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Finding the optimal estimator capable of saturating the Cramér-Rao bound is important for quantum parameter
estimation. The maximum likelihood estimator (MLE) is well known to be asymptotically optimal, but it is usu-
ally nonanalytic and hence requires extensive numerical computation. On the other hand, the inversion estimator
is widely used in experiments due to its simplicity, but it is usually suboptimal. Here we derive an estimator based
on the linear combination of multiple inversion estimators associated with the occurrence probability of different
measurement outcomes. This linear combination estimator shares the asymptotic optimality of the MLE and
the simplicity of the inversion estimator and is applicable to general multi-outcome measurements, irrespective
of the specific system and the noise in the system. We demonstrate this estimator for the intensity-difference

measurement to a six-photon twin-Fock input state.
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I. INTRODUCTION

Quantum-enhancement phase (or parameter) estimation
is of importance for multiple areas of scientific research
[1-8], including gravitational wave detection [9—11], biolog-
ical sensing [12,13], atomic clocks [14,15], magnetometry
[16], and so on. In experimental works, the phase estima-
tion by inverting the averaged signal is widely used due to
its simplicity. According to the central limit theorem, the
phase uncertainty of the inversion estimator simply follows
error-propagation formula [8]. For instance, the intensity mea-
surement in a Mach-Zehnder interferometer fed by a coherent-
state of light exhibits the interferometric signal ocsin?(6/2) or
cos?(6 /2), which results in the full width at half maximum
(FWHM) =n and hence the fringe resolution Ax ~ A/2
(i.e., Rayleigh resolution limit) [17]. Moreover, the achiev-
able phase sensitivity is subject to the standard quantum limit
(SQL) 86sqr, =1/ /i1, where 7 is the number of particles of
the input state.

The two classical limits in the sensitivity and in the res-
olution can be surpassed with nonclassical input states and
optimal measurement schemes followed by a proper data
processing. In 1981, Caves [9] proposed that the sensitivity
can beat the SQL if the two input ports of the interferometer
are fed by a coherent state and a squeezed vacuum state of
light (i.e., the squeezed-state interferometer). With respect
to the squeezed-state interferometer, the photon-counting
measurement is optimal to realize the so-called Heisenberg-
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limited phase estimation precision [18]. However, this is a
non-Gaussian measurement and the achievable sensitivity is
subject to the finite number resolution of the photon counters
[19,20]. Using a Gaussian measurement (e.g., the homodyne
detection at one port of the interferometer [21]), Schifermeier
et al. [22] demonstrated the superresolution and the supersen-
sitivity simultaneously, where the measured field quadrature
is divided into two bins. A better resolution and an enhanced
sensitivity can be realized if one separates the field quadrature
into three bins, which can be regarded as a multi-outcome
measurement [23].

For a multi-outcome measurement, the inversion estima-
tor is usually suboptimal since it does not take into account
all of the available information from the measurement [8].
Therefore, the inversion estimator usually cannot saturate the
ultimate phase estimation precision that determined by the
Cramér-Rao lower bound (CRB) [1-7]: §6crp = 1// F(0),
where F(6) denotes the classical Fisher information (CFI).
Furthermore, some commonly used inversion estimator may
not exist in certain cases. For instance, the intensity-difference
measurement (i.e., the f measurement) over the twin-Fock
states gives vanishing signal [24,25], which leads to the in-
validity of the inversion estimator. To saturate the CRB, the
maximum likelihood estimation (MLE) and the Bayesian
estimation are usually adopted [26-32]. Particularly, Pezzé
et al. [26] have demonstrated that the Bayesian estimator
can saturate the CRB over a wider phase interval than that
of the inversion estimator. Furthermore, the ﬁ measurement
followed by the MLE is an optimal protocol for the inter-
ferometer fed by the twin-Fock states [30]. This is because
the MLE or the Bayesian estimator is unbiased and its
uncertainty can saturate the CRB asymptotically. However,
the MLE cannot be expressed in an explicit form and its
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evaluation requires much more computational time than that
of the inversion estimator. Therefore, it is highly desirable
to find an estimator that shares the merits of the MLE (i.e.,
unbiasedness and asymptotic optimality in the sensitivity) and
the inversion estimator (i.e., the simplicity).

Recently, Xu et al. [23] proposed a linear combination
of multiple inversion estimators and show its application in
a three-outcome homodyne detection. However, whether this
estimator is valid for other multi-outcome measurements re-
mains unclear. In this work, we present an explicitly analytical
form of the composite estimator for a general multi-outcome
detection with discrete measurement outcomes. As an exam-
ple, we consider the J, measurement in the Mach-Zehnder
interferometer fed by a six-photon twin-Fock state [33]. Using
a Monte Carlo method, we simulate the phase estimation
process and show that the composite estimator can saturate
the CRB in the asymptotic limit of a large number of repeated
measurements. Our result also works for the measurements
with continuous-variable outcomes (e.g., the field quadrature)
provided that one divides the measurement outcome into sev-
eral discrete bins, as done by Refs. [21,22]. Therefore, we
expect the proposed estimator to find use in various quantum
phase-estimation experiments.

II. MULTI-OUTCOME PHASE MEASUREMENTS

For arbitrary multi-outcome measurement, the output sig-
nal is the average of an observable Il = Zk i Il with
respect to a phase-encoded state p(6),

. N
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where u; and Pi(0) = Tr[p(0)I1;] denote the eigenvalue
and the conditional probability of the kth outcome, with
{I1;} being a discrete set of positive semidefinite measure-
ment operators and satisfying ), [1; = 1. The probability of
each outcome can be measured by the occurrence frequency
Ni/N. For clarity, we refer to N repeated measurements as
a single run and use N as the occurrence number of the
kth discrete outcome. Obviously, A is a deterministic integer,
but N is a random integer variable, because N; may take
different values in different runs [averaged at N'P(0), see the
Appendix]. Performing multiple runs at a given 6 € (—m, 1),
one can obtain the phase-dependent probabilities from the
statistical average of A;/A/, which comprises the interfer-
ometer calibration [26,33,34]. Next, to estimate an unknown
phase shift 6, we perform a single run and obtain a particular
set of occurrence numbers {\};} and construct an unbiased
estimator O

Numerically, we adopt a Monte Carlo method to simulate
a multi-outcome measurement [18,26,35] using N random
numbers at each 6 and recording the occurrence frequencies
Ny /N. After M replicas, the averaged occurrence frequenc1es
are fit as P(m) (). As illustrated by Fig. 1(a), we consider the J
measurement to an N-photon twin-Fock input state |n, n), , =
|n), ® |n)p [24,25], where N = 2n and the subscripts a and
b denote two orthogonal modes of the interferometer. The
two-mode Mach-Zehnder interferometer can be described by
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FIG. 1. (a)Light intensity-difference (i.e., J.) measurement at the
output ports of the interferometer fed by a N-photon twin-Fock state,
and (b)—(d) the occurrence probabilities of (N + 1)-outcome .J, mea-
surement with number of photons N = 6. The circles and the bars in
panels (b)—(d) indicate the mean values of the occurrence frequencies
Ny /N and their standard deviations, simulated with M = 20 replicas
of A/ = 500 random numbers at each a given 6 € (—m, 7).

a unitary operator (see, e.g., Refs. [8,36])

U(0) = ¢'3'e o715 = exp(—ib],), )
where J = %(&T, b6 (a, b)T denotes Schwinger’s represen-
tation of the angular momentum, with & and b being the
annihilation operators of the two modes, and 6 = (6, 6y, 6;)
the Pauli matrix. We adopt eigenstates of J. to express the out-
put state as |y (0)) = U(0)]},0), where |j, k) = |j+k, j—
k)yp for k € [—j, +j], with the total spin j = N/2 = n. For
a N-photon twin Fock state, the /. measurement gives N + 1
outcomes, with the occurrence probabilities P (6). Recently,
Xiang et al. [33] demonstrated Py(0) as a function of 6
for the six-photon twin-Fock state (e.g., N = 2n = 6). The
probabilities of all the measurement outcomes are shown in
Figs. 1(b)-1(d).

