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Continuous-variable multipartite vibrational entanglement
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A compact scheme for the preparation of macroscopic multipartite entanglement is proposed and analyzed.
In this scheme, the vibrational modes of a mechanical resonator constitute continuous-variable (CV) subsystems
that entangle with each other as a result of their interaction with a two-level system (TLS). By properly driving
the TLS, we show that a selected set of modes can be activated and prepared in a multipartite entangled state.
We first study the entanglement properties of a three-mode system by evaluating the genuine multipartite
entanglement, and we investigate its usefulness as a quantum resource by computing the quantum Fisher
information. Moreover, the robustness of the state against the qubit and thermal noises is studied, proving
a long-lived entanglement. To examine the scalability and structural properties of the scheme, we derive an
effective model for the multimode system through elimination of the TLS dynamics. This work provides a step
toward a compact and versatile device for creating a multipartite noise-resilient entangled state in vibrational
modes as a resource for CV quantum metrology, quantum communication, and quantum computation.
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I. INTRODUCTION

Quantum entanglement is a pivotal resource in many quan-
tum technologies, from quantum communications [1–3] and
quantum computations [4–6], to quantum metrology where
the Heisenberg limit is approached only by employing a
multipartite entangled state [7–9]. Meanwhile, as mechanical
systems have proven to be very efficient in weak force sensing
both at the macroscopic level [10,11] and mesoscopic scales
[12,13], the quantum sensing thus would require investiga-
tions on the entangled mechanical oscillators [14–20]. From
a different perspective, the entangled mechanical resonators
can serve as nodes of a quantum network [21–23].

Interaction of the mechanical resonators with other quan-
tum systems such as optical cavities [24–26], electronic
[27,28], and spin degrees of freedom [29] opens an avenue
for employing their vibrational modes for quantum infor-
mation processing [30–33]. An opposite route is to use the
mechanical resonators for controlling [34–37] or interme-
diating interactions among other physical systems [38,39].
Such schemes have already been sought and used for de-
veloping scalable quantum networks [40,41]. In either case,
the size of the system can be considerably miniaturized—
compared to the electromagnetic counterparts—due to the
smaller wavelength and stationary nature of the vibrational
modes. Multimode optomechanical systems have been in-
vestigated from various points of view both theoretically
[42–44] and experimentally [45–48]. Recently, multimode
circuit quantum acoustodynamical (cQAD) systems based on
bulk [49–51] and surface [52–56] acoustic resonators have
been subject to intense research, propelling toward scalable
quantum information with vibrational modes [57–61].
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In this work, we put forth a scheme that allows for creating
multipartite vibrational entangled states in a controllable way
via their coupling to a two-level system (TLS). Instead of
several mechanical systems, we propose to employ the nor-
mal modes of a single resonator, thus significantly reducing
the spatial extent, complexity, and noise of the system. The
TLS serves to mediate a controllable interaction between the
modes. The scheme is in principle implementable in surface
acoustic wave (SAW) cavities and high overtone bulk acoustic
resonators (HBARs) coupled to superconducting qubits in a
cQAD system [62,63], or it can be envisaged in other setups
such as flexural modes of a membrane combined with an em-
bedded optically active lattice defect [64,65]. Here, we study
a regime where the TLS decay rate dominates its coupling
to the vibrational modes, and we show that the TLS can be
adiabatically eliminated from the system dynamics to obtain
a network of effectively interacting modes with an adjustable
interaction structure. The latter is achieved by modulating the
drive frequency of the TLS at the eigenfrequencies of a set
of vibrational modes; see Fig. 1. We show that a multipartite
entangled state of CV systems is attainable under experimen-
tally realizable conditions, and we study its robustness against
the system noises. Furthermore, by computing the quantum
Fisher information (QFI) of the state, we prove that these
states are useful for enhanced quantum sensing at the Heisen-
berg limit, e.g., for detection of gravitational waves and dark
matter evidence [66–68].

II. MODEL

The frequency spectrum {ωk} (k = 1, 2, . . . , N) of the
vibrational eigenmodes of a mechanical resonator are deter-
mined by its geometrical properties [65,69]. These vibrational
degrees-of-freedom can couple to a two-level system in
various schemes, e.g., a superconducting qubit through
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FIG. 1. (a) A TLS coupled to multiple vibrational modes of
a mechanical resonator can intermediate their mutual interactions,
which allows for creating a multipartite entangled state among those
modes. This can be implemented, e.g., in (b) an HBAR whose longi-
tudinal modes couple to a superconducting qubit via a piezoelectric
device, or (c) the flexural modes of a membrane interacting with an
embedded-atom-like defect. (d) In a multimode scheme, the set of
modes are activated (here 1–6) by employing properly modulated
drives that form two-mode squeezing interactions. The interaction
is shown as a graph for two different modulation schemes: at the
mode frequencies (e) and the half-sum frequencies (f). The edge
thickness represents the interaction strength, while the active modes
are highlighted in yellow.

