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We investigate local quantum field theories for one-dimensional (1D) Bose and Fermi gases with contact
interactions, which are closely connected with each other by Girardeau’s Bose-Fermi mapping. While the
Lagrangian for bosons includes only a two-body interaction, a marginally relevant three-body interaction term is
found to be necessary for fermions. Because of this three-body coupling, the three-body contact characterizing a
local triad correlation appears in the energy relation for fermions, which is one of the sum rules for a momentum
distribution. In addition, we apply in both systems the operator product expansion to derive large-energy and
momentum asymptotics of a dynamic structure factor and a single-particle spectral density. These behaviors are
universal in the sense that they hold for any 1D scattering length at any temperature. The asymptotics for the
Tonks-Girardeau gas, which is a Bose gas with a hardcore repulsion, as well as the Bose-Fermi correspondence
in the presence of three-body attractions are also discussed.
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I. INTRODUCTION

The quantum field theory (QFT) provides the description
of quantum mechanics for systems with an infinite number
of degrees of freedom. This theoretical framework has been
applied to different subfields of physics and revealed a variety
of phenomena. In particle physics, the standard model based
on gauge principle has provided precise descriptions of three
kinds of forces in nature [1]. Combined with the geometry
of spacetime, QFT predicts the evaporation of black holes
in cosmology [2]. In condensed matter physics, QFT is used
to understand excitation properties in solids [3] as well as in
ultracold atomic gases [4]. The method of QFT also becomes
a powerful tool to study universal physics such as critical
phenomena [5] and low-energy excitations in spatially one-
dimensional (1D) systems [6].

Recently, QFT has been actively applied to understand
universal properties of resonantly interacting systems [7]. For
these systems, the range r( of an interaction potential becomes
much smaller than an interparticle distance, a thermal de
Broglie wavelength, and a scattering length characterizing the
two-body scattering at low energy. This scale separation of
from the other length scales leads to the universal properties
of the systems, which are independent of microscopic details
of the interaction. One representative example is the universal
thermodynamics of the unitary Fermi gas with an infinite
scattering length [8]. Resonantly interacting systems include
ultracold atoms near Feshbach resonances [9], dilute neutron
matters [10], and *He atoms [11].

One of the striking features in the resonantly interacting
systems is a series of exact relations called universal relations
[12—14]. These relations involve quantities called contacts,
which characterize local few-body correlations, and hold for
any number of particles, temperature, and scattering length
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as long as ry is much smaller than the other length scales.
The universal relations range from thermodynamic properties
and high-energy behaviors of correlation functions such as a
momentum distribution to the energy relation, which is a sum
rule for the momentum distribution. In the QFT formalism,
the universal relations can be systematically derived [13,14].
For example, the renormalization of coupling constants leads
to the energy relation. The operator product expansion (OPE)
[15-17] is available to investigate correlation functions at
short distance or high energy.

Resonantly interacting systems in 1D, which can be
realized with ultracold atomic vapors confined into atom
waveguides [18,19], have characteristic properties. These
systems are described by models with contact interactions
and they are known as integrable systems in homogeneous
cases [20,21]. Another special property is a close relationship
between bosons and fermions via Girardeau’s Bose-Fermi
mapping [22]: All the energy eigenstates of bosons interacting
via an even-wave interaction with a 1D scattering length aj
[23] are exactly related to those of fermions interacting via
an odd-wave interaction with af = ag, [24]. This Bose-Fermi
correspondence has been originally found in the study of
the Tonks-Girardeau gas with aj — —0 corresponding to a
noninteracting Fermi gas [22], and it has been generalized to
two-component systems [25]. As a result of the Bose-Fermi
correspondence, bosons and fermions with aj, = af show the
same properties in some physical quantities (see Sec. II for
details). On the other hand, there are of course explicit dif-
ferences between these two systems. In particular, while the
even-wave interaction is well defined without regularization,
a regularization procedure is necessary to the odd-wave inter-
action [24,26]. There are several ways of the regularization in
the first quantized formalism [24-26].
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The regularization of the odd-wave interaction in QFT
formalism has been previously investigated to study several
universal relations for fermions [27]. In this QFT, fermions
interact via a local two-body interaction, and the renormaliza-
tion of the corresponding coupling constant is performed by
solving a two-body scattering problem. Using this renormal-
ized coupling as well as OPE, Ref. [27] has derived universal
relations such as power-law tails of a momentum distribution
and of a radio-frequency spectroscopy as well as the adiabatic
relation. However, as shown later in this paper, a three-body
problem in this QFT suffers from an ultraviolet divergence,
which cannot be renormalized by the two-body coupling con-
stant. In addition, the energy relation derived from this theory
is inconsistent with the result based on the first quantized for-
malism [28]: The three-body contact describing a local triad
correlation is not included in the former but appears in the
latter [see Eq. (4b)], while its necessity has been demonstrated
in the limit of aj. — oo [28]. These issues imply that, besides
the renormalization of the two-body coupling constant, fur-
ther considerations are needed to construct QFT describing
fermions with the odd-wave interaction.

In this paper, a comparative study of universal relations
for 1D bosons and fermions connected with each other via
the Bose-Fermi mapping is presented from the viewpoint of
QFT. In particular, we focus on analytical studies of the uni-
versal relations. For both systems, OPE is applied to derive
asymptotic behaviors of dynamic structure factors and single-
particle spectral densities at large energy and momentum.
These dynamic correlation functions are important because
they include information about excitations of the systems.
Also, QFT for fermions applicable to three- and higher-body
problems is constructed. We show that a marginally relevant
three-body interaction term is necessary to describe fermions
whose interaction is characterized only by one length scale
a.. To demonstrate the validity of the constructed theory, we
study a binding energy of three fermions and confirm that it
corresponds to a three-boson bound state found by McGuire
[29]. In addition, we show that the three-body contact in the
energy relation originates from the three-body coupling term
in the QFT formalism.

This paper is structured as follows: In Sec. II we start with
a brief review of 1D gases. Section III is devoted to QFT
for bosons to investigate dynamic correlation functions. The
quantum field theory for spinless fermions is investigated in
Sec. IV. We conclude this paper in Sec. V. Our main re-
sults are universal relations for dynamic correlation functions
[Egs. (39), (40), (56), (59), (60), (89), and (90)] and a nonzero
three-fermion coupling constant in Eq. (71). Throughout this
paper, the unit system of 7 = kg = 1 is used and the 1D scat-
tering lengths are set as aj = af = a so that the connection
between bosons and fermions becomes apparent.

II. BOSE-FERMI CORRESPONDENCE

Before the discussion of QFT, we briefly review important
properties of 1D Bose and Fermi gases with contact interac-
tions in the first quantized formalism. One way to represent
contact interactions in this framework is to use pseudopoten-
tials [23-26]. Interaction potentials for bosons and fermions

are given by
2 2a ,
Vp(x) = ——368(x), Vp(x)=——56(x)Dx, (1
ma m

respectively, where m is a mass of particles. As explained
above, the regularization of the contact interaction is nec-
essary for fermions. Here we adopted a procedure with a
regularized differential operator D, [25,28]. This operator acts
on an N-body wave function as D, W(x) = ai—u‘l’(x)|x,-/=+o,
where x = (xq, ..., xy) denotes a set of coordinates of N par-
ticles and x;; = x; — x; refers to a relative coordinate between
ith and jth particles. The strengths of the pseudopotentials are
characterized by the 1D scattering length a and are inversely
proportional to each other for bosons and fermions.

If we pick up an N-body wave function Wy (E;x) with
energy eigenvalue E in the fermionic theory, there always
exists its counterpart Wg(E;x) with the same energy in the
bosonic one. These two wave functions are related to each
other by the following Bose-Fermi mapping [22]:

Ws(E;x) = [ [ sen(a))Wr (E;x), )

i<j

where sgn(x) equals +1 (—1) for x > 0 (x < 0). The inverse
proportion of the interaction strengths in Eq. (1) shows that
weakly (strongly) interacting bosons are mapped to strongly
(weakly) interacting fermions. Because of the correspondence
in the energy spectrum, bosons and fermions with a, N,
and temperature 7 fixed share the same partition function.
As a result, all the thermodynamic quantities are identical
between these two systems. In the homogeneous cases, the
ground state energy as well as the partition function at finite
T are well studied on the bosonic side by the method of
the Bethe ansatz [21]. For a repulsive interaction (a < 0),
the ground state energy and the partition function at finite
T in the thermodynamic limit can be exactly calculated by
solving the Lieb-Liniger and Yang-Yang equations, respec-
tively [23,30]. On the other hand, for an attractive interaction
(a > 0), there is one N-body bound state with energy E =
—N(N? — 1)/(6ma®) [29]. In this paper, we focus on the
thermodynamic limit for a < 0 except for the investigation of
three-fermion bound states in Sec. IV A and Appendix B.

Since the mapping in Eq. (2) never changes the absolute
value of the wave functions, the two systems also share the
same density correlations including static and dynamic struc-
ture factors. In what follows, we abbreviate the label B/F
for physical quantities identical between bosons and fermions.
The two- and three-body contacts C, and C; can be expressed
in terms of density correlations at short distances. In order to
clarify the connections of the contacts between bosons and
fermions [27], we here use the following definitions in which
the two systems with N, T', and a fixed have the same C, and
C; [28]:

G = /dsz(X) = /dx }iigc(ﬁ(X)ﬁU)), (3a)
G = [dxcs(X) = /dx )ligx(ﬁ(X)ﬁ(y)ﬁ(Z)>, (3b)

where A(x) = vazl 8(x — x;) is the number density opera-
tor in the Schrodinger picture and (---) denotes a thermal
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average. The two-body (three-body) contact density C,(x)
[C53(x)] measures the probability that two (three) particles
come into contact with each other at the position x. In the
homogeneous cases, C»(x) and C3(x) can be exactly calculated
by the Bethe ansatz [31-35].

Unlike thermodynamics and density correlations, single-
particle correlations such as momentum distributions and
single-particle spectral densities are not forced to be identi-
cal between bosons and fermions. Indeed, universal relations
for momentum distributions reflect the difference between
them. The momentum distributions for a large momentum
behave as pp(k) = 4C,/(a*k*) for bosons [36] and pr (k) =
4C, //’c2 for fermions [27,28]. [Here pp,r (k) are normalized as
f (dk/(2m))pp,r (k) = N.] Other universal relations involving
pp/r(k) are energy relations. In the absence of a trapping
potential, the energy relations for bosons and fermions are
given by

dk k? G
E=) 2mom™® e “
dk k* 4C, G 2C
E=/TTGM>kJ+%+;"“m

respectively [28,37]. In the case of bosons, the interaction
energy is governed by a contribution from the configuration
where only two particles approach each other, leading to the
last term in Eq. (4a). On the other hand, the effect of the con-
figuration where a trio of particles approach each other is not
negligible for fermions and thus Cs appears in the energy rela-
tion. This situation is similar to the 3D cases with the Efimov
effect [38] in the sense that three-body correlations cannot
be neglected in the energy relation [39,40]. As mentioned in
Sec. I, the necessity of C3 in Eq. (4b) was demonstrated in the
limit of a — oo [28].

In the next two sections to discuss QFT, we use the
following shorthand notations: The differential 9 is de-
fined by AS)B = [A0B — (0A)B]/2, X = (t,x) refers to a
spacetime coordinate, and K = (K, K;) = (w, k) to a set
of energy w and momentum k. The inner product between
K and X is given by K - X = wt —kx, and AB---C(X) =
AX)B(X)---C(X) is assumed.

III. BOSONS

This section is devoted to studies of high-energy behav-
iors of dynamic correlation functions for 1D bosons. The
Lagrangian density for bosons with an even-wave interaction
is given by

2

. d 1
Ly =0 (ia, + o )¢ +—¢ ¢ s, )
m ma

where ¢ is a bosonic field. For convenience of diagrammatic
calculations, we perform the Hubbard-Stratonovich transfor-
mation [3]. The transformed Lagrangian density is
/ t i | T2 2
Ly=¢"[i0+"=|p— —(P'DP—-D'¢p~— 9" D), (6)
2m ma

where @ is introduced as an auxiliary bosonic field. Because
the Euler-Lagrange equation for ® provides ® = ¢2, ® has

- + C:)+_
()
K/2+ P K/2+ P
- >
K/2—P K/2— P
(b)

FIG. 1. Feynman diagrams for (a) the full dimer propagator and
(b) the two-body scattering amplitude. The solid, dotted, and dashed
lines indicate iG(K), iDg)/)F, and iDg/r (K), respectively.

the degree of freedom of a dimer. In terms of field opera-
tors, the number density operator in the Heisenberg picture
is written as /(X)) = ¢ ¢(X). In this bosonic theory, there is
no renormalization of composite operators, and thus we can
naively take the limit in Egs. (3):

Cr = (¢ (X)) = (DTD (X)), (Ta)
Gy = (P (X)) = (®Tp oD (X)). (7b)

Note that the contact densities of a thermal equilibrium state
are independent of X because the system is translationally
invariant in spacetime.

We now present notations in Feynman diagrams for later
diagrammatic calculations. The propagator iG(K) = iG(w, k)
of a boson with energy w and momentum k is denoted by a
solid line and given by

1
= £ tiot ®
On the other hand, a dashed (dotted) line denotes a full (bare)
propagator iDg(K) (iDy’ = —ima) of a dimer. Solving the
Dyson equation in Fig. 1(a), where the boson-dimer vertex
is 2i/(ma), we obtain

Dy(K) = ——— ©)
= 1/(aPx)

with Bx = \/k?/4 — mw — i0F. Unlike contact interactions in

higher dimensions, Dg(K) is obtained without regularization.
The scattering amplitude of two bosons iAz(K) depicted in
Fig. 1(b) is related to Dg(K) through

P (K) = 1 (10)
? ma—1/px

Note that incoming and outgoing bosons have the same total
energy o and center-of-mass momentum k because of the
energy and momentum conservations.

The dynamic structure factor S(K) and the single-particle
spectral density Ag(K) are defined as the imaginary parts of
retarded response functions:

Ap(K) =

1 Im[(GR(K))]
S(K) = P m— (11)
1
Ag(K) = ——Im[(G (K], (12)
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where  GR(K) = —ifde eKX=0"19(1)[AX), AT(0)] and
0(t) is the Heaviside step function. In the QFT framework,
it is more convenient to calculate time-ordered Green’s
functions defined by

(Ga(K)) = —i / d*X X X(TIAXOAT0)])  (13)

than (GR(K)) because diagrammatic calculations are directly
applicable. From the Lehmann representations, Eqgs. (11) and
(12) are rewritten as

1
S(K) = ——Im[(Gi(K))] + 0Ty, (14)

1
Ap(K) = ——Im[(Gy(K))] + Oo(e™'™). (15)

We will study S(K) and .Ag(K) at high energy @ > 0 and large
momentum |k| by using OPE.

In this section, we proceed as follows: We begin with
the introduction of OPE in Sec. Il A. Then OPE is ap-
plied to the density (single-particle) Green’s function in
Sec. IIIB (Sec. IIID). The asymptotic behaviors of the dy-
namic structure factor and the single-particle spectral density
at large energy and momentum are discussed in Sec. III C and
Sec. III E, respectively.

A. Operator product expansion

In QFT, OPE states that the product of two operators A(X)
and B(0) at different spacetime points can be given by a sum
of local operators O at X = 0 [15-17]:

AX)B(0) = Z w® (X)O(0). (16)
o

Hereafter, a shorthand notation O = O(X = 0) is used. The
quantities w®(X) called Wilson coefficients are c-number
functions of X. Such an operator product appears in studies
of static or dynamic correlation functions including S(K') and
Ap(K). From OPE in Eq. (16), G4(K) in Eq. (13) can be
expressed as

Ga(K) =y W (K)O. a7
(@]

The dependences of Wilson coefficients on the operator A are
explicitly shown for later convenience.

