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Observation of the quantum shift of a backward rescattering caustic
by carrier-envelope phase mapping
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We study carrier-envelope phase (CEP) -dependent photoelectron momentum distributions (PEMDs) gener-
ated by strong-field ionization of Xe atoms with linearly polarized sub-two-cycle near-infrared laser pulses. The
PEMDs in the polarization direction end with a cutoff structure whose position and shape are analyzed using the
adiabatic theory of rescattering [T. Morishita and O. I. Tolstikhin, Phys. Rev. A 96, 053416 (2017)]. This theory
predicts that the cutoff, wherein the PEMD begins to exponentially decay, is located at a quantum caustic that
is shifted towards higher energies with respect to the corresponding classical caustic at which long and short
backward rescattering trajectories coalesce. The observed position of the cutoff in the PEMDs agrees well with
the adiabatic theory, confirming the quantum shift of the caustic. This result paves the way to a more accurate
procedure for extracting electron-ion elastic scattering differential cross sections from CEP-dependent cutoffs in
strong-field PEMDs.
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I. INTRODUCTION

According to the three-step model [1,2], an electron re-
leased from an atom or molecule by tunneling ionization in a
strong laser field is accelerated by the field and then recollides
with the parent ion. This recollision may lead to recombina-
tion by emitting a high-energy photon, which is the process of
high-order harmonic generation (HHG). Or the electron may
be elastically or inelastically rescattered and contribute to the
photoelectron momentum distribution (PEMD). Each of the
processes is crucial in strong-field physics. Thus HHG has
become a powerful tool for generating attosecond light pulses
[3,4] as well as for probing molecular structure and dynamics
[5–9]. Inelastic rescattering allows one to probe the dynamics
of molecular dissociation [10–12] and electron correlation in
nonsequential double ionization [13–16]. Elastic rescattering
imprints valuable information on the electron-ion interaction
in the PEMD [17]. Electrons that are rescattered in the forward
direction interfere with direct electrons, which have not ex-
perienced rescattering. This produces a holographic pattern in
the PEMD [18–23] containing the information on the phase of
the electron-ion scattering amplitude [22]. The cutoff energy
of electrons rescattered in the backward direction provides
the information on the carrier-envelope phase (CEP) of the
ionizing laser pulse [24–30]. Furthermore, in the vicinity of
a backward rescattering cutoff, the PEMD factorizes into
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the differential cross section (DCS) for elastic electron-ion
scattering and a returning photoelectron wave packet (RWP)
[31–36], which allows one to extract the DCS from the PEMD
[37–49]. The extraction procedure requires knowing how the
position of the cutoff depends on the pulse parameters and the
target system. In this paper, we address this issue by experi-
mentally and theoretically investigating backward rescattering
cutoff structures in the PEMDs generated by the ionization of
Xe atoms with linearly polarized few-cycle infrared pulses.

From an experimental viewpoint, there are two primary
factors that introduce uncertainty in the position of the cutoff.
First, each half cycle of a laser pulse produces one backward
rescattering half cycle cutoff (HCO) in the PEMD with the
photoelectron momenta directed opposite to the field. Typical
few-cycle pulses contain several half cycles with the same
field direction and close field strengths producing overlapping
HCO structures in the PEMD. If the different structures are
not resolved, the strength of the ionizing field cannot be ac-
curately determined, and hence the DCS cannot be reliably
extracted. To overcome this difficulty, we use an optical para-
metric chirped pulse amplifier that produces sub-two-cycle
CEP-stable pulses at 1600 nm [50]. In our preceding work,
we have demonstrated that one could experimentally resolve
the outermost HCO in PEMDs generated by CEP-stable sub-
two-cycle pulses and control its position by varying the CEP
[44]. In the present paper, we additionally resolve the adjacent
inner HCO in certain intervals of the CEP. Second, the ex-
perimental PEMD accumulates photoelectrons that originate
from the different parts of the focal volume. The laser inten-
sity is nonuniformly distributed over the volume; therefore,
the PEMD collects atomic responses at different intensities,
which affects the apparent position of HCOs. However, the
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outermost HCO is produced by electrons that originate from
the region with maximum intensity, ensuring that the PEMD
in its vicinity represents almost a single-intensity response.
Thus the use of CEP-stable sub-two-cycle pulses and focusing
on the outermost HCO enables us to minimize the uncertainty
in its position.

From a theoretical viewpoint, extracting a DCS from an
experimental PEMD requires knowing not only the position of
the HCO, but also an explicit form of the RWP. In other words,
one needs an analytical theory that describes the structure of
the PEMD near an HCO. Such a theory has been developed
[36] on the basis of the adiabatic theory [51]. In the present
analysis, we use the factorization formula derived in Ref. [36].
The key object in this theory is a classical caustic associated
with a given HCO at which long and short backward rescat-
tering trajectories coalesce [24]. The position of this caustic in
the photoelectron momentum space is completely determined
by the laser field and is independent of the target system.
Furthermore, the theory introduces the corresponding quan-
tum caustic. It is shifted towards higher energies with respect
to the classical caustic, and the value of this quantum shift
depends on the target. The factorization formula holds in a
region including both caustics. The dependence of the PEMD
on the component of the photoelectron momentum that is
normal to the caustics exhibits a characteristic shape described
by the Airy function. The argument of this function turns to
zero at the quantum caustic, resulting in the exponential decay
beyond this caustic in PEMDs. Therefore, it is the quantum
caustic which specifies the meaning and defines the exact
position of the HCO. The factorization formula, including
the quantum shift of the caustic, was validated quantitatively
by comparison with PEMDs obtained by solving the time-
dependent Schrödinger equation [36]. A preliminary version
of this formula presented in Ref. [44] did not account for the
shift; thus it was not included in the analysis of experimental
results therein. A more thorough derivation documented in
Ref. [36] revealed the shift. The resulting formula was used
in the analysis of experimental PEMDs [47,49]. However,
because of the uncertainties mentioned above, the shift could
not be unambiguously detected. In this paper, we use the
advantages of our light source to experimentally verify the
quantum shift of the caustic predicted in Ref. [36].