piezoelectric effects in a cQAD device [62], or the electronic
spin two-level system of an embedded optically active lattice
defect [70–74]. The dynamics of the system is governed by
the Hamiltonian

Ĥ = 1
2 (�σ̂z + �σ̂x ) +

N∑
k=1

[ωkb̂†
kb̂k + 1

2 gk σ̂z(b̂k + b̂†
k )], (1)

where σ̂x and σ̂z are the Pauli matrices of a TLS driven
with a Rabi frequency � and at detuning �. The vibrational
modes are expressed by the phonon annihilation (creation)
operators b̂k (b̂†

k) with the nontrivial canonical commutation
relation [b̂k, b̂†

l ] = δkl . The dimensionless canonical operators
of each mode are related to these bosonic operators through
b̂k = (x̂k + i p̂k )/

√
2 such that [x̂k, p̂l ] = iδkl .

Before moving to the full analysis of the system, we
qualitatively discuss how the Hamiltonian in Eq. (1) leads
to the entanglement of vibrational modes. Interaction of the
TLS with the spectrum of the mechanical modes leads to
their mutual interactions [Fig. 1(a)]. This can be readily seen
by adiabatic elimination of the TLS from the equations of
motion. The process is valid when the TLS decay rate � is
greater than its coupling strength to any mechanical mode of
interest; for details, see Appendix A. We also assume that
the TLS is driven at far off-resonance (� � �,�), and we
apply a proper polaron transformation [75]. The resulting
interaction Hamiltonian is not in resonance with the desired
interactions, and thus it does not provide appreciable entangle-
ments. To “activate” the interactions, we propose to modulate
the TLS drive �(t ) = �0

∑
i cos(wi t ) at the proper frequen-

cies w j [33,76]. This brings us to the following interaction
Hamiltonian after applying a rotating-wave approximation

(RWA):

ĤRWA = 1
2

∑
k,l

Gk,l
(
Btms

k,l b̂k b̂l − Bqst
k,l b̂k b̂†

l

) + H.c., (2)

where Gk,l is the effective coupling rate, and Btms and Bqst are
the weighted adjacency matrices that determine the strength
of two-mode squeezing and quantum state transfer interac-
tions, respectively; see Appendix B for the details. When the
mechanical spectrum has noncommensurate frequencies, any
desired subset of modes are activated by setting {wi} ⊆ {ωk}
with the cardinality card{wi} = M, where M is the number of
active modes. In the language of graphs, the system forms a
complete-graph. Such interactions with enough strength lead
to a state that is equivalent to a multipartite CV GHZ-state
[77–80]. In a commensurate spectrum, the other modes get
involved in the interactions by the same choice of modulation
frequencies. However, their coupling strength is smaller than
the active modes, and it contributes only negligibly to the en-
tanglement dynamics [Fig. 1(e)]. Alternatively, one modulates
the drive at half of the mode sum frequencies wi = 1

2 (ωk +
ωl ) to get a better connected graph [Fig. 1(f)]. Nonetheless,
the numerical results suggest that the effect is incremental at
the cost of a more complicated modulation.

In a HBAR cQAD device, the longitudinal modes of a
bulk acoustic wave cavity with high-quality factors couple
to a superconducting qubit through a piezoelectric interface;
see, e.g., [51]. The HBAR modes form a spectrum of equally
spaced frequencies ωk = kδFSR (k = 1, 2, . . . ) with free spec-
tral range δFSR that is determined by the cavity length and
medium, hence forming a commensurate spectrum. A few
techniques can be envisaged for introducing anharmonicity to
the mode spacing [61], and thus enhancing the efficiency of
the activating protocol. However, here we set our focus on the
simple commensurate setup for experimental feasibility and
concreteness.

III. TRIANGLE SYSTEM

The full system is described by Hamiltonian (1) where the
nonlinear essence of the qubit gives rise to non-Gaussianity
of the mechanical state. As the simplest network, first we
investigate a triangle, i.e., a system made of three lowest
vibrational modes (Fig. 1). The dynamics is described by the
quantum optical master equation

ρ̇ = i

h̄

[
ρ, Ĥ

] + �

2

{(
nωq + 1

)
Dσ̂−[ρ]+nωqDσ̂+[ρ]

}+ �̃

2
Dσ̂z [ρ]

+ 1
2

3∑
k=1

γk
{(

nωk + 1
)
Db̂k

[ρ] + nωkDb̂†
k
[ρ]

