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Quantum communication channels benefit from nonbinary entanglement-assisted stabilizer codes using
preshared entangled states for achieving better error correction capability compared to those that do not use
preshared entanglement, making them indispensable for realizing large-scale quantum computing and communi-
cation systems over qudits. We provide a previously unreported design architecture of the syndrome computation
unit for qudit stabilizer codes based on classical additive codes using discrete Fourier transform gates, ADD
gates, and multiplication gates. The proposed syndrome computation circuit architectures are necessary toward
the implementable realization of such entanglement-assisted and -unassisted qudit stabilizer codes within the
quantum transceiver system. We further provide an equivalent design architecture of the syndrome computation
unit that decomposes into two syndrome computation units based on X errors and Z errors separately for
entanglement-assisted and -unassisted qudit CSS codes. The proposed quantum error correction architectures
are useful for building high-density coded quantum memories for archival quantum storage.

DOLI: 10.1103/PhysRevA.103.042420

I. INTRODUCTION

The ability to transfer and store quantum information re-
liably is of prime importance in quantum communication
and storage channels. The quantum states in the commu-
nication and storage channels decohere on interacting with
the environment, leading to the loss of quantum informa-
tion that we view as quantum errors. Using quantum error
mitigation or correction techniques that involve performing
additional measurements or adding redundant information,
quantum errors can be reduced or corrected, respectively. Re-
dundancy introduced in the quantum information by quantum
error correction codes (QECCs) protect the information from
errors; hence, they are vital for building reliable quantum
systems [1].

Gottesman [2] proposed the stabilizer framework to con-
struct quantum codes over qubits. The code design involves
constructing an Abelian subgroup of the Pauli group called the
stabilizer group [3,4]. The code is the set of all simultaneous
+1-eigenstates of the stabilizer group elements. Brun et al.
[5] constructed quantum codes over qubits from non-Abelian
subgroups of the Pauli group by extending their elements to a
higher-dimensional space through quantum operators to form
an Abelian group and constructing a stabilizer code from this
Abelian group. The qubits used for extension are assumed to
be maintained error free at the receiver end throughout. These
codes from non-Abelian groups require preshared entangled
states between the transmitter and the receiver; hence, they
are called entanglement-assisted (EA) codes. Using the EA
framework, EA codes with better error correction capability
compared to the stabilizer codes that do not use preshared
entanglement can be obtained [6].

Higher-dimensional qudits have an increased sensitivity to
eavesdropping and a decreased sensitivity to noise compared
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to qubits, improving the robustness and reliability of the quan-
tum system [7,8]. Qudits can be implemented by utilizing
different degrees of freedom of a single photon or using mul-
tiple energy levels of atoms or ions [9,10]. These qudits can
be manipulated using programmable filters and modulators or
using microwave pulses [9—-11].

Ashikhmin and Knill [12] generalized the stabilizer frame-
work for qubits to qudits of dimension p™ for construction
of entanglement-unassisted stabilizer codes, where p is prime
and k € Z*. Ketkar et al. [13] provided described the theory
of qudit stabilizer codes over finite fields. Luo et al. [14]
generalized the construction of EA stabilizer codes to qudits
of prime dimension. Galindo et al. [15] proposed the EA
stabilizer code construction similar to CSS codes over qudits
(g = p™) from classical linear codes but not classical additive
codes.

A coding-theoretic framework for the construction of EA
stabilizer codes over qudits of dimension g = p™ was pro-
posed in Ref. [16] that are analogous to classical additive
codes' over F,». The well-known frameworks of binary EA
stabilizer codes [5], entanglement-unassisted qudit stabilizer
codes [12], and EA qudit stabilizer codes based on classi-
cal linear codes [14,15] are special cases of this framework.
QECC:s can be constructed from well-known classical codes,
such as Reed-Solomon codes [17], tensor product codes [18],
etc., using the results in Ref. [16]. These codes can be
used for encoding higher-dimensional quantum states [11] for
applications within quantum communication systems for
transmitting or storing more information.

Error correction using an EA stabilizer code involves
first computing the syndrome, which is a function of the

!Classical additive codes are more generalized compared to classi-
cal linear codes. All classical linear codes are additive codes, but a
classical additive code need not be a linear code.
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erroneous codeword that characterizes the error and is in-
dependent of the codeword. From the syndrome, the error
is deduced and the inverse error operation is applied to
obtain the codeword when the error is correctable. The syn-
drome computation circuit architectures® for qubit stabilizer
codes and qudits stabilizer codes based on linear codes
have been provided in Ref. [19, Fig. 10.16] and Ref. [20],
respectively. However, the explicit form of the syndrome
computation circuit architectures for stabilizer codes over
qudits of dimension p™ based on classical additive codes
are previously unreported. The design of circuit architectures
is absolutely necessary toward the implementable realiza-
tion of these codes, motivating the work in this article. In
this paper, we provide syndrome computation circuit archi-
tectures for entanglement-assisted and -unassisted stabilizer
codes over qudits of dimension p™ based on classical ad-
ditive codes using discrete Fourier transforms (DFT) over
finite fields, ADD gates, and multiplication gates. The error
correction circuit architectures involve computing the syn-
drome using the syndrome computation unit, deducing the
error based on the syndrome, and applying the inverse oper-
ation to recover the information. The syndrome computation
circuits for entanglement-unassisted qubit and qudit stabilizer
codes based on classical linear codes provided in Ref. [19,
Fig. 10.16] and Ref. [20], respectively, are special cases of the
syndrome computation units provided in this paper obtained
by considering ¢ = 2 and g = p™ with the stabilizer codes
based on classical linear codes, respectively.

We also provide an equivalent syndrome computation
architecture, useful for correction of X and Z errors sepa-
rately for entanglement-assisted and entanglement-unassisted
CSS codes. The syndrome computation circuit architectures
for entanglement-unassisted qubit stabilizer codes provided
in Ref. [19, Fig. 10.17] is a special case of our circuit
architecture.

We note that the stabilizers of nonbinary stabilizer codes
are not Hermitian operators. Thus, the syndrome cannot be
extracted by measuring all observables in the stabilizers of
nonbinary stabilizer codes, unlike the qubit case [21]. Thus,
the proposed syndrome computation circuit is vital within
the framework of channel encoding for quantum communica-
tion and storage. Quantum memories with embedded QECCs
over qudits proposed in this work, implemented using the
qudit gates in Ref. [9], could be used for archival quantum
storage.

This paper is organized as follows: In Sec. II, we briefly
review the qudit states and operators representation and
entanglement-assisted and -unassisted qudit stabilizer codes
required toward the rest of the paper. In Sec. III, we discuss
the flow of information in coded quantum systems. In Sec. V,
we briefly discuss the error correction procedure for qudit
stabilizer codes. In Sec. V, we design the syndrome computa-
tion circuits for entanglement-unassisted and -assisted qudit
stabilizer codes. In Sec. VI, we provide an application of

2We use the term circuit architecture as we provide the circuit at
the gate level. A circuit would require the knowledge of the physical
component and techniques used to implement them.

the proposed error correction circuits for archival quantum
storage, followed by conclusions in Sec. VIIL

II. QUDIT STABILIZER CODES

Let us consider a qudit of prime power dimen-
sion, i.e., ¢ =p"™, where p is prime and meZ™", as
stabilizer codes use finite fields [22]. We represent a
qudit as a normalized superposition of the p™ basis
states {|,8)w}/361gp,”, ie., |¥) = ZﬂEFW aﬂ|ﬂ)pm , where ag €
C and ZﬂEFPm lag)> = 1. We also represent the qubit by

[ag]l € CP". Let the representation of B € Fp» using the
polynomial basis {l,a,...,a" '} be B =b,_ ™'+
-+ bia + by, where b,_y,..., b1, by €F,, then |/3)pm =
|bm—1)p, ® - @ |b1), ® |bo), [23]. Each component |b;), is
called a subqudit of the qudit |,3)pm, where i € {0, 1, ...,
m— 1}.

We define the field trace of an element B € [F,» as the
FF,-linear function Trm/,(8) = Y 7' 87 € F,. The quantum
operators on qudits of dimension p™ belong to the unitary
group U(p™) and can be represented using the following uni-

m m

tary basis of C7" *F":
Gy = (X BZT ()IB. v € B, M

where X(”'")(ﬂ)|9)pm =|p+0). VO € Fpm, Z(”")(y)|0)pm =
a)T‘P’"/P(V")|9)pm VO eFpr, and 0 = e7 . We represent the
basis operators X7")(B)ZP")(y) by its field isomorphism
[Blylp» over Fpn, where the subscript p™ denotes that its
elements belong to [ .

Similarly to the case of the basis states, we obtain [23]:

m—1
X (B) = QX P (bun-1-»), )
i=0
m—1
27 (y) = Q)ZP [ Trpp(ya ™)), 3)
i=0

where B,y €F,» and the F,-ary representation of f
is [bou—1)---bol; hence, XPV(BZY)(y) =[Blyly =
[Bon—1y - - bo| Tty /p(y @™ D) ... Trpn/(y)],. We note that
an operation can be performed on one subqudit physically by
performing an appropriate operation over the qudit in which
the subqudit physically resides.

In this paper, we use the following notations to denote
X@(.) or Z9(-) operating only on the g qudit or subqudit
among the n qudits or subqudits:

XEZ,),@(') = 136D @ XW() @ 1879, (4)
ZEZ,)n)(') — I?(g—l) RZDV()® I(?(”_g), (5)

where I, is the identity operator on a qudit (g = p™) or a
subqudit (¢ = p). Let PG, j) := |i),(jl, be the projector
with i, j € IF,. Then the operator with the projector P“(i, j)
operating on the g qudit or subqudit out of the n qudits or
subqudits is represented by

P(q)

(g,n)(i’ j) = I((IX)(g*l) ® P(q)(i, He I?("*g)_
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Two n qudit basis operators commute as follows [13]:

(®X(pm)(/3i )Z(P’") (Vi)) <®X(p”’)(9i)z(ﬂ")(w)>

i=1 i=l
— o (®X(P"’)(9i)z(17'")(vi)> <®X(pm)(,3i)z(ﬂ”)()’i)> ,
i=1 i=1

where s is the symplectic product of the basis operators.

s = Symp(01 y 02) = Tl'pm/p (Z }/,'9,‘ — Z ,31‘\),‘) . (6)

i=1 i=1

A. Entanglement-unassisted qudit stabilizer codes
Let G,» be the group generated by Q'](,'Z,) when p # 2 and

generated by ng,) and il;, when p =2 [24]. The stabilizer

code is obtained from an Abelian subgroup S of G& as the

set of all quantum states stabilized by operators in S. As each
nonidentity element in Q?ﬁ,f’ has p distinct eigenvalues, namely

(o }f:l, when § contains p” elements, the code dimension is
p(”””’g [12]. From an Abelian subgroup S of g;";,," that has p
minimal stabilizer generators and does not contain any zero
weight nonidentity element, a ((n, p"" =), d)),» stabilizer
code is obtained [13], where d is the minimum weight of the
elements in NV5\S. Ns\S form the set of undetected errors of
the code that transforms one codeword to another.

The minimal generators {S; = [al~|b,-]}f=1 of S are com-
pactly represented by the check matrix Hs = [Hx|Hz]m,
where a;, b; € F),., Hx = [a;]7_,, and Hz = [b;]7_,. When
the stabilizer code is obtained from an Abelian subgroup S
of gfi{‘, it does not require preshared entangled states be-
tween the encoder and the decoder; hence, it is called an
entanglement-unassisted stabilizer code.

B. Entanglement-assisted qudit stabilizer codes

Quantum codes are constructed from a non-Abelian sub-
group R of g;?"" by extending the elements of R with a few
subqudit operators that form an Abelian group S, from which
a stabilizer quantum code is obtained. The extensions of the
elements of R are designed such that the phase in the commu-
tativity relations between the operators added for extension
of elements of R cancel out the phase in the commutativity
relations between the elements of R. The stabilizer codes
obtained by considering the Abelian group S as the stabi-
lizer group requires preshared entangled states between the
transmitter and the receiver during encoding [25,26]; hence,
they are called entanglement-assisted stabilizer codes. The
subqudits used for extension of the elements of R correspond
to the receiver end subqudits of the preshared entangled states
and are assumed to be maintained error free throughout.

Let n, be the minimum number of preshared entangled
subqudit pairs required between the encoder and the decoder.
We note that we use n, to denote the number of entangled sub-
qudits states and n, to denote the number of entangled qudits
states. An ((n, K, d; n;))pn quantum code has a codelength n,
code dimension K, where K = p’ for some / € Z*, minimum
distance d, and requires at least r/, preshared entangled subqu-

dit pairs to construct the code. The subscript p™ in the notation
denotes that the code is over qudits of dimension p™.

Let R be generated by minimal generators R;, Rz, ..., R,
that form a noncommuting set. Let Sy, S5, ..., S, be the op-
erators obtained by extending Ry, R;, ..., R, by n, subqudit
operators such that they form an Abelian group. One such
extension procedure is provided in Ref. [16]. The group S gen-

erated by S, ..., S, is an Abelian subgroup of G® ® gf’”?

it
with p” elements. An ((n, p™" =) d;n.)) EA stabilizer
code is obtained based on a non-Abelian subgroup R of gg?,,”
that has p minimal generators over n qudits [16], where 7],
is based on the commutativity relations between elements of
R. The minimum distance d of the code is obtained from
the normalizer Nz of R as the receiver end subqudits are
considered to be error free.
The quantum code Q¢ based on R is given by

Qc ={ly) e CP" " ITER)IY) = [¥)Vie(l,..., p}}

where TE)(R;) = S; is obtained by extending R;.

Encoding procedures for EA qudit stabilizer codes based
on classical linear and additive codes have been provided in
Ref. [15] and Ref. [26], respectively. EA qudit stabilizer codes
can be encoded by operating Clifford operators such as ADD,,
DFT,, etc., on the message |¢), a few ancilla subqudits, and
n,, entangled subqudit pairs, where ADD, = ZX’ yeF, |x) (x| ®
|x + y) (| and

(mn-+nj)

1 .
DFT, = 7 > oiy i, (7)

i,leF,

Remark 1. In this paper, we assume that the n, receiver
end subqudits of the n/, preshared entangled subqudit pairs are
implemented as parts of qudits and stored in registers at the
receiver. We also assume that the receiver has the knowledge
about the location of the receiver end subqudits in the register
that correspond to a particular codeword as these subqudits are
required for computing the syndrome during error correction.

III. QUANTUM COMMUNICATION PROTOCOL

In coded quantum systems, the information to be transmit-
ted or stored is encoded by adding redundancy in the quantum
information through the use of entanglement-assisted or
entanglement-unassisted stabilizer codes. When the encoded
quantum information is sent through a quantum communi-
cation channel, it interacts with the environment leading to
quantum decoherence, which we view as an error. This error
is corrected using the error correction circuit at the receiver
end, followed by decoding to obtain the codeword.

In Fig. 1, we illustrate the flow of quantum information
through a coded quantum system. For entanglement-assisted
stabilizer codes, initially, the maximally entangled subqudit
pairs are generated and distributed between the transmitter
and the receiver, where they are stored in quantum registers.
We consider the stabilizer codes to have p minimal stabilizer
generators.

A. Entangled pair generation and encoding

We consider the maximally entangled state to be |n) =

Zf;olﬁﬁ)pm—i)p [26]. The state |n) is generated by
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FIG. 1. Information flow in coded quantum systems: The maximally entangled state |n) is generated by performing DFT;1 and ADD;1
operations on |00) ,, where |00), are two subqudits implemented with two different sets of qudits. One set of qudits is sent to the transmitter
and the other to the receiver, where they are stored in quantum registers. In the transmitter, using encoding operation &, the n/, subqudit
unencoded quantum information |¢) is encoded to the codeword |y) using n;, ancilla subqudits in state |0}, and the transmitter end subqudits
of n, maximally entangled states. The transmitter end qudits of |1/) are transmitted through a quantum communication or storage channel that
introduces an error 4. Error correction is performed over (U ® I;@l;)hﬁ‘) using 7 syndrome subqudits initially in state |0), by computing the
syndrome |s) using the syndrome computation circuit, followed by error deduction and recovery. The decoding operation £~! is performed on

the first n qudits of the codeword to obtain the estimated unencoded quantum information |@,).

performing the DFT;1 operation on the first subqudit of |00) ,,

followed by the ADD;1 (1,2) operation [26] as shown in
Fig. 1. The two subqudits in each maximally entangled pair
are implemented with two different sets of qudits. One set of
these qudits is sent to the transmitter, while the other set is sent
to the receiver, where they are stored in quantum registers.
These preshared entangled subqudits between the transmitter
and the receiver end are used to encode the quantum informa-
tion using EA stabilizer codes.

When the quantum information |¢) needs to be transmitted
or stored, an encoding operation £ is performed on |¢), with
n!, ancilla subqudits in state |0) p» and the transmitter end sub-
qudits of the 7, preshared entangled pairs to obtain the state
over the n transmitter end qudits, along with the n, receiver
end subqudits to be the codeword |y), where n,, = p — 2n,,.

B. Quantum channel and error model

The n transmitter end qudits of [ir) are transmitted or
stored, which we view as passing them through a quantum
transmission or storage channel. We consider the quantum
channel to be a quantum depolarizing channel that introduces
each nonidentity error with probability p,/(p*" — 1) and no
error occurs with probability (1 — p;), where p, is the de-
polarizing probability. We assume the receiver end subqudits
are at the receiver end throughout and are maintained error
free. We also assume noise-free operations in the maximally
entangled state generation circuit, in the transmitter, and the
receiver.

C. Error correction

Let U be the error introduced by the communication or
storage channel. The state of the codeword subqudits at the

receiver is (U ® I?"; )|¥), where I?”i’ depicts that the receiver
end subqudits are maintained error free.

To correct the error, n/, syndrome subqudits, initially in
state |0), are obtained from a quantum register, where n; =

p. The erroneous codeword (U ®I§";)|w) along with the
syndrome subqudits are passed through the error correction
circuit to obtain the estimated codeword |[i,) and the syn-
drome subqudits in state |s), where |s) corresponds to the
eigenvalue-based syndrome.

The error correction procedure comprises two steps,
namely (a) syndrome computation and (b) error deduction
and recovery. The syndrome computation procedure involves
computing the eigenvalue-based syndrome state |s) using the
stabilizers S;s of the code. Using the syndrome state |s) ob-
tained, the error is deduced and the inverse error operation is
performed to recover the codeword. The error deduction and
recovery circuit consists of control-based gates to apply the
inverse error operator by using the syndrome subqudits as the
control subqudits. This circuit is based on the code used. Fi-
nally, the decoding operation, i.e., the inverse of the encoding
operation, is performed on the first n qudits of |i/,) to obtain
the estimated quantum information |¢.). When the error I/ is
a correctable error of the EA stabilizer code, |y.) = |¢) and
pe) = 1)

In quantum memories, the #/, receiver end codeword sub-
qudits are stored back in the quantum register for the quantum
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memories to use for error correction in the next period. In
quantum communication systems, these n,, subqudits are dis-
carded.

For a coded quantum system that uses entanglement-
unassisted stabilizer codes, the flow of information is similar
to the flow illustrated in Fig. 1, except that there is no circuit
for the generation of the maximally entangled states and no
preshared entangled pairs are involved, i.e., n, = 0.

The encoding circuit architectures for entanglement-
unassisted and entanglement-assisted qudit stabilizer codes®
based on classical additive codes is provided in Ref. [26].
In this article, we provide the architectures of the syn-
drome computation circuit for the entanglement-assisted and
entanglement-unassisted stabilizer codes. The error deduction
and recovery circuit is based on a specific code; hence, we do
not provide it explicitly in this article.

IV. ERROR CORRECTION WITH QUDIT
STABILIZER CODES

In this section, we briefly discuss the error correction
procedure, which comprises the following two steps: (a)
the syndrome computation and (b) the error deduction and
recovery.

There has not been any prior work that provides the syn-
drome computation circuit schematic* for stabilizer codes
over qudits based on classical additive codes; hence, motivat-
ing this work as part of this article.

We represent the error by a unitary operator U. At
the receiver, the erroneous information is corrected using
the syndrome based error correction procedure. The syn-
drome is obtained based on the eigenvalues of the stabilizer
generators considering the erroneous state as the eigen-
state. For any basis error B from G2, wSY™PSiB) g an
eigenvalue of the erroneous state B|y), for i € {1,..., p},
as S;B|y) = oY BIBS; 1Y) = @SY™PSBB|yr). The syn-
drome comprises the values Symp(S;, B) for all S;’s. We note
that these values belong to IF,. The eigenvalues correspond
to the phase involved in the commutative relations of the
stabilizer generators with the basis operators.

As the normalizer N is a subgroup of G,», cosets of N

are formed in gf?(m”“‘f). Two elements G; and G, in the

same coset of the normalizer Ny are related as G, = G|N,
where N € Ny. As N € N, we note that S;N = NS; for any
stabilizer S;. The elements in the same coset correspond to the
same set of eigenvalues and the same syndrome as S;G»|}) =
S;G\N|y) = a)SymP(Si»GI)GISl.N|w> — wSymp(Sf,Gl)GlNSi
[) = @YMPELCDGIN ) = @SY™PSHGG, 4. Similarly, el-
ements from different cosets’ have different syndrome.

3The encoding circuit idea for entanglement-assisted qudit stabi-
lizer codes based on classical linear codes is provided in Ref. [15].

4The syndrome computation circuit is an important part of the error
correction circuit as the error correction of stabilizer codes is based
on the eigenvalue-based syndrome; hence, they are vital toward the
practical implementation of coded quantum communication and stor-
age systems.

Neglecting phase, G,» contains p” cosets of the normalizer N.

In stabilizer codes, the coset representative is chosen as
the least weight operator in the coset as it corresponds to the
most probable error in the coset. To correct the error based on
the syndrome, the error correction technique for all the errors
having the same syndrome should be the same. For stabilizer
codes, we note that the set of correctable errors are the errors
of weight less than or equal to r = |(d — 1)/2], where d is
the minimum distance of the code [2].

A. Error correction routine

For error correction, we introduce n, = p ancilla sub-
qudits termed as the syndrome subqudits. Let U =
Zg,he]F;m agh Q' X7 (g)Z"")(h;), where ag, € C, g=
[g:l”_; and h=[h]] |, be the unitary error. For the
entanglement-assisted stabilizer code, as receiver end sub-
qudits are maintained error free throughout, the error on
the (mn + n)) subqudits of the codeword is (U@I?"L ).
For the entanglement-unassisted stabilizer code, n, = 0. Thus,
the state of the erroneous codeword along with the ancilla
subqudits for the stabilizer code is as follows:

(U @TE™)[y)|0)5™

= Do am@X @)z ) |1 | 19)10)8".

g,he]F[’;,,, i=1

®)

Later in this section, in Lemma 1, we propose the syn-
drome computation operator S’. When S’ is performed on
the state (U4 ®I5")[y)|0)5™ in Eq. (8), the state [0)5"
transforms to the syndrome state |sgn), where sg, is the
n,-symbol syndrome over F, based on the basis error

QL X7 (g)ZP") (h;) ® 12"). The resultant state obtained
is as follows:

S'(US L") |Y)0)5"

= ijogww@mwwmm?%wmm )
ghelFp, i=1

On performing measurement on the syndrome subqudits in

SUR I;?":’)WHO)?"'/‘ in Eq. (9), the state of the syndrome
subqudits collapse based on the measurement outcome to a
state |sgn) for some g, h € F,,. As only errors in the same
coset have the same syndrome, only the terms corresponding
to the errors in the particular coset corresponding to the syn-
drome remain. For entanglement-assisted stabilizer codes, as
the error performs nonidentity operation on the first n qudits
of the codeword, we consider the cosets of Nz instead of
the cosets of Ns. We note that for entanglement-unassisted
stabilizer code, Nz = N.

Let O; = [qix|qi.] be the coset representative of the par-
ticular coset of N whose syndrome sq,q, is obtained as the
measurement outcome. Let )V be the projective measurement
operator over the syndrome subqudits. Then, by representing
the other elements in the coset as Q;N, where N € Nz, from
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Eq. (9), we obtain
VS (U © 137%) ) |0)2"

= ( Z ang, (Q1N®I§";)|¢>> |Squan)s  (10)
NeNRr

where ayg, = agn such that NQ; = [g|h].

The state VS'(U ® I5")[)[0)2" in Eq. (10) is the state
obtained after performing the syndrome computation opera-
tor, followed by the measurement on the syndrome subqudits.
We note that the total number of possible syndromes are p”
as the syndrome vector sgy, is obtained from the eigenvalues
with respect to the p stabilizer generators and the eigenvalues
belong to IF,.

We next consider a unitary operator W = Zj’f:l Q; ®
I?n‘“ ® [Sqnar,) (Sqnas, | that performs the inverse operation Qj'

on the state VS'(U (X)I?"‘”)|¢)|O)§Wv in Eq. (10) to correct
the error Q; based on the syndrome sg,q,. Applying W to

VS U @ 12")|y)0)S™ in Eq. (10), we obtain
WVS' (U @ 12" [4)[0) 2™
= Y ano(N @ I7")1¥)|sqa)- (1)

NeNgr

When N € N3, the operators having the form (N ® I?";)
belong to Ns. The only correctable errors in Ny are the oper-
ators in S; hence, the coefficients aygs are nonzero only when

(N® If?";) € S. Thus, from Eq. (11), we obtain
WVS' (U @ 127 |1)[0) 2"

= Z aNQ (N ® I;()@n;) IE/f) |sqlquz>

N:NIZ®)es

- ¥

N:NRIZ)es

aNQWf) ’sqnanz>~

Assuming Y ano to be a global phase factor, we

N:(NRIZ™)es
have corrected the error to obtain the codeword |).

We next design the syndrome computation operator S’ for
entanglement-unassisted and -assisted qudit stabilizer codes.
Let E :=(QIN® I%’";). The syndrome computation operator
S’ acts on the erroneous codeword and the syndrome sub-
qudits, and transforms E|1/f)|0)§’" to E|y)|sg), where |sg) is
the syndrome corresponding to E, a basis operator. Let S;E =
W ES;Yie{l,..., p}. Asthe syndrome is obtained from the
eigenvalues of the stabilizer generators S;s with respect to the
erroneous state £|v), the syndrome is [sg) = |l1>...[,). In
general, we refer to |sg) as |s).

B. Error deduction and recovery

The error deduction and recovery step involves deducing
the error based on the syndrome and applying the inverse
operation of the error to obtain the codeword. This step could
involve one of the following two procedures:

(a) Perform measurement on the syndrome subqudits,
classically deduce the error, and apply its inverse operation, or

(b) Perform control-based operations like controlled-X
and controlled-Z operations to perform the inverse operation
of the error based on the syndrome.

V. SYNDROME COMPUTATION CIRCUIT
ARCHITECTURES

In this section, we provide the explicit form of the syn-
drome computation circuit schematic for the entanglement-
unassisted and -assisted qudit stabilizer code based on
classical additive codes. We note that the syndrome compu-
tation circuit schematic provided in this Section works for all
qudit stabilizer codes based on classical additive codes over
finite fields.

A. Utility of the DFT in syndrome computation

We first provide the idea to obtain the syndrome compu-
tation operator. The syndrome is based on the eigenvalue of
the minimal stabilizer generators with respect to the erroneous
state E|yr).

Let S| be a minimal stabilizer generator whose eigenvalue
we need to obtain with respect to the eigenvector E|y). Let
S1E|Yr) = o'E|Y). We first introduce a syndrome subqudit in
state |0),,. We perform DFT), operation on the syndrome sub-
qudit to obtain |s;) = DFT,|0) = %ﬁp ZZE]F,, |1) - The state of
the erroneous state E|yr) along with the syndrome subqudits
is

E|y)|s1) = (I7™ ® DFT,)(E|)]0),,). (12)

We next choose the following operator S| =) jeF, S{ ®
[7) p( Jj| to compute the syndrome with respect to S;, where
S{ s act on the codeword subqudits and | ) (/| acts on the syn-
drome subqudit. We note that the eigenvalue of § { with respect
to the eigenstate E|y/) is @/ as S]E|y) = " E|y). Hence,
using &), we obtain a superposition of |j)s with coefficients
being the corresponding eigenvalue '/ of S{ with respect to

ElY),ie.,

1 iy
S/ (E =F ® — Y1) . 13
HENW)s) = ENY) ﬁjezm,w 1), (13)

When DFT), operates on the state |i),, where i € F), it
produces the superposition of the states as follows:

. 1 .
DFT,|i), = ﬁzclﬂmp,

jeF,

where ieF,  (14)

Substituting Eq. (14) in Eq. (13), we obtain
S|(E|Y)|s1) = E|¢) ® DFT, i), (15)

On performing DFT; operation on the syndrome subqudit of
S{(E|y)|sr)) in Eq. (15), we obtain

(I7™" © DFT})S| (EIY)lsi) = Ely) ® i), (16)

Thus, using the DFT ), S, and DFT}L7 operators, we have trans-
ferred the eigenvalue based information, i.e., the value of i in
S1E|Y) = o'E|V), to the syndrome subqudit |i) ,- From Equs.
(12), (15), and (16), the operators (If?’”” ® DFT,), S}, and
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= o -

_ ) ——P——|p+1c)

- <| ScAdd,(Km-_1) '7
. [ScAdd(x) = . .
— ScAdd, (ko)
! (b)

...........................................................................................

: . El¢)

______________________________________________ DFTT|» %)

..............................................

FIG. 2. The syndrome computation operator based on stabilizer S;: (a) The scaled addition operation ScAdd (/) over subqudits is obtained
using the multiplication gates M; and M;-1 and the ADD,, gate, where [ € IF,.. (b) Using the scaled addition operators over subqudits, a scaled

m—1

addition operator ScAdd(k ) over a qudit is obtained, where Kk=>" im0 K jozf For ScAdd(k) the control subqudit is a single subqudit and the
target is either k subqudits or a qudit. (c) Using DFT operations over qudits and subqudits, and the scaled addition operators over qudits with the
syndrome subqudit as the control and the codeword qudits as the target, the syndrome computation is performed. Post syndrome computation,

the syndrome qudits are in state |i), where i = Symp(S;, E).

(If?m" ®DFT;) used to transform E|Y)10), to ElY) ® [i),
are invertible; hence there is a bijection between the eigen-
value ' corresponding to E|y) and the state |i) » obtained in
EW) @ i),

Using standard basis measurements on the qudit that com-
prises the syndrome subqudit, the value of i is obtained. We
note that the measurement is not performed on the codeword
subqudits.

1. Implementation of the operator S}

The operator S| can be implemented using one and two
qudit operators,® similar to the operator shown in Ref. [20].
In Ref. [20], the operators are over qudits, while in this paper,
the operators are over subqudits.

Let S; = @7, XP")(B)Z"")(y;), then, we obtain

Si=| 3 QX7 GB) ® 1), | (DFTE ®1,)

jeF, i=1

< [ Y- QX Gv) ® 1), 4l | (DFT},)®" @ 1,),

jeF, i=1
(17)
where
Z@X“’ B ® 1), = HZXE{’,&(;@-)@U»AJL
jeF, i=1 i=1 jeF,
(18)
Z ElI’n;( JBi) ®1j),(jl are scaled addition operations

With the syndrome subqudits as the control and codeword
qudits as the target. Obtaining the scaled addition operations
using multiplication operations and addition operations and

%A one or two subqudit operator can be represented as a one or two
qudit operator by tensoring with identity operators appropriately and
using Egs. (2) and (3).

obtaining the syndrome computation operation using multipli-
cation, addition, and DFT operations are shown in Fig. 2. The
detailed derivations are provided in the Supplemental Material
[27].

We note that the operator S based on the scaled addition
operators extracts the information of the eigenvalue of S; with
respect to E|¢) and transfers it to the syndrome subqudits.
The DFT, operation and its inverse transform the information
in the power of w, i.e., i in @' into the measurement basis state
|i), where i € {0, ..., p— 1}.

B. Syndrome computation operator for
entanglement-unassisted qudit stabilizer code

In this subsection, we provide the syndrome computation
circuit schematic for the entanglement-unassisted stabilizer
code.

We next provide the syndrome computation operator in
Lemma 1. We use the operation DFT,, in Lemma 1 to first
obtain the superposition of all the basis states as shown in
Eq. (14). Then, we apply the stabilizer generators to obtain
the eigenvalues, followed by applying the DFT" operator and
performing the standard basis measurement.

We will use the following two relations of a function f(i, )
in Lemma 1 to obtain the syndrome computation operator:

p p
QR rfin= > (®f(i,ri>), (19)

i=1 reF, ris..rp€F, \i=1

p

[[D> rin= > (Hf(z n) (20)
i=1 relF, iy rp€F, \i=

We define an operator Sp as follows:

Sp= Y SI'SE..SE@ljip. ot dpl-

21

We use the subscript D as it corresponds to the syndrome
computation operator in the DFT basis.
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Lemma 1. The syndrome computation operator S’ corre-

sponding to the stabilizer generators Sy, ..., S, is
§' = (15" ® (DFT))®*)Sp (15" ® DFTS”).

Proof. Let us consider the basis error operator E such
that S,E = w"ES;Vi e {1, ..., p}. For codeword |/}, let the
erroneous codeword be E|y). We note that the syndrome
obtained based on the eigenvalues olisis [y ... [,]. We
show that &’ is the syndrome computation operator by prov-
ing that S/(E|1p>|0>§/’) =E\Y)hly...1,), where [lil,...1,)
is the syndrome state. We first simplify the operator S’ as
follows:

§' = (15! ® (DFT})®")

& ¥ ® i)l

> osisi

where j = [ji ... j,]

]
Sy ® <®DFT;|J;-><J‘,-|DFT,,).

i=1

(132 © DFTE),

= > Ssispo
(22)
We simplify DFT;|j)(j|DFT, = DFT}|;)(DFT} )’ in

Eq. (22) by using DFT} | j) = (JLﬁ Py w™*/|s)) similarly to
DFT,|j) in Eq. (14) to obtain

DFT}|j){jIDFT, =

Z = Y)/|S

SIE]F
Let us consider r = s — ¢. Thus, s = ¢t + r and
DFT}|j)(jIDFT,

= —Za)”/ZU—G—r

re]F,, teF,

== Z o "X P (r). (From definition of X (r)) (23)
relf,

Substituting Eq. (23) in Eq. (22), we obtain

S =

Z S{‘Séz .. ,S{;/’ ® ® Z w rJ‘X(p)(r)

Jioeerp€F, = re]F,,

When S’ operates on E|) |O)f?p , we obtain

S'(E1¥)10);7)

— i Z S.]fl Sé'z

Sjthﬁ

® X o,

i=1 reF,

(24)

B¢y —— = E|y)
, (19— DFr]
syndrome |0), Sp [ly...1,)
subqudits ’
|0y, —[(DET; [ DPT} |-

FIG. 3. Syndrome computation circuit schematic for qudit sta-
bilizer codes: The DFT, operations are first performed on the p
syndrome subqudits, followed by Sp on the codeword subqudits
along with the syndrome subqudits. Finally, the DFT; operation is
performed on the p syndrome subqudits to obtain the syndrome
|l; ...1,) over the syndrome subqudits.

Forie{l,...,p}, as S;E = 0"ES;, S/E = w/"ES}, and
Sily) = ), we obtain
S{‘Sf ...S,g”Ehﬂ) :a)ZQ:ljxlgE|w>. (25)

The sum of
Z]G]F 6!) _p8 ,0-

roots of unity is O, i.e.,
Substltutlng ®l erEF w i),

.....

in Eq. (24),
S'(E19)(0)%”)

= Z X By @ Z <®a) "”|r>

i=1

(@m )J] ) ]ﬁlw.hui—r,.)’

TR Jjp€l, i=1

1 P P '
=EW)® 5 3, <®|r,->,,>]"[ > Wi,

i=1 i=1 jF,

[From Eq. (20)]

1 P
=) ® = > <®|r, )]—[psl,.,r,.,
Flyeens r,el, = i=1
=EY)QIhL...1L,) =EWY)hL...1). (26)
|

From Lemma 1, we obtained the syndrome computa-
tion operator that involves transformations S7'...S;’ on the
received state based on the control subqudits being the syn-
drome subqudits in state |j; ... j,).

Based on the syndrome computation operator &’ from
Lemma 1, we provide the syndrome computation circuit
schematic in Fig. 3.

The syndrome computation circuit for qubit stabilizer
codes and qudit stabilizer codes based on I ,.-linear codes
provided in Ref. [19] and Ref. [20] are special cases of
the syndrome computation circuit provided in Lemma 1
by considering p™ =2 and by considering the stabilizers
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based on classical linear codes,” respectively. We note that
Sp = f’:l S!, where S's are based on S;s, similarly to Sj
in Sec. V A [27].

1. Equivalent circuit schematic for syndrome computation

We next propose an equivalent circuit schematic that per-
forms the transformations on the syndrome subqudits with the
received state being the control subqudits.

P

5= H[«DFT;?"'”)* o 17) (H»«f;‘,a, .

Let P : Fyn — [Fp» be a transformation such that

m—1
PB) = ZTrpm/p('Ba(mflfg))a(mflfg)_ 27)
g=0
We note that the transformation P is based on the expansion of
ZP")(.) over ZP)(-) in Eq. (3). The transformation P is unique
[16].
Let the stabilizer generators be Sy =
R XP"(B)Z P (yy:); then the syndrome computation
operator S’ can also be written as follows:

) (DFTZ™ ® 1) (H%w(l : y))}, (28)

y=1 i=1 =1
where, for some B = by + biat + -+ + bu_1)@™ " € Fpn with by, .. ., bgu_1) € F),
X =Y POC.O®XE (ium-nybum-ry+ -+ jobo).
JoseeesJm—1 EF)
m—1
Koy = > PO XD T p(Ba™ ) -+ joTrpmp(Ba)l,  where ¢ = jie
Josees jin—1)€Fp 1=0

We prove Eq. (28) through a series of lemmas, i.e., Lem-
mas 4-7 in Appendix A, with the final result in Lemma 7.
In Fig. 4, we illustrate that X’ (i, y) and (ﬂ)(l y) can be
implemented using scaled add1t10n gates® provided in Fig. 2,
that are further implemented using ADD,, gates and multi-
plication gates. The detailed derivations are provided in the
supplemental material [27].

We note that the form of S’ in Eq. (28) contains only
the DFT, and DFT! operations over the codeword qudits
along with the codeword qudits being the control qudits in
the X (i, y) and X (y)(l y) operations. However, in &’ in
Lemma 1, the codeword qudits are considered to be the target
qudits for the operation Sp.

When the probability of an error occurring on the control
qudits of the quantum gate is less compared to that on the
target qudit, the form of the syndrome computation operator
in Eq. (28) is preferred over the form in Lemma 1 for building
the circuit, especially for CSS codes as shown in Fig. 5. We
note that our equivalent circuit is analogous to the equivalent
circuit provided in Ref. [19, Figure 10.17] for stabilizer codes
over qubits.

Let  X(B,,y) =[] X;,(.y) and  Xp(p,,y) =
[Ti=i Xp(,,) (1. ¥). The operators X(B,,y) and Xp(y,,y)

are control-XP) operators with control qudits as the codeword
qudits and target subqudits as the syndrome subqudits.

"We note that the syndrome computation circuit provided in
Lemma 1 can be obtained using the syndrome computation circuit
in Ref. [20] for stabilizer codes of dimension p and the relations in
Egs. (2) and (3).

8The interested reader must note that these scaled addition gates
consider the codeword subqudits are the control subqudits and the
syndrome subqudits are the target subqudits, unlike the operators in
Lemma 1 [27].

(

Using the operators X'(B,, y) and Xp(y,,y), we provide the
equivalent syndrome computation circuit schematic in Fig. 4,
based on the following expression obtained from Eq. (28):

p KN
S = H[((DFT;?"'")' RIZ)X(B,. y)
y=1

x (DFTS™ @ 197) Xp (py. ).

_ m subqudits of ; :
th qudit of : : .
X505, y) = n codeword qudits I
th
y"" syndrome
| ) subqudit —{ScAdd, (b1} —{ScAdd, (bo)}—
X(B,59) = X5(Ly) | X5(2,y) o oo | X5(2,9)
— — ) —| — — — —
7 = (DFT}) ™
Sy == X‘P(’Yyay) X(:@ysy)
— () —]
Cod: d
su%::’d‘::s EW’> ] s | s — - s —El’l,b>
1 2 cee P
Syndrome @py
subqudits |0> (d) e — — —|l1 Iy ... l,,>

FIG. 4. Equivalent syndrome computation circuit schematic for
qudit stabilizer codes. (a) The operator X » is computed using scaled
addition operations from Fig. 2 based on b s, where g = Y"1, "biat.
(b) The operator X'(B,, y) is obtained from a series of Xé operations.
Xp(yy, y) can be obtained similarly. (c) The operator S, is obtained
from X (B,,y), Xp(yy,y) and DFT, operations. (d) The syndrome
computation circuit involves a series of S, operations, where y €
{1,..., p}, on the erroneous state E|ir) along with the syndrome
subqudits in state |0), each to obtain E|v) and the syndrome state
il ... 1),
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We note that the blocks corresponding to ((DFTff’”")T ®
I;‘f’p)X(ﬂy,y)(DFT?”m ® I;Z’p) and Xp(p,,y) should not be
exchanged. This is because X*”")(-) and Z"")(.) operators
need not commute with each other and will not give the
desired syndrome.

For the CSS codes, the check matrix Hg is of the following
form [17]:

B,
B,

0 } (29)

where B; and B, are (mp; x n) and (mp, X n) matrices, p;
and p, are integers, and mp; + mp; = p.

From Eq. (29), for the CSS code, for y € {1, ..., mp},
vw=0forallle{l,...,n} and fory e {mp; +1,..., p},
Byi =0 forall i € {1,...,n}; hence, from Eq. (28), the syn-
drome computation operator S’ is

J

i=1

Syndrome computation

based on X*") error

ElY) — —FE
|¢> XP(Vyo¥) | eee |XP(Vps P) [4)
05" e T |g)

Syndrome computation based on Z®") error

0% | ITE T g PRSS el oty " H— E|1)
19) - |s)

X(Brap,ympy)

FIG. 5. Equivalent syndrome computation circuit schematic for
CSS codes over qudits: The syndrome computation circuit involves
two parts: (a) Syndrome computation operator for the X?") errors
using a series of Xp(y,, y) operations, where y € {mp1 + 1, ..., p};
and (b) Syndrome computation operator for the Z*") errors us-
ing DFT,, operations, a series of X'(f8,,y) operations, where y €
{1,...,mp;}, and DFT; operations. After syndrome computation,
the syndrome subqudits are in syndrome state |s), while the codeword
subqudits remain in state E|y).

=1

P n n
5= H[«DFT;?"'"V o1 (H»q;.,.ou y>) (DFTS™ @ 197) (H%(y‘»a, y>)}

y=1

y=1 i=1

mp; n

=1

mpy n P n
=(H[«DFT;?W)*@1;%(H»f,;‘.,,a,w)(DFT;?"m®I§p>}) I (Hmﬂ)uw) ,

y=kp1+1

. [ n
-y e ([l Jorsm o 11 ([n0) | a0

y=li=1

y=mp;+1 \I=1

where the last step is obtained from Eq. (A14) in Appendix A as DFT,,DFT; = I,. From Eq. (30), we obtain

mpy

5= [«DFT?W 012 (Hwy, »

y=1

P
)(DFT?"’”@I?”)}( I1 Xp(yy,y)). 31)
Y

=mp;+1

We note that the blocks corresponding to (DFT%’”"’)T R IE)([T,2} X(By, y))(DFTE"™ @ 187) and [T, 1 XP(py, ) can

y=1

be exchanged as the stabilizer generators either consist X”")(-) operators or Z")(-) operators.
From Eq. (31), the syndrome computation circuit schematic can be viewed to have two parts,” namely, one based

on X‘;yi(i,y) with DFT,, and its inverse, and the other based on A,

(W)(l,y), as shown in Fig. 5. The component

[((DFT;?”’")'I' ® Iffp YT X (B, y))(DFTf’”’" ® I;‘?" )] of 8’ in Eq. (31) corresponds to the syndrome computation operator with

y=1

respect to the Z”") error as it corresponds to the X7") stabilizer from Lemma 4 in Appendix A.
Similarly, from Lemma 5 in Appendix A, the component (]_[fzm o1 XP ¥y, ¥)) of S’ in Eq. (31) corresponds to the syndrome

computation operators with respect to the X" error.

Let the CSS code be constructed from two classical codes Ci[n, ki, d1] and Cy[n, k2, d,] over F,» with parity check matrices

H, and H, that satisfy the dual-containing criteria Cf- C C;. The check matrix of the CSS code is Hg = [ 0

a=[la...

0
H, ®

H ®a

a] , where

a™~1]. Using the stabilizers in the check matrix Hg and based on the symplectic product in Eq. (6), the syndrome

can be obtained using the operator in Eq. (31). Alternatively, we note that the number of stabilizer generators is a multiple of m
for CSS codes. Thus, for error E = [ex|ez], the syndromes [sx) = |H2e,T() and |sz) = |H1e%) based on the X and Z errors can
be obtained over p; and p, qudits, where p; = n — k; for i = {1, 2}. Let H; = [B,;] and H, = [y,;]. The syndrome computation

9We note that such a decomposition of the syndrome computation circuit into two parts can be obtained for any qudit stabilizer code whose
check matrix has the form in Eq. (29).
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operator used to obtain |sx) = |H,ex) and |sz) = |H;el) is

P1 a
S = [((DFT;‘,%)T ®I§’m")<1_[8(ﬂy,y)> (DFTS: ®I§’m”)}( I1 B(yy,y)>, (32)
y=1 y=p1+1

where DFT,n = —= 37, g, @77 ®[0) (k| 0 = p1 + p2, and

"

B(By.y) =] ]B},(i.y), where Bj (i.y)= Y PL)G. )X (iB). (33)
i=1 JjeFm

The proof of Eq. (32) has been provided in Appendix B. We note that B/ﬂw(i, y) is a scaled addition operator over qudits as
provided in Fig. 2, where the codeword qudits are the control qudits and the syndrome qudits are the target qudits [27]. The
circuit schematic for the syndrome computation operator is similar to Fig. 5 by replacing X' (8;, j) and X (y;, j) by B(B,, y) and
B(yy, y). In the Supplemental Material [27], we have provided an example of syndrome computation operator for qudit CSS
codes that can be decomposed into two parts, one based on X*") error and the other based on Z*") error.

Remark 2. As the syndrome computation operator S’ is a unitary operator and does not involve measurement to obtain the
syndrome, we can obtain the syndrome entangled to the basis operator without measurement. Using controlled basis operations
with the syndrome subqudits as control and the received state as target, we can correct each basis operator to obtain the
codeword [r).

C. Syndrome computation operator for entanglement-assisted qudit stabilizer code

Consider an EA stabilizer code defined by check operators Ry, ..., R,. Let these check operators be extended to stabilizer gen-
erators Sy, ..., S,. Let n, be the number of subqudits used for the extension of check operators. The error correction procedure
for the EA stabilizer code constructed from these stabilizer generators is similar to the procedure for the entanglement-unassisted
stabilizer codes.

The syndrome computation operator is performed on the received subqudits and the entangled subqudits present at the receiver
end. Although the receiver end entangled subqudits are assumed to be error free, we need to consider them because the encoded
state |y) is stabilized by the stabilizers S;s, and not by the check operators R;s. We provide the syndrome computation operator
S’ and its equivalent form for the entanglement-assisted stabilizer code.

In Lemma 2, we provide the syndrome computation operator for the EA stabilizer code. As the EA stabilizer code is also
a stabilizer code, the syndrome computation operator is similar to the operator S’ in Lemma 1. The only difference between
the syndrome computation operators in Lemmas 1 and 2 is that the syndrome computation operator in Lemma 1 operates on
(mn + p) subqudits, while the operator in Lemma 2 operates on (mn + n/, + p) subqudits.

Lemma 2. The syndrome computation operator S’ corresponding to the stabilizer generators S, ..., S, is

S’ = (18" @ (DFT}))®?)Sp (IZ" ") @ DFT®").

Proof. Let us consider the basis error operator E € g,?("'"*”é ). As the receiver-end entangled subqudits are considered error
free, E=E' @ If"; ,where E' € Ql?i””. From Egs. (2) and (3), we note that fo,’,,” = g§"M.

Let S;E = o"ES;Vie {l,...,p}. For codeword |), let the erroneous codeword be E|v/). We show that S’ is the syndrome
computation operator by proving that S’(E|y) |0)f3p ) =E|y)|ily...1,) as the syndrome obtained from the eigenvalues of S;s
with respect to E|v) is [[1l> ... 1,].

We first simplify the operator S’ as follows:

S/:(1;?<”m+"2>®(DFT;)®P)< > SIS SE @i o) i jp|>(1;‘?<"m+"é>®DFT;?P),

Jlseees ]pE]Fp

P
Z SiSP..Sr® <®DFT;| il j,-|DFT,,). (34)

Jrseerio€F, i=1

We note that S;s are defined over (nm + n)) subqudits and E|y) is a (nm + n,)-subqudit state. We also note that Eq. (34) is
same as Eq. (22) but defined for a different dimensional quantum system. From Egs. (22) and (26), we obtain S'(E|vr) |0)f§/’ )=
Ely)hly ... 1p). |

Similarly to the syndrome computation operator for the entanglement-unassisted stabilizer codes in Eq. (28), in Lemma 3, we
obtain an equivalent form for the syndrome computation operator of the entanglement-assisted stabilizer code.
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Lemma 3. Let (S}

y=1
®7f11+ " XP)(by;)ZP)(gy,). The syndrome computation operator S’ has the following equivalent form:

be the stabilizer generators of the entanglement-assisted qudit stabilizer code, where S, =

/
P nm+n,

s = [](wFrseo) @) | T] 2,69 | oFrsemo o190 T] 2,00 ).
=1

y=1 i=1

nm+n,

where

Xy (s,0) =Y PG D OXL ().
j

Proof. Based on the relation of the quantum basis states and quantum operators of quantum systems with g = p™ with those
of quantum systems with g = p provided in Egs. (2) and (3), we mathematically represent the codeword and the stabilizers S,,s as
the quantum states and operators in quantum system with ¢ = p. We note that this is only a mathematical representation. Physi-
cally, they still corresponds to quantum systems with ¢ = p”. In Eq. (28), substituting k = 1 and S, = @/, e X P (by)ZP) (gyi)
and length of the codeword as (nm + n,,) (here m need not be 1), we obtain

P , nm-n, nm+n,
S :1_[ ((DFT;?(nm-rnL))T ® I;?p) 1_[ Xéﬂ(i, y) (DFTf(nm-rn}) ® I;sw) 1_[ X7/>(gv,-)(l’ y) ) (35)
y=I i=1 I=1

From the definition of P in Eq. (27), when g,; € F,, P(g,i) = Y1 Tt p(gyic” '~ )a”~1=5. As we consider m = 1 while
using Eq. (28), we obtain P(gy;) = Z;";Ol Tty p(gyi™ 1 75)a™ 175 = Tr ) (8y1) = &yi as gyi € ). Substituting P(gy;) = gyi

in Eq. (39),

P nm-n,

nm+n,

S =[]| (OFTZ ) @12 | [ 4,63 | DFTE™ 0 o180) | [] 0,9 | |- -
=1

y=I1 i=1

The syndrome computation circuit schematics of the
entanglement-assisted stabilizer codes are similar to the cir-
cuit schematics provided in Figs. 3 and 4, except that the
erroneous state E|vy) is over (mn + n,) subqudits. The error
correction procedure involves syndrome computation using S’
followed by correction of the error E based on the syndrome.
The correction of the error is achieved using control-based
operations, where the syndrome subqudits are the control
subqudits and E~! is performed on the codeword subqudits.

VI. APPLICATIONS TOWARD QUDIT CODED
ARCHIVAL QUANTUM STORAGE

Using the proposed encoding and syndrome computa-
tion circuit schematic, coded quantum memories for archival
quantum storage can be built. A three-dimensional quantum
memory can be viewed as an array of atoms trapped in lattices,
where the atoms correspond to the qudits. The quantum infor-
mation is initially encoded into a codeword |i) and stored
in the quantum memory. The receiver end subqudits of a
codeword are stored as the message information in another
codeword; hence, they are maintained error free. In archival
quantum storage as quantum data are rarely accessed, we pro-
pose using a quantum sensing circuit to periodically monitor
the qudits within the quantum memory and perform error
correction on them.

Prior to quantum error correction, let the state of the code-
word qudits be in an erroneous state E|y), where E is the
error that has occurred on the codeword qudits. The codeword
qudits in state E|y) along with n) subqudits in state |0)
are passed through the syndrome computation operation to

(

obtain the codeword qudits unchanged in state E|y) and the
syndrome subqudits in the syndrome state |s). When the code
used is an entanglement-assisted stabilizer code, the syndrome
computation circuit also requires the n/, receiver end subqudits
stored as a message in another codeword.

The error deduction and recovery circuit deduces the error
and recovers the codeword by either of the following two
methods: (a) Perform measurement on the syndrome subqu-
dits in state |s), classically deduce the error, and then perform
the inverse quantum error operation on the state E|yr) to
obtain the codeword or (b) using control-based operations
with the syndrome subqudits as the control and the codeword
qudits in state E|y¥) as the target, correct the error based
on the syndrome, and obtain the codeword in state |i). The
codeword qudits in state |) are stored back into the quantum
memory. This coded quantum memory could be used within
the context of archival quantum storage.

VII. CONCLUSION

Practical quantum coded systems require syndrome com-
putation circuits toward error deduction and recovery. The
proposed syndrome computation architectures are essential
for realizing entanglement-unassisted and entanglement-
assisted qudit coded systems using a few preshared entangled
states within the quantum transceiver system. We provided
an equivalent syndrome computation circuit for realizing a
two-level error correction circuit. We illustrated the imple-
mentation of proposed syndrome computation architectures
using one and two qudit gates. Finally, we provided an
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application where coded quantum states could be used within
the context of archival quantum storage.
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APPENDIX A: PROOF OF EQUIVALENT SYNDROME
COMPUTATION OPERATOR

To prove Eq. (28), we first note that the stabilizers belong to
S whose generators are of the form X((f' n))(,B) and Z((i n))(,B),

where B € Fp» and s € {1, ..., n}. Thus, we first prove the

Eq. (28) for these generators X((f ”,;))(ﬂ) and fo ’:;))(,8) in Lemma
4 and Lemma 5, respectively. Using Lemmas 4 and 5, we
prove Eq. (28) for stabilizer generators S;s of arbitrary form

in Lemma 7.

1. Equivalent syndrome computation operator for stabilizer of form X" (2]

(s,n)

We first prove Eq. (28) for the stabilizer generator of the form ng ’;;))(,B) in Lemma 4.

Lemma4. Let B =by+bia+---+ bu_a™Y,

where

bo, by, ..., b(m—l) € IFP and B e ]Fpm. Then, (I?mn ®

(DFT})®)X5(s, 1)(IS! ® DFT®) = (DFT®™)' @ 197)X; (s, 1)(DFTS"™ ® 157), where

Xy(s.) =Y XU)(iB@PY),

jeF,

and ¢ = Y il

(s )

> PUE ) ® XYL (un-nybun—1y + -+ + jobo)

Proof. We note that the operator (I3 ® (DFT[T,)‘X’/’ )Xp(s, 1)(I5" ® DFTS?) is equal to the operator S’ in Lemma 1 when
the ™ stabilizer generator S; is considered to be Xgir:l))(ﬂ) and all other stabilizer generators S;s are considered to be the

identity operator. Thus, to show that Eq. (28) is satisfied when one stabilizer generator is of the form X7 )(ﬁ ) with all other

(s,n)

stabilizer generators being identity operators, we need to prove that (Iff’,? ® (DFT;)®”)X5 s, )18 ® DFTI‘?'O) = ((DFT;‘?”’")T ®

120) X} (s, )(DFTE™ @ 127).

P

To obtain the result, we first simplify ((DFT%’"'”)T ® I£7)X; (s, 1)(DFTE"™ @ 197) as follows:

((DFTE™)' © 127) X35, 0 (DFTE™ ©127)

'\
- (FT™) 9127)

where ¢ = Z;”;Ol jia!. We note that the operator y_ i

Y PLICH®X

...... Jon-1€F,

& Gmnyban—n + -+ + jobo) | (DFTE"™ @ 127), (AD)

PY(E. )@ XD (juntyben—t) + -+ jobo) in Eq. (Al)

performs only identity operator on the n codeword qudits, except for the sth qudit. Thus, the (DFT?’" )" operator in ((DFT?'”" Y ®
Iff’p) on each of the first n qudits except the sth qudit cancels the DFTE’”‘ operator in (DFT;’?’”” ® Iff’p). Thus, from Eq. (A1), we

obtain
((DFT™) " ® 177) (5, ) (DFTS™ @ 17)

((DFT®")'P¥") (¢, £ DFT®™)

I
™

(s.n)

m—1

l Zw_j(m—l—i)rX(P)(r)

JoseeosJon-1y€Fp | =0 relf, (s,n)

m—1
= # Z Z ®w*j(m—|—i)rix([7)(ri)

j() ..... j(,nfl)E]F,, FOseees r(m,])E]Fp i=0 (A‘Jl)

- XX

105 eeesFm=1YEF p jo s oes Jim—1) EF i=0

® X Gamybin—1) + - + Jobo),
® XL Gon-tybn—1) + -+~ + jobo).  [from Eq. (23)]
® Xéﬁ?o)(j(m—l)b(m—l) + -+ jobo), [from Eq. (19)]

m—1 m—1
m—1 .
O <®X(”)(r,-)> ® []‘[ng;)(ﬂmlg)b(mlg)ﬂ, € XP X=X (y+0))
(s,m)

g=0
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m—1
1 - re
— Z (®X(”)(r,-)> ® Z |:1_[w Jan—1-g) gX(t p)(](m 1- g)b(m 1 g)):|
(s,n) Jo

P ‘ oA
1oyt m—n€F, Ni=0 [ (sn)  Joses Jm-1€F, Lg=0

m—1 m—1
> <®X(”>(r,~)> ®[] Zw‘”ﬂX(”p)(Jb(m I—g) |, [from Eq. (20)]. (A2)
(s,m)

F0yeens Fm— ])G]F,, i=0 =0 jG]F,,

We change the variable in the summation from j to [ = jbu—i—g). Due to the closure property of [, the summation over all j
in I, changes to the summation over all / in IF,,. From Eq. (A2), we obtain

((DFT®"™)" ©197) X} (s, 1) (DFTS"™" @ 197)

m—1
- ¥ (@) eTI[ixat o)
(s,m)

1051y EFp \ i=0 g=0 ZEF,,

m—1 m—1
— Z (®X<P>(r,-)> ® ]_[ DFTT|b(m —y )(b(_mlflfg)rg|DFTp)(t7p), (A3)
70seesFm—1 EF, \ i=0 (s,n) =0

where the last step follows from Eq. (23).

We simplify [, ~, DFT? |b(m 1—g'e re) (b7

m—1-g"s/DFT) in Eq. (A3) as follows:

HDFT |b(m 1-9T¢ )< (m—1 g)rg|DFTp—DFTT|b(m 1)’"0>< (m— 1)r0|DFT1,DFT |b(m 2)r1>

(b,L,r1 |DFT, ... DFT} |by ' r—1))(by ' rn—1) |DFT . = DET}|b,_r0)(bg ' rn—1)|DFT 8 kbt 00 by
=7 = b(m—2>b(_m—1)r0’
= 12 = bu-3by_sy"1 = bu-3bn_y)r0-
Ingeneral, 1y = bou—i-ib_yroVi € {0, ..., (m—1)}. (A4)

Substituting Eqgs. (A4) and r; = bg,—1— ,)b(m 1o in Eq. (A3), we obtain

((DFT5™)" @ 15°) A (s. 1) (DFTE™ @ 157)

m—1
Z <®X<m(n)) ® (DFT |b(m l)r())(b Fon—1)|DFT, )(,,p)(sb(m ot 06 2 oy
(s,n)

70505 Tn—1)EF \ i=0

m—1
Z[@X(m( jb(m“))} ® (DFT}|j)(jIDFT,) (r.py Where j = Bp_170-
(s.)

jelF, L i=0
= Y X (jB) ® (DFT}|j)(IDFT,)q ). [from Egs. (2) and (3)]
jeF,

= 3 X" (jB) ® (DFT})®)PY) (j, ) )DFT”, (- DFT|DFT, =1,)

Jj€F,

(020! P (:
= (15" ® (DFT})®") § X GB &P (. j) | (15" ® DFTS?),
jeF,

= (15" ® (DFT})®") Xs(s, 1)(I5" ® DFTS”). -

2. Equivalent syndrome computation operator for stabilizer of form 7" 1:2]

(s,n)
We next prove Eq. (28) for the stabilizer generator of the form Zg ':l))(,B) in Lemma 5, where 8 € [F»

We note that the transformation P(B) = Z;’:Ol Tr /(B ™~ 178))™=1=8) is based on the expansion of Z"")(-) over Z)(-)

in Eq. (3) and is used in the syndrome computation operator as Lemma 5 is based on the stabilizer of form Z((f n))(,B).
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Lemma 5. Let B =bo+ba+---+bu_na™ D, where by, by, ...,bp-1)€F, and BeFu. Then, (I5'®
(DFT})®%) 2, (s, YIS ® DFTS?) = X, (s, 1), where

Zy(s.t)= > _ZT B @ PP (j. )).
jeF,

Xpgs0= D PLIEC O @XE, Gon1)Trmp(Ba™ D) 4+ joTrynp(Ba),
Josews jon-1)€Fp

where ¢ = Y7 ol

Proof. We note that the operator (I®" ® (DFTT Y®P) Z4(s, t)(I o DFT®’J ) is equal to the operator S’ in Lemma 1 when the
stabilizer generator S; is considered to be Zg n))(,B ) and all other stablhzer generators S;s are considered to be the identity
operator. Thus, to show that Eq. (28) is satisfied when one stabilizer generator is of the form fo n))(ﬁ ) with all other stabilizer
generators being identity operators, we need to prove that (IS ® (DFT;)&" )Zp(s, )5 ® DFTS?) = X7, 5 (8, 1).

To obtain the result, we first prove that Z” (b) = DFT,,X(”) (b)DFT;. From the definition of DFT,, in Eq. (7),

tth

DFT,X " (b)DFT}, = PIZALIGE I DR Z o™ ,
frse]F telF, u velF,
S Z (r(t+b)— tv)|r vl Z wrhlr U|Zw(t(r v))
rt velF, rvE]F teF,
= — Z ") Y| péry = Za)’h|r (rl = ZP(b). (A5)
rve]F,, relF,

Thus, for 8 = by + bjov + - - - + b(m_l)()l(m_l) and j € Fp,

m—1

Z7(jp) = QY (Try p(jo™™'79)),  [from Eq. (3)]
g=0

= Q)ZP (jTrpnp(Ba™ 7)), (.- Trpnp is F-linear)
g=0

m—1

- ®DFT,,X<P>( JTepp(Ba ