (15)
Where Cpm = (00 + Pm)/2, nnm = (on — Pm)/(Pn + om)s
mn fd(nnm) and where = fd(nnm) Moreover,

Tr(dF/de) = 0 (note that F,,, = 1 and F =0).
The Ny = df{ — 1 Hermitian and traceless dy x dy gener-
alized Gell-Mann matrices A,, which span the SU(dy) Lie

algebra, satisfy the orthogonality relation
—— = bup- (16)

For the case dy = 2 (dg = 3) the matrices are called Pauli
(Gell-Mann) matrices. The set {},} of N3 matrices can be
divided into three subsets. The subset {Ax nm)} contains
du(dy — 1)/2 matrices given by Ax .m) = [n)(m| 4 |m)(n],
and the subset {Ay .} contains duy(dy — 1)/2 matrices
given by Ay u.m) = —i|ln)(m| + ilm)(n|, where 1 <m < n <
dy. The subset {Az;} contains dy — 1 diagonal matrices
given by

2 1
Azo =/ T 1)<—l|l + DU+ 1] +j2=1: |J)(J|>, A7)

where 1 <[ <dy—1.

Any given density matrix p can be expanded as p =
d + K - X, where K = (K1, K3, -+ , Ky,), K, are all real,
and A=, - , An,)- The purity is related to the gener-
alized Bloch vector K by Tr p? = dy' + 2K? [see Eq. (16)].
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Note that the approximation f;(n) =~ 1 turns the GME into an
equation linear in p [12] [see Eq. (14)]. This approxi-
mation, which is applicable when |K| <« Kg, where Kg =

(A —dy 1Y/2 is the radius of the generalized Bloch sphere
(GBS), allows the linearization of the GME around the center
point of the GBS. On the other hand, to explore the stability of
the steady state solution, we linearize below the GME around
the point py. Note that close to the surface of the GBS, i.e.,
when the purity is close to unity, the nonlinearity of the GME
becomes significant and non-negligible.

III. STABILITY

To explore the stability of the steady state solution py, it is
convenient to express the perturbation €V = p — pp as €V =
i - A, where & = (k1, k2, - - , ky,). In this notation the GME
(2) becomes (repeated index implies summation)

dl(b

E)\b = O(po + kpAp), (18)
or [see Eq. (16)]
dk, 1
=-Tr(® Ap)Ag). 19
7 5 T (O(po + kpAp)hy) (19)
To first order in i
dx, 1 00
==-Tr{—AX, s 20
dr 2 r(ax,, "”) 20)
or in a vector form
di
— =Jk, 21
dt * @D
where the Jacobian matrix J is given by J = J, — Ja — Jp,
and where
1 00y%
Js==Tr| —A, |, 22
p=5Tr < P ) (22)

with ¥ € {u, A, B}.

The system’s stability depends on the set of eigenvalues of
the Jacobian matrix J, which is denoted by S. The system is
stable provided that real(§) < O for any £ € S. It was shown
in Appendix B of Ref. [8] that such a system is stable provided
that J,,, Ja, and Jp are all real, J, is antisymmetric, all diagonal
elements of J, + Jp are positive, and dy is finite. Properties of
the matrices Jy, Ja, and Jg are analyzed below.

The matrix J,, which governs the unitary evolution, is
given by [recall the trace identity Tr(XY) = Tr(Y X)]

ST HIA) = 2 Tr (M 2ol (23)
hence J, is real and antisymmetric provided that ‘H is Hermi-
tian (note that i[A;, A,] is Hermitian).

The matrix J, is given by

Ju=

In = ZTr(1Q.1Q. 1)) = T Tr (<10 1 ][Q. 2al):
(24)
Both matrices i[Q,A,] and i[Q,A,] are Hermitian,
provided that Q is Hermitian, hence Jo is real (recall

that g is positive). The diagonal elements of J, are positive
since —[Q, Ap][0, A,] is positive-definite for the case a = b.

The diagonal elements of the matrix Jp can be evaluated
using the linearization of the term A, given by Eq. (12). For
the case where the perturbation V = (p — pg)/€ is a gener-
alized Gell-Mann matrix, i.e., V € {A,}, the following holds
[see Eq. (8)]:

A fum .
F # if V = Ax (n,m) 25)
= Ao ’
=2 iV = Av.oum

and [see Eq. (12), and note that, according to Eq. (5), F' =
F 4 O(e?) when all diagonal elements of the perturbation
vanish, e.g., when V € {Ax n.m)} U {Ay,@.m)}, and, according
to Eqgs. (7) and (8), u = 1 4+ O(e?) when the perturbation is
diagonal, e.g., when V € {Az}]

[FoA Ay mm)]=FolA Ay )] -
e s iV = A )
—dA'O = [F oA, Ax, (nm) ] —F o[A,AX (n.m)] FY =
de (=)(0u—pm) = AY,(n,m)
% °oA ity = )"Z.(n,m)

(26)

The diagonal elements of Js + Jg are evaluated by using
Eq. (26) with different values of the perturbation V.

