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Recently the study of the resonance-enhanced below-threshold harmonic generation (BTHG) of atoms and
molecules has received considerable attention. BTHG, with spatially coherent and high conversion efficiency,
can provide a potential way to produce powerful vacuum-ultraviolet light sources. However, the resonance
effects associated with molecular BTHG have become more complex to study due to the presence of the extra
internuclear degree of freedom. Here we perform an ab initio study and demonstrate the multichannel-resolved
dynamics in resonance-enhanced BTHG of H+

2 molecular ions by combining a synchrosqueezing time-frequency
transform with an extended semiclassical simulation. We find that BTHG of H+

2 on resonance is enabled only
near the zero-laser field region and the multichannel interference is responsible for enhanced BTHG. The
time-frequency spectra in the vicinity of the resonance exhibit a periodic split structure with oscillating laser
pulses and can be explained by the individual dynamical behavior of multiple channels in BTHG.
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I. INTRODUCTION

High-order harmonic generation (HHG) from atoms and
molecules is a fundamental strong-field process that attracts
substantial attention in ultrafast science and technology [1],
since it provides a potential way to predict the source of
very bright, short-pulse, high-frequency coherent radiation.
Laser pulses as short as an attosecond timescale can probe
the electronic dynamics in atomic and molecular systems
[2–5]. The HHG spectrum exhibits a rapid drop at the first
few harmonics followed by a broad plateau where all the
harmonics have a similar amplitude and then a cutoff with
the dramatic decrease of harmonic intensity. The semiclassical
recollision model developed by Corkum [6] and Kulander [7]
demonstrated that the maximum kinetic energy of a classical
electron rescattering with the atomic core is 3.17Up, where
Up is the ponderomotive energy. Thus the highest energy of
the harmonic emission is Ip+3.17Up, where Ip is the atomic
ionization potential.

Molecules subject to intense laser fields introduce new dy-
namical behaviors in HHG due to the extra degrees of freedom
of internuclear distance. Even the simplest molecules show
considerably more complicated responses to strong fields than
that of atoms and pose additional challenge to researchers.
Thus the study of HHG from small diatomic molecules in
intense laser pulses continues to receive considerable current
interest both theoretically and experimentally [8]. Most pre-
vious studies of molecular HHG have focused on the study
of the sensitivity of the HHG efficiency on the orientation of

the molecular axis with respect to the polarization of the laser
field and related two-center interference phenomena [9–16].
Recently, the below-threshold harmonic generation (BTHG)
from atoms and molecules [17–24] in the intense laser fields
has become a subject of immense interest due to high con-
version efficiency for producing the vacuum-ultraviolet strong
light sources. For example, Chini et al. [25] have shown that
the phase-matched below-threshold harmonics are generated
only near the resonance structures of the atomic target. Soifer
et al. [26] have studied the near-threshold harmonic genera-
tion with aligned molecules. However, the resonant effects in
both atoms and molecules in the intense laser fields are still an
open problem; in particular it is more of a challenge to explain
the features present in resonance-enhanced molecular BTHG
than that of atoms.

In this work, we present an ab initio quantum study of
BTHG from H+

2 molecular ions in the presence of an intense
laser field by solving the three-dimensional time-dependent
Schrödinger equation (TDSE) accurately and efficiently by
means of the time-dependent generalized pseudospectral
method in prolate spheroidal coordinates [27,28]. Combining
with a synchrosqueezed transform (SST) technique [29–31]
and an extended semiclassical analysis, we evaluate the con-
tribution of each nucleus to the BTHG of H+

2 molecular
ions. This allows us to identify multiple-channel contribu-
tions, which are relevant to the electron driven initially at the
specific time of the laser pulse from one nuclear core to either
the neighboring ion or the parent ion itself. We find that the
multichannel interference responsible for resonance-enhanced
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BTHG of H+
2 occurs only near the zero-laser field. Further-

more, we work out an intuitive physical picture for revealing
the detailed electron dynamics in BTHG of H+

2 .

