
PHYSICAL REVIEW A 103, 043114 (2021)

Polarization control of quasimonochromatic XUV light
produced via resonant high-order harmonic generation
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We present a numerical study of the resonant high-harmonic generation by tin ions in an elliptically polarized
laser field along with a simple analytical model revealing the mechanism and main features of this process.
We show that the yield of the resonant harmonics behaves anomalously with the fundamental field ellipticity,
namely, the drop of the resonant harmonic intensity with the fundamental ellipticity is much slower than for
high harmonics generated through the nonresonant mechanism. Moreover, we study the polarization properties
of high harmonics generated in elliptically polarized field and show that the ellipticity of harmonics near the
resonance is significantly higher than for ones far off the resonance. This introduces a prospective way to create
a source of the quasimonochromatic coherent XUV with controllable ellipticity potentially up to circular.
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I. INTRODUCTION

Extreme ultraviolet (XUV) sources of ultrafast emission
have proven themselves to be immensely important and pow-
erful tools for tracking and control of electron dynamics in
atoms, molecules, and condensed matter [1,2]. One of the
handles of these tools is the polarization of the emitted electro-
magnetic field. In particular, circularly polarized (CP) XUV
pulses recently have become extremely valuable due to their
broad involvement in a growing number of experimental tech-
niques for the study of structural, electronic, and magnetic
properties of matter, such as chiral molecules [3,4] and mag-
netic materials [5–8], as well as for deeper investigation of
strong-field processes in atoms (such as nonsequential pho-
toionization) [9] or other curious applications [10].

On the one hand, although synchrotrons [5] and free-
electron lasers [11] are typically used as a source of CP XUV
pulses and perform some progress, they still suffer from the
low degree of coherence. An alternative group of sources,
which not only allows us to switch from large-scale facili-
ties towards tabletop setups but also enables the significant
improvement of the coherence properties of the emission,
is based on the high-order harmonic generation (HHG)
process [1].

The naive approach to create CP harmonics—via HHG by
atoms in an elliptically polarized (EP) field—fails immedi-
ately [12]. Although the ellipticity of high harmonics grows
with the driver’s (fundamental) ellipticity [13], there is a lim-
iting factor: the harmonic yield drops rapidly (exponentially)
with the fundamental ellipticity [12,14,15]. Thus, HHG in an
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atomic gaseous medium driven by an EP laser field does not
appear as a reasonable candidate for EP XUV sources.

There have been extensive efforts towards the production
of EP and CP XUV via HHG recently, resulting in the sug-
gestion of numerous nontrivial experimental schemes. One
class of such schemes involves bicircular bichromatic fields
[16–21] or other geometries of two-color fields [22–24]. A
second class manipulates the polarization of the generated
XUV using reflection- [7,8,25,26] and transmission- [27]
based polarizers. Other recent demonstrations include var-
ious complex combinations of multiple beams or multiple
targets which produce EP emission through delicate interfer-
ence between different components [28–30]. One more way to
produce EP XUV pulses is HHG using aligned molecules in
gas phase [31–33]. These schemes rely on rather sophisticated
experimental setups, which make them harder to implement.
Also the common drawback of these schemes, as based on
HHG, is a low intensity of emitted XUV.

In this paper we suggest a way to generate bright XUV with
tunable polarization via HHG more efficiently, avoiding over-
complicated experimental schemes. Our approach is based on
the process of resonant HHG [34–38]: if the harmonic energy
is close to one of the transitions between the ground state and
an autoionizing state (AIS) of the generating particle, with a
high oscillator strength, then the intensity of this “resonant”
harmonic becomes significantly boosted, by up to a couple
of orders of magnitude. Since the AIS is much less localized
in contrast to the ground state, it becomes possible for the
electron in an EP laser field to be captured into the AIS for
higher fundamental ellipticities than in the nonresonant case,
with the subsequent recombination to the ground state accom-
panied by the enhanced XUV emission. Moreover, resonant
harmonics can carry higher ellipticities, which make them
a prospective candidate for a source of quasimonochromatic
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EP or even CP XUV radiation with relatively high intensity.
Our approach allows efficient generation of XUV with high
ellipticity in a potentially wide spectral range, in contrast
to similar approaches to generate quasi-CP XUV, using ex-
cited (or Rydberg) states [39–41] or shape resonances [42]
instead of AIS, which are limited to either near-threshold har-
monics or appearing to be a potentially much weaker effect,
respectively.