The diagonal matrix element corresponding to the general-
ized Gell-Mann matrix Az ;, which is labeled by j;, is given
by [see Egs. (22), (24), and (26)]

Ji = % Tr (—[Q. Az, P)

dF
n ﬁT”E Tr ([Q, —ol0. H]}Az,l), 27)
€

where the term dJF/de is evaluated according to Eq. (15)
for the case where the perturbation is given by V = Az;.
In terms of the elements of the diagonal matrix Az; =
diag(vy, va, - -+ , vg,) one finds using Eq. (5) that p;, = p, +
€v, + O(¢?), hence (dF/de)ym = dnm, Where

Ao = Uannm 1+ (%nm B nnm)Fn/m
i 2%um Fum ’

(28)

Vim = Vn — Um and Hnm = (Vn - Vm)/(vn + Um)- The
following holds d,,, = d,, hence Eq. (27) yields

jl =YVE Z ;’nmvyzlmlqﬂm|2v (29)

n<m

where gnm =1 + dmnenm/vnms €nm = /B(En - Em)’ and where
qnm are the matrix elements of the operator Q (recall that it
is assumed that QT = Q, i.e., Gmn = q,,)- With the help of
the relation 7, = — tanh(e,,/2) [see Eq. (1)] one finds that
Cum = & (Mum» #um ), Where the function ¢ (7, ») is given by
[see Eq. (14) and note that 1 — (1/(1 — n?))(n/tanh~! n) =
nF'(n)/F ()]

_ Ja(n) U
(=725 (1-7): (30)

1 »n

The following holds [see Eq. (17), and note that only the cases
for which v,,, # 0, i.e., the cases that can contribute to j;, are
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listed]
1 fjr—i n<landm=1+1
- = 1 n<landm>1+1 (31)
Fum 1 n=Il+landm>1+1

hence 0 < (—1/s¢) < 1 for all terms contributing to j;, hence
Cnm v,%m > 0 for these terms, and consequently j; > 0.

The diagonal matrix element corresponding to the gen-
eralized Gell-Mann matrix AX,(2.1) ()VY,(2,1)) is labeled by
Jjx (Jy). We show below that both jx and jy are non-
negative. The proof is applicable for all other diagonal ele-
ments, corresponding to all generalized Gell-Mann matrices
IS {)\X,(n,m)} U {)\Y,(n,m)} with (n, m) # (2, 1), since the or-
dering of the energy eigenvectors is arbitrary.

With the help of Egs. (22), (24), and (26) one finds that [the
subscript (2, 1) is omitted for brevity]

JEX = Tr (—[Q, 2x1[Q, Ax])

2
Tr <,B [Q, [FolQ, H], /.\Y]— FollQ, Hl, )»Y]}AX)
i(p2— p1)

(32)

and

75 = Tr (=10, \1[Q, AvD)

2
+TI' <ﬂ[Q, [-FO[Q7 H]7AX]_FO[[Q7 H]v )\'X]})\'Y>’

~

)2 — p1)
(33)
hence
j 2
X /.
= =g +4vg3+ )Y Gulgml’.  (34)
VE n=1 m23
and
j 2
Y !
= =g+ + YD Gulgml’, (39
Ve n=1 m>3
where g4 = q11 — g2,
F For — 2F
- (Fii+Fn 12)e12 36)
2(p1 — p2)
4, = Reqi2, q{, = Im g3, and where
JT.. m = fm nm

P1 — P2
With the help of Egs. (1), (13), and (14) one finds
that [note that e, = —10g(on/pm) = log((1 — num)/(1 +

Nm)) = —20m/ fa(Mum)]

1

- 38
v Sfa(n2) 38)

and that Gy, = G(p1/Pm, p2/pm) and Gay = G(02/ s
01/ Pm), where the function G is given by

V]*l _ rzfl
G(ri,r)=1— 80 12% 150 (39)
ry —nrn

or

I‘z—l IOg%

G(ry, =
(r1,r2) rylogr, :_; _

; (40)

hence v > 1 [since 0 < fy(np) < 1] and G, > 0 [see
Eq. (40), and note that for non-negative r; and r,, both the
first factor, which depends on r, only, and the second one,
which depends on r; /r, only, are non-negative], and thus both
Jx and jy are non-negative. This concludes the proof that the
GME steady state py is stable.

Some of the inequalities that have been used above for
exploring the stability of the GME can be used to derive other
general properties. The contributions to the rate of energy
(entropy) change due to the terms ®, and ®, in the GME
(2) are denoted by Ry, and Rya (Rs, and Rga), respec-
tively. For a time independent Hamiltonian , both energy
and entropy do not change due to the unitary term ®,, i.e.,
Ruu = 0 and R, = 0. With the help of the inequality (o, —
om)(E, — E;) < 0 one finds that Rya > 0, and with the help
of the inequality F(p1, p2) = 0 one finds that Rga > 0, i.e.,
the linear damping term ®, gives rise to increase in both
energy and entropy (provided that g > 0).

IV. SUMMARY

In summary, the dynamics governed by the GME (2) in the
vicinity of the steady state py depends on the dj — 1 diagonal
element of the Jacobian matrix J, + Jg. Our derived expres-
sions for the eigenvalues, given by Egs. (29), (34) and (35),
can be used to evaluate statistical properties of the system
near its steady state po. We find that all these eigenvalues are
non-negative, and conclude that the steady state py is stable.
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