II. THEORETICAL METHOD

HHG is produced by the interaction of an intense laser field
with the hydrogen molecular ion H+

2 , which can be studied by
solving the following TDSE (in atomic units):

i
∂

∂t
�(r, t ) = [H0 + Vext (r, t )]�(r, t ). (1)

Here Vext (r, t ) is the time-dependent molecule-field interac-
tion and H0 represents the unperturbed molecule Hamiltonian,
which can be written as

H0 = − 1
2∇2 + U (r), (2)

where − 1
2∇2 is the kinetic energy operator and U (r) is the

Coulomb interaction with the nuclei.
To describe the diatomic molecular ion H+

2 , we make use
of the prolate spheroidal coordinates ξ , η, and ϕ, which are
related to the Cartesian coordinates x, y, and z as follows:

x = a
√

(ξ 2 − 1)(1 − η2) cos ϕ,

y = a
√

(ξ 2 − 1)(1 − η2) sin ϕ,

z = aξη (1 � ξ < ∞,−1 � η � 1). (3)

In Eq. (3) we assume that the molecular axis is directed
along z axis, and the nuclei are located on this axis at the
positions −a and a, so the internuclear separation R = 2a. In
the linearly polarized and the dipole approximation, we can
also assume that the polarization vector of the field lies in
the plane x-z. Then using the length gauge and the prolate
spheroidal coordinates, the time-dependent molecule-field in-
teraction Vext (r, t ) can be written as follows:

Vext (ξ, η, ϕ, t )

= aE (t )[ξη cos β +
√

(ξ 2 − 1)(1 − η2) cos ϕ sin β].

(4)

Here β is the angle between the polarization vector of the laser
field and the molecular axis, and E (t ) is the time-dependent
laser field. The unperturbed molecule Hamiltonian H0 in the
prolate spheroidal coordinates is given by

H0 = − 1
2∇2 + U (ξ, η). (5)

Here the kinetic energy operator in the prolate spheroidal
coordinates has the following form:

−1

2
∇2 = − 1

2a2

1

(ξ 2 − η2)

[
∂

∂ξ
(ξ 2 − 1)

∂

∂ξ
+ ∂

∂η
(1 − η2)

∂

∂η

+ ξ 2 − η2

(ξ 2 − 1)(1 − η2)

∂2

∂ϕ2

]
, (6)

and the Coulomb interaction with the nuclei is given by (the
charge of each center is unity)

U (ξ, η) = − 2ξ

a(ξ 2 − η2)
. (7)

To calculate the HHG spectra, we solve the TDSE for the
molecule H+

2 in the laser field. The initial wave function is an
unperturbed eigenfunction of H+

2 . We obtain the eigenvalues
and eigenfunctions by means of the generalized pseudospec-
tral method [27]. Detailed numerical procedures can be found
in Refs. [32] and [33]. We propagate the time-dependent wave
function using the second-order split-operator method in the
energy representation:

�(t + �t ) = exp

(
−i

1

2
�tH0

)

× exp

[
−i�tV (ξ, η, t + 1

2
�t )

]

× exp

(
−i

1

2
�tH0

)
�(t ) + O((�t )3). (8)

Once the time-dependent wave function is available, we can
proceed to calculate the spectra of the emitted harmonic ra-
diation. In order to calculate the HHG spectra, we employ
the general semiclassical approach by substituting the clas-
sical quantities with the corresponding quantum expectation
values. The spectral density of the harmonic radiation energy
is given by either the length form

S(ω) = 2ω4

3πc3
|Dω|2 (9)

or the acceleration form

S(ω) = 2

3πc3
|Aω|2. (10)

Here Dω and Aω are the Fourier transforms of the time-
dependent dipole moment D(t ) and dipole acceleration A(t ),
respectively. The length and acceleration forms provide al-
most identical results for the HHG spectra, indicating good
quality of our calculated wave functions.

The dynamics of the HHG process can be explored in
more detail using the time-frequency analysis of the dipole
acceleration by means of the synchrosqueezed transformation
(SST) [29–31]. The SST is defined by

S(t, ξ ) =
∫

V (t, ω)
1

α
h

( |ξ − ω f (t, ω)|
α

)
dω, (11)

where α > 0, h(t ) = e−t2
/
√

π . V (t, ω) is the modified
wavelet transform of the harmonic spectra, which can be
written as

V (t, ω) =
∫

A(t ′)
√

ωW [ω(t ′ − t )] dt ′, (12)

where the Morlet wavelet W (x) is defined as

W (x) = 1√
τ

eixe
−x2

2τ2 . (13)

The instantaneous frequency information function ω f (t, ω) is
defined by

ω f (t, ω) =
⎧⎨
⎩

−i∂tV (t, ω)

V (t, ω)
, for V (t, ω) �= 0

∞, for V (t, ω) = 0

. (14)
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FIG. 1. (a) Below-threshold harmonic generation of H+
2 driven

by an 800-nm laser pulse with a peak intensity of I = 1.0 ×
1014 W/cm2 (red solid lines), I = 1.5 × 1014 W/cm2 (black solid
lines), and I = 2.0 × 1014 W/cm2 (green solid lines), respectively.
The black vertical dashed line indicates the ionization threshold
of the 1σg state marked by Ip at R = 2 a.u., and the black arrow
indicates that the resonant structure is located at the harmonic 7.64
(H7.64), which corresponds to the bound-bound transition from 1σg-
1σu. (b) Wavelet time-frequency spectra of BTHG for the case of the
peak intensity I = 2.0 × 1014 W/cm2 in (a).