The operator product expansion becomes a powerful tool to
study (G4 (K)) at large energy and momentum, i.e., in a region
where /m|w| and |k| are much larger than typical scales of a
given state such as n = (1) and /mT. To see the usefulness
of OPE, let us take thermal averages of both sides of Eq. (17).
By dimensional analysis, (G4(K)) is expressed as

1 K2
(Ga(K)) = — fo( )<O>, (18)
; kAo+3-244 A 2mw

where fAO (k*/(2mw)) is a dimensionless function. The scal-
ing dimension A is defined so that the equal-time correlation
function (O(0, x)OT(0)) with small separation x behaves as
1/|x|*2©. In our counting scheme, dimensions of particle
mass, momentum, and energy are counted as 0, 1, and 2, re-

spectively. Equation (18) shows that Wilson coefficients with
small Ay dominate (G4 (K)) at large energy and momentum.

Since OPE is an operator identity, the expansion of
(Ga(K)) for large K [Eq. (18)] is valid for any average (- - - ),
i.e., universal in the sense that it is independent of details of a
given many-body state such as a number density and a temper-
ature. In nonrelativistic QFT, WAO (K) of local operators with
small Ay can be determined by solving few-body problems
as shown below. On the other hand, information specific to the
given many-body state is encoded in local physical quantities
(0).

In the case of 1D bosons described by the Lagrangian
density (6), the dimensionless coefficients f(k?/(2mw))
in Eq. (18) depend not only on k?/(2mw) but also on a
scaled interaction strength 1/(ka). Therefore, the behavior
of £2(k*/(2mw), 1/(ka)) for large |k| with k*>/(2mw) and
a fixed is equivalent to that for large |a| with k*/(2mw) and
k fixed except for the case of a vanishing scattering length.
Recalling Eq. (1) or (5), we see that the limit of an infinite
scattering length corresponds to the noninteracting limit. A
perturbative few-body calculation is thus available to derive
the large-K behavior of (G4(K)). Since the power-law tail of
(GA(K)) results from the interaction, the dimensionless coeffi-
cients for small 1/(ka) with k?/(2mw) fixed can be expanded

as
of ¥ 1 N\ (&

Ja (% E) = (E) 8a (%) +- (19
with Nf > (0. This means that the power-law decays of
WC(K) are shifted by NO from the estimation in Eq. (18)
based on scaling dimensions. This situation in 1D bosons
with a finite interaction strength is similar to that in 1D
two-component fermions [41]. We note that the perturbative
few-body analysis of the Wilson coefficients does not mean
the perturbative treatment of the many-body state because the
expectation values (O) in Eq. (18) depend nonperturbatively
on a dimensionless coupling constant y = —2/(na), which
characterizes the interaction strength of 1D bosons with the
number density n. On the other hand, the above analysis
cannot be applied to 1D fermions with an odd-wave interac-
tion studied in Sec. IV. In this case, the limit of an infinite
scattering length is no longer the weakly interacting limit as
in the 3D cases with s-wave interactions. Thus, NO > 0 is not
imposed and some nonperturbative treatment is necessary to
compute W2 (K). Similarly, such a shift is not imposed on
the Tonks-Girardeau gas with a hardcore repulsion (—1/a —
+00).

In the following subsections, we apply OPE to the deriva-
tions of large-K tails of density and single-particle Green’s
functions. Since the two-body contact density C, = (®T®)
is a central quantity in the context of universal relations, we
focus on how C, affects these correlation functions at large
energy and momentum. In order to determine the Wilson co-
efficient of ®7®, we have to take the following local operators
into account: the unit operator

1 (20)

with A; = 0, one-body operators

Ope = 719, (—id,) ¢ @1)
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with Ap, =2b+c+1<
'o ~ ¢pTpTpg (22)

with Ag+g = 2. We note that local operators with total deriva-
tives are not considered because their thermal averages vanish
by the translational invariance of the system. Similarly, ther-
mal averages of O, with odd ¢ also vanish due to the
inversion invariance, while these O, . should be taken into
account in few-body calculations to determine the Wilson
coefficient of ®¥d

The Wilson coefficients of above local operators can be
determined by the following matching procedure: First, ma-
trix elements of these local operators O with respect to
states (u| and |v) are computed. Second, the matrix elements
(|Ga(K)|v) are calculated and expanded in small momen-
tum scales P associated with the external states. Then, by
demanding that the expansions of both sides of Eq. (17)
match in each order of P., the coefficients WAO(K ) are de-
termined. Because OPE is an operator identity, the simplest
states for which (u|O|v) is nonzero can be used to determine
WAO (K). For instance, the vacuum state |vac) with no particle
is available to determine the coefficient of the unit operator.
Because of (vac|O|vac) = 0 for O # 1 on the right-hand side
of Eq. (17), taking vacuum expectation values of both sides
yields WA' (K) = (vac|Ga(K)|vac). Similarly, expectation val-
ues with respect to a one-boson (two-boson) state are used
to compute the coefficients for one-body operators O, . (the
dimer density operator ®®).

4, and a dimer density operator

B. OPE for G;(K)

We now apply OPE to the dynamic structure factor S(K).
By substituting

Gi(K) =Y W (K)O (23)

@)
into Eq. (14), S(K) can be expanded as

S(K) = ——E:mlwom) 0). (24)

We note that all the local operators O which we take into
account are Hermitian [see Egs. (20)—(22)], leading to real-
valued (O).

In order to determine Wﬁo(K ) for operators in Egs. (20)-
(22), we employ the matching procedure explained above.
Taking the vacuum expectation values of both sides of
Eq. (23), we find Wﬁl (K) = (vac|Gs(K)|vac) = 0. The coeffi-
cients of O, are derived by evaluating both sides of Eq. (23)
with respect to a one-boson state |¢p) = |@(p,.p,)), in which
the boson has energy P, and momentum P;. Here we do
not impose the on-shell condition, i.e., Py # Pl2 /(2m). The
expectation values of Oy, . on the right-hand side equal

(@p|Op.cldp) = (P)°(Pr), (25)

which can be expressed in terms of the Feynman diagram as
Fig. 2(a). On the other hand, the expectation value of G;(K)
on the left-hand side is given by the diagrams in Fig. 2(b) and
equals

(¢p1Ga(K)lpp) = G(P + K) + G(P — K). (26)

p P P P+K P P P-K P
——0—>— —>O0—>—0> + —>O0—>—0>—

(a) (b)

FIG. 2. Diagrams for the expectation values of (a) O, and of
(b) Gi(K) with respect to a one-boson state |¢p). The open dot
in (a) denotes the insertion of O, ., while those in (b) denote the
insertions of the density operators in G;(K).

By comparing its expansion in P with Eq. (25), the coeffi-
cients are determined by

wor ) = 20K L k. a

L T ble! dwbdke '
Because of Im[G(K)]= —nd(w —k*/(2m)), all the
Ob(

(K) in Eq. (24) contribute to S(K) for @ > 0 only
at the single-particle peak w = k*/(2m).

To determine the coefficient of & ®, we next calculate the
expectation values of both sides of Eq. (23) with respect to an
off-shell two-boson state |¢,2, /2), in which the two bosons have
the same energy and momentum. For a shorthand notation, we
define (--- )y = (¢>,2,/2| e |¢12,/2). With the help of Eq. (27) de-
termined in the one-boson sector, several terms from (Op )2
on the right-hand side automatically match terms in (G;(K))»
on the left-hand side. These terms correspond to diagrams
where all the operators are inserted into one external line
and do not affect the determination of W;DT‘I’(K ). In addition,
diagrams for (G;(K)), in which the two density operators
are inserted into different external lines without interactions
contribute to Wﬁq"rq’(K ) only at K = 0. For these reasons, we
below consider the other diagrams which are necessary to
determine W,®'®(K) for nonzero K.