It is worthwhile to mention that a similar quantum shift of
the cutoff energy of HHG with respect to that resulting from
classical mechanics [1] was predicted theoretically [52–55].
However, in the case of HHG, in addition to the difficulties
in resolving a single-intensity cutoff, there exist macroscopic
effects, such as phase matching and nonlinear propagation,
which significantly affect observable spectra and hinder the
extraction of a single-atom response. This makes the experi-
mental verification of the quantum shift of the cutoff in HHG
hardly possible, which emphasizes the exclusiveness of ob-
taining the shift from PEMDs.

The paper is organized as follows. In Sec. II, we present
the factorization formula describing the PEMD near a back-
ward rescattering caustic within the adiabatic theory [36]. In
Sec. III, we outline the experimental setup and procedure. In
Sec. IV, we discuss our experimental and theoretical results.
Section V concludes the paper.

II. ADIABATIC THEORY

The structure of strong-field PEMDs near a backward
rescattering caustic is analyzed within the adiabatic theory
[51] in Ref. [36]. In this section, we briefly introduce basic
objects of the theory and then present the factorization for-
mula describing the PEMD.

We assume that the ionizing laser field is linearly polarized
along the laboratory z axis, i.e., F(t ) = F (t )ez. To model the
experimental results, we set

F (t ) = F0 exp[−(
√

2 ln 2 t/T )2] cos(ωt − φ). (1)

Here, we assume a Gaussian envelope, where the laser field is
characterized by its amplitude F0, duration (full width at half
maximum of intensity) T , carrier frequency ω, and CEP φ.
In the present experiment we use 1600-nm pulses with typi-
cal amplitude F0 ∼ 0.03 a.u. (intensity I = cF 2

0 /8π ∼ 3.2 ×
1013 W/cm2, where c is the speed of light), duration T ∼ 13.5
fs, and CEP φ varied continuously. The PEMD generated in
the ionization of an atom by such a pulse as a function of
the photoelectron momentum k is axially symmetric about the
kz axis. In the experiment, only a one-dimensional cut of the
PEMD along the kz axis to be denoted by P(kz ) is measured.
In the vicinity of a caustic, the function P(kz ) is determined by
photoelectrons rescattered exactly in the backward direction.
Therefore, we present the factorization formula only for this
particular case; the general case of rescattering at an arbitrary
angle is treated in Ref. [36].

In the adiabatic regime, strong-field ionization proceeds as
if the ionizing field were static and equal to the instantaneous
laser field [51]. The unperturbed initial state of a target atom
in the presence of a static electric field F = Fez turns into
the corresponding Siegert state [56]. All the ionization observ-
ables can be described in terms of properties of this state. We
need the complex Siegert eigenvalue E (F ) = E (F ) − i

2�(F )
defining the Stark-shifted energy E (F ) and ionization rate
�(F ) of the state and the amplitude A(k⊥; F ) of the trans-
verse momentum distribution of outgoing electrons in the
asymptotic part of the Siegert eigenfunction. The field-free
energy of the initial state is E0 = E (0). Only electrons that
tunnel with zero transverse momentum return for rescatter-
ing, so we set k⊥ = 0. By substituting F → F (t ), we obtain
instantaneous properties of the Siegert state characterizing
the target. The present target atom Xe is described in the
single-active-electron approximation by the potential defined
in Ref. [57]. The energy of the unperturbed 5p state of Xe
is E0 ≈ −0.446 a.u. We calculate the corresponding Siegert
state using the method developed in Ref. [56], in the same
way as in Ref. [36].

An electron released from a target atom by tunneling may
return within one optical cycle to the parent ion and undergo
elastic rescattering. The rescattering event is described by
the scattering amplitude f (k, θ ) defining the DCS dσ/d� =
| f (k, θ )|2, where k > 0 is the incident momentum and θ is
the scattering angle [58]. Backward rescattering corresponds
to θ = π ; therefore, f (k, π ) is another property of the target
involved in the theory. We calculate it using the same potential
as in the calculation of the Siegert state.

