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Blackbody-radiation-noise broadening of quantum systems
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Precision measurements of quantum systems often seek to probe or must account for the interaction with
blackbody radiation. Over the past several decades, much attention has been given to ac Stark shifts and
stimulated state transfer. For a blackbody in thermodynamic equilibrium, these two effects are determined by
the expectation value of photon number in each mode of the Planck spectrum. Here we explore how the photon
number variance of an equilibrium blackbody generally leads to a parametric broadening of the energy levels
of quantum systems that is inversely proportional to the square root of the blackbody volume. We consider the
effect in two cases which are potentially highly sensitive to this broadening: Rydberg atoms and atomic clocks.
We find that even in blackbody volumes as small as 1 cm3, this effect is unlikely to contribute meaningfully to
transition linewidths.
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I. INTRODUCTION

Precision spectroscopy of atomic and molecular systems
is the basis of numerous metrological applications [1,2] and
tests of fundamental physics [3,4] and symmetries [5,6]. A
correct determination of transition energies requires careful
accounting of Stark shifts due to ambient blackbody radiation
(BBR). High-accuracy BBR shift calculations account for
higher order electric and magnetic multipolar moments [7]
in the scalar and tensor light shifts [8,9]. For optical lattice
clocks, shifts induced by the trapping laser must also be con-
sidered to attain high accuracy (including shifts which are
quadratic and higher order in electromagnetic field energy
density, known as hyperpolarizability) [10].

In addition to shifting energy levels, blackbody radia-
tion can drive transitions to other levels. This effect can be
considered a nonparametric line broadening, as the BBR-
stimulated transition rate �BBR adds to the spontaneous
decay rate �sp [11]. BBR-stimulated decay is prominent
in Rydberg atomic systems (typically �BBR � 104 s−1 at
room temperature), and has also been observed in trapped
molecules [12,13], and molecular ions [14].

Recently we surveyed the BBR-induced state transfer
and levels shifts in molecular and atomic Rydberg systems,
showing these are highly promising platforms for blackbody
thermometry applications [2]. That work led us to consider
the potential impacts of line broadening due to temporal fluc-
tuations in the BBR. However, this additional BBR-induced
line broadening mechanism appears to have been overlooked
until now. For a blackbody at temperature T encompassing
a volume V , fluctuations in the BBR energy produce a root-
mean-square (RMS) deviation σ�Ei in the BBR shift �Ei.
The broadening is proportional to

√
T 5/V when the energy
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differences h̄ωi j associated with strongest transitions are all
large compared to the thermal energy scale (i.e., h̄ωi j � kBT ).
Unlike BBR-stimulated transitions, the BBR noise induces a
parametric broadening (i.e., the quantum state remains un-
changed). This effect is general to all quantum systems which
are radiatively coupled to a thermal bath.

Here we derive the effect of BBR noise on a quantum
system. As we show below, the BBR noise broadening is
inconsequentially small for typical atom or molecule and will
not be detectable in Rydberg or molecule-based BBR ther-
mometry applications [2]. We consider in detail the size of
the effect on two systems which are exceptionally sensitive to
BBR noise broadening: atomic clocks and circular Rydberg
atoms. For both systems, we find the BBR noise is still too
small to significantly contribute to line broadening under any
currently feasible scenario. The present work thus serves to
consider this effect in detail, as well as noting that it may
safely be ignored, even by many precision measurements.

II. BACKGROUND

A. Photon statistics

Before deriving the BBR noise broadening, we summarize
the relevant photon statistics and ac Stark interaction (see
Appendix A for more details on photon statistics). For photons
with angular frequency ω, we will use x = h̄ω/kBT to write
the partition function Z = (1 − e−x )−1. The mth moment of
the photon number n is

〈n̂m〉 = 1

Z

∞∑
n=0

nme−nx = 1

Z

∂m

∂ (−x)m
Z (x). (1)

The variance in photon number for each BBR mode is σ 2
n̂ =

〈n̂2〉 − 〈n̂〉2 = ex/(ex − 1)2. In this work, a hat over a symbol
indicates an operator.
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We consider an ideal blackbody of effective volume V
and temperature T which surrounds a quantum system in
state i. In this work, we define the effective length � and
volume V of the cavity through the mode spacing. Physically,
a blackbody cavity is created through a combination of a re-
sistive wall material, light trapping geometry [15], and surface
micro-structure [16,17]. A plane wave incident on a surface
with nonzero resistance incurs a phase shift according to the
Fresnel equations. Effectively, these phase shifts increase the
cavity size and decrease the mode spacing compared to that
of an ideal conductor. Similarly, surface microstructure can
increase the physical length of each incident mode. For this
work, we will not concern ourselves with these complications
and instead compare cavities with equal effective size—that
is, cavities with identical mode spacing—rather than cavities
with equal physical dimensions.

B. ac Stark interaction

The ac Stark interaction has received considerable atten-
tion [18–21]. It is characterized by a real and an imaginary
contribution [20–23], and the instantaneous values of both
contributions fluctuate due to fluctuations in the occupancy
of all photon modes. On the average, the interaction is given
by

〈
E BBR

i

〉 = 〈�Ei〉 − ih̄

2

〈
�BBR

i

〉 = −
∫ ∞

0
dω

〈Ê2〉
2

αs
i (ω), (2)

where Ê is the electric field operator, and αs
i (ω) is the scalar

polarizability of level i:

αs
i (ω) =

∑
j

∣∣μz
i j

∣∣2

h̄

(
1

ωi j − ω − i
2�

sp
j

+ 1

ωi j + ω + i
2�

sp
j

)
.

(3)
Here μz

i j is the z component of the dipole matrix element
between states i and j, and �

sp
j is the spontaneous decay rate

of level j.
The expectation value of the imaginary part 〈�BBR

i 〉 of
Eq. (2) is associated with stimulated state transfer from level
i to other levels j of the system:

〈
�BBR

i

〉 =
∑

j

∣∣μz
i j

∣∣2|ωi j |3
ε0 h̄πc3

〈n̂(ωi j )〉. (4)

The average real part of Eq. (2) is a shift in the energy of level
i, given by [11,24]

〈�Ei〉 = −P
∫ ∞

0
dω

h̄ω3〈n̂(ω)〉
2ε0π2c3

αs
i (ω), (5)

where P denotes the Cauchy principal value. For brevity, in
the remainder of this work we shall drop the angled brackets
so that �Ei and �i

BBR are to be interpreted as expectation val-
ues, and the frequency dependence of n̂ will be made implicit.

III. BLACKBODY RADIATION NOISE

In the absence of other broadening mechanisms, the in-
teraction of a quantum system with the mean BBR field
leads to a Lorentzian line shape with full width at half

maximum (FWHM):

�i = �
sp
i + �BBR

i . (6)

Here we seek to quantify the small, additional broadening
of the quantum level induced by fluctuations in the BBR
electric field. These fluctuations lead to RMS deviations σ�Ei

in the ac Stark shift �Ei. These fluctuations occur with typical
timescale of the blackbody coherence time tc = h/4kBT (tc ≈
40 fs at room temperature) [25]. Therefore, the expected line
shape for a single measurement with duration tm � tc is a
Voigt profile with Lorentzian width γ = �i and Gaussian
half width at half maximum (HWHM) σ = σ�Ei

√
tc/tm. The

FWHM of a Voigt profile is approximately

FWHMV ≈ γ

2
+

√
γ 2

4
+ 8σ 2 ln 2. (7)

In the limit γ � σ , the Voigt FWHM becomes

FWHMV ≈ γ + 8 ln 2
σ 2

γ
. (8)

In order to calculate σ�Ei , we begin by considering each
photon mode as contributing �εi to the total shift, i.e.,
�Ei = ∑

modes �εi. Assuming uncorrelated modes, σ 2
�Ei

=∑
modes σ 2

�εi
, it suffices to find the contribution of each

mode independently. The summation
∑

modes corresponds to
P

∫
V Dmode in the continuous limit, where Dmode is the density

of modes per unit volume per unit angular frequency dω, and
Dmode = DFS

mode = ω2dω/π2c3 for free space. Combining this
with Eq. (5) yields

�εi = − h̄ω〈n̂〉
2ε0V

αs
i (ω), (9)

and the variance of the shift is given by

σ 2
�εi

=
∣∣∣∣∂�εi

∂ n̂

∣∣∣∣
2

σ 2
n̂ =

∣∣∣∣ h̄ω

2ε0V
αs

i (ω)

∣∣∣∣
2

σ 2
n̂ . (10)

Finally we add the contributions of each mode in quadra-
ture to arrive at the variance of the ac Stark shift due to BBR
noise:

σ 2
�Ei

=
∑

modes

σ 2
�εi

= P
∫ ∞

0
V Dmode

h̄2ω2σ 2
n̂

4ε2
0V 2

∣∣αs
i (ω)

∣∣2

= P
∫ ∞

0
dω

h̄2ω4

4ε2
0π

2c3V

eh̄ω/kBT

(eh̄ω/kBT − 1)2

×
∣∣∣∣∣
∑

j

1

h̄

( ∣∣μz
i j

∣∣2

ωi j − ω − i
2�

sp
j

+
∣∣μz

i j

∣∣2

ωi j + ω + i
2�

sp
j

)∣∣∣∣∣
2

,

(11)

where in the last line we take Dmode = DFS
mode. Note that the

summation within the modulus in Eq. (11) is identical to
that found in the Kramers-Heisenberg formula for differential
scattering cross section of light (e.g., Ref. [32] Sec. 8.7; also
Ref. [22]); that is, we can consider the BBR noise broadening
of each level i to be due to variance in BBR Rayleigh scatter-
ing rate due to fluctuating photon number in each mode. Also
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of note is the RMS fluctuation in the BBR shift σ�Ei is propor-
tional to 1/

√
V . While the RMS electric field of a blackbody is

independent of volume, smaller volumes contain fewer modes
which contribute to the field, and thus are subject to larger
field variations. This relationship between BBR fluctuations
and volume was first noted by Einstein [33], and Eq. (11) can
alternately be derived using standard thermodynamic relations
(see Appendix B).

Often the quantum observable of interest is not the ac Stark
shift, but the differential ac Stark shift �E ′

i j = �Ej − �Ei,
such as when measuring the transition frequency ωi j between
two states i, j. Conventionally, negative shifts imply a de-
crease in the observed transition frequency. Likewise, for the
BBR noise line broadening, we define the differential shift per
mode �ε′

i j = �ε j − �εi:

�ε′
i j = h̄ω〈n̂〉

2ε0V
αs

i j
′(ω) (12)

with αs
i j

′(ω) = αs
j (ω) − αs

i (ω) the differential dynamic scalar
polarizability.

In many cases, is it appropriate to make a static approxi-
mation yi j = h̄ωi j/kBT � 1. In this limit,

�E ′
i j = h̄

2ε0π2c3

π4

15

(
kBT

h̄

)4

αs
i j

′(0), (13)

σ 2
�E ′

i j
= h̄2

4ε2
0π

2c3V

4π4

15

(
kBT

h̄

)5∣∣αs
i j

′(0)
∣∣2

, (14)

where we have used the identities∫ ∞

0
dx

x3

ex − 1
= π4

15
,

∫ ∞

0
dx

x4ex

(ex − 1)2
= 4π4

15
. (15)

To the best of our knowledge, the BBR noise broadening
effect described by Eq. (11) has not been observed experi-
mentally. That is unsurprising, as in most cases, this effect is
quite small. Consider, for example, an atomic transition with
yi j � 1 and differential polarizability αs

i j
′(0) = (4πε0/h) ×

1 a3
0 (where a0 ≈52.9 pm is the Bohr radius), then σ =

σ�E ′
i j

√
tc/tm ≈3.0 × 10−16

√
tcT 5/tmV Hz m3/2 K−5/2. For

T = 300 K and V = 1 L = 10−3 m3, σ�E ′
i j

≈ h × 14 nHz.
In nearly all practical measurements, the fluctuation σ =
σ�E ′

i j

√
tc/tm averages down the numerically small value of

σ�E ′
i j

by a considerable factor (e.g., for tm = 1 s,
√

tc/tm ≈
2 × 10−7 at room temperature). We then see using Eq. (8)
that the BBR noise broadening becomes a vanishingly small
correction to the linewidth (σ ≈3 fHz in this example).

For the Cs hyperfine transition, which currently defines
the second, the BBR noise broadening is even smaller.
The differential scalar polarizability αs

i j
′(0) ≈ (4πε0/h) ×

0.0069 a3
0 [34] is predominantly due to coupling at optical

frequencies to the first few electronically excited P states, so
Eqs. (13) and (14) are valid. If T = 300 K and V = 1 L, then
σ ≈ h

√
tc/tm × 700 fHz.