Once all phase-dependent {P,(6)} and hence the average
signal are known, one can infer unknown value of 6 via
the inversion estimator 0,y = g~ (", e Ni/N), where g~!
denotes the inverse function of g(6) = (I1(6)). According to
the central limit theorem, the phase uncertainty follows error-
propagation formula [8]:

RS Aﬁ
v |8 1) /96|

where ATT = ((IT?) — (I1)%)'/? denotes the root-mean-square
fluctuation of the signal. The inversion estimator is widely
adopted by experiments due to its simplicity, but it is usu-
ally suboptimal. This is because the phase sensitivity per
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measurement 86 = /N A cannot saturate the CRB [1-8]:

1
VF@O)

where the total CFI and its contribution from each outcome

are given by
1 [aP@©) 7
P(e)[ 26 } ®

86 = 86crp = “4)

Ji©) =

FO)=_ fi(0),
k

respectively. It is well known that the MLE saturates the CRB
when the number of independent measurements A/ >> 1 (see,
e.g., Ref. [6]). However, the MLE can only be expressed
in a nonanalytic way O = argmax,P(0|{ Nt}), which is a
particular value of 6 that maximizes the likelihood function
(i.e., a multinomial distribution):

m 1 M
POUND) =N!£[lm[1°k<e)] , (6)

where m is number of outcomes and NV}, = N} (6y) denotes the
occurrence number of each outcome at a given true value of
phase shift 6). When N = ", N >> 1, the phase distribution
can be well approximated by a Gaussian:

2
(9 - Omle) :|’ (7)

POIN:)) o exp [— o

where o is a 68.3% confidence interval of the Gaussian around
the MLE [18,26,32,37].

A new phase-estimation protocol can be obtained by a
convex combination of the CFI of each outcome [23]. Our
method starts from the inversion estimator of each outcome
Ok = Pk’l(/\/k /N), which can be obtained by inverting the
equation P (0) = N; /N around 6. Next, we consider the oc-
currence numbers of each outcome N >> 1 and use Stirling’s
formula in Eq. (6):

m £ —(Ni+3)

POIND~ [ } ,
CINI~ 75 N)’" U\/Pkw) P(6)

3

where we have introduced & = Ny/N — P.(0) ~

OWN~'%), which are random numbers and satisfy

|&x| < Pr(9) for large enough N (see the Appendix). To
obtain a phase estimator, we further approximate P(0|{/N;})
by neglecting the terms up to O(N), and obtain (see the
Appendix)

POINY) o e NBO, 9)
where
v & NN =PO))
B(6) = k;zpk(e) - X_:W' (10)

For each outcome, if we consider the single root of the equa-
tion Py (9) = N /N around 6y and expand P;(0) as

0P, (0
Pu0) ~ PO + 2O

(0 — Ginv.k) (1)

BGinv k

then we obtain an approximate result of B(6) as

2
1 dP(0)
~ Z k (9 - einv,k)z
T 2Pk(9inv.k) a0 Oinv. k

Qinv
=> M(e — By ) (12)
k

B(9)

where we have used the relation Py (@i 1) = Ni /N and fi.(9)
denotes the CFI associated with the kth outcome, given by
Eq. (5). Finally, we obtain the phase estimator using the equa-
tion (see the Appendix)

AP ON; JdB(6
OHND ~ ) —0. (13)
90 e 30 o
which yields
SOy k)
6 st — C Oinv, s h=E=F - (14)
o Xk: ek ‘ > e Jir Oinv i)