}
, (3)

where the Lindblad superoperators are Dô[ρ] ≡ 2ôρô† −
ô†ôρ − ρô†ô. Here, ωq is the TLS level splitting, while � and
�̃ are the qubit relaxation and decoherence rate, respectively.
The mechanical damping rates are γk ≡ ωk/Q with the quality
factor Q. The bosonic thermal occupation number at temper-
ature T is nω = (exp{h̄ω/kBT } − 1)−1 with the Boltzmann
constant kB. In our analysis, we assume that the mechanical
modes as well as the TLS are initialized in their ground
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FIG. 2. Time evolution of the TPE (a) for different coupling rates
(the curve labels show g0/�) at the Rabi frequency �0 = 3�, and
(b) for different Rabi frequencies at g0 = 0.5�. (c) Robustness of
longtime E 1|2|3: Density plot showing the tripartite entangled and
separable parameter regions vs reservoir temperature and TLS pure
dephasing rate �̃ evaluated at t = 1000τFSR for �0 = 7� and g0 =
0.5�. (d) The maximum normalized QFI as a function of coupling
strength and drive amplitude.

state by some cooling mechanism [73,74], and a modulated
electromagnetic drive excites the TLS.

In numerical evaluation of Eq. (3), we consider a vibra-
tional spectrum with δFSR/2π = 20 MHz and Q = 107 inter-
acting with the TLS (ωq/2π = 10 GHz and �/2π = 20 MHz)
with coupling rates gk = g0 � �, δFSR [48,51,55,81]. Unless
specified otherwise, we take a dilation refrigerator tempera-
ture of T = 10 mK for the reservoir, set � = 5�0 to obtain
〈σ̂z〉 ≈ −1 to ensure effective coupling between the mechani-
cal modes, and assume an ideal TLS, �̃ = 0. By choosing an
optimal value for the drive power �0 and coupling strengths,
a long-lived tripartite mechanical entangled state is attained
that sustains the qubit and thermal noise for thousands of the
longest mechanical period, τFSR ≡ 2π/δFSR, which is hun-
dreds of nanoseconds.

The results are summarized in Fig. 2, where we present the
genuine multipartite entanglement E1|2|3 and the normalized
quantum Fisher information FQ as defined in Refs. [82,83]
and given in Appendix E. In Fig. 2(a), the time evolution
of the entanglement in the three-mode system is plotted for
different coupling rates, while in Fig. 2(b) its evolution is
shown for various drive amplitudes. The entanglement curves
exhibit a fast rise followed by a rapid decay for large coupling
rates and/or low Rabi frequencies, which survives for several
hundreds of oscillations. Remarkably, in the opposite regime
(weaker g0 and/or higher �0) the system is dragged toward
a quasistationary tripartite entanglement (TPE). To study the
robustness of the entanglement against TLS pure dephasing
as well as the thermal noise at higher temperatures, we take
the E1|2|3 for g0 = 0.5� and �0 = 7� at t = 1000τFSR as a
representative long-living TPE and show the effect of these
two major sources of noise in Fig. 2(c). Interestingly, the
system remains tripartite entangled, though fragile, for a wide

range of noise parameters. In higher temperatures, TLS ther-
malization is the main source of decoherence. In a setup with
a high enough ωq, TPE survives even up to T ∼ 10 K, where
the mechanical noise destroys the entanglement (not shown).
Finally, we compute the maximum QFI in measuring the col-
lective mechanical position X̂3 = ∑3

i=1 x̂i in our scheme, and
we study its dependence on the coupling strength g0 and Rabi
frequency �0 [Fig. 2(d)]. The results suggest that the QFI
increases by operating at high coupling strengths and drive
amplitudes. Interestingly, the maximum QFI even reaches the
Heisenberg limit FQ = 3, which means at least 1.73 times
enhancement in the sensitivity compared to a separable state
is obtained for moderate g0 values. It is worth mentioning here
that the mechanical entangled state is non-Gaussian thanks to
the nonlinear nature of the TLS. Note that non-Gaussianity
is a crucial feature for universal quantum computation with
continuous-variable systems. This is confirmed by computing
the entropy distance of the density matrix from a reference
Gaussian state as discussed in Appendix E.

IV. MULTIPARTITE ENTANGLED STATE

It is computationally expensive to study systems with a
larger number of modes through (3) since it becomes memory-
intensive. Therefore, to expand our investigations to larger
systems, and to test our strategy for generating a multipar-
tite entangled state, we employ an effective Gaussian model.
The effective model is derived for both the Hamiltonian
and the TLS-induced noise and damping on the mechanical
modes through adiabatic elimination of the TLS. Thanks to
its Gaussian nature, the system is thus fully characterized
by the covariance matrix (CM) V when displaced to the
mean values of the canonical operators. To find the dynam-
ics of the CM, one forms a vector of quadrature operators
u = [x̂1, p̂1, . . . , x̂M , p̂M]ᵀ and derives the quantum Langevin
equation of its elements; see Appendix C for the details. In the
compact form one gets u̇ = −Au + n, where n is the vector of
noise operators, and the time-dependent drift matrix is given
by

A(t ) =

⎡
⎢⎢⎢⎢⎢⎣

1
2κ1 −ω1 · · · 0 0

ω1 + G1,1(t ) 1
2κ1 · · · G1,M (t ) 0

...
...