To substantiate our proposed scheme, we study numeri-
cally the resonant HHG in an EP laser field by solving the
three-dimensional time-dependent Schrödinger equation (3 D
TDSE) for the singly ionized tin atom (SnII) in a laser field of
different wavelengths and varying ellipticity. Our results show
that the efficiency of the resonant harmonics exhibits much
slower decrease with the fundamental ellipticity than the ef-
ficiency of nonresonant harmonics [12,14,43]. Moreover, the
resonant harmonic yield sometimes shows anomalous behav-
ior, which is expressed in its constancy or even growth for
some laser parameters. We also study the behavior of the
harmonic ellipticity, which shows the strong impact of the
resonance on it. Not only does the ellipticity of the resonant
harmonic itself appear to be rather high, even close to unity,
but the ellipticity of nonresonant harmonics is affected by
the resonance, including the change of the ellipticity sign as
well. These numerical results are in line with our analytical
toy model.

II. NUMERICAL METHODS

We study numerically the resonant HHG in an EP laser
field by solving fully 3D TDSE in a single-active electron
(SAE) approximation. The TDSE was integrated numeri-
cally using the fast Fourier transform–based split-operator
technique [44]. The calculations were performed using a mul-
tithreaded numerical code we have created on the basis of
libraries implementing the POSIX Threads standard.

The model potential reproducing the interaction of the ac-
tive electron with the nucleus and with the rest of the electrons
is chosen in the form suggested in [36]. It can be written as a
combination of a soft-core Coulomb potential and a barrier,
thus allowing for a quasistable state with positive energy,
which models the AIS:

V (r) = − Q + 1√
a2

0 + r2
+ a1 exp

[
−

( r − a2

a3

)2
]

. (1)

Here Q = 1 (atomic units are used if not stated otherwise)
is the charge state of the generating particle, and a0 =
0.66, a1 = 1.2, a2 = 3.56, a3 = 2.5 are constants chosen to
replicate the properties of the generating particle (SnII): the
ground-state energy (or −Eground = Ip = 14.63 eV), the reso-
nant energy (�E = EAIS − Eground = 26.2 eV), the AIS width
(�AIS = 0.16 eV), and the oscillator strength (gf = 1.43) of
the transition between the ground state and the AIS (see [45]
for details).

The laser pulse E (t ) = E0 f (t ) sin (ω0t ) with frequency ω0

and electric field amplitude E0 used for our calculations has a

trapezoidal envelope
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,

with four cycles of constant intensity, τc, and two cycles of
turning-on and turning-off each, τ f . We extend the calcula-
tion time by the AIS lifetime (corresponding to �AIS ∼ τz) to
account for the longer emission of the resonant harmonic.

From the TDSE solution, we obtain time-dependent dipole
moment components dx(t ) and dy(t ), directed along the po-
larization ellipse axes of the laser field. We then calculate the
Stokes parameters S0, S1, S2, and S3:

S0 = |dx(ω)|2 + |dy(ω)|2 , S1 = |dx(ω)|2 − |dy(ω)|2 ,

S2 = 2 Re[dx(ω)d∗
y (ω)] , S3 = −2 Im[dx(ω)d∗

y (ω)] , (2)

using the spectral representation for dipole components, dx(ω)
and dy(ω). Thus the harmonic spectrum in this case is S0,
and the harmonic polarization properties are obtained from
the Stokes parameters as

ψ = 1

2
arctan

(
S2

S1

)
(3)

for the rotation angle, and

ε = − tan

⎡
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2
arctan

⎛
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S2
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2

)
⎞
⎠

⎤
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for the ellipticity.