The above result has a clear physical meaning as a linear com-
bination of all the inversion estimators {6, x} weighted by
the contribution of the Fisher information from each outcome
[23]. The performance of 6. can be quantified by M replicas
of A independent measurements at each given 6, which
yields the estimators {9;3[), Géft), cee 9&4 )}. For large enough
N, the composite estimator is unbiased if (9;;2 )s — 6o could
be almost vanishing, where ((- - - )); = Zi:]( -)/M denotes
the statistical average. Moreover, the composite estimator is
optimal if the mean-square error

dese = 1/ ((68) — 60)%), (15)

can saturate the CRB 1/+/N F(6y) asymptotically. Before the
conclusion of this work, we show that the composite estimator
can be regarded as an approximated analytical form of the
MLE in the asymptotic limit.

Note that the composite estimator in Eq. (14) is valid
for any kind of multi-outcome detection with discrete mea-
surement outcomes, independently from specific system and
the noise in the system [38,39]. To obtain 6, it is impor-
tant to measure all the probabilities {Py(6)} and hence the
CFIs {fi(0)}, as well as the inversion estimators i,y ; =
P! (Ni/N). For each k, we need to determine a unique solu-
tion of P,(9) = Ny /N, which requires some prior information
about 6. When our prior knowledge is sufficient (e.g., there
are two solutions 6,y x = 0 or 7 /2, but we already know
6o € [—m /4,  /4]), this does not cause any problem. How-
ever, when our prior knowledge is not sufficient, we cannot
determine the inversion estimator uniquely. This problem also
occurs not only for the inversion estimator that widely used in
experiments (see, e.g., Refs. [26,33,34]), but also for the MLE
[40—42]. The standard solution is to use multistep estimation
protocol [40—42], or simply a two-step protocol [43].

As the most simplest case, the inversion estimators have
been obtained in real experiments by measuring a specific
outcome (i.e., a binary-outcome measurement [44,45]). For
instance, for the six-photon twin-Fock state [33], it has been
shown that the inversion estimator of the outcome k = 0 (i.e.,
measuring equal number of photons at the output ports). For
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the N-photon NOON states, the phase uncertainties of 6,0
and 6,12 have been demonstrated for N =2 and 3 [34].
In these two experiments [33,34], the inversion estimator is
equivalent to the MLE and therefore its uncertainty follows
the CRB (see below). To extract much more phase informa-
tion, we consider the multi-outcome measurement shown in
Fig. 1(a), which can be realized in the experimental setup sim-
ilar to Ref. [33]. We numerically demonstrate how to obtain
the inversion estimators of all the measurement outcomes and
therefore the composite estimator.

III. PHASE ESTIMATION WITH THE TWIN-FOCK STATE

As illustrated by Fig. 1(a), we now consider the twin-
Fock states as the input of the interferometer. In contrast to
a number of entangled states, the twin-Fock states are be-
lieved to be robust to the decoherence and hence result in
better phase estimation precision under typical experimen-
tal noise [27]. However, the J, measurement to the output
state exp(—i@fy)|j, 0) gives vanishing signal, due to (L) =
> « kP (6) = 0 [25]. This is because the symmetric properties
of the occurrence probabilities

PO = |(j. kle 1. 07 = [d] )],
ie., P(0) = P(0) and Pr(—0) = P (0) for k = —j, —j +
1, ..., +j. Here dj,,(0) = (j,m|exp(—i9fy)|j, n) denote
the Wigner’s small d functions, and j = N/2 (see, e.g.,
Ref. [46]). To obtain a phase-sensitive signal, various mea-
surement schemes have been proposed and experimentally
demonstrated, such as the parity detection [47-53], the fzz
measurement [36,54], and the single-fringe detection [33,55].
Particularly, Xiang et al. [33] proposed the single-fringe de-
tection to realize high-precision phase measurement beyond
the SQL (see below). For the N-photon twin-Fock states, the
J. measurement followed by the MLE can achieve a global
phase estimation at the Heisenberg limit [30]. However, the
ideal result of the CRB, §0crp = «/E/ VN(N + 2), cannot be
saturated due to the experimental imperfections.