Let us now calculate the expectation values of local opera-
tors on the right-hand side of Eq. (23). Figures 3(a) and 3(b)
show diagrams contributing to the expectation values of O, .
with Ap, < 4 and ot o, respectively, and thus we obtain

(Obe)2 = [Ag(P) 1 o(P), (28)
2 2

(@7 D), = [Ap(P)I%, (29)

where integrals correspondmg to the loop in Fig. 3(b) are
given by

Lo(P) =i f GQIGP — Q)T (Py — Q)" (Py — Q1) (30)
o

with fQ = f dQod 0, /(27r)2. These integrals can be ana-

Iytically computed and their explicit forms are shown in

Appendix A [see Egs. (A2)]. Finally, the expectation value
of the right-hand side of Eq. (23) divided by [Ap(P)]?

>0 yek

FIG. 3. Diagrams for the expectation values of (a) O, and of
(b) ®7® with respect to a two-boson state |¢2 /2)-
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>0
e eg

L0

>0

FIG. 4. Graph topologies contributing to the expectation value
(Ga(K))a-

found to be
W2 (K)(O), Z o
P W, (K)o (P)
o [Ap(P)]? Ao, <t
mid?
+ = w2'*(K)+0®P)  (31)
with O(P) = O(Bp) + O(P;). Higher-order contributions

come from higher derivative local operators and they vanish
in the limit of P — 0.

We turn to the expectation value (G;(K)), on the left-hand
side of Eq. (23). Diagrams contributing to (G;(K)), are de-
picted in Fig. 4. These contributions are given by

(G (K 26K+ P/2) 2
s K +P)( apmy P)>

+ (K — —K), (322)
(GiK )y _ _AGK + P/DGCK +P/2) ) by
[Ap(P)P? Ap(P)

(32b)

(G (K)o _ _
TP = BE P+ K > =K), (32¢)

where integrals corresponding to loops in Fig. 4 are given by

JW(K,P)=i / G(Q)G(P — Q)G(K +P — Q), (33a)
0
S (K, P) = —i /Q GG+ K)GP - 0)
x G(P —K - Q), (33b)

J3(K, P) = i/ GQIGP — QPGP +K - Q). (33¢)
0

The analytical expressions of these integrals are shown in
Appendix A [see Eqs. (A4)]. As shown in Egs. (AS5), Egs. (33)

can be expanded in P as

Ji(K,P) = —£<G(K) + kPL(K)]Z>
BT T 2m
—gatc®)r - "8 o), (342)
2Bk
m ( kP1[G(K)]2>< )
LK, P) = — (6k)+ 222 ) (kK — -k
P Zm
m[G(K)]>  m[G(—K)J?
o).  (34b
+ T x + O(P) (34b)
4 2
1K, P) = m(k% _ (o) )
2111 IBK
+ Z ! BHCG( )1,, (P)+ O(P). (34c)
n I T '

The expansion of (G;(K)),/[A(P)]? in P can be performed by
summing up Egs. (32) and substituting Eqgs. (34) into the sum.
The result is

(Gi(K)),  ma |: 1 <kG(K)>4

As(P)? ~ 4 [1—apx\ m

(%) ]
—4 + (K > —K)
m

+ Y WK (P)+ O(P).  (39)

Ao, <4

4 G(K)
k2 m

By comparing this with Eq. (31) in the limit of P — 0, the
Wilson coefficient of & is found to be
4 G(K)

. m 1 kG(K)\*
Wi )= [1—61/3K< m )+k2 m

4(G( )> +(K—>—K):|. (36)
m

C. Dynamic structure factor

We now evaluate the large-energy and momentum behavior
of S(K) [Eq. (24)] away from the single-particle peak. As
shown in the previous subsection, there is no contribution
from the one-body operators to S(K) for w # k%/(2m). The
imaginary part of W,>'®(K) thus dominates S(K) in the large-
K limit:

S(K) = —%Im[Wf'@(K)]Cz + 0K (37
with C; = (®"®). The corrections come from two-body op-
erators with derivatives as well as higher-body operators and
their orders can be estimated with the help of the perturbation
theory. From Eq. (36), the imaginary part of W,>'®(K) reads

l TP
- nIm[ (K)]

kKGEK)*  /mw —k2/4

2
— k74 amd 1+ a(mw —k2/4)

= O(mw

(38)

The Heaviside step function 6(mw — k?/4) represents the
two-particle threshold, which is also pointed out in the 2D
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and 3D cases [42,43]. This threshold reflects the fact that the
excitations of two particles with center-of-mass momentum
k require energies larger than their center-of-mass energy
K /(4m).

Substituting the expansion of Eq. (38) in large K into
Eq. (37), we can obtain the following power-law behavior of
S(K) above the two-particle threshold:

S( k)—i( u )4 & (39)
@B = e mo—k*/2) [mw—k2j4

This behavior holds when /mw and |k| are much larger than
n = (i), 1/|al, and v/mT. As mentioned earlier, C, can be
exactly calculated for any scattering length and temperature
by the Bethe ansatz. By combining this exact result of C,
with Eq. (39), S(K) at large K can be completely determined
for any scattering length (0 < —1/a < 4-00) and temperature
(T > 0). From the Bose-Fermi correspondence, this power
law in S(K) holds for 1D fermions with an odd-wave in-
teraction. We note that our result [Eq. (39)] is not valid for
the Tonks-Girardeau gas with a hardcore repulsion (—1/a —
+00) because the expansion of Wﬁq""q’(l( ) in small 1/|a| <
Jmw, |k| was used. Indeed, the Bose-Fermi correspondence
makes S(K) of the Tonks-Girardeau gas identical to that of
free fermions, which has no power-law tail at large K. Sim-
ilarly, the tail of S(K) vanishes in the noninteracting limit
(1/a — 0).

Near the Tonks-Girardeau limit (0 < n|a| < 1), S(K) also
shows another power-law behavior above the two-particle
threshold. Substituting the expansion of Eq. (38) in small a
into Eq. (37), we obtain

m\/mw—k2/4( k

S(w. k) = - mo — k22

4
) Cy. (40)

This behavior holds when /mw and |k| are much larger than
n and /mT but much smaller than 1/|a|. For me > k?, the
asymptotic behavior in Eq. (40) reduces to S(w, k) ~ k*/w’/?,
which is consistent with the recent result based on the Bethe
ansatz [44]. We note that, when /mw and |k| become much
larger than 1/|a|, S(K) should again obey Eq. (39) even near
the Tonks-Girardeau limit.

D. OPE for G4(K)
Next, we will apply OPE of field operators,

Go(K) =Y W2 (K)O, (41)
o

to study the large-K behavior of the single-particle spectral
density Ag(K) in Eq. (15). The coefficients W¢O(K ) for the
local operators in Egs. (20)—(22) can be determined by the
matching procedure in a similar way as in Sec. III B.

Taking the vacuum expectation values of both sides of
Eq. (41), we find

W¢1 (K) = (vac|Gy(K)|vac) = G(K). (42)

Hereafter, G(K) is subtracted from both sides of Eq. (41) and
OPE for G4 (K) = G4(K) — G(K) is considered, so that dis-
connected diagrams are canceled when its expectation values

K K
K+ P P P
-—>-- ——->--0-->»---
P (@) P
P P

(©) P

FIG. 5. Diagrams for the expectation values of (a) §G,(K) =
G,(K) — G(K) with respect to a one-boson state |¢p) and of (b) &7 P,
(c) Oy, and (d) 8G,(K) with respect to a one-dimer state |$p).

are evaluated. The coefficients of O, are derived by evalu-
ating both sides of Eq. (41) with respect to a one-boson state
|¢p). The expectation values of O, on the right-hand side
are computed in Eq. (25). On the other hand, the expectation
value of §G4(K) on the left-hand side is depicted in Fig. 5(a)
and is given by

(@p18Gy(K)|¢p) = —Ap(K + P)G(K)I*. (43)

We note that a diagram in which the two field operators are
connected with different external lines without interactions is
not considered because it contributes to W (K)onlyatK =
0. By comparing the expansion of (¢>p|8§¢(1()|¢p) in P with
Eq. (25), the coefficients of O, with Ap, < 4 are found
to be

Wo (K) = =  aahake

f o [G(K)P. (44)

Unlike Wﬁo”""(K ) [Eq. (27)] for the density correlation,

Wf”"’([( ) is affected by the interaction through Ag(K). There-
fore, a leading interaction effect on (G, (K)) at large K comes
from the coefficient of Oy = 7 [45]. This point is a charac-
teristic of (G4(K)) different from other correlation functions
such as S(K) and pp(k), whose asymptotic behaviors are
governed by the two-body contact.