. . .
...

...

0 0 · · · 1
2κM −ωM

GM,1(t ) 0 · · · ωM + GM,M (t ) 1
2κM

⎤
⎥⎥⎥⎥⎥⎦,

(4)

where Gk,l (t ) ≡ 1
2�(2nωq +1)

gkgl

ωkωl
�(t )2 is the coupling strength

of the modes to each other in the effective model. Here,
κk = γk + γ̃k is the total damping rate composed of the intrin-
sic γk and the TLS-induced damping rates γ̃k ≡ g2

k[S (ωk ) −
S (−ωk )], with S (ω) the TLS steady-state fluctuation spec-
trum [75]. The CM of the system is readily computed via the
following equation:

V̇ = AV + VAᵀ + D, (5)

where D is the diffusion matrix, i.e., the matrix of noise
correlators [84,85]. In this work, we assume that the noises
are Gaussian and Markovian. This brings us to D = ⊕M

k=1 Dk
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FIG. 3. Genuine N-partite entanglement for a set of six modes as
a function of the coupling strength g0 at �0 = 3� and t = 1000τFSR:
(a) N = 3, (b) N = 4, (c) N = 5, and (d) N = 6.

with Dk ≡ [γk (nωk + 1
2 ) + γ̃k (ñωk + 1

2 )]I2, where I2 is a 2 × 2
identity matrix. The effective TLS-induced occupancy is cal-
culated by ñω ≡ S (−ω)/[S (ω) − S (−ω)].

The chosen set of parameters ensures the validity of the
TLS adiabatic elimination. The convergence and reliability of
the numerical results are verified as outlined in Appendix D.
We restrict our analysis to M = 6, as this is the maximum
number of modes that we can afford given the computa-
tional resources. The genuine N-partite entanglement values
(3 � N � 6) are evaluated at t = 1000τFSR as a function of
g0 and presented in Fig. 3. Two sets for the N = 3, 4, 5
cases are studied: the set of modes closest to the fundamen-
tal mode and those that gather around the farthest modes.
Since the effective coupling rate Gk,l is proportional to the
inverse mode frequencies, the fundamental mode has the
strongest coupling to the active modes. From this perspective,
the stronger entanglement exhibited in the first set with an
almost monotonic growth with the coupling rate is intuitive.
Therefore, the fundamental mode plays a central role in the
structure of the entangled cluster. We should emphasize that
the system is originally nonlinear, and thus one expects a
non-Gaussian essence in the above-discussed multimode me-
chanical states that is not perceptible in our Gaussian effective
model.

V. SCALABILITY

The fundamental mode is central in the entanglement struc-
ture of our scheme and at the same time it is the most
vulnerable mode to the thermal noise. Therefore, it is crucial
to learn about the depth of its influence in the vibrational
spectrum. In other words, how strongly does it entangle to
the higher-order modes of the resonator, and how robust is
it? Hence, we single out the fundamental and kth modes to
study their bipartite entanglement E1|k [Fig. 4(a)]. The loga-
rithmic negativity [86] of the bipartite system of ρH1⊗Hk is
evaluated for 100 modes at t = 1000τFSR as a function of g0

when the qubit is excited by a drive modulated at ω1 and ωk .
In Fig. 4(b) the residual entanglement, the parameter region
where E1|k > 0, is presented at different temperatures. The

FIG. 4. The bipartite entanglement between the fundamental
mode and the kth mode E 1|k as a function of coupling rate g0:
(a) Logarithmic negativity at T = 10 mK. (b) The entangled regions
at five different temperatures. In both plots, the values correspond to
�0 = 3� at t = 1000τFSR.

modes with lower frequencies assume stronger entanglement
to the fundamental mode as expected. Remarkably, by in-
creasing the temperature, they retain their entanglement quite
firmly, with a small change in the amount (not shown). Mean-
while, the high-frequency modes preserve their entanglement
with the fundamental mode, provided the coupling strength to
the intermediating TLS g0 is large enough.

VI. SUMMARY AND CONCLUSION

To summarize, we have introduced and studied a compact
and versatile device for creating a network of continuous-
variable multipartite entangled states. The vibrational modes
of a single resonator constitute nodes of the network. These
modes are coupled and entangled as a result of their inter-
action with a driven-dissipative two-level system. We have
proposed to activate a desired set of modes by modulating
the TLS drive tone at their respective frequencies. This results
in a long-living noise-resilient genuine multipartite entangled
state that is useful for quantum metrology as the QFI of their
state shows. We have also studied the structure of entangle-
ment for a hexagon network, proving the central role of the
fundamental mode in the network. Finally, the influence of the
fundamental mode on the mechanical spectrum shows that at
the cryogenic temperatures, hundreds of modes can join the
network.
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APPENDIX A: ADIABATIC ELIMINATION

In this Appendix, we present the details of our proce-
dure in deriving the effective Hamiltonian (2) starting from
the original Hamiltonian (1). We start by removing the
qubit-mechanical interaction by applying the polaron trans-
formation Û = exp{ 1

2 iσ̂zP̂} with the collective dimensionless
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momentum [87]

P̂ = −i
∑

k

gk

ωk
(b̂k − b̂†

k ). (A1)

We are then brought to

Û ĤÛ † = �

2
σ̂z + �

2

(
σ̂+e−iP̂ + σ̂−e+iP̂

) +
∑

k

ωkb̂†
kb̂k,

(A2)
where we have discarded a constant term.