Inspired by Ref. [33], we numerically simulate the J,
measurement over the six-photon twin-Fock state and demon-
strate phase-estimation protocol based on Eq. (14). In
Figs. 1(b)-1(d), we introduce the experimental imperfections
by replacing the occurrence probabilities as

(16)

PI™(0) = AgP(0) + By, (17)

where Ap = 0.9293, By =0.0245, B; =0.0087, B, =
0.0068, and Bz = 0.0076 (see Ref. [30]). These parameters
are chosen such that the symmetric properties of the
probabilities remain, i.e., PS;‘)(Q) = Pi‘,‘j”(@), which
requires B_; = B;. Furthermore, the probabilities satisfy
the normalization condition ), P,f"“)(e) =Y, P(6)=1.
As depicted by Figs. 1(b)-1(d), the occurrence probabilities
Pk(‘m)(é?) exhibit multifold oscillatory pattern, with the
visibility ~92%. We show numerical simulations of the
occurrence probabilities by using the Monte Carlo method
[35], where A random numbers are generated according to
{P:(0)} at given 6 € (—m, ). Next, we record the occurrence
numbers {N;} and the occurrence frequencies {N;/N} of
each outcome. Repeating the above processes for M times, we
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FIG. 2. Phase distribution P(6|{/V;}) and its approximate result
[i.e., Egs. (9) and (12)] as a function of @, simulated with A/ random
numbers for (a) A = 10, (b) /' = 100, (c) N = 1000, (d) full range
of panel (c¢) for 6 € (—m, ). The inversion estimators of the J.
measurement are obtained by solving the equations P,(6) = N /N,
where k = —j, —j + 1, ..., j with j = N/2 = 3 and the occurrence
numbers N are generated at the true value of the phase shift 6, =
7 /4. Red dashed line shows exact result of the phase distribution.
Blue solid line shows approximate result of P(0|{\}).

can obtain the averaged occurrence frequencies (the circles)
and their standard deviations (the bars).

Next, we investigate the phase-estimation protocol based
upon the composite estimator 6.y. In Fig. 2, we com-
pare the exact and the approximate results of P(6|{Ni})
to show the validity of 0.y, where the approximate re-
sult is given by Eq. (9), with B(0) given by Eq. (12).
Numerically, this can be obtained by generating N ran-
dom numbers at 6y and recording the occurrence num-
bers of all the outcomes {MN}}. Next, we obtain all the
inversion estimators {6, x} by inverting the equations
P.(0) = Ny /N around 6, where k = —j, —j+1, ..., +],
with j = N/2 = n. Then we construct a phase estimator 6y
according to Eq. (14). More directly, the estimator O is
given by the peak of the approximate result, indicated by the
vertical dotted lines. One can find that there are significant
discrepancies between the exact and the approximate phase
distributions for A" up to 100. This is because our protocol
requires the conditions Ny ~ O(N) and N =Y, N> 1.
As N increases up to 1000, one can find that the approximate
result shows good agreement with the exact result (the red
dashed line). Remarkably, the approximate result shows only
one peak within a whole phase interval 6 € (—m, ). This is
because for each outcome we choose the only one root of the
equation Py(0) = N /N near 6. It means that the multipeak
structure of P(0|{/N;}) [40—42] has been bypassed in solving
the inversion estimators {finy «}-

In Fig. 3, we show the phase sensitivity 860 = 1//F(6)
for different values of the phase shift, where F(0) is the CFI
of the J. measurement and is given by Eq. (5). One can find
that the sensitivity can beat the SQL (the upper horizontal
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FIG. 3. Phase sensitivities of the J. measurement with and with-
out the coarse-graining against the true value of the phase shift 6,
obtained after M = 200 replicas of A = 2000 random numbers.
The red circles and the blue solid line show the phase uncertainty
and the CRB of the J, measurement without the coarse-graining.
The triangles and the dashed line show the phase uncertainty and
the CRB of the J, measurement with the coarse-graining (i.e., the
four-outcome J, measurement). The pink dotted line shows the CRB
of the single-fringe measurement 1//F,(0), where F,(6) is given
by Eq. (18). Horizontal lines: the SQL 1/ /N and the ideal result
of the CRB ﬁ/«/N(N + 2) for N = 6 [30]. Inset shows statistical
average of the bias 6y — 6. (circles) and its standard deviations
(bars), indicating unbiasedness of the composite estimator.