We now turn to the derivation of W;’T‘D(K ). Unlike S(K)

and pg(k), whose coefficients of ®'® can be determined for
any K and a within two-body calculations, we have to solve
a three-body problem to compute W(;’Tq’(K ). Therefore, it is
more difficult to determine than the coefficients for S(K) and
pp(k). For convenience of the three-body calculation, we use
a one-dimer state |®p) instead of a two-boson state used in
Sec. III B. First, we evaluate the expectation value of the right-
hand side of Eq. (41) with respect to |®p). The expectation
values of ®'® and O, . can be expressed in terms of the
Feynman diagrams as Figs. 5(b) and 5(c), respectively. The
results are

(Op|DTD|Dp) =1, (45)

4
(@p|Op.c|Pp) = ——1p,c(P), (46)
m2a
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K K’
- -
1T = + iTp
D S - > S
P P’

FIG. 6. Diagrammatic expression of the boson-dimer scattering
amplitude [Eq. (50)].

where I, .(P) is defined by Eq. (30). The expectation value of
the right-hand side thus reads

D WLK) (9p|O]Dp)
O#£1

4
= > Wf”“(K)—Z 1 (P)+ W, *(K) 4 O(P).
m-a
Aob.r<4

(47)

On the other hand, the expectation value §G,(K) on the
left-hand side of Eq. (41) is given by the diagram in Fig. 5(d),
and it is evaluated as

(©p18G,(K)|®p) = —[G(K)IPT3(K, P; K, P). (48)

Here T(K, P; K’, P') is the boson-dimer scattering amplitude
where K and P (K’ and P’) are sets of initial (final) energy
and momentum for a boson and a dimer, respectively. Note
K + P = K’ + P’ because of the energy and momentum con-
servations. Comparing the expansion of Eq. (48) in P with
Eq. (47), we obtain the following expression of W,* (K ):

W' (K) = lim [ — [GK)PT3(K, P K, P)

Ohe 4
= D WK D (P) | (49)

Ao, <4

While Eqs. (A2) show that I, .(P) with small A, are di-
vergent in P — 0, these divergences are exactly canceled by
those from Tz(K, P; K, P) in a similar way as in the 3D cases
[45,46].

The scattering amplitude solves the Skornyakov-Ter-
Martirosyan (STM) equation depicted in Fig. 6:

Tp(K, P;K', P')

=13(K, P;K', P") — i/ t3(K,P;0,K+P — Q)
0

x G(Q)Dp(K + P — Q)T3(Q, K + P — Q;K', P'),
(50)

where the inhomogeneous term is given by

tp(K, P;K', P") = — G(P' — K). (51)

m2a?

One can solve this STM equation nonperturbatively by the
numerical method used in the 3D cases [45,46]. As explained
previously, however, a perturbative calculation is available
to determine the Wilson coefficients at large K in the case
of 1D bosons. For this reason, we evaluate Tz(K, P; K’, P')

perturbatively in terms of —1/a in this paper. We then find
t3(K, P;K', P') = O(a~?), while the loop corrections cor-
responding to the integral in Eq. (50) make higher-order
contributions. In addition, Eq. (44) combined with Eq. (10)
shows that the sum in Eq. (49) is O(a~?). Therefore, the
large-K asymptotics of quwq’(K ) is found to be

WEP(K) = = GK)IGKIE + 0K ). (52)
m-a

Note that power counting of the corrections in a~! combined
with dimensional analysis leads to that in K.

E. Single-particle spectral density

Let us now consider the single-particle properties of 1D
bosons in the large-K limit. First, we study quasiparticle en-
ergy and width near the single-particle peak o ~ k%/(2m).
The single-particle Green’s function can be expanded in large
K by taking the thermal average of OPE in Eq. (41). We
consider the expansion up to O(K ). By using Egs. (44) and
(52) as well as (Og 1) = 0 due to the inversion invariance of a
given thermal state, (G4 (K)) reads

(Gs(K)) = G(K) + W (K)n + W' *(K)C, + O(K™)
(53)
with n = () = (Op) and C, = (®'®). In general, the
Green’s function takes the form of (G,(K)) = 1/[G'(K) —
2(K)] with the self-energy (K). The self-energy up to
O(K~?) is thus given by
Wi(K)
= ) n
[G(K)]

Y
T ma aBx  (aBg)?
4C> G(—K)

m2a?

W¢®T<D (K)
[G(K)I?

>(K) C, 4+ O(K™3)

+ O(K™3). (54)

The pole @ = wpoie 0f (Gg(K)) in a complex plane of w
gives the quasiparticle energy ep(k) and width I'p(k) as

ep(k) = Re[wpole]l,  Tp(k) = —Im[wpoe].  (55)

Within our working accuracy, the pole near the single-particle
peak is given by wpole = k*/(2m) + T(k*/(2m), k) + Ok ™),
while the quasiparticle residue is Zz = 1 + O(k™3). As a re-
sult, eg(k) and ['p(k) in the high-energy region are found to
be

5T

k n\> 2 Cy\ /n\4 _s
epk) = 5 1+4y<z) 2y <2y+;) <E) +ouk) |,

(56a)
k[ n\’
Fek) = S 4y*( - ) +0G™) |, (56b)
2m k|
where y = —2/(na) is a dimensionless coupling constant

used in the studies of 1D bosons. The shift of egz(k) from
k*/(2m) depends on n and C,, which is exactly calculable by
the Bethe ansatz, while I'g(k) depends only on n. The effect
of C; on I'g(k) is expected to come from loop corrections
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of Tz(K, P; K, P) and to appear as subleading terms. With
Egs. (56), the large-K behavior of Ag(K) near w ~ k2 /(2m)
takes the form of
1 I'p(k)

An(, k) = 7 [@ — ep(k))> + [Tp(k)?
Equation (56b) shows that the width ['z(k) ~ |k|~! of the
single-particle peak decreases with increasing |k| as in the 3D
cases with s-wave interactions [45]. Note that the quasiparticle
width in the 2D case decreases logarithmically with increasing
the momentum.

We next turn to Ag(K) in the high-energy region away
from the single-particle peak. From Eq. (44), the imaginary
part of the coefficient for 7 is given by

(57)

1 i
- ;Im[W¢ (K)]

o=

1+ a?(mow — k2/4)

This imaginary part is of the order of O(K~) for w >
k*/(4m). The Heaviside step function represents the two-
particle threshold as in Eq. (38). Onn the other hand, Eq. (52)
shows that the leading term of W, ®(K) is real away from
the single-particle peak. As a result, the large-K behavior of
Ap(K) for @ > k?/(4m) is found to be proportional to n:

(58)

= 0(mw — 18/4)%[6(10]2

dmn 1

Ap(w. k) = 20 T 124 (mw — k2/2)
This behavior holds when /mw and |k| are much larger than
n, 1/lal, and /mT.