The adiabatic elimination is performed by assuming that
the qubit decay rate is larger than its coupling strength to
any of the mechanical modes � � {gk}. In this regime, the
total density matrix can be approximated by ρ(t ) � ρTLS(t ) ⊗
ρMec(t ). Therefore, a mean-field approximation becomes ap-
plicable. Then the following equations describe the qubit
dynamics [88]:

〈 ˙̂σ+〉 = −
(�

2

(
2nωq + 1

) − i�
)
〈σ̂+〉 − 1

2 i�e+i〈P̂〉〈σ̂z〉,
(A3a)

〈 ˙̂σ−〉 = −
(�

2

(
2nωq + 1

) + i�
)
〈σ̂−〉 + 1

2 i�e−i〈P̂〉〈σ̂z〉,
(A3b)

〈 ˙̂σz〉 = −�
(

1 + (
2nωq + 1

)〈σ̂z〉
)

− i�
(〈σ̂+〉e−i〈P̂〉 − 〈σ̂−〉e+i〈P̂〉), (A3c)

where for the sake of simplicity an ideal qubit with no pure
dephasing �̃ = 0 is assumed. The solutions to the above
equations in qubit steady states, i.e., the states with 〈σ̂±〉ss =
〈σ̂z〉ss = 0, are

〈σ̂±〉ss =
±i�

(
�

(
2nωq + 1

) ∓ 2i�
)

e±i〈P̂〉

(
2nωq + 1

)(
�2

(
2nωq + 1

)2 + 4�2 + 2�2
) , (A4a)

〈σ̂z〉ss = −�2
(
2nωq + 1

)2 + 4�2(
2nωq + 1

)(
�2

(
2nωq + 1

)2 + 4�2 + 2�2
) . (A4b)

A simple set of equations is found by operating the system
at the far-detuned regime where � � �,�,

〈σ̂±〉ss ≈ �

2�
(
2nωq + 1

)e±i〈P̂〉, (A5a)

〈σ̂z〉ss ≈ −1. (A5b)

By plugging these in (A2) for the qubit operators, we arrive
at

Ĥad =
∑

k

ωkb̂†
kb̂k + �2

2�
(
2nωq + 1

) cos(P̂ − 〈P̂〉), (A6)

after discarding a constant shift in the energy. This Hamilto-
nian is valid for the above-discussed regime and adequately
addresses the system dynamics after the TLS passes its tran-
sient dynamics t > �−1. The collective momentum then is
expected to exhibit small fluctuations around its mean value

Tr{(P̂ − 〈P̂〉)ρMec(t )} 
 1. This allows us to expand the co-
sine and keep up to the quadratic terms

cos(P̂ − 〈P̂〉) ≈ 1− 1
2 (P̂ − 〈P̂〉)2=1− 1

2 (P̂2 + 〈P̂〉2 − 2〈P̂〉P̂).

The second term in the parentheses gives a constant energy,
while the third causes a shift in the phase space. We skip both
and write

Ĥad ≈
∑

k

ωkb̂†
kb̂k + 1

2

∑
k,l

Gk,l (b̂k b̂l − b̂k b̂†
l + H.c.), (A7)

where the effective coupling rate is

Gk,l ≡ �2

2�
(
2nωq + 1

) gkgl

ωkωl
. (A8)

To check the validity of the mean-field approximation
in the discussed regime, we numerically solve the qubit
equations in (A3) replacing P̂ with a real number, and we
compare the results with the solution of quantum optical mas-
ter equation (3). In Fig. 5, the two solutions are compared
against each other. One clearly verifies that the solutions are
very close in the adiabatic elimination regime.