line) over a wide phase interval. Due to the experimental
imperfections, the best sensitivity that appeared at the optimal
working point O, = 0.1177(20°) cannot reach the ideal result
of the CRB. The circles in Fig. 3 are the phase uncertainties
VN Oest, Which are obtained by numerical simulation. Specif-
ically, we first obtain all the inversion estimators {6, x} and
the composite estimator .y at each a given value of 6, as
shown by Fig. 2. Next, we repeat the above processes for
M times to obtain the estimators {61, 95(32[), ., 091 Using
Eq. (15), one can find that the uncertainty VN ooy (the circles)
almost saturate the CRB (i.e., the blue solid line). The inset in
Fig. 3 shows the mean values of .y (the circles) and their
standard deviations (the bars), indicating the unbiasedness of
the estimator.

IV. THE PHASE ESTIMATION WITH A
COARSE-GRAINING METHOD

In real experiments, it could be difficult to detect all the
outcomes of the J, measurement, especially when the number
of particles N > 1 [56-58]. To remedy it, one can adopt
a proper coarse-graining method by combining several out-
comes into a single one. For instance, as proposed originally
by Sun et al. [55], Xiang et al. have recently demonstrated
such a of measurement scheme [33], where they regard k = 0
as an outcome (i.e., detecting equal number of photons at the
output ports) and all the others detection events as a single one
outcome, denoted by k = . This is the so-called single-fringe
detection [33], or equivalently a binary-outcome measurement

3 (a) § 1lp =1 (b)
< =]
Q 3
o o]
I =
~ 0.5 v 0.5
3 o
< 2
| ©
= 9 T o
= 05 0 05 1 0.22 0.25 0.28
6/n o/n
S s 1 @
- -~
3 s |
Q Q
j— -
@ @05
© ©
() ()]
(] %]
2 2
o a O
0.22 0.25 0.28 0.22 0.25 0.28
o/n o/n

FIG. 4. (a) The occurrence probability of the J, measurement
with the coarse-graining method and the phase distributions for
different number of the measurements with (b) A" = 10, (c) 100,
(d) 1000. The solid line in panel (a) is the occurrence probability of
the outcome “¢J” given by P;(0) = 1 — Py(0) — 2P,(60) with Eq. (17).
The circles and the bars in panel (a) are the mean values of the
occurrence frequencies NVy/A and their standard deviations, with M
and N the same as in Fig. 1. In panels (b)—(d), the red dotted (blue
solid) lines are the exact (approximated) results of P(6|{/N}}), where
the inversion estimator of each outcome is obtained by inverting
the equation P(9) = N;/N around 6, = 7 /4. The vertical lines
indicate locations of the composite estimator and the MLE.

[44,45]. The CFI is also given by Eq. (5), namely,

(PO | (PO _ [Py(O)
P6)  Pa6)  Po(6)Ps(6)’

where Pk’(G) = 0P (0)/00 and Py(0) = 1 — Py(0). Taking the
experimental imperfections into account, i.e., {P,f‘m)(é)}, one
can obtain the CFI and hence the CRB §0 = 1/4/F,(0); See
the dotted line of Fig. 3 (and also Ref. [33]). The sensi-
tivity diverges at the dark points of P{"™(0), e.g., Ok =
arctan(/2/3) ~ 0.227.