In our calculation, the time-frequency characteristics of the
HHG are analyzed by means of the SST based on wavelet
transform of the time-dependent dipole acceleration.

III. RESULTS AND DISCUSSIONS

In Fig. 1(a) we present BTHG of H+
2 molecular ions

in an 800-nm laser field with a peak intensity of I =
1.0 × 1014 W/cm2, I = 1.5 × 1014 W/cm2, and I = 2.0 ×
1014 W/cm2. In our calculation, the laser field is written as
E (t ) = E0 cos2(πt/NT ) cos(ωt ). Here E0 is the electric field
amplitude, ω is the frequency, and T is the duration of one
optical cycle. The total duration is equal to N = 20 optical
cycles. The black vertical dashed lines indicate the ionization
threshold of the initial state marked by Ip, where Ip is equal to
−1.103 a.u. for the 1σg state at the equilibrium internuclear
separation of R = 2 a.u., which coincides with the 19.4th
harmonic order for the 800-nm laser wavelength. Considering
the shift of the threshold energy in the laser field, we assume
that the ionization threshold is located at the 21st harmonic.
The ionization energy of σu state is −0.668 a.u. at R = 2
a.u., and the black arrow indicates that the resonant peak is
located at the 7.64th harmonic (H7.64) which corresponds
to the bound-bound transition from 1σg-1σu. As the driving
laser intensity is further increased to I = 2.0 × 1014 W/cm2,
the resonant peaks almost overlap, but it is still located at
H7.64. After increasing the driving laser intensity to I =
3.0 × 1014 W/cm2, the peaks become broadened (not shown
here). The reason is that the yield of the resonant harmonic
H7.64 is sensitive to the laser intensity. In Fig. 1(b) we present
the wavelet transform of time-frequency spectra of BTHG

FIG. 2. (a) The electronic trajectories as a function of the emis-
sion time. (b) SST time-frequency spectra of BTHG of H+

2 for
the case of the peak intensity I = 2.0 × 1014 W/cm2 as shown in
Fig. 1(a). The yellow arrow indicates that the harmonic generation
on resonant (H7.64). For reference, the green curves indicate semi-
classical return energy as a function of the emission time. Note that
the multiple channels which relate to the electron driven initially by
the lasers field at specific time of the laser pulse from one nuclear
core to either the neighboring ion or parent ion itself are marked by
the quantum paths 1-1, 1-2, 2-2, and 2-1, respectively. (c) The laser
field E (t ) and Coulomb-field force FC as a function of the time. The
other laser parameters used are the same as those in Fig. 1.

of H+
2 for the case shown in Fig. 1(a) for the peak intensity

of I = 2.0 × 1014 W/cm2. It is clearly seen that the wavelet
time-frequency spectra of H+

2 below the ionization threshold
are subject to some obscure features due to the broadband
width in time-frequency distribution. Thus, the wavelet time-
frequency transform has a limitation in revealing the spectral
features below the ionization threshold.

To circumvent the limitation of the traditional time-
frequency transform and to uncover the electronic dynamics
in BTHG of H+

2 , we perform the time-frequency analysis of
the dipole acceleration by means of the SST, and we find that
the SST is capable of revealing the characteristic behaviors of
harmonic spectra below the ionization threshold [31,34]. The
advantage of the SST as compared to other widely used time-
frequency transforms is its capability to generate sharper and
clearer time-frequency distributions, which then allows us to
identify the individual role of multiple channels below the ion-
ization threshold in the time-frequency domain. On the other
hand, a semiclassical model gives a fairly satisfied description
of the laser-driven dynamical behavior of the electrons, and
it has been successfully extended to extract the dynamical
behaviors of the laser-driven rescattering in molecular BTHG
[35].

Figure 2(a) shows several electronic paths calculated by
an extended semiclassical model for the case of the peak
intensity I = 2.0 × 1014 W/cm2 as shown in Fig. 1(a). In our
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FIG. 3. Dynamical schemes of the electronic behaviors in BTHG of H+
2 with driving laser field.

calculations, the semiclassical results are obtained by solving
the three-dimension Newton’s equation which takes into ac-
count the molecular potential, which is given by

r̈ = −∇U (r) − E (t )ez, (15)

where U (r) is the molecular potential of H+
2 , −∇U (r) is the

Coulomb force FC , and −E (t ) is the electric field force in
the z direction. The initial condition used is electrons with an
initial kinetic energy released along or against the polarized
direction of laser fields at the nuclear core H+(1) or H+(2).
Note that the multiple channels which relate to the electron
driven initially by the lasers field at a specific time of the laser
pulse from one nuclear core to either the neighboring ion or
parent ion itself are marked by the quantum paths 1-1, 1-2,
2-2, and 2-1, respectively.