On the dissipation side of the dynamics, the TLS-
mechanical interaction causes extra dissipation in the me-
chanical modes. This is formulated effectively through
second-order perturbation theory [89]. The additional damp-
ing rate for each mechanical mode is then γ̃k ≡ g2

k[S (ωk ) −
S (−ωk )]. According to the quantum dissipation-fluctuation
theorem, there is an accompanying thermal noise with occu-
pation number ñωk ≡ S (−ωk )/[S (ωk ) − S (−ωk )]. Here, the
TLS steady-state fluctuation spectrum is given by

S (ω) = 1
2 Re

∫ ∞

0
ds

[〈σ̂z(s)σ̂z(0)〉ss − 〈σ̂z〉2
ss

]
eiωs. (A9)

The spectrum is evaluated using the quantum regression theo-
rem [88]. The resulting expression is cumbersome. Therefore,
we only summarize the equations that lead to it along the
same lines as Ref. [75]. We express the spectrum of TLS as
S (ω) = 1

2 Re{C3(s = −iω)}, where C3 is the third element of
the following vector:

C(s) = (sI − M )−1v, (A10)

MF

E
xp

ec
ta

ti
on

 V
al

ue
s

MF

FIG. 5. Comparison of the expectations values for the TLS op-
erators: the exact (solid lines) vs mean-field approximation (dashed
lines), which are solutions to Eqs. (A3). See the text for details.
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where I is a 3 × 3 identity matrix, and the matrix M and vector v are defined through Eqs. (A3) and their steady-state solutions
as

M =
⎛
⎝− 1

2�
(
2nωq + 1

) + �̃ + i� 0 − 1
2 i�

0 − 1
2�

(
2nωq + 1

) + �̃ − i� + 1
2 i�

−i� i� −�
(
2nωq + 1

)
⎞
⎠, v =

⎛
⎝−〈σ̂+〉ss(1 + 〈σ̂z〉ss )

+〈σ̂−〉ss(1 − 〈σ̂z〉ss )
1 − 〈σ̂z〉2

ss

⎞
⎠. (A11)

These noises and TLS-induced damping are taken into
account in studying the dynamics of an effective fully me-
chanical system; see Appendix C.

APPENDIX B: ROTATING WAVE APPROXIMATION

The Hamiltonian (A7) provides us with interactions of two-
mode squeezing and state-transfer between all modes, and
thus it is potentially rich for quantum information processing
purposes. However, none of the above interactions are on
resonance. This becomes clear by moving to the interaction
picture of Ĥ0 = ∑

k ωkb̂†
kb̂k . In this Appendix, we show that

a selected set of modes can resonantly be brought into the
desired interaction by applying a modulated drive to the qubit,
i.e., by replacing the � with

�(t ) = �0

∑
i

cos wit, (B1)

with properly chosen modulation frequencies wi that will be-
come clear shortly. To show this, we move to the interaction
picture of Ĥ0 and arrive at

H̃ad ≈ 1

2

∑
k,l

Gk,l (t )
[
b̂k b̂l e

−i(ωk+ωl )t − b̂k b̂†
l e−i(ωk−ωl )t + H.c.

]
,

where now Gk,l are time-dependent through the Rabi fre-
quency; see Eq. (A8). The drive in (B1) then gives us

�(t )2 = �2
0

∑
i, j

cos(wit ) cos(w jt )

= 1
2�2

0

∑
i, j

{
cos

[
(wi + w j )t

] + cos
[
(wi − w j )t

]}

= 1
4�2

0

∑
i, j

[
ei(wi+w j )t + ei(wi−w j )t + c.c.

]
.

In the numerical analysis that is performed in the manuscript
for multimode systems larger than three, we use Hamiltonian
(A7) and derive the Langevin equations; see Appendix C.
Nonetheless, it is instructive to see how a time-dependent
drive can link the mechanical modes to each other. Therefore,
by setting the above equation back in H̃ad and performing a
rotating-wave approximation (RWA), only a few of the mode
interactions can survive. When the mode frequencies are non-
commensurate, the desired set of modes with frequencies {ωk}
can be activated by simply setting wk = ωk for any set of
modes. This gives

ĤRWA = 1

2

M∑
k,l

Gk,l p̂k p̂l , (B2)

where Gk,l is the same as (A8) but with � replaced by �0.
Note that the interaction with and among the rest of the

spectrum becomes counterrotating and thus is ignored. An
alternative modulation strategy is to drive at half of the sum
frequencies such that wi = ωk,l := 1

2 (ωk + ωl ). In this case,
the effective Hamiltonian in the RWA is in the following form:

Ĥ ′
RWA = 1

4

M∑
k,l

Gk,l (x̂k x̂l + p̂k p̂l ). (B3)

Concerning the two-mode squeezing interaction, both
schemes result in the same interaction graphs, as is conceived
from Fig. 6.

Nevertheless, in our proposed setup the set of mode fre-
quencies {ωk} are commensurate. This indeed involves a few
undesired modes in the system dynamics. Another cause of
the commensurate spectrum is that the coupling rate coef-
ficients become weighted as some interactions receive drive
from other drive tones. Therefore, the RWA Hamiltonian in
our setup becomes