We detail below two special cases where BBR noise broad-
ening might be most noticeable: optical atomic clocks and
circular Rydberg atoms. However, we find in both cases the
BBR noise is too small to be detected with modern experi-
mental techniques.

A. Optical atomic frequency standards

In Table I we consider several current and proposed
atomic frequency standards at T = 300 K. We calculate the
RMS differential BBR shift deviation σ�E ′

i j
using Eq. (14) as

well as the differential BBR Stark shift �E ′
i j using Eq. (13)

as a check of consistency with the atomic transition data
references [18,29–31]. For the BBR shift of optical clock
transitions, the static approximation is generally accurate
to within a few percent [18]. Differential polarizablities in
Table I are given in their respective references in atomic
polarizability units. These may be converted to SI units
(Hz/(V/m)2) by multiplying by a factor of 4πε0a3

0/h, with
a0 the Bohr radius.

The results of Table I show that detection of BBR
noise broadening in atomic frequency standards is not pos-
sible without several orders of magnitude improvement over
current frequency sensitivity. Consider as examples the Sr and
Yb systems, which now routinely achieve fractional uncer-
tainty of δω/ω ∼ 10−18 [35–37]. Ignoring numerous technical
noise sources (e.g., lattice phonon scattering in optical lattice
clocks [38]), even in an exceptionally small BBR volume V =
10−6 m3 at T = 300 K, σ�E ′

i j
is only approximately 30 mHz

in Sr and 10 mHz in Yb. For a measurement time tm = 1 s,
the BBR noise broadening is then σ ≈ 6 nHz for Sr and σ ≈
2 nHz for Yb. Using Eq. (8), the observed FWHM would then
exceed �sp by approximately (1 × 10−10)�sp for Sr, or (4 ×
10−13)�sp for Yb. The small differential polarizability charac-
teristic of ions [18,26,29], inner-shell transitions [28,29], and
the nuclear transition of 229Th [30,31] makes the BBR noise
broadening in these systems even smaller than the Sr and Yb
cases. We note that effective BBR volumes V substantially
less than 10−6 m3 might be possible using microfabricated
optical cavities [39].

B. Circular Rydberg atoms

We next consider the possibility of observing BBR
noise-limited linewidths in circular Rydberg states |nC〉 ≡
|n, L = n − 1, J = n − 1/2〉. It is well known that all Ryd-
berg systems with large principal quantum number n may be
approximated by a Rydberg hydrogen atom with an appro-
priate quantum defect (e.g., see Ref. [40] for Rb quantum
defects). For concreteness, we here use the Alkali Rydberg
Calculator python package [41] to calculate transition matrix
elements and energies for circular states of Rb. The largest
transition dipole matrix elements for Rydberg atoms with
principal quantum number n are to states with n′ = n ± 1. For
our circular Rydberg state calculations, we include electric
dipole transitions to n′ = n − 1, n + 1, n + 2, n + 3.

Rydberg transition wavelengths may be as large or larger
than the length scale of its surroundings, and we must consider
cavity effects on the mode density Dmode. Figure 1 shows
σ�Ei for the |52C〉 state of Rb in an effective cubic volume
V = �3 for three key conceptual cases. The dashed colored
lines depict σ�Ei calculated using Dmode = DFS

mode; in this case
σ�Ei is strictly proportional to �−3/2. The solid black line
depicts an ideal blackbody (i.e., perfectly absorbing walls);
the mode density for a blackbody DBB

mode is found by quan-
tizing the cavity modes in the usual manner and assigning
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TABLE I. BBR Stark shifts and noise broadening for optical clock systems. All temperature-dependent quantities are evaluated at T =
300 K. Static differential polarizabilities αs

i j
′(0) from Ref. [18] are the recommended calculated value or mean of values when multiple

calculations using the highest accuracy method were presented. For measurement time tm, the BBR noise broadening is σ = σ�E ′
i j

√
tc/tm.