Figure 2(b) shows the corresponding SST time-frequency
analysis of the BTHG spectra of H+

2 calculated by the ac-
curate treatment of the TDSE. One readily observes a clear
time-frequency spectra of BTHG. The spectral and tempo-
ral characteristics of the BTHG show a periodic split of
time-frequency spectra between the fifth harmonic and the
11th harmonic. For reference, the green curves indicate semi-
classical return energy as a function of the emission time.
Combining with the SST time-frequency spectra and an
extended semiclassical return energy map, the distinct con-
tribution of the multiple channels can be recognized. The
semiclassical results are in good agreement with the SST
time-frequency analysis of the BTHG spectra of H+

2 . We find
that the channels 1-2, 2-2, and 2-1 overlap at 8.3 optical
cycle (o.c.), 8.8 o.c., and 9.3 o.c., where the laser field is
almost zero. It is interesting to note that these overlaps are
just located at the resonant harmonic H7.64. It implies that the
multichannel interference is responsible for resonant BTHG.

In Fig. 2(c) we show the laser field E (t ) and the Coulomb-
field force FC as a function of the time. The Coulomb force
FC is dominant at 8.3 o.c., 8.8 o.c., and 9.3 o.c., where the
interference occurs just between the channels 1-2, 2-2, and
2-1. It indicates that the Coulomb potential plays an impor-
tant role in multichannel interference. On the other hand, the
individual evolution of multiple channels 1-1,1-2, 2-2, and
2-1 is responsible for the periodic split of time-frequency
spectra of BTHG. Although the two nuclear cores of H+

2
are symmetrical, the harmonic emission associated with the

evolution of the channels is different. In the channels in BTHG
shown in Fig. 2(b), the evolution of the electronic behaviors
starts from the channels 1-1,1-2, and 2-2 in half of one op-
tical cycle and follows from channels 2-2, 2-1, and 1-1 in
another half of one optical cycle when the laser field changes
sign. Obviously, the electron revisits two nuclear cores in
BTHG alternately in every optical cycle. Our findings lead to
a deeper understanding of multichannel-resolved dynamics in
resonance-enhanced BTHG of H+

2 molecular ions.
To better understand the dynamical behavior of the elec-

trons in resonance-enhanced BTHG of H+
2 molecular ions,

we present below the dynamical schemes of the electronic
behaviors in BTHG of H+

2 as shown in Fig. 3. The red solid
lines indicate the laser field E (t ). These dynamical schemes
demonstrate the evolutions of the multiple channels in BTHG
of H+

2 with a driving laser field. First, in channel 1-1, the
electron is released against the electric field force at the nu-
clear core H+(1), so the electron is driven back quickly to
the parent core itself. Then, in channel 1-2, the electron is
driven from the parent core H+(1) to the neighbor core H+(2).
Last, in channel 2-2, the electron is driven back to the nuclear
core H+(2). Note that the contributions of the channel 1-2
have two different dynamical behaviors: one happens at the
rising part of each one half optical cycle, another one happens
at the falling part of each one-half optical cycle where the
laser intensity is always small. In fact, the contributions of
the channel 2-2 also have two different dynamical behaviors:
one is at the falling part of each one-half optical cycle, where
the Coulomb-field force pulls the electron back to the nuclear
core H+

2 rapidly when the laser intensity is almost zero. This
indicates that the Coulomb potential plays an important role
in multichannel evolution. The other dynamical behavior of
the channel 2-2 shows up at the rising part of each one-half
optical cycle where the laser field just reverses the direction,
and the amplitude is small. The three distinct channels 1-
2, 2-2, and 2-1 are responsible for the resonance-enhanced
BTHG of H+

2 near the zero-laser field. Our result provides a
comprehensive physical picture for the deeper understanding
of the multichannel interference.

To check the sensitivity of the channels 1-2, 2-2, 2-1, and
1-1 in BTHG of H+

2 to the laser wavelength, we show BTHG
of H+

2 molecular ions driven by the 1064-nm laser pulse with
the intensity I = 2.0 × 1014 W/cm2 as shown in Fig. 4(a).
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FIG. 4. (a) Below-threshold harmonic generation of H+
2 molec-

ular ions driven by the 1064-nm laser pulse with the intensity I =
2.0 × 1014 W/cm2. The black solid arrow indicates that the resonant
structure is located at the 10.2nd harmonic (H10.2). The other laser
parameters used are the same as those in Fig. 1. (b) The correspond-
ing SST time-frequency spectra. The yellow horizontal dashed line
indicates the resonant structure at harmonic H10.2. The multiple
channels are marked by 1-1, 1-2, 2-2, and 2-1, respectively.