At the end of this subsection, we comment on Ag(K) for
the Tonks-Girardeau gas with a hardcore repulsion. In order to
derive Egs. (56a), (56b), and (59), we assumed that /mw and
|k| are much larger than |a|~'. These results are thus not valid
for the Tonks-Girardeau gas with —1/a — oo. Nevertheless,
OPE itself is available to study .Ag(K) of the Tonks-Girardeau
gas in the large-K limit. The one-body operators O, . with
scaling dimensions Ap, = 2b+c + 1 < 4 [see Eq. (21)] are
well defined even in the case of a - —0. A well-defined
auxiliary field for a — —0is given by ® = a~'® and the cor-
responding dimer propagator is iDg(K) = imBg. The dimer
density operator ®'® has dimension Ag:g = 4. The Wilson
coefficients of O, . are obtained as Eq. (44) in the limit of
a — —0, leading to the large-K behavior of Ag(K) for w >
k*/(4m) given by

(59)

dmn /mw — k% /4
7 (mw—k2/2)
On the other hand, the coefficient of &' equals
lima%,o[aszTd’(K )] [see Eq. (49)]. The determination of
this coefficient requires a nonperturbative computation of
Ts(K, P;K', P)) = lim,_, _o[a*Ts(K, P; K', P')], which is be-
yond the scope of this paper. Such a three-body calculation is
expected to be performed by the method used in Refs. [45,46].

Ap(w, k) = (60)

IV. FERMIONS

In this section, we study QFT for spinless fermions cor-
responding to bosons studied in Sec. III. We consider the

following Lagrangian density:

if 3 L
Lr=vy"id,+ = |y — —V'W
2m

muvy
1 < N
+ Z[\V*(W(—iaxw) + W (=id )y He
+ 2wiytyw, 1)
m

Here v with dimension Ay = 1/2 is a fermionic field and
W with dimension Ay = 1 is an auxiliary bosonic field rep-
resenting the degree of freedom of a dimer. The coupling
constant v, characterizes the coupling between two fermions.
When we focus on a two-fermion problem, we can neglect
the last term in £ and perform the path integrals over W and
W', leading to the Lagrangian density with a local two-body
interaction:

2 <>
Ly = w*(:'a, + —zax )w + 2y —isovl. (62
m m

This Lagrangian density is equivalent to the model consid-
ered in Ref. [27]. By calculating a two-fermion scattering
amplitude and matching it to the leading term in the effective-
range expansion, the two-body sector can be regularized by
renormalizing v,. On the other hand, the last term in Eq. (61)
provides the coupling between a fermion and a dimer and is
not considered in the previous work. This term involves a di-
mensionless coupling constant v3 and represents a three-body
coupling for fermions. Since this term is marginal in the sense
of the renormalization group, it should be taken into account
in general. As shown in the next subsection, v # 0 plays a
crucial role to regularize the three-body sector.

We now present notations in Feynman diagrams. The prop-
agator of a fermion is equivalent to G(K) in Eq. (8) and is
also denoted by a solid line. A dashed (dotted) line denotes
a full (bare) propagator iDp(K) (iD}O) = —imv,) of a dimer.
A vertex where a dashed or dotted line is connected with two
fermion lines is 2i/m multiplied by a relative momentum of
fermions. Solving the Dyson equation for iDp(K) given by
the same diagram as for bosons [see Fig. 1(a)], we obtain

Dp(K) = (63)

m
1/a— Bk’
where Bx = /k?/4 — mw — (0 and the scattering length a is
related to v, and a momentum cutoff A as

1 2A 1

—_ = — - - (64)

Uy T a
The two-fermion scattering amplitude iAr (K; Py, P;) is given
by the diagram in Fig. 1(b) and equals
4P P|

Ar(K:PLP) = ==

Dr(K). (65)

For fermions, the scattering amplitude depends not only on a
total energy w and a center-of-mass momentum k but also on
initial and final relative momenta P; and P;.

In this section, we proceed as follows: The former half of
Sec. IV A is devoted to a scattering problem of a fermion and
a dimer to determine vs. In order to confirm the validity of the
obtained coupling constant, we calculate the binding energy
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K K’
1Ty = ity + ity 1Ty
EES b - > -»- > > e
P P’
>--
itF _ N \'/
R A
- - S

FIG. 7. Feynman diagrams for the fermion-dimer scattering am-
plitude {7y and its tree terms itr. The solid and dashed lines indicate
iG(K) and iDr (K), respectively, while the dot denotes ivs/m.

of three fermions in the latter half and rederive the energy re-
lation with a three-body contact in Sec. IV B. The asymptotic
behaviors of dynamic correlation functions at large energy and
momentum are discussed in Sec. IV C.

A. Three-body problem

We start by considering the scattering problem of a fermion
and a dimer, where the incoming fermion and dimer have
sets of energy and momentum, K and P, respectively, and the
outgoing fermion and dimer have K’ and P’, respectively. The
fermion-dimer scattering amplitude i7r(K, P; K', P’) solves
the STM equation depicted in Fig. 7:

Tr (K, P;K', P')
=tr (K, P;K', P') — i/ tr(K,P;Q,K+P—0Q)
0

x G(Q)Dp(K +P — QTr(Q,K +P — O;K', P,

(66)
where the inhomogeneous term is given by
tr(K, P;K', P')
S GP—-K') v
= (P —2K[)(P = 2K)———+ . (67)

Note K + P = K’ + P’ because of the energy and momentum
conservations. The integrand in Eq. (66) has only one pole
Qo = Q% /(2m) — i0" in the lower half-plane of Qy. By per-
forming the integration over Qy, Eq. (66) reads

Tr (K, P;K', P')

dQh

=1 (K, P;K', P') — - tr(K,P;0. K+ P —0)

x Dp(K +P - Q)Tr(Q,K + P — O; K/, P/)IQ a3

0= 201
(68)
This integral equation reduces to a simpler form under the
on-shell condition in the center-of-mass frame. Taking K =
(k*/2m), k), K' = (kK*/2m), k'), and K+ P =K + P =

(E, 0), we obtain the equation for the on-shell scattering am-
plitude Tr (k; k'):

d
TF(k§k/):tF(k§k/)_/ﬁtF(]CQ)DF(q)TF(q;k/)v (69)

where Q1 — ¢, Dr(q) = Dp(E — ¢*/(2m), q), and

2mE + 3kk’
mE +i0t — (k? + kk' + k%)

The integral in Eq. (69) for |g| < A has ultraviolet diver-
gences ~ In A unless v3 — 2, where 7x (k; k') decays by power
law for large k¥’ with E and k fixed. Usually, such a diver-
gence is canceled by making a coupling constant dependent
on A. When the coupling constant is dimensionless, a new
length scale emerges as a consequence of the dimensional
transmutation [47]. In nonrelativistic QFT, the dimensional
transmutation is discussed in the 1D [48-51] and 2D [52]
cases. However, since the 1D scattering length a is only
the length scale associated with the contact interaction, the
emergence of an additional scale is prohibited in our case.
Therefore, we conclude that the three-body coupling constant
must be

mtp (ks k') =

+v3—2. (70)

U3=2 (71)

so that the logarithmic divergences disappear without gener-
ating an additional scale.'

To confirm that the theory with Eq. (71) corresponds to
the bosonic one studied in the previous section, we inves-
tigate a three-fermion bound state for a > 0 and compute
its binding energy. If there is a three-body bound state
with E = —«?/m, the fermion-dimer scattering amplitude
in the limit of E — —«?/m takes the form of Tp(k; k') —
Zp(kK)Zi(K')/(E + K2 /m). Comparing residues of both sides
of Eq. (69) with respect to E = —«?/m, we obtain the homo-
geneous integral equation for zg (k) = Zg (k)Dp (k):

3 1 dqg 2k — 3kg
iy 2_ 2 k) = — .
<‘/4 +x a)ZF( ) /2]_[ k2+kq+q2+/{22F(Q)
(72)

We can analytically obtain one solution zp(k)=
1/[(ka/2)* + 1] with « =2/a. This bound state has the
binding energy E = —4/(ma?), which is identical to that of
a three-boson bound state found by McGuire [29] and thus
confirms Eq. (71). We next rederive the energy relation as
another demonstration of the validity of Eq. (71).