After rescattering, the electron flies away with asymptotic
momentum k. In the general case, each half cycle of the
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FIG. 1. Classical caustic kc for pulses defined by Eq. (1) with
wavelength of 1600 nm as a function of the CEP φ calculated (a) for
three pulse durations T = 10, 13.5, and 15 fs at F0 = 0.03 a.u. and
(b) for three pulse amplitudes F0 = 0.027, 0.03, and 0.033 a.u. at
T = 13.5 fs. This is the outermost caustic in the region kz > 0 at
φ = 0.

laser field F (t ) produces two different long and short clas-
sical rescattering trajectories contributing to the PEMD at the
same final k in a certain region of the photoelectron momen-
tum space. The two trajectories coalesce at the high-energy
boundary of the region. Therefore, the boundary is called the
classical caustic generated by the given half cycle. There are
two classical trajectories contributing to the PEMD on the
lower-energy side of the caustic and none on its higher-energy
side. The caustic is a surface of revolution about the kz axis.
Let kc denote the point where it crosses the kz axis. Let ti and tr
be the moments of ionization and rescattering and u f = u f ez

be the incident momentum of rescattering for the coalesced
trajectories contributing to the PEMD P(kz ) at kz = kc. The
values of kc, ti, tr , and u f are completely determined by classi-
cal mechanics and the laser field F (t ), and hence all are real;
explicit equations defining these kinematic characteristics of
rescattering are given in Ref. [36].

In the present experiment, we measure the PEMD P(kz )
only at kz > 0. So, we are interested only in positive caus-
tics, kc > 0, with negative momentum of rescattering, u f < 0,
generated by negative half cycles of the pulse, F (t ) < 0.
Figure 1 shows the behavior of such a caustic as a function

of the CEP φ for laser fields F (t ) at 1600 nm with several
durations T and amplitudes F0 defined by Eq. (1). For all the
pulses considered, the caustic chosen for the illustration is the
outermost caustic in the region kz > 0 at φ = 0. It is generated
by the half cycle of F (t ) which at φ = 0 occupies the time
interval −3π/2 < ωt < −π/2. As φ varies, this half cycle
shifts to the left (φ < 0) or right (φ > 0) along the time axis,
and the value of kc changes continuously—this continuous
variation is shown in Fig. 1. In addition to the outermost
caustic, there are inner caustics generated by half cycles with
different amplitude. Note that the set of all caustics generated
by a pulse defined by Eq. (1) is transformed into itself as φ

varies by 2π while the other pulse parameters are kept fixed,
but each individual caustic generally is not a periodic function
of φ. Figure 1(a) shows that, except for a small interval near
φ = 0, the position of the caustic is rather sensitive to the
pulse duration T . Figure 1(b) illustrates similar sensitivity to
the pulse amplitude F0.

Having introduced and illustrated the classical caustic, we
next discuss the corresponding quantum caustic. Within the
adiabatic theory, the time integral defining the PEMD in the
vicinity of a given classical caustic has two saddle points
associated with the long and short rescattering trajectories
[36]. However, in addition to the classical term describing
propagation along the trajectories, the action in the integrand
contains a quantum term − ∫ t E (F (t ′))dt ′ that accounts for
the evolution of the ionizing Siegert state [51]. The surface
in the photoelectron momentum space where the two saddle
points of the action including this term coalesce is called
the quantum caustic. This caustic is shifted with respect to
the classical caustic towards higher energies; its position for
an arbitrary scattering angle θ is defined in Ref. [36]. The
quantum caustic is also a surface of revolution about the kz

axis. Let kq denote the point where it crosses the kz axis, which
corresponds to θ = π . The value of kq is related to kc by

kq = kc + q, (2)

where the quantum shift q is given by

q = −E (F (ti ))
(tr − ti )|F (ti )| . (3)

Note that the shift depends not only on the pulse (defining ti
and tr), but also on the target. Furthermore, the shift is gener-
ally complex because the Siegert eigenvalue E (F ) is complex;
therefore, the image of the quantum caustic on the real kz

axis is given by the real part of kq. However, for the present
target and pulses the imaginary part of kq is small and, for
simplicity, we disregard it in the discussion. Then the shift is
defined by the instantaneous value of the Stark-shifted energy
E (F (ti )) of the initial state at the moment of ionization. The
derivation of Eq. (3) assumes that kc is close to kq. Indeed, in
the adiabatic regime (ε � 1) the shift q is O(ε), where ε is the
adiabatic parameter giving the ratio of the target and laser field
time scales [36]. In Fig. 2, we illustrate the relative position
and behavior of a pair of classical and quantum caustics as
functions of the CEP φ. We consider the same caustic as in
Fig. 1 generated by a pulse with the same parameters as for
the middle (red) lines in Fig. 1. The quantum shift between
the caustics is clearly seen in the figure.
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FIG. 2. Classical kc and quantum kq caustics for pulses defined
by Eq. (1) with wavelength of 1600 nm, amplitude F0 = 0.03 a.u.,
and duration T = 13.5 fs as functions of the CEP φ. The classical
caustic coincides with the one shown by the middle (red) lines in
Fig. 1.

Let us emphasize that the quantum shift given in Ref. [36]
can be applied to any amplitude and shape of a laser pulse and
scattering angle of a photoelectron. A shift at the scattering
angle θ = π obtained from the quantum orbit theory [59,60]
is given in the energy domain in Ref. [61]. It agrees with
Eq. (3) in the case of a weak monochromatic field. This
result of Ref. [61] has been confirmed by the analysis of a
zero-range-potential model within the effective range theory
[32]. The quantum orbit theory was also applied to the nu-
merical study of CEP-dependent cutoffs for few-cycle pulses
[25], but no analytical formula for the shift in this case was
given. In Ref. [40], it was suggested on physical grounds to
replace the field-free ionization potential in the expression
for the shift [61] by the binding energy of a dressed state
in a monochromatic laser field, although the replacement was
not justified analytically. With such an amendment, the shift
from Ref. [61] becomes closer to that in Eq. (3) defined by
the Siegert eigenvalue. This approximation holds only for
monochromatic fields, as confirmed by the comparison with
experimental data [40]. However, the dressed state does not
reproduce subcycle dynamics, which is essential for treating
the present sub-two-cycle pulses. More details on the treat-
ment of the quantum shift within the quantum orbit theory
can be found in Ref. [27].