(V = 10−3 m3) (V = 10−6 m3)

νi j (PHz) yi j �sp (Hz) αs
i j

′(0) (a3
0) �E ′

i j (Hz) σ�E ′
i j

(Hz) σ�E ′
i j
/�sp σ�E ′

i j
(Hz) σ�E ′

i j
/�sp

Ca+ [18] 0.411 65.7 1.4 ×10−1 −44.1 3.8 ×10−1 2.75 ×10−5 1.97 ×10−4 8.71 ×10−4 6.22 ×10−3

Sr+ [18] 0.445 71.2 4.0 ×10−1 −29.3 2.5 ×10−1 1.22 ×10−5 3.04 ×10−5 3.84 ×10−4 9.61 ×10−4

Yb+a [18] 0.642 102.7 1.0 ×10−9 9.3 −8.0 ×10−2 1.22 ×10−6 1.22 ×103 3.87 ×10−5 3.87 ×104

Yb+b [18] 0.688 110.1 3.1 42 −3.6 ×10−1 2.50 ×10−5 8.06 ×10−6 7.90 ×10−4 2.55 ×10−4

Al+ [18] 1.121 179.3 8.0 ×10−3 0.483 −4.2 ×10−3 3.30 ×10−9 4.13 ×10−7 1.04 ×10−7 1.31 ×10−5

In+ [18] 1.27 203.2 8.0 ×10−1 < 30.7 >−2.6×10−1 <1.33 ×10−5 <1.67 ×10−5 <4.22 ×10−4 <5.27 ×10−4

Lu+ [26,27] 0.354 56.6 5.1 ×10−6 0.059 −0.00051 4.93 ×10−11 9.59 ×10−6 1.56 ×10−9 0.00030
Mg [18] 0.655 104.8 1.4 ×10−4 29.9 −2.6 ×10−1 1.27 ×10−5 9.04 ×10−2 4.00 ×10−4 2.86
Ca [18] 0.454 72.6 5.0 ×10−4 133.2 −1.15 2.51 ×10−4 5.02 ×10−1 7.94 ×10−3 1.59 ×101

Sr [18] 0.429 68.6 1.4 ×10−3 261.1 −2.3 9.65 ×10−4 6.89 ×10−1 3.05 ×10−2 2.18 ×101

Yb [18] 0.518 82.9 8.0 ×10−3 155 −1.33 3.40 ×10−4 4.25 ×10−2 1.08 ×10−2 1.34
Zn [18] 0.969 155.0 2.5 ×10−3 29.57 −2.6 ×10−1 1.24 ×10−5 4.95 ×10−3 3.91 ×10−4 1.57 ×10−1

Cd [18] 0.903 144.5 1.0 ×10−2 30.66 −2.6 ×10−1 1.33 ×10−5 1.33 ×10−3 4.21 ×10−4 4.21 ×10−2

Hg [18] 1.129 180.6 1.1 ×10−1 21 −1.81 ×10−1 6.24 ×10−6 5.68 ×10−5 1.97 ×10−4 1.80 ×10−3

Tm [28] 0.263 42.1 1.2 −0.063 5.4 ×10−4 5.62 ×10−11 4.68 ×10−11 1.78 ×10−9 1.48 ×10−9

W13+ [29] 0.539 86.2 1.5 ×101 −0.024 2.1 ×10−4 8.16 ×10−12 5.54 ×10−13 2.58 ×10−10 1.75 ×10−11

Ir16+ [29] 0.750 120.0 4.0 ×101 −0.01 8.6 ×10−5 1.42 ×10−12 3.59 ×10−14 4.48 ×10−11 1.13 ×10−12

Pt17+ [29] 0.745 119.2 3.9 ×10−11 0.182 −1.57 ×10−3 4.69 ×10−10 1.19 ×101 1.48 ×10−8 3.77 ×102

229Th [30,31] 2.002 319.9 6.3 ×10−3 <4 ×10−5 >−3.4 ×10−7 <2.27 ×10−17 <3.61 ×10−15 <7.16 ×10−16 <1.14 ×10−13

a−4 f 146s − 4 f 136s2 2F7/2.
b−4 f 146s − 4 f 145d 2D3/2.

each mode a finesse F = 1/4 (see Appendix C for addi-
tional details on cavity effects on mode density). Finally,
solid colored lines depict a cubic copper cavity. The mode
density for copper DCu

mode is complicated by the fact that the
resistivity ρ of cryogenic copper may vary by two orders
of magnitude depending on purity [42]; we assume residual-
resistance ratios typical of oxygen-free high conductivity Cu:
ρ(T = 300 K)/ρ(T = 77 K) = 10 and ρ(T = 300 K)/ρ(T =
4 K) = 100, with ρ(T = 300 K) = 1.7 × 10−8 � m.

Figure 2 considers Rb circular states for principal quan-
tum number n � 80 in a cubic ideal blackbody. The black
dashed lines depict the Lorentzian partial linewidth due to
spontaneous decay �

sp
i . Colored dashed lines depict the partial

linewidth due to both spontaneous and BBR-stimulated decay

�i = �
sp
i + �BBR

i . Solid lines depict BBR noise Gaussian
width σ�Ei

√
tc�i, where we have assumed a measurement

time tm = 1/�i. The magnitude of the BBR noise relative
to the decay rate is increased in cryogenic environments, as
σ�Ei decreases more slowly than �

sp
i + �BBR

i with decreas-
ing temperature. For effective volumes V = 1 m3, σ�Ei is
smaller than �i by roughly six orders of magnitude, even at
T = 4 K and n = 80. For blackbodies with V = 10−6 m3,
σ�Ei is smaller than �i by roughly two orders of magnitude
at T = 4 K and n = 80. We caution that for such large n,
typical relevant transition wavelengths are similar to or exceed
� = 1 cm for this case. The assumption of an ideal blackbody
for high n and small V is likely invalid, with the BBR noise
reduced from these estimates by one or more orders of mag-

FIG. 1. Blackbody radiation noise σ�Ei as a function of the length � of a cubic cavity. From left to right, panels show the circular state
of Rb with principal quantum number n = 52 for cavity temperature 4 K, 77 K, and 300 K, respectively. The dashed, solid black, and solid
colored lines calculate σ�Ei with the density of modes Dmode equal to free space, perfectly absorbing walls, and copper walls, respectively.
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FIG. 2. Decay rate �sp + �BBR (dashed lines) and blackbody
radiation noise σ�Ei

√
tc(�sp + �BBR ) assuming decay rate-limited

measurement time (solid lines) for circular states of Rb as a function
of principal quantum number n. From left to right, panels show a
cubic ideal blackbody with effective volume V of 1 m3, 10−3 m3,
and 10−6 m3, respectively.

nitude as in Fig. 1. The observed FWHM for circular Rydberg
states is therefore unlikely to exceed �i by more than roughly
10−6 × �i in the most favorable cases.

IV. CONCLUSIONS

In this work, we have assumed isotropic polarization of
the BBR, and thus considered only the scalar polarizability.
As each mode has two independent polarizations, polariza-
tion fluctuations in the BBR can lead to broadening which
involves the vector and tensor polarizabilities as well. BBR
noise broadening due to vector and tensor couplings may be
of similar magnitude to scalar couplings in experiments with
oriented quantum systems, such as optical lattice clocks or
quantum sensing, and could be considered in future work.

We have derived a parametric broadening, general to all
quantum systems, which is due to interactions with fluc-
tuations in a blackbody radiation field. This BBR noise
broadening is most significant in applications which in-
volve small effective BBR volumes, large transition dipole
moments, and/or high frequency precision. However, our pre-
sented calculations for several atomic clock transitions and for
circular Rydberg states of Rb show that BBR noise broad-
ening is typically too small to be detected in these systems
with modern sensitivity by at least several orders of magni-
tude. These calculations catalog a quantum noise source as
being well below current sensitivity for many ongoing ex-
periments, such as atomic frequency standards and quantum
sensing experiments using circular Rydberg atoms. For future
experiments with substantially improved frequency precision,
this work also sets a benchmark for testing fundamental ther-
modynamics of photons.
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APPENDIX A: PHOTON STATISTICS

The partition function Z for a blackbody radiation mode
with frequency ω is

Z =
∞∑

n=0

e−nh̄ω/kBT = 1

1 − e−h̄ω/kBT
. (A1)

A standard trick to calculate the mth moment of the photon
number n is

〈nm〉 = 1

Z

∞∑
n=0

nme−nx = 1

Z

∂m

∂ (−x)m
Z (x). (A2)

The first few moments of the photon number are listed in
Table II.

APPENDIX B: THERMODYNAMIC DERIVATION

Here we rederive the main result of the main text, Eq. (11),
from thermodynamic principles. The total energy EBBR(ω)
contained within the volume V of a blackbody cavity per unit
angular frequency is

EBBR(ω) = V
h̄ω3

π2c3

1

eh̄ω/kBT − 1
. (B1)

The variance of EBBR(ω) is given by

σ 2
EBBR (ω) = kBT 2

[
∂EBBR(ω)

∂T

]

= V
h̄2ω4

π2c3

eh̄ω/kBT

(eh̄ω/kBT − 1)2

= V
h̄2ω4

π2c3
σ 2

n(ω). (B2)

Because the spectral energy density U (ω) = ε0E2 =
EBBR(ω)/V , the variance of the spectral energy density
is given by

σ 2
U (ω) = h̄2ω4

V π2c3
σ 2

n(ω). (B3)

Note that the fluctuations in U (ω) are inversely proportional
to the volume of the cavity.

TABLE II. First four moments of of the photon number n for
blackbody radiation, with x = h̄ω/kBT .

〈nm〉
〈n〉 1

ex−1

〈n2〉 ex+1
(ex−1)2

〈n3〉 e2x+4ex+1
(ex−1)3

〈n4〉 e3x+11e2x+11ex+1
(ex−1)4
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Since

�Ei = −
∫ ∞

0
dω

〈U (ω)〉
2ε0

αs
i (ω), (B4)

then

σ 2
�Ei

= P
∫ ∞

0
dω

∣∣∣αs
i (ω)

2ε0

∣∣∣2
σ 2

U (ω)

= P
∫ ∞

0
dω

h̄2ω4

4ε2
0V π2c3

σ 2
n̂ |αs

i (ω)|2, (B5)

which matches Eq. (11).

APPENDIX C: TREATING A BLACKBODY AS AN
OPTICAL CAVITY

Here we derive the characteristic cavity parameters for a
blackbody cavity. For a cavity mode of length �, the free
spectral range is

� fFSR = c

2�
. (C1)

If a photon is emitted into a mode of length �, the character-
istic length traveled is precisely �, since blackbodies are by
definition perfect absorbers. Therefore, the spectral width of a
blackbody cavity mode (Lorentzian HWHM) is

� f BB
cav = c

�
. (C2)

The finesse of a cavity is defined as F = � fFSR/2� f BB
cav .

For an ideal blackbody, apparently all modes have a finesse of
F = 1/4.

The resonant frequencies of a cubic cavity with side � are
fq = q� fFSR. Here q2 = q2

x + q2
y + q2

z , and qx, qy, qz are the
number of nodes in the x, y, z dimension plus 1, excluding
the boundaries. Allowed modes have qx, qy, qz � 0, with at
least one of qx, qy, qz � 1. The quality factor of mode q is
then Q ≡ fq/2� f BB

cav = q/4.
Because each mode of the cavity has a spectral width

� f BB
cav , the spectral density of mode q is

dq( f ) = 2
1

π

f BB
cav(

f BB
cav

)2 + ( fq − f )2
df , (C3)

where the prefactor of 2 accounts for two possible po-
larizations per mode. A related quantity is the “mode

FIG. 3. Density of modes Dmode for a perfect absorber as a func-
tion of frequency. An excess mode density exists at low frequencies
for perfect absorbers compared to free space.

density,”

Dmode( f ) =
∑

q

dq( f )/V, (C4)

which is the density of modes per unit frequency per unit
volume. In the limit of q � 1, the density of modes is ap-
proximately a continuous function

DFS
mode( f ) = 8π f 2

c3
df . (C5)

Figure 3 plots Dmode of a perfect absorber as a function of fre-
quency f . For finite volume V , there is an excess mode density
at low frequencies compared to free space. For real materials,
the finesse will generally have a frequency dependence. One
can estimate the quality factor by the relation [43]

Q = Energy stored in cavity

Energy lost per round trip
= 3

2

V

Sδ
, (C6)

where S is the surface area of the cavity (S = 6�2 for a cube)
and δ is the skin depth given by [43]

δ =
√

ε0ρc2

π f
. (C7)

Here ρ is the material’s resistivity and ε0 is the permittivity
of free space. The resistivity ρ is also a frequency dependent
parameter but may be approximated by its DC value for suffi-
ciently low frequency. Under this approximation, we find the
finesse of a cubic cavity with walls of resistivity ρ is

F = 1

8
√

ε0ρ f /π
. (C8)
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