ĤRWA = 1
2

∑
k,l

Gk,l
(
Btms

k,l b̂k b̂l − Bqst
k,l b̂k b̂†

l + H.c.
)
, (B4)

where Btms and Bqst are the adjacency matrices of the
two-mode squeezing and quantum state-transfer interactions,
respectively. Figure 7 shows the weight of each interaction
via an illustrative presentation of the matrix elements of the
adjacency matrix Fk,l ≡ Gk,l Btms

k,l for two different modulation
schemes described above. We notice that even though the
modulated drive is tuned for a set of target modes (the green
square), the other modes are also connected (the blue square).
By taking into account the inverse frequencies that appear
in the interaction strengths, the effect of these higher modes
becomes negligible. This is indeed also shown as the graphs
in Fig. 1 in the main text.
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FIG. 6. (a) When the spectrum is noncommensurate, any desired
set of modes can be activated by simply modulating the TLS drive
on their frequencies (red arrows) or at half of the sum frequencies
(green arrows). The activated modes form a complete graph, though
weighted, for the two-mode squeezing interaction in both modulation
strategies as illustrated for (b) mode frequencies modulation and
(c) half of the sum frequencies modulation.

043520-6



CONTINUOUS-VARIABLE MULTIPARTITE VIBRATIONAL … PHYSICAL REVIEW A 103, 043520 (2021)

0 0 .5 1.0

2 4 6 8 10 12

1

3

5

7

9

11

1 3 5 7 9 11

2

4

6

8

10

12 0 0 .5 1.0

2 4 6 8 10 12

1

3

5

7

9

11

1 3 5 7 9 11

2

4

6

8

10

120 0 .5 1.0

2 4 6 8 10 12

1

3

5

7

9

11

1 3 5 7 9 11

2

4

6

8

10

12 0 0 .5 1.0

2 4 6 8 10 12

1

3

5

7

9

11

1 3 5 7 9 11

2

4

6

8

10

12

(a) (b) (c) (d)

Mode Number Mode Number Mode Number Mode Number

M
od

e 
N

um
be

r M
ode N

um
ber

FIG. 7. Normalized matrix elements of the effective two-mode squeezing coupling matrices Fk,l : (a) and (b) for the commensurate spec-
trum with modulations at half sum frequencies and mode frequencies, respectively. In (c) and (d) the same are shown for a noncommensurate
spectrum. The green square highlights the target set of modes, whereas the blue square illustrates the set of activated modes that are directly
coupled to the target set.

APPENDIX C: MECHANICAL LANGEVIN EQUATIONS

The Hamiltonian (A7) is Gaussian and allows us to study
the system dynamics through the covariance matrix of the
mechanical canonical operators. The quantum Langevin equa-
tions (QLEs) include the effect of the environment on the
dynamics of the system operators used to obtain the time
evolution of the covariance matrix. We find the following
QLEs for the motion of the mechanical modes:

ḃk = −( 1
2κk + iωk )b̂k − i

∑
l

Gk,l (t )(b̂l + b̂†
l ) + ξ̂k, (C1)

where κk ≡ γk + γ̃k is the total damping rate stemming from
the support, γk , and the TLS decoherences, γ̃k , as discussed
in Appendix A. The total noise operator is also divided into
the support noise and the TLS-induced noise ξ̂k ≡ √

γkb̂in
k +√

γ̃kb̃in
k . Assuming that the intrinsic motional noise is Marko-

vian, the noise operator has the following nonvanishing
correlation functions:

〈ξ̂k (t )ξ̂ †
l (t ′)〉 = [

γk
(
nωk + 1

) + γ̃k
(̃
nωk + 1

)]
δ(t − t ′)δkl ,

(C2a)

〈ξ̂ †
k (t )ξ̂l (t

′)〉 = [
γknωk + γ̃kñωk

]
δ(t − t ′)δkl . (C2b)

By forming a vector of Hermitian operators u ≡
[x̂1, p̂1, . . . , x̂M , p̂M ]ᵀ, one arrives at the following compact
form of Eqs. (C1):

u̇ = Au + n, (C3)

where A is given by (4), and n = [ξ̂ x
1 , ξ̂

p
1 , . . . , ξ̂ x

M, ξ̂
p
M] is

the vector of noise operators with ξ̂k ≡ (ξ̂ x
k + iξ̂ p

k )/
√

2. The
covariance matrix dynamics is readily calculated from (C3)
as Eq. (5) in the main text [85].

APPENDIX D: NUMERICAL METHOD

To perform the numerical integration over the quantum op-
tical master equation (3), we use the QUTIP package [90]. The
Hilbert space H truncation was done by minimizing the error.
Our estimation for the error by tracking the convergence curve
shows that for a truncation at dim{H} = 2 × 10 × 9 × 8, an
approximate error of ≈1.73% is committed, which is the
minimum possible error given the computational resources at
hand.