III. ANALYTICAL TOY MODEL

The rapid decrease of the harmonic intensity with the
fundamental ellipticity in the absence of resonances can be
understood in the framework of the three-step model [46–48]:
in an EP field, the electron wave packet returning to the parent
ion is transversely shifted relative to the parent ion, and at
some threshold ellipticity [12,49] it starts missing the parent
ion completely. In the case of resonant HHG, the mechanism
behind the anomalous dependence of the resonant harmonic
on the fundamental ellipticity can be explained using the
four-step model [36]. The first two steps (electron ionization
and propagation of the electron wave packet in the driving
field) follow the three-step model, but instead of immediate
radiative recombination into the ground state, the returning
electron gets captured into an AIS of the parent ion (new
third step), from which it then relaxes into the ground state
emitting the XUV photon (fourth step). Since the AIS is much
less tightly localized than the ground state, an electron wave
packet, which would miss the ground state in nonresonant
HHG, continues to hit the parent ion AIS at much higher
ellipticities of the driver (see Fig. 1). This leads to a slower
decrease or even to an anomalous (constant or even locally in-
creasing) behavior of the resonant harmonic efficiency (yield)
with fundamental ellipticity in comparison to nonresonant
harmonics.
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FIG. 1. Illustration of the model. The diffused free electronic
wave packet 	free (�x‖ and �x⊥ are its uncertainties) moves back
towards the parent ion, which has an AIS of effective size a, with the
impact parameter ρ.

We now consider the influence of the AIS size on the
HHG in an EP laser field. Formally, the contribution of the
resonance to the yield Iq of the resonant qth-order harmonic
can be understood as a product of the form Iq ≈ wiSR , where
wi is the ionization probability (which can be found within the
ADK [50] or PPT [51] formulas, for instance), S is a factor
responsible for the trapping of the free electron into the AIS
(depending, in particular, on features of the free-electronic
motion between the detachment and the return, see below),
and R is the recombination factor describing the transition
from the AIS to the ground state.

The factor S = |〈	AIS|	free〉|2, which carries the difference
between the resonant and nonresonant cases, is essentially
the squared absolute value of the overlap integral of the AIS
wave function 	AIS and the free-electron wave packet 	free

returning to the parent ion. Here 	AIS is the spatial part of the
AIS wave function, for simplicity, modelled by the hydrogenic
set of p orbitals 	AIS = ∑

	21m, where

	210 = 1

4
√

2π

(Z

a

)5/2

e− Zr
2a r cos θ ,

	21±1 = 1

8
√

π

(Z

a

)5/2

e− Zr
2a r sin θe±ϕ, (5)

with an effective radius a (see Fig. 1) and effective charge Z
[52]. The symmetry and size of the chosen states here are the
same as in our numerical SAE TDSE calculations.

The free-electron wave function 	free, before capturing, is
described as a Gaussian wave packet (see Fig. 1):

	free =
(

1

2π�x2
‖

)1/2

e
− (r sin θ sin ϕ)2

2�x2‖
1

2π�x2
⊥

e
− (r cos θ )2

2�x2⊥

× e
− (r sin θ cos ϕ−ρ)2

2�x2⊥ ei
√

2(qω0−Ip )r sin θ sin ϕ , (6)

where �x‖ and �x⊥ are uncertainties of the electron wave
packet in the longitudinal and perpendicular directions (see
[49,51] for details), correspondingly, with respect to the direc-
tion of the laser field (see Fig. 1), ρ is the impact parameter (or
the shift of the center of the electron wave packet with respect
to the parent ion) calculated from the classical equation of
motion, the wave number is k = √

2(qω0 − Ip), and Ip is the
ionization potential of the generating particle. Calculating the
properties of the returning electronic wave packet for different
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FIG. 2. Harmonic spectra calculated within the SAE TDSE for
the fundamental wavelength 800 nm and fundamental ellipticities
from 0 to 0.4.

laser ellipticities and harmonic orders we find the factor S and
thus the harmonic intensity.

IV. RESULTS

A. Harmonic yield

We consider the HHG by tin ions (SnII) in an EP laser
field with varying ellipticity by solving TDSE numerically
(see Sec. II for details). Three different fundamental wave-
lengths (800 nm, 520 nm, and 1300 nm) are used, the
fundamental ellipticity varies between 0 and 0.5, and the
fundamental intensity in all our calculations is kept constant,
2 × 1014 W/cm2.

We start with the most typical fundamental Ti:sapphire
wavelength, 800 nm, where the resonant harmonic is H17.
Figure 2 demonstrates the evolution of the HHG spectrum
with increasing laser ellipticity. One can see that there are
two types of behavior: the intensity of nonresonant harmonics
rapidly drops down with increasing fundamental ellipticity,
while the intensity of the resonant one does not decrease in
this way.