B. Contacts and the energy relation

Before turning to the energy relation, we derive the expres-
sions of the two- and three-body contact densities in terms of
field operators. By recalling Egs. (3), the contact densities are
given by

C, = lim (A, VA, y)), (73a)
y—=x

Cy = lim (A, )i(t, y)i(t, 2)) (73b)

'As shown in Appendix B, fermions with a three-body attrac-
tion can be described by choosing vs = 2 + 7 /[2+/3 In(v/3Aaz)].
Here the emergent length scale a; generates the binding energy
E=-1 /(ma%) of three fermions in the limit of a — oo, which
corresponds to a three-boson bound state without two-body but with
three-body interactions [48].
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(t,y)

-—— -

FIG. 8. Diagram for the expectation value of 7(z, x)i(t, y) with
respect to a one-dimer state.

in the Heisenberg picture. In the fermionic theory, the number
density operator is given by 72 = ¥T1/. One may think that
C, and C3 vanish due to ¥? = 0 resulting from the Fermi
statistics. However, the presence of the contact interaction
leads to the renormalization of composite operators, which is
encoded in W, and thus C, and C5 take nonzero values [27,28].

To obtain the explicit forms of C, and C3, we evaluate an
equal-time OPE:

A, 0, y) =Y wx = y)O(, x). (74)
@]

As mentioned previously, ¥ and W have dimensions Ay =
1/2 and Ay =1, respectively. Under the equal-time con-
dition, the unit and one-body operators have vanishing
coefficients because matrix elements of 7(¢, x)7i(¢, y) are zero
in the vacuum and in the one-fermion sector. As a result, the
lowest-order local operator whose coefficient takes a nonzero
value is O = U'W with Ay+y = 2. By dimensional analysis,
we see that coefficients of local operators with larger scaling
dimensions vanish in the limit of x —y — 0.

In order to determine w" ¥ (x — y), we employ the match-
ing procedure with respect to a one-dimer state |Wp). The
expectation value of WiW(s, x) on the right-hand side of
Eq. (74) is given by the diagram in Fig. 5(b) and equals

(Wp | W W(r, x)|Wp) = 1. (75)

On the other hand, the expectation value of the left-hand side
of Eq. (74) is depicted in Fig. 8 and equals

(Wpla(r, x)a(t, y)|Wp)

iq(x—y) ! o o4 (x=Y)
=4 Z_qt]f 2 d_qqezz 7 (76)
T g+ ﬁp 27 g%+ ﬂp
Performing the integrations by the residue theorem yields
(Wplat, X)at, y)|Wp) = e 2P, By comparing this expec-
tation value for x —y — 0 with Eq. (75), the coefficient of
W W is found to be unity, leading to

A, )i, y) = W, x) + O(x — y). a7
Substituting this operator relation into Egs. (73), we obtain
Cr = (¥TW(1, ), (78)
Cy = im (¥ (@, x)i(t, 2)). (79)
=X

The limit in the second line can be taken by evaluating OPE
for WTW(z, x)ii(t, z) in a similar way as for Eq. (77). As a
result, the three-body contact density is found to be

Cy = (VTy Ty w(r, x)). (80)

We now rederive the energy relation for fermions
[Eq. (4b)]. The energy for a thermal state is obtained as
E = [dx (Hr), where the Hamiltonian density of the system
is given by

|9,y 2 1

+ —wiw —

Hr =
F 2m muv,

Sty tyw
m

1 < <
- E[WT(w(_iax)w)""(wT(_iE)x)wT)qj]- (81)

By using the Euler-Lagrange equations for W and W',

< 1
V=il = 0 — INARAR (82)

the thermal average of the second line reduces to

1 < o .
- n—1<\I’T(W(—i3x)1//) + @ (=id )y W)
2 21)3 .
= —— (i) + Z(wiyfyw) (83)
mvy m
so that the energy reads

2 i

2m muv;

From Eqgs. (78) and (80), the second and third terms in the
integrand are proportional to C, and Cs, respectively. Substi-
tuting the explicit forms of v, and v; [Egs. (64) and (71)] into
this, the energy relation is found to be

dk k? 4C, G 2C;
E= | ——\\ork)— — )|+ — +—, (85)
27 2m k? ma m

where pp(k) = L [dx e * (7 (z, x)y (¢, 0)) with L being the
system size is the momentum distribution in terms of field
operators. In the above derivation, the nonzero three-body
coupling constant leads to the emergence of C; in the energy
relation in agreement with Ref. [28].

C. Single-particle spectral density

This subsection is devoted to deriving the behaviors of
dynamic correlation functions for fermions at large energy and
momentum. As mentioned previously, the dynamic structure
factor S(K) for fermions is identical to that for bosons. Indeed,
the asymptotic behaviors of S(K') in Egs. (39) and (40) can be
rederived in the same way as for bosons.

Unlike S(K), the single-particle spectral density Ag(K)
for fermions shows large-K behaviors different from those of
Ap(K). In terms of a time-ordered Green’s function, Ar(K)
is given by

1
Ar(K) = ——Im[(Gy (K] + O(™T).  (86)
In order to study Ag(K) at large K, we employ OPE:
Gy(K) =Y W, (K)O. (87)
O

In the fermionic theory, local operators with small scaling
dimensions are the unit operator 1 with A; = 0, 71 with A; =
1, and &, = U1 with A, = 2. By the matching proce-
dure in the vacuum and in the one-fermion sector, we can
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obtain Wilson coefficients of 1 and 7 in the same way as
for bosons. On the other hand, a perturbative calculation of
the three-body scattering amplitude used for bosons cannot

be applied to the determination of sz (K) at large K. As
explained in Sec. III A, this is because the limit of a — oo
does not correspond to a weakly interacting limit in the case
of fermions. The STM equation in Eq. (66) is expected to be
nonperturbatively solved by the method used in Refs. [45,46].
Since we focus on analytical studies in this paper, we consider
OPE in Eq. (87) up to dimension Ap = 1.

As a result of the matching procedure, the single-particle
Green’s function reads
n RIGK)P
(G K)) = G+

We first consider the high-energy region near the single-
particle peak o = k*/(2m). Within our working accuracy,
the quasiparticle energy and residue are not affected by the
interaction; 7 (k) = k*/(2m) 4+ O(1) and Zr = 1 + O(k™).
On the other hand, the quasiparticle width is given by
4nlk|
m

+O(K™). (88)

Irk) =

+ O(1). (89)

While I'r (k) grows with increasing |k|, the quasiparticle pic-
ture is still valid because of I'r (k) /e (k) o |k|~". This linear
behavior of I'r (k) results from both one-dimensionality and
the strong interaction at @ — oo. Indeed, the quasiparticle
width decreases with increasing the momentum for 1D bosons
[see Eq. (56b)] as well as in higher dimensions [45]. The
Wilson coefficient of éz provides O(1) corrections in &g (k)
and ['r (k) and a leading correction in Zg.

We next turn to Ap(K) in the high-energy region away
from the single-particle peak. Within our working accuracy,
the imaginary part of (Gy(K)) in Eq. (88) arises from B,
which is pure imaginary only above the two-particle thresh-
old. As a result, the behavior of Ax(K) for w > k?/(4m) is
obtained as

mn k?
7 (mw — k2/4)32(mw — k2/2)?"

This behavior holds when /mw and |k| are much larger than
n, 1/|al, and \/ﬁ . We note that the power-law tail does not
appear in the limit of @ — —O0, i.e., a noninteracting limit for
fermions. Indeed, the second term in Eq. (88) vanishes in this
limit.

Ap(a), k) =

(90)

V. CONCLUSION

In this paper, we elucidated universal relations for 1D
bosons and fermions related to each other via the Bose-Fermi
mapping [Eq. (2)] from the viewpoint of QFT. These universal
relations are crucial properties of the systems because they
are exact even in the strongly interacting regimes. By taking
advantage of OPE in the QFT formalism, high-energy behav-
iors of dynamic correlation functions [Egs. (39), (40), (56),
(59), (60), (89), and (90)] were derived. While the dynamic
structure factor is identical between bosons and fermions,
the single-particle spectral densities differ between them. In
particular, we found that the sharpening (broadening) of the
single-particle peak for bosons (fermions) results from the fact

that a — oo corresponds to a weakly (strongly) interacting
limit. The energy relation for fermions [Eq. (85)] was also
rederived, where the emergence of the three-body contact
was found to originate from a three-body coupling term with
Eq. (71) in the QFT formalism.