The study of the original Hamiltonian with more than
three mechanical modes is not feasible because of the huge
demands for the computational memories. We therefore have
opted to use the Gaussian effective Hamiltonian, which is
valid in the regime discussed in Appendixes A and C. To
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FIG. 8. Comparison of the entanglement E 1|2 as an illustration of the consistency: the original Hamiltonian (dashed orange) vs the effective
Hamiltonian (solid blue) for three different coupling strengths. Here, �0 = 1� and the other parameters are the same as in the main text.
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FIG. 9. The non-Gaussianity of the triangle system vs coupling
strength. The parameters are given in the main text. Here, we
set �0 = 3� and evaluate the measure of non-Gaussianity at t =
1000τFSR.

numerically prove its validity, we compare the results obtained
from (3) and (5). In Fig. 8, the bipartite entanglement E1|2
obtained from the original and effective models is plotted for
three different coupling strength values. The results confirms
that the behavior of both models coincides for weak-coupling
strengths. This is indeed as one would expect, as the adiabatic
elimination is valid when the TLS arrives at its quasisteady
state. The deviation emerges as the coupling rate assumes
higher values, such that the effective model overestimates the
TLS-induced decoherence.

APPENDIX E: ENTANGLEMENT, QUANTUM FISHER
INFORMATION, AND NON-GAUSSIANITY

In this Appendix, we deal with the details of the entangle-
ment properties, represent the measures used in the main text,
and study the non-Gaussianity of the entangled state.

To analyze the entanglement structure of the system, we
first show that our scheme indeed leads to a GHZ-state. For the
sake of clarity and simplicity, the case of noncommensurate
modes for which the interaction is pure p̂k p̂l is discussed; see
Eq. (B2). The results are easily generalized to a system with
a commensurate mode spectrum. In the interaction picture,
after a time interval t , the Hamiltonian (B2) transforms the
canonical operators as

x̂k → x̂k − t
∑

l

Gk,l p̂l , (E1a)

p̂k → p̂k . (E1b)

The effective coupling constant Gk,l is inversely propor-
tional to the mode frequencies Gk,l ∝ (ωkωl )−1. Therefore,
the mode with the lowest frequency couples more strongly
to the other nodes in the network (Fig. 6). This suggests
a star-shaped graph for the network with the lowest mode
at the center. Therefore, the position transformations can be
approximately simplified to

x̂1 → x̂1 −
∑

k

χk p̂k

for the “first” mode and

x̂k → x̂k − χk p̂1

for the rest with χk ≡ tG1,k . The entanglement of a state is
not affected by local unitary transformations. Hence, after a
local π/2 rotation on the first mode, one gets x̂1 → p̂1 and
p̂1 → −x̂1. Then it is easy to verify that the state of the system
at a given time t becomes such that

M∑
k=1

p̂k (t ) =
M∑

k=1

p̂k (0)e−χk , (E2a)

x̂k (t ) − x̂l (t ) = x̂k (0)e−χk − x̂l (0)e−χl , (E2b)

with k, l = 1, 2, . . . M. After a long enough drive, one has
χk → ∞, where the system reaches a Greenberger-Horne-
Zeilinger (GHZ) entangled state [77,79].

We use the genuine multipartite entanglement measure
introduced in Ref. [82] to quantify the entanglement in our
system. The measure exploits the monogamy property of the
entanglement such that

E1|2,3,...,M =
M∑

j=2

E1| j +
M∑

k> j

M∑
j=2

E1| j|k + · · · + E1|2|···|M,

where the underline denotes the focus party, and E is a proper
measure of entanglement [91]. The genuine residual N-partite
entanglement is then calculated as the minimum over all per-
mutations of the subsystem indices,

E1|2|···|M ≡ min{Ei1|i2|···|iM }. (E3)

The quantum Fisher information determines the Cramer-
Rao bound in parameter estimation and saturates to the
Heisenberg limit for a fully entangled system [9]. Hence, it
reflects the degree of multipartite entanglement [92–94]. For
a mixed state ρ and observable Ô, the QFI is defined as

FQ[ρ, Ô] = 2
∑
k,l

|〈k|Ô|l〉|2 (λk − λl )2

λk + λl
, (E4)

where λk and |k〉 are the eigenvalues and eigenvectors of ρ,
respectively. The sum is over indices in which λk + λl > 0
[83]. Here, we take the collective mechanical position X̂M ≡∑M

k=1 x̂k as the observable and introduce FQ ≡ 1
M FQ, the nor-

malized QFI. This quantity is then upper-bounded by M for a
fully entangled system.

Finally, in order to examine the non-Gaussian nature of
the entangled state in the triangle system, we compute the
non-Gaussianity measure of the state using the one introduced
in Ref. [95]: δNG of a given state ρ is defined as the distance
of its entropy from a reference Gaussian state ρG: δNG ≡
S(ρG) − S(ρ), where S(ρ) = −Tr{ρ ln ρ} is the von Neumann
entropy. The measure of non-Gaussianity is computed for the
mechanical state ρm ≡ TrTLS{ρ}, where TrTLS denotes a partial
trace over the TLS. In Fig. 9, the measure is shown as a
function of coupling strength g0 for the triangle system. As
expected, the non-Gaussianity of the state increases with the
coupling rate.
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N. Sinclair, B. Pingault, M. Chalupnik, C. Chia, L. Zheng,
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