More explicitly, this difference in the behavior of the yield
for the resonant (H17) and for one of the nonresonant har-
monics from the middle of the plateau (we choose H29),
as a function of the fundamental ellipticity, is presented in
Fig. 3(a). Here it is shown that the yield of the nonresonant
H29 harmonic decreases quickly with the fundamental el-
lipticity, so that at fundamental ellipticity 0.2 the H29 yield
loses one order of magnitude and then two orders for the
fundamental ellipticity 0.3.

In contrast, the yield of the resonant H17 harmonic not
only starts from significantly higher value for the linearly
polarized field but remains on an almost constant level up
to the fundamental ellipticity 0.3, increasing slightly at low
fundamental ellipticities and reaching a local maximum at
0.15. Note that a slightly anomalous behavior of nonresonant
harmonics explained by the quantum interference effects was
shown in [43], which is smoothened out by propagation ef-
fects. The exponential decrease of the H17 yield with the same
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FIG. 3. Harmonic intensity as a function of the fundamental
ellipticity for fundamental wavelengths (a) 800 nm, (b) 520 nm, and
(c) 1300 nm. Pairs of resonant (red squares) and one of nonresonant
(blue circles) harmonic intensities calculated within the SAE TDSE
are presented for each wavelength. Green triangles show analytical
resonant contribution to harmonic intensity.

rate as for H29 starts at the fundamental ellipticity 0.35. We
note that the black diamond in Fig. 3(a) shows the numerical
result for a three times more spatially dense grid, which allows

us to resolve the higher angular momenta appearing for high
fundamental ellipticities. The convergence of the results for
the lower ellipticities has been reached.

We also present the results for smaller (520 nm) and larger
(1300 nm) fundamental field wavelengths in Fig. 3, graphs
(b) and (c), where H11 and H25 are the resonant harmonics,
correspondingly. The behavior of the yield in these cases is
similar to the case of 800 nm, with either a slightly slower
(520 nm) or slightly faster (1300 nm) decrease with increas-
ing fundamental ellipticity; this can be explained within the
recollision picture for a less or more diffused electron wave
packet, respectively. The resonant yield of the H11 in Fig. 3(b)
decreases very slowly, and for H25 in Fig. 3(c) it even reverses
its decrease briefly to reach a local maximum at elliptic-
ity 0.2. Results for relatively high fundamental ellipticities
[>0.45/0.4 for panels (b)/(c)] are obtained within a less dense
spatial grid and therefore are not precise and are not displayed.

We compare our numerical results with the toy model
(see Sec. III), which is shown with green triangles in
Figs. 3(a)–3(c). The analytical results only capture the reso-
nant (four-step) mechanism of HHG, while the full resonant
harmonic yield also includes the nonresonant (three-step
model) contribution. This leads to the difference between
results obtained with analytical toy model and numerical sim-
ulations. However, the appearance and the position of local
maximum can still be explained by the geometry of the AIS,
which was chosen as the simplest geometry (p orbitals) allow-
ing the AIS–ground state transition.

Also, the analytical model reproduces a much slower de-
crease of the resonant harmonic intensity, with the laser
ellipticity for 520- and 800-nm fundamental and compara-
ble decreases of resonant and nonresonant harmonics for
1300-nm fundamental wavelength.

B. Harmonic polarization properties

Here we study the polarization properties—the rotation
angle and the harmonic ellipticity—of high harmonics, gen-
erated by tin ions in the EP field, as discussed in the previous
section. Figure 4 shows the rotation angle (3) of the polariza-
tion ellipse of resonant and nonresonant harmonics, generated
by the field with 800-nm wavelength, as a function of the
harmonic order for fundamental ellipticities 0.05–0.2. Here
one can see that the rotation angle of harmonics around the
resonance (H17) behaves irregularly with the harmonic order,
and the rotation angle value becomes relatively large, while
for harmonics far from the resonance, this behavior is demon-
strated to be smooth [49] and the rotation angle typically
decreases for higher orders.

However, the most interesting and practically important
characteristic of emitted harmonics is their ellipticity. It is
calculated using (4) and presented in Fig. 5 for the 800-nm
fundamental wavelength as a function of the harmonic order.
Here it is shown that the harmonics around the resonance
(H17) have higher ellipticity absolute values than nonresonant
ones in the full absence of resonance [49,53]. It is impor-
tant to note that the ellipticity of several harmonics above
the resonance appears to be also affected by the presence of
the resonance (even though H15, just below the resonance,
has a rather high ellipticity, it is of limited interest due to
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FIG. 4. The harmonic rotation angle as a function of the
harmonic order for the fundamental wavelength 800 nm and
fundamental ellipticities from 0.05 to 0.2, calculated within the
SAE TDSE.

its low intensity). This means that a number of harmonics
around the resonance can be used for the creation of EP XUV
short pulses.