The other laser parameters used are the same as those in
Fig. 1. For the 1064-nm laser pulse case, the resonant peak
between the bound-bound transition from 1σg-1σu is located
at the 10.2nd harmonic (H10.2). We find that the SST time-
frequency spectra of the BTHG as shown in Fig. 4(b) also
show a periodic split. As in the discussion above, a similar
dynamical origin leads to this phenomenon. This implies that
the multiple channels in BTHG of H+

2 are not sensitive to
the laser wavelength, but the yields of the harmonics are
dependent on the laser-field intensity.

Finally, we check how sensitive the channels 1-2, 2-2, 2-1,
and 1-1 in BTHG of H+

2 are to the internuclear distance. In
Fig. 5(a) we show a comparison of BTHG of the H+

2 molecule
at the internuclear distance R = 3.0 a.u. and R = 2.0 a.u. The
other laser parameters used are the same as those in Fig. 1.
For the R = 3.0 a.u. case, the ionization energy of the σg state
is −0.9109 a.u. and that of the σu state is −0.7014 a.u. So
the resonant peak between the bound-bound transition from
1σg − 1σu is located near the harmonic 3.7, and the resonant
peak with R = 2.0 a.u. disappears near the harmonic H7.64.
In Fig. 5 (b) we find that the SST time-frequency spectra
of BTHG do not show a periodic split structure, indicating
that the contribution of either the channel 2-1 or the channel
1-2 in BTHG is sensitive to the internuclear distance. This
implies that the channels 1-2 and 2-1 in BTHG of H+

2 are
sensitive to the internuclear distance, because the interference
of the channels 1-2 and 2-1 is decreased due to the larger
internuclear distance, where the dynamics in HHG is similar
to atoms when the internuclear distance is increased.

FIG. 5. (a) Below-threshold harmonic generation of H+
2 molec-

ular ions driven by the 800-nm laser pulse with the internuclear
distance R = 3.0 a.u. and R = 2.0 a.u., respectively. The other laser
parameters used are the same as those in Fig. 1. The red and blue
vertical dashed lines indicate the ionization threshold marked by Ip,
and the black arrow indicates that the resonant structure is located
at the harmonic H7.64. (b) The SST time-frequency spectra of the
BTHG for the case of the internuclear distance R = 3.0 a.u. in (a).

IV. CONCLUSION

In conclusion, we have presented an ab initio study and
detailed analysis of the harmonic generation of H+

2 below
the ionization threshold in the intense laser fields by accu-
rately solving the TDSE. We find that the distinct multiple
channels contributing to the BTHG of H+

2 are related to the
electron driven by the laser field at a specific time of the
laser pulse from one nuclear core to either the neighboring
ion or parent ion itself. The role of multiple channels on
BTHG of H+

2 is explored by combining the SST transform
of the quantum time-frequency spectrum with an extended
semiclassical analysis. The results show that the multichannel
interference responsible for the resonant enhanced molecular
BTHG occurs only near zero-laser field, where the Coulomb
potential plays the crucial role. In addition, we find that the
multiple channels in BTHG of H+

2 are not sensitive to the
laser wavelength and the laser intensity, but the yields of
the harmonics are dependent on the laser-field intensity. Our
results and analysis enable us to obtain a deeper understanding
of below-threshold molecular harmonics.

As in the discussion above, the multichannel interference is
responsible for the resonant BTHG. However, the orientation
effects are strongly affected by the symmetry of the wave
function and the corresponding distribution of the electron
density [33]. It implies that the multichannel dynamics are
dependent on the symmetry properties of the molecular or-
bitals, which can lead to either enhancement or suppression
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of the harmonic generation. In addition, the nuclear symme-
try also influences the channel selection for the BTHG; our
previous work [35] indicates that the asymmetric molecules
play an important role in the constructive interference of mul-
tiple quantum channels, leading to a significant enhancement
of the BTHG. Although our result is for the one-electron
molecular case, the insights obtained are quite general and
still applicable for the understanding of multichannel-resolved
dynamics in resonance-enhanced BTHG for multielectron
molecules, because the previous findings show that the
commonly used one-electron model, namely, using only
the highest-occupied molecular orbital, can be insufficient
for the proper description of the HHG in multielectron
molecules.
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