To avoid the divergence, one can consider additional con-
tributions of the outcomes k £ 0. For instance, let us consider
the outcomes k = 0 and =£2 into the CFI

[Py(O))
Py(6)

F2(0) =

(18)

ACHE
Py(0)

[P;(6))

Falt) = P2)

19)

where the factor two arises from the symmetry P_,(0) =
P>(0). Obviously, this is indeed a four-outcome measurement
and all the other outcomes k = +1, 3 have been treated as a
single outcome “¢” with the occurrence probability Py(6) =
1 — Py(@) — 2P5(0) shown in Fig. 4(a). The occurrence prob-
abilities Py(0), P»(0), and thereby Py(0), can be obtained from
the interferometer calibration, as depicted by Figs. 1(b)—1(d).

In Figs. 4(b)—4(d), we show the validity of 6.y for the fz
measurement with the above coarse-graining method. Sim-
ilar to Fig. 2, one can find that the approximate result of
P(O{N}) shows good agreement with that of the exact result
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as V increases up to 1000. For a given 6y = 7 /4, the inversion
estimator of each outcome is given by iy = Pk_l(./\/k JIN)
with k = 0, &2, . The peak of P(0|{N,}) gives the location
of Oy, which is slightly less accurate in a comparison with that
of Fig. 2(c). Theoretically, this is because the coarse-graining
method reduces available information about 6, and the CRB
80 = 1//F4(@) > 1//F(@), where F () is the CFI of the J,
measurement without the coarse graining.

The performances of 6. with and without the coarse-
graining method have been shown in Fig. 3. One can note
that the error per measurement (the triangles) almost follow
the CRB (the dashed line), i.e., VAN oey ~ 1/y/F4(0). This
means that the protocol based on the composite estimator still
works for the coarse-graining method. In addition, one can see
that the best sensitivity also appears at the optimal working
point B, & 0.117, similar with that of the JAZ measurement.
When 6y > 64k, the achievable sensitivity becomes worse,
due to the loss of phase information. However, the sensitivity
does not show the divergence at G4,k, better than that of the
single-fringe detection [33].

Finally, it should be mentioned that the reason why the
composite estimator almost saturates the CRB has not been
addressed in Ref. [23]. With a large amount of numerical
simulations, especially that of Figs. 2 and 4, we realize that
both the exact result of P(0|{Ny}) and its approximate one
tend to be a Gaussian as A >> 1. This numerical observation
inspires us to rewrite Eq. (9) as Eq. (7), namely,

POUND) ocexp | —N Y / k(i‘” L (67 =261y 16+63, k)}
L k
i 1

= exp
2‘7est

(92 29eqt9+ Zk fk(emv k) inv,k )i|

>k JiBiny )

o exp [ —5—(6— eeso] (20)

Sit

where we have used the approximate result of B(f) and in-
troduced ooy = 1//N > 4 fx(Binvk). One can find that the
new result of o is indeed 68.3% confidence interval of the
Gaussian around 6.y. Therefore, as an approximated result
of the MLE, the composite estimator can saturate the CRB

1//N F(0y) asymptotically.

V. CONCLUSION

In summary, we have proposed a phase-estimation protocol
based on a combination of the inversion estimators associated
with each measurement outcome. As an approximated analyt-
ical form of the maximum-likelihood estimator, we show that
the composite estimator is valid for arbitrary multi-outcome
measurement with discrete outcomes, independently from any
specific system and any kind of noise in the system. Numeri-
cally, we simulate a (N + 1) outcome J. measurement in the
interferometer fed by a N-photon twin-Fock state, with N = 6
[33]. Our numerical results show that the composite estimator
of the system is unbiased and the phase uncertainties saturate
the CRB asymptotically. For an N-particle twin-Fock state
with N > 1 [56-58], it may be hard to detect all the out-
comes. However, a proper choice of coarse-graining method
by combining several outcomes into a single one is possible

to realize the best sensitivity beyond the SQL. We apply this
idea to the six-photon twin-Fock state and demonstrate that
the composite estimator still works to saturate the CRB.
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APPENDIX: DETAILS OF EQ. (9)