Note that there is one more region of high ellipticities in
Fig. 5 lying around H27. This irregular behavior looks like it is
due to a Cooper minimum in the recombination cross section
of the generating particle [49]. However, strictly speaking, in
our calculations there cannot be any interference of recom-
bination pathways as long as the ground state is s-orbital.
One possible reason is due to either quantum-path interference
effects or an influence of the model potential used in our cal-
culations, which is similar to the Ramsauer-Townsend effect,
as well as resonances with the dressed AIS [54].

Figure 6 presents the behavior of the ellipticity of resonant-
nonresonant harmonic couples for each of wavelengths under
consideration. Nonresonant harmonic ellipticities are pre-
sented up to the fundamental ellipticity, at which the harmonic
yield drops by 2 orders of magnitude with respect to the
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FIG. 5. Harmonic ellipticity as a function of the harmonic order
for the fundamental wavelength 800 nm and fundamental ellipticities
from 0.05 to 0.2, calculated within the SAE TDSE.
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FIG. 6. Resonant (solid) and nonresonant (dashed) harmonic
ellipticity as a function of the fundamental ellipticity calculated for
the fundamental wavelengths 520 nm (blue squares), 800 nm (green
circles), and 1300 nm (red triangles) within the SAE TDSE.

yield at zero fundamental ellipticity. Their absolute values
increase slowly with the fundamental ellipticity, as was shown
in [13,49], for all considered wavelengths.

For the resonant harmonic ellipticities, on the contrary,
the behavior is much richer: the resonant harmonic ellip-
ticity grows faster in absolute value than the nonresonant
one for low fundamental ellipticities; moreover, its absolute
value increases with the fundamental wavelength. Then the
resonant harmonic ellipticity performs an anomalous behav-
ior: after reaching rather high-harmonic ellipticity absolute
values, it starts changing to high values of opposite sign.
The maximum values of the resonant harmonic elliptici-
ties presented in our calculations are 0.52 (at fundamental
ellipticity 0.3), 0.81 (at fundamental ellipticity 0.4), and 0.78
(at fundamental ellipticity 0.3) for fundamental field wave-
lengths 520, 800, and 1300 nm, respectively.

Finally, it is important to note that the focus of this work is
centered on properties of the microscopic harmonic response.
An investigation of the macroscopic aspects of the problem, in
particular, the coherence of this response, is a natural avenue
for further studies. The promise directing us towards the study
of macroscopic effects of HHG in EP pulses is provided by
observations [55] showing that the coherences of resonant
and nonresonant harmonics generated by a linearly polarized
driver in a laser plume are not only close to each other, but
even, in principle, are higher than the coherence of nonreso-
nant harmonics generated in a gas jet.

V. CONCLUSIONS AND OUTLOOK

To summarize, in this study we conduct numerical inte-
gration of the 3D TDSE for resonant HHG in an EP laser
field and also present a toy model of this process explaining
our numerical results. Our calculations are carried out for
three different wavelengths and show similar behavior for all
of them.

We show that the resonant harmonic yield behaves anoma-
lously as opposed to the rapid decrease of the nonresonant
harmonic with the fundamental ellipticity. As a result, for the
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ellipticities above the threshold, only the resonant harmonic
is generated. This can be explained within the toy model: as
long as the AIS is much less localized than the ground state,
the electron returning back to the parent particle is much more
likely to be trapped into the AIS than directly recombined into
the ground state in the EP field, especially for laser ellipticities
larger than the threshold one.

Moreover, the ellipticity of resonant harmonics is higher
than the nonresonant ones, without compromising the har-
monic yield. This offers us a new route for the generation of
quasimonochromatic XUV with high ellipticity.

As a future direction of study, we would suggest to search
for better generating particles considering not only metallic
ions but also the well-known giant resonances in rare gases
[37,56], providing a better (wider or in a different spectral
region) range of enhancement and higher yield, as well as to
study the effect of the detuning from the resonance, which

should provide a handle to control the ellipticity of the res-
onant harmonic, as well as nonresonant ones around it, and
correspondingly, of the emitted XUV pulses.
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