We can now present the factorization formula. The contri-
bution to the PEMD from a given half cycle in the vicinity of
the corresponding classical and quantum caustics is given by
[36]

Pc(kz ) = | f (|u f |, π )|2W (kz ), (4)

where the first factor is the DCS for electron-ion elastic scat-
tering with incident momentum |u f | in the backward direction
and the second factor is the RWP,

W (kz ) = |Ai[α(kz − kq)]|2
∣∣∣∣ 2

S′′′
r

∣∣∣∣
2/3 4π2|A(0; F (ti ))|2

(tr − ti )3|F (ti)|

× exp

[
−

∫ ti

−∞
�(F (t ))dt

]
. (5)

FIG. 3. Contribution to the PEMD defined by Eq. (4) for the Xe
atom generated by the same pulse and corresponding to the same
caustic as in Fig. 2 at φ = 0. The classical and quantum caustics are
indicated by the arrows.

Here Ai(z) is the Airy function, the coefficient in its argument
is given by

α =
∣∣∣∣ 2

S′′′
r

∣∣∣∣
1/3

|u f |, (6)

and S′′′
r is the third derivative of the classical action at the

moment of rescattering tr at the caustic defined in Ref. [36].
The conditions of applicability of the factorization formula
(4) as well as the numerical results demonstrating its good
quantitative performance for a number of targets and pulses
can be found in Ref. [36]. The behavior of Pc(kz ) is illustrated
in Fig. 3. We show the distribution generated by the same
pulse and corresponding to the same caustic as in Fig. 2 at
φ = 0. The dependence of Pc(kz ) on kz is described by the
Airy function in Eq. (5); all the other factors in Eqs. (4) and (5)
do not depend on kz. The argument of the Airy function turns
to zero at the quantum caustic kz = kq; hence Pc(kz ) rapidly
decays beyond this point. Thus the quantum caustic quanti-
tatively specifies the meaning of a more vague experimental
concept of HCO. On the lower-energy side of the caustic, the
distribution Pc(kz ) exhibits an oscillatory behavior, which is
caused by the interference of individual contributions from
two saddle points associated with long and short rescattering
trajectories. The shift between the classical and quantum caus-
tics for the pulses shown in Fig. 3 is comparable to the width
of the main maximum of the distribution; therefore, neglecting
the shift would significantly modify the PEMD. The shift is
confirmed by the calculations in Ref. [36].

In the vicinity of the outermost caustic, there are no other
contributions to the PEMD except that from the coalescing
trajectories described by Eq. (4). Thus the total PEMD P(kz )
coincides with Pc(kz ) in this region. In the vicinity of an inner
caustic, there exist additional contributions from other pairs
of trajectories that coalesce at the outer caustics. Because
the different contributions should be summed up coherently,
the structure of P(kz ) in this region may be rather complex.
However, if the caustic contribution dominates, the main max-
imum of the Airy function in Eq. (4) can be resolved in the
experiment, and this is what we call the HCO structure.

043121-4



OBSERVATION OF THE QUANTUM SHIFT OF A … PHYSICAL REVIEW A 103, 043121 (2021)

FIG. 4. Measured PEMDs P(kz ) as a function of CEP φ at pulse energies of (a) 190 μJ and (b) 210 μJ. Dashed and solid curves represent
classical kc and quantum kq caustics at the intensities of (a) 2.6 × 1013 W/cm2 (F0 = 0.02722 a.u.) and (b) 3.2 × 1013 W/cm2 (F0 = 0.03028
a.u.), and pulse durations of 13.8 fs and 13.5 fs, respectively. The three caustic curves [thin blue (dark gray), thick red, and thin green (light
gray)] correspond to three different HCOs that are defined as HCO(−1), HCO(0), and HCO(1), respectively.

III. EXPERIMENT

In our experiment, we measured photoelectron momenta
by means of a 760-mm-long time-of-flight (TOF) spectrome-
ter. The polarization direction of the ionizing pulses, which
is set to the z axis, is parallel to the TOF axis. Thus the
emission angle � between the polarization direction and the
photoelectron momentum is zero. The detection angle with
respect to the TOF axis (the z axis) is limited to approximately
1.5◦, corresponding to 2 × 10−3 srad. The linearly polarized
few-cycle infrared pulses at the center wavelength of 1600 nm
are provided by an optical parametric chirped-pulse amplifica-
tion system described in [50], which are focused into a target
gas using a concave mirror with a focal length of 375 mm (F
no. ∼75). The pulse is compressed to durations around 13.5
fs in the present experiment. The target Xe gas is introduced
into the TOF chamber with an effusive source. To avoid the
change of the CEP due to the Gouy phase effect, which would
otherwise obfuscate the CEP sensitivity, the target position is
offset from the focal point with a loose focusing geometry.
The CEP is controlled with an acousto-optic programmable
dispersive filter (Fastlite, Dazzler HR45-1100-2200 T1). This
method of CEP control ensures changing the CEP without
affecting the focusing condition and the field envelope. The
CEP is scanned in steps of 0.1π rad every 300 s from 0 to
2π rad. In this work, we obtain a PEMD P(kz ) generated in
ionization of Xe atoms, which is given in only one dimension
along the kz axis, and only at kz > 0.