Our results presented in this paper can be generalized in
various directions. The universal relations can be extended to
the presence of effective-range corrections [53-55]. Indeed,
the impact of such corrections on some universal relations
has been studied in 1D [56] as well as in higher dimensions
[57,58]. Another interesting extension is QFT for fermions
in the presence of multibody resonances. In the case of 1D
bosons, such resonances have been described by introducing
higher-body interactions [48,59-62]. A three-boson attraction
with dimensional transmutation leads to the formations of
quantum droplet states [48] and of excited few-body bound
states [59-61]. A resonant four-boson interaction results in the
formation of Efimov pentamers in 1D [62]. According to the
Bose-Fermi mapping, these phenomena should also emerge
for fermions. As shown in Appendix B, the counterpart of
the three-boson attraction can be introduced to fermions by
considering the logarithmic running of the fermion-dimer cou-
pling v3 in our Lagrangian density [Eq. (61)]. The resonant
four-fermion interaction leading to the Efimov effect for five
fermions is expected to be described by adding v, W W W@
to Eq. (61) and tuning the dimer-dimer coupling vs.

We note that, when this paper was being finalized, there
appeared preprints [63,64] where the Bose-Fermi corre-
spondence was generalized to arbitrary spin, single-particle
dispersion, and low-energy interactions in the universal
regime by using the effective field theory. In particular,
fermions corresponding to bosons with a three-body repulsion
[65-67] were considered. The binding energy of the three-
fermion bound state, which we analytically obtained from
Eq. (72), was also investigated.
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APPENDIX A: LOOP INTEGRALS

Here the integrals corresponding to loops in Figs. 3 and 4
are computed. First, we calculate the integrals in Eq. (30):

Iho(P) =i fQ GOIGP — QP (Py — 0 (P — Q1)
(AD)

where nonnegative integers b, ¢ are restricted to Ao, = 2b +
¢ + 1 < 4. The integration can be performed by the residue
theorem and the explicit forms of 7, .(P) are found to be

2

m
Iy o(P) = 5 (A2a)
P
2
Io1(P) = —_P, (A2b)

867
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m2

We next turn to the integrals in Egs. (33):

Io2(P) = B —(PL/4+ Bp), (A2c)
P Ji(K, P) = i/ G(Q)G(P — Q)G(K + P — Q), (A3a)
2 Q
Ip3(P) = > ——Pi(P} +1283). (A2d)
Pr L(K, P) = —i/ G(Q)G(Q + K)G(P - Q)
m Q
folP) = 32,3,,( ~ 1267), (A2) X G(P— K — ), (A3b)
5La(P) = 12;16 (P2/4 ,3p) (A2f) J3(K, P) = i/ G(Q)[G(P — QPGP+ K — Q). (A3c)
P 0
|
The analytical expressions of these integrals are found to be
2 m? 1
JK,P)=——-+ — , A4
&P <2:3K+P - 2/3P) (Bk+p + Bp)* + k2 /4 (A
3 1
JH(K,P)= — —
2= 38 <<k T S s R ey ”)
m 1
+ + (K - —K), Adb
2Ber K2+ iPror) + B K12 — iPrary + B3 T ) (A0
3 2 2 2 3
I(KP) = m 2ikBp — B p —k°/4+ 3B 2m | 1 5 (Ado)
Br (ikBp — Byyp —K2/4+ B3)" 2Prep (= ikBrsp + B p — K2/4 — B3)
Their expansions in P yield
2
Ji(K,P) = —;(G(K) + m) — Bx[G(K)]* — mG( ) + O(P), (A5a)
ﬂp 2m 2
2 2 V2
h(K.P) =2 <G(K) 4 KRIGUOF ><K — —K) 4 MGEF | mGERF o), (A5b)
P 2m 2,8[( zﬂfK
1k = 198X (g (ma))2> > LG, (v o) (AS0)
P om P Bk ror, , Dle! doPoke be ’ ¢
[
homogeneous integral equation for zp (k) = Zr (k)Dp (k):

APPENDIX B: FERMIONS WITH A THREE-BODY
ATTRACTION

In Sec. IV, the three-body coupling constant was fixed
as v3 =2 [Eq. (71)] to regularize the three-body sector
for fermions without generating an additional scale. Here
we consider another possibility for the regularization, i.e.,
v3 — 2 depending logarithmically on a momentum cutoff
A. Such a v; describes a three-body attraction characterized
by the three-body scattering length a3. In what follows, we
study bound states of three fermions with the three-body
attraction.

An integral equation for three-fermion bound states can
be derived from the STM equation [Eq. (69)] in a similar
way as for Eq. (72). If there is a three-body bound state
with E = —k2/m, the fermion-dimer scattering amplitude
in the limit of E — —«?/m takes the form of Tr(k; k') —
Zp(kK)Zf(K')/(E + ©? /m). Comparing residues of both sides
of Eq. (69) with respect to E = —k?/m, we obtain the

a-—2 Nuwm

/§k2+K2
2k? — 3kq
5 52r(q)
/3k2+/<2 an +kqg+q*+«
e
,/4k2+/c2

with wp = a(vs — 2)qu zr(q)/(2m). Because the integra-
tion of both sides over k leads to

(BI)

/ ZF(k)

2 Vi k2 4 k2

N 2 wp

=30z fn L n(v/3A/k), (B2)
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we can find
wp = 21 / : k(@) (B3)
n(a3/<) 7 g +x
where an emergent length scale a3 > 0 is introduced by
12
“/_ “ZIn(v3Aa3). (B4)
U3 — 2

The three-fermion bound states are obtained by solving
Eq. (B1) with (B3).

The above three-fermion bound states correspond to three-
boson bound states with two- and three-body interactions
[59-61]. The integral equation for such bosons is given by

1
4= zp(k)

1/ Zkz + K2
dq 4zp(q) 3wp
Ek2+kq+q2+,c2+ /372 2 (B5)

Zk + Kk
with
wp = z8(q) (B6)

21n(a3/()/2n /q +K2

which was analytically solved in Ref. [61].> Employing the
same method as for bosons, we can analytically solve Eq. (B1)
for fermions and find that the solutions are identical between
bosons and fermions. The solutions of Egs. (B5) and (B1) are

2Qur definition of a3 is consistent with that in Ref. [59] but different
from that in Ref. [61] by a factor ¢’ /2 with Euler’s constant y &
0.577.

both given by

2w >
zpyr (k) = TB/F/ d
0

4wB/F K2

V3p? + 4i? fp(k)

2 —ay/3p7 + 42 P+ K2

ak — 2 k2 +«%’ (B7)
where
f (k) = 7T[(28(k +P) p P + K + k2+P +ic?
g SR tac  ktp RAkptp il
+ (k— —k) (B8)

and P denotes the Cauchy principal value. Substituting the
above solutions into Egs. (B6) and (B3) yields the same equa-
tion to determine «:

1 8w 2
11’1((13/() = (CIK)T4 ﬁ + [3((1/() — 4]g((l/() . (B9)
Here
In |:1+»\/ lf(al()zil
glax) = —— @2 (B10)
21— (@)
for (ax)™! < —1,
% 4 arctan | —=——
g(al(): 2 I:a/(«/lf(ai() :| (Bll)

ak+/1 — (ak)2

for —1 < (ak)™' <1, and (ax)~! > 1 corresponds to the
particle-dimer scattering continuum where is no three-body
bound state. These correspondences with respect to three-
body bound states confirm that the counterpart of the
three-boson attraction is indeed introduced to fermions by
choosing v3 as in Eq. (B4).
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