When N, > 1, we use the Stirling’s formula A}!~
27NNy /e)Nr in Eq. (6), which yields

POIND) ~ ( ) ]‘[ ("
e L 2N (N fe)
1 N\
- ()
Ver Ny T\ N
! ﬁL(&)‘(M”) Al
\/(2m\/)’” 1 VP ANP ’

where P, = P,(8). Note that the occurrence numbers {N;)}
can be obtained from A independent measurements (we re-
fer to it as a single run), which are random numbers after
multiple runs. For instance, performing M runs, we obtain
{/\/'k(l), /\/'k(z), .. /\/'(M)} for the kth outcome. When M is suffi-
ciently large, the mean value of N} and its standard deviation

approach NP, and /NP (1 — P), respectively. To further
simply Eq. (A1), we introduce small variables

Ni
N

which gives A, and therefore Eq. (8) in the main text.
Obviously, & are also random numbers after the multirun
measurements. For a fixed P at a given 6, the mean value
of & is almost 0 and its standard deviation approaches oy =
VP =P)/N ~ ON~?). According to the central limit
theorem, the distribution of & approaches the Gaussian distri-
bution P(&;) exp[—é‘;,f/(Zakz)] for N> 1. As a result, the
probability for any particular realization of |&| < € is well
approximated by

& =——7 — P, (A2)

Pr €) ~ Erf

(& < €)=~ < fa;)

where Erf(n) is the error function, which rises rapidly to
1 with the increase of 7. If we set n = €/(v/20y), then all
realization for |&| < e = ﬁnok occurs with a probability
Erf(n) (&99.99% for n = 2.75), which in turn indicates &, ~
O(N~'2). One can find that all realizations of &, almost lie
within a few standard deviations from its mean value 0. On the
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other hand, we have P, ~ O(N?) and hence |&;| < P, in the
limit of A > 1. Note that the result |£| < Py is also valid
even for a very small value of Py, provided N > 2n*(1 —
P,)/Py. This result can be also obtained by using Hoeffding’s
inequality.

The approximate result Eq. (8) can be further simplified
by using the series expansion (1 + x)" = exp[nIn(1 4+ x)] =
exp[nx(l — x/2)], namely,

g *(N}Hr%)
(1 * Pk)

<ew[-(i5 ) (1 )]
_ I 53 &
= exp N(Ek+Pk)+ e 1_2_Pk

which holds for large enough A and hence |&| < P, as
mentioned above. Therefore, we obtain

1 1
VCrNY TP O)P(6) - -

N2 &+ON )]
x exp|: NZ2Pk(9):|

1
(e * VN

where, in the last step, we have used the relation ), & =0,
and introduced the coefficients

1 1 " §k2
A(f) = . B = ,
Ver Ny =TT, P(6) ,ZI: 2P(0)

POINY) ~ —

(A3)

as Eq. (10) in main text. Obviously, Eq. (A3) can be rewritten
as PO|{N:}) ~ A(9)exp[—NB(9)] for large N. Similar
to the MLE, the phase estimator Oy is determined by the
equation

_ OP@IND ®)
0= 5|, _P(GHM})[A(@) L
aB(6)
a0 965[’ (A4)

where the prime indicates the first-order derivation, e.g.,
B'(8) = dB(0)/00. The last result of the above equation, i.e.,
Eq. (13) in main text, comes from the fact that A'(0)/A(6) is
smaller than NB'(8) as N > 1, namely,

A@O) 1

s _ - 0
A6 " ~ OWNY), (A5)
and
m. 'p_ £2pr
NBE®) =N W
— k
= Pl
=-N)Y £202P +&)
kXZI: Zsz k k
- Py 172
M =N gk O, (A6)
k=1

where we have used the relation £, = —P/ in the first step
and |&;| < P in the last step. The above results indicate that
the role of A(9) is negligible. Furthermore, A(9) is a slowly
varying function in a comparison with exp[—N B(6)], so we
obtain Eq. (9) in main text.
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