Figures 4(a) and 4(b) show obtained CEP-dependent
PEMDs P(kz ) from φ = 0 to 2π , at the pulse energies of
190 and 210 μJ, respectively. The total PEMD P(kz ) is a 2π

periodic function of the CEP [26,28,44]. This is because the
electric field defined by Eq. (1) also has 2π periodicity with
respect to the CEP. Therefore, the CEP range of 0 to 2π covers
one period of P(kz ).

To determine the peak intensity, the pulse duration, and
the absolute CEP, we compare the measured total PEMDs
P(kz ) with calculated PEMDs Pc(kz ) from a given half cycle in
Sec. IV. Integration of measured P(kz ) in the entire momen-
tum space is just total electron count, which corresponds to

relative probability. This means that the normalization factor
of measured P(kz ) to absolute ionization probability is also an
unknown parameter.

IV. RESULTS AND DISCUSSIONS

We determine the laser parameters and the normalization
factor by comparing the measured PEMDs P(kz ) with the cal-
culated PEMDs Pc(kz ) from a given half cycle using Eq. (4).
We assign each individual HCO to the quantum caustic kq, and
discuss the quantum shift of the caustic, which is imprinted on
the 2π periodicity of P(kz ).

A. Determination of the laser parameters
and normalization factor

As illustrated in Sec. II, the caustic of the highest momen-
tum is approximately generated at φ = −0.2π . This is mostly
independent of the pulse duration (see Fig. 1). Therefore, the
measured HCO of the highest momentum can be assigned to
φ = −0.2π . Furthermore, except for a small range around
φ = 0, the position of the caustic is sensitive to the pulse
duration T , the pulse amplitude F0 (corresponding intensity
I), and the CEP φ (see Fig. 1). Based on these behaviors, the
laser parameters can be determined from the CEP dependence
of the caustic position. We fit P(kz ) to Pc(kz ) in the vicin-
ity of the outermost caustic using the limited CEP range of
−0.3π � φ � 0.7π to determine the laser parameters and the
normalization factor N of P(kz ) to Pc(kz ). The limited CEP
range corresponds to the CEP range of 0 � φ � 0.7π and
1.7π � φ � 2.0π due to the 2π periodicity of P(kz ). The
details of the fitting procedure are described in the Appendix.
Here, we briefly provide the fitting result for two experiment
sets of pulse energies of 190 and 210 μJ, as shown in Figs.
4(a) and 4(b). The estimated I and T for pulse energies of 190
and 210 μJ are I = 2.6 × 1013 W/cm2 (F0 = 0.02722 a.u.)
with T = 13.8 fs and I = 3.2 × 1013 W/cm2 (F0 = 0.03028
a.u.) with T = 13.5 fs, respectively.

In Figs. 4(a) and 4(b), we show three classical kc and quan-
tum kq caustic curves for different HCOs using the estimated
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FIG. 5. Measured PEMDs P(kz ) (thin black curves) at selected CEPs φ of (a) 0, (b) 0.4, (c) 0.8, (d) 1.2, and (f) 1.6 × π at an estimated
effective intensity of 2.6 × 1013 W/cm2, and a pulse duration of 13.8 fs. The thick red, thin blue (dark gray), and thin green (light gray) curves
show calculated PEMDs Pc(kz ) corresponding to a half cycle of the electric field, as depicted in the top figures. Thin and thick arrows indicate
the classical kc and quantum kq caustics, respectively. The measured PEMDs P(kz ) are normalized by an estimated normalization factor N to
match the calculated PEMDs Pc(kz ). Note that we set a common range in the vertical axis for better comparison, which makes blue (dark gray)
and green (light gray) curves out of range in some cases.

pulse parameters. Here, we define HCO(n) as the HCO that is
generated by the half cycle of F (t ) which at φ = 0 occupies
the time interval −3π/2 + 2nπ < ωt < −π/2 + 2nπ (n is an
integer number). The red kc and kq curves show the caustics
for HCO(0), and those depicted in Fig. 4(b) are identical with
the caustic curves that are shown in Fig. 2. Moreover, the
blue and green caustic curves exhibit those for HCO(−1) and
HCO(1), respectively. The specific caustic curves for HCO(0)
coincide with those for HCO(n) shifted by 2π × n. Hence the
CEP dependence of HCO(0), as shown in Figs. 1 and 2, has
complete information regarding all the caustics generated by
the same pulse. The individual caustic HCO(n) shows no 2π

periodicity but is encoded in P(kz ) that has 2π periodicity as
shown in Figs. 4(a) and 4(b). We observed the HCO(0) in the
full CEP range of φ = 0 to 2π , and also observed HCO(−1)
in the limited CEP range of φ = π to 2π and HCO(1) at
only the CEP of zero. Observed HCOs coincide with HCO(0)
in the CEP range of φ = −π to 2π . Thus we obtained the
CEP-dependent HCO in the CEP range of φ = −π to 2π ,
although we measured P(kz ) in the CEP range of φ = 0
to 2π .

The quantum shift is not negligible in the case of the
present laser parameters (see Figs. 2–4). If the quantum shift
is not considered, the boundary of P(kz ) is regarded as the
classical caustic kc. Actually, in a previous study [44], we
fitted the boundary to kc to extract the laser parameters from
the obtained P(kz ). The previous procedure causes significant
overestimation of the intensity. For example, if we fit the
boundary of P(kz ) for a pulse energy of 190 μJ in Fig. 4(a)
to kc, the intensity I is approximately estimated to be 2.9 ×
1013 W/cm2 (F0 = 0.0285 a.u.). The error of the estimation
is approximately 12% for I . This overestimation of intensity
significantly influences the accuracy of the returning wave
packet W (kz ) and the rescattering momentum u f , resulting in
uncertainty in the extracted DCS. Therefore, quantum shift is
important in the case of the present laser parameters.

B. Comparison between the measured total PEMDs P(kz ) and
calculated PEMDs Pc(kz ) from a given half cycle

Figures 5 and 6 show the measured PEMDs P(kz ) and
calculated PEMDs Pc(kz ) using Eq. (4) at selected CEPs φ
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FIG. 6. Same as Fig. 5, but at an estimated intensity of 3.2 × 1013 W/cm2 and a pulse duration of 13.5 fs. Dash dotted curves show
1.5 × Pc(kz ). Note that we set a common range in the vertical axis for better comparison, which makes blue (dark gray) and green (light gray)
curves out of range in some cases.

of 0.0, 0.4, 0.8, 1.2, and 1.6 × π at the estimated intensi-
ties I of 2.6 × 1013 W/cm2 (F0 = 0.02722 a.u.) and 3.2 ×
1013 W/cm2 (F0 = 0.03028 a.u.), respectively. The contribu-
tion from a different half cycle to a PEMD is separated in
energy. As discussed in Sec. IV A, the intensity and duration
of the field are estimated by using measured PEMDs in the
vicinity of outermost HCOs for the CEP in the range of
−0.3π � φ � 0.7π , corresponding to HCO(0) at 0 � φ �
0.7π and HCO(−1) at 1.7π � φ � 2.0π . This limited CEP
range allows us to compare the measured PEMDs P(kz ) and
calculated PEMDs Pc(kz ) in the other regions. Hence we
can confirm the validity of the adiabatic theory and quantum
shift. Using these field parameters, we calculate three PEMDs
Pc(kz ) from different half cycles as shown in blue, red, and
green curves. Note that the insets of Figs. 5 and 6 show the
corresponding half cycles to three dominant HCOs defined as
HCO(−1), HCO(0), and HCO(1).

Now we will make a quantitative comparison between
the measured PEMDs P(kz ) and calculated PEMDs Pc(kz ).
For the data of Figs. 5 and 6, we only use the measured
PEMDs around the outermost HCO in the upper panels (a),(b)
to determine the intensity and duration. In these panels, as
shown in Figs. 5(a) and 5(b), the measured PEMDs around
the outermost HCO [HCO(0)] agree with Pc(kz ) including the
exponential decay for two orders of magnitude. The existence

of two other HCOs [HCO(−1), HCO(1)] is consistent with the
observation. Especially in Fig. 5(a), the peak structure at 1.6
a.u. is well reproduced by the cutoff peak of HCO(1). Figure
5(c) shows that the measured PEMD around the outermost
HCO[HCO(0)] is also in good agreement with Pc(kz ). In Figs.
5(d) and 5(e), the observed double-knee structures agree well
with two HCOs [HCO(−1) and HCO(0)] in their positions
and relative yields. It is noteworthy that we do not use the
measured PEMDs P(kz ) in Figs. 5(c)–5(e) to estimate the field
parameters. This high degree of agreement of multiple HCOs
between the adiabatic theory and experiments demonstrates
the quantum shift of caustics.

Similar to Fig. 5, the data in Fig. 6 can be understood by
the CEP-dependent interrelation of multiple HCOs. In Figs.
6(a)–6(c), the exponential decays are well reproduced. The
observed peak in Fig. 6(a) at 1.7 a.u. is also reproduced by
HCO(1). In Figs. 6(d) and 6(e), the positions of double-knee
structure are reproduced by HCO(−1) and HCO(0) except
for the relative yields of the HCOs. Meanwhile, the relative
yields of several inner HCOs seem to be underestimated by the
adiabatic theory. The dash-dotted curves in Figs. 6(a), 6(d),
and 6(e) are 1.5 × Pc(kz ) that agree better to P(kz ) than Pc(kz ).
This small discrepancy of relative yields in the inner HCO
may arise from the coherent sum of contributions from differ-
ent half cycles in the PEMD, or may be due to many-electron,
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FIG. 7. Quantum shift q as a function of the CEP φ for three
HCOs at an intensity of 2.6 × 1013 W/cm2 and a pulse duration of
13.8 fs. The definition of HCO(n) is mentioned in Sec. IV.

spin-orbit coupling, and nonadiabatic coupling effects. Al-
though these effects may be studied in the future, they are out
of the scope of the present study.

The quantum shift q given in Eq. (3) is considerably
different for individual half cycles. Figure 7 shows the CEP-
dependent q calculated using Eq. (3) for three different HCOs.
As mentioned before, the positions of HCOs in the measured
PEMDs are well reproduced by the adiabatic theory includ-
ing the quantum shift. We thus conclude that the quantum
shift of the caustic is experimentally verified. Note that the
shift q is hardly affected by Stark effect in our experimental
conditions. At most the difference between E (F (ti )) and E0

is less than 0.002 a.u. at the present pulse amplitudes. In the
long-wavelength limit at a fixed field strength, the quantum
shift q will become zero, and the quantum caustic coincides
with the classical caustic.

C. Focal volume effect

The measured PEMD P(kz ) near the HCO is reproduced by
Pc(kz ) with the single estimated intensity I . This means that
the volume effect on P(kz ) near the HCOs and the position of
the caustic is negligible under our experimental conditions. In
contrast to the vicinity of the HCO, obtained P(kz ) in the lower
energy side of kc is not reproduced by Pc(kz ) via Eq. (4) using
a single effective intensity. The calculated Pc(kz ) shows clear
oscillation because of the interference between the contribu-
tions from the long and short classical trajectories, as shown
in Figs. 5 and 6. However, in the obtained PEMDs, such an
oscillation behavior cannot be observed, which implies that
the focal volume effect heavily affects P(kz ) obtained in the
lower energy side of kc based on the intensity distribution with
respect to the interaction volume. Therefore, we model the
intensity and target distributions in the focal area to elucidate
the discrepancy between the measured P(kz ) and calculated
Pc(kz ) below kc. As mentioned in Sec. III, to avoid the change
of the CEP due to the Gouy phase effect, the target position
is offset from the focal point with a loose focusing geome-
try. The CEP and intensity distribution along the propagation

direction, which is defined as the x axis, change very slowly.
Therefore, we only consider the focal volume effect in the yz
plane. We assume the Gaussian beam mode whose intensity
distribution I (ρ) expressed as

I (ρ) = I0 exp[−2(ρ/W )2], (7)

where ρ is the distance from the beam axis, and the spot radius
(1/e2) W is estimated to be 127 µm under our experimental
condition. Based on an effusive flow from a reservoir through
a small aperture (nozzle) with infinitesimal thickness [62],
we assume that the target flow is generated from a point
source at (y, z) = (−300 μm − dnozzle, 0) in the nozzle. Here,
the nozzle tip is set at (y, z) = (−300 μm, 0) and the nozzle
diameter dnozzle = 30 μm is introduced to include the effect
of the finite size of a small aperture. The distribution of target
gas D(R, θ ) is then approximately expressed by

D(R, θ ) ∝ cos /R2 (−300 μm < y < ∞)

= 0 (y < −300 μm), (8)

where R is the distance from the point source given by R =√
(y + 300 μm + dnozzle )2 + z2 and θ is the angle from the

nozzle axis expressed by cos θ = (y + 300 μm + dnozzle )/R.
We assume that there is no gas flow in the back side of the
nozzle tip in the above equation. Using the gas density, the
focal volume averaged PEMD P̄c(kz ) is given by

P̄c(kz ) ∼
∫

Pc(kz )D(R, θ )dy dz, (9)

where the spatial dependence of Pc(kz ) is evaluated through
its intensity dependence and the laser intensity distribution in
Eq. (7).

Figure 8 shows the measured P(kz ) and calculated Pc(kz )
and P̄c(kz ) with and without the focal volume effect, re-
spectively, at φ = 0. The measured PEMD P(kz ) is well
reproduced by the calculated P̄c(kz ) considering the volume
effect at a peak intensity I0 of 2.71 × 1013 W/cm2 even in
the lower energy side of the classical caustic. The interference
pattern becomes very weak because of the volume effect. The
calculation of the volume effect by assuming uniform distribu-
tion of target gas is almost identical with that by Eq. (8) under
our experimental condition. The nozzle position is as close to
the focal spot as possible unless photoemission occurs from a
nozzle. This result implies that the target distribution can be
approximately considered to be a uniform distribution in the
case of the effusive source.

D. Extraction of DCSs around the caustic

The laser parameters, elastic scattering differential cross
sections, and tunneling ionization rate of a target are encoded
in PEMDs P(kz ). Such information can be extracted from
P(kz ) based on the adiabatic theory. Here, we propose an
extraction scheme of the backscattering differential cross sec-
tions (DCSs) from PEMDs around the caustic. The first step
is pulse characterization from measured PEMDs near HCOs.
As mentioned before, we determine the laser parameters by
using the fitting procedure as described in the Appendix.
This procedure allows us to accurately determine the laser
parameters, resulting in precise calculations of the positions
of the classical kc and quantum kq caustic, the returning wave
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FIG. 8. Measured (thin black) P(kz ) and calculated (dotted red) PEMDs Pc(kz ) by Eq. (4) at φ = 0 at a pulse duration of 13.8 fs when
considering an effective intensity of 2.6 × 1013 W/cm2. These curves are identical to the curves shown in Fig. 5(a). Thick orange curves
represent the calculated PEMDs P̄c(kz ) based on the intensity and target density distribution given by Eqs. (7)–(9) at I0 = 2.71 × 1013 W/cm2

with (a) linear and (b) logarithmic scales.

packet W (kz ), and the rescattering momentum u f . For the next
step, we divide measured PEMD P(kz ) by calculated returning
wave packet W (kz ) using the estimated parameters, which is a
DCS, | f (|u f |, π )|2, using Eq. (4). This extraction scheme of a
DCS is based on the assumption that a calculated W (kz ) is cor-
rect. In other words, we assume that the discrepancy between
measured and calculated PEMDs originates from an error of a
DCS. We use only PEMDs around HCO(0) in the CEP range
of φ = 0 to 2π , because PEMDs around HCO(±1)s are poor
statistics. As for the CEP range of φ = 0 to 0.7π , in order
to obtain the DCS, we average P(kz )/W (kz ) in the kz range
of kz > kp, where kp is the calculated peak position near the
HCO, which is the same range as the fitting procedure in the
Appendix. In the other CEP range of φ = 0.8π to 2π , we also
use the same kz range to obtain the DCS. If a PEMD shows
two HCO structures, in addition to the condition of kz > kp,
we restrict kz below the knee structure that corresponds to the
outer HCO to eliminate the contribution of the outer HCO to
the PEMD. The present scheme can allow us to achieve better
statistics than the previous scheme [44] because we use not
only an electron yield P(kz ) at kc but also distribution P(kz ) in
the vicinity of the caustic.

Figure 9 presents the extracted and calculated DCSs of
Xe+ ions. The extracted DCSs agree with the calculated DCSs
based on the single active electron approximation within an
error of approximately 50%, corresponding to the discrepancy
between measured and calculated PEMDs. It should be noted
again that the normalization factor is an unknown parameter.
The estimated normalization factor depends on the used CEP
range for fitting procedure. Thus, in the higher-rescattering
momentum side, extracted DCSs agree with calculated DCSs,
because these corresponding CEPs are used for fitting. If the
normalization factor is multiplied by 0.7, an extracted DCS is
also changed to be 0.7 × | f (|u f |, π )|2. Figure 9 also shows
0.7 × | f (|u f |, π )|2 for an estimated field amplitude F0 of
0.03028 a.u. One can see clearly that the relative behavior of
extracted DCSs as a function of the rescattering momentum u f

is well reproduced by calculations. In the case of a shorter in-
frared pulse, the contribution of the outer caustics to a PEMD
in the vicinity of an inner caustic becomes negligibly small
[44]. Thus an ultrashort pulse is advantageous to accurately
extract a DCS from a PEMD.

V. CONCLUSIONS

We experimentally and theoretically explored the rescat-
tering PEMDs of a Xe atom near the HCOs using CEP stable
few-cycle infrared pulses. The CEP-stable pulses enable us to
identify the contribution of each half cycle to a PEMD. The
observed CEP dependence of the PEMDs around HCOs is
well reproduced by the analytical factorization formula that is
derived from the adiabatic theory including the quantum shift
of caustics [36]. This means that the existence of quantum
caustics is experimentally verified. Meanwhile, in the present
experiment we could not resolve oscillations in the plateau
region on the lower-energy side of the caustic, induced by the
interference between the long and short trajectories, because
of the focal volume effect. These results indicate that HCOs
for few-cycle pulses can be used to quantitatively define the
quantum and classical caustics, which are associated with
only one rescattering momentum u f . Recent rescattering ex-
periments at 3.1 μm show the evidence of multiple returns
[63], which can be treated by the adiabatic theory with a

FIG. 9. Extracted DCSs | f (|uf |, π )|2 of Xe+ for estimated field
amplitudes F0 of 0.02722 (circle) and 0.03028 a.u. (closed triangle)
as a function of the rescattering momentum uf . The open triangle
shows 0.7 × | f (|uf |, π )|2 for F0 of 0.03028 a.u. The black curve
represents calculated DCSs | f (|uf |, π )|2.
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different quantum shift for each return. The CEP mapping
method [44] with the adiabatic theory [36,51] allows one to
extract well-defined elastic scattering processes from rescat-
tered PEMDs, which opens an opportunity to examine the
production of vortex electrons [64]. It can also be used to
verify an extended adiabatic theory in the future that includes
multielectron effects or spin-orbit coupling.
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APPENDIX: FITTING PROCEDURE FOR
DETERMINATION OF THE LASER PARAMETERS AND

THE NORMALIZATION FACTOR

By fitting the measured PEMD P(kz ) to the calculated
PEMD Pc(kz ) from a given half cycle by Eq. (4) near the
outermost HCO, we determine the laser parameters and the

normalization factor N of P(kz ) to Pc(kz ). To evaluate the
fitting quality, we introduce the weighted sum of squared
errors R, which is given by

R =
∑

φ

∑
kz>kp

[
NP(kz ) − Pc(kz )

|P(kz )|1/2

]2

, (A1)

where kp represents the calculated peak position near the out-
ermost HCO. Moreover, we exclude measured PEMD P(kz )
below a yield of 105 from fitting procedure due to poor
statistics and background noise. While P(kz ) only depends
on the CEP φ, Pc(kz ) depends on the CEP φ, the intensity
I , and the pulse duration T . The weight function is P(kz )1/2,
corresponding to the statistical error. The function R is mostly
based on the Chi-square fitting procedure. We just replaced a
standard deviation with P(kz )1/2. We use a limited CEP range
of φ = −0.3π to 0.7π , corresponding to the range of φ = 0
to 0.7π and φ = 1.7π to 2.0π because of the 2π periodicity
of P(kz ), and PEMDs at kz > kp, for fitting procedure. We
seek the minimum value of R with fitting parameters I , T ,
and N . Based on this fitting procedure, the field intensity I
and the pulse duration T for two experimental cases with
the pulse energies of 190 and 210 μJ are estimated to be
I = 2.6 × 1013 W/cm2 (F0 = 0.02722 a.u.) with T = 13.8 fs
and 3.2 × 1013 W/cm2 (F0 = 0.03028 a.u.) with T = 13.5 fs,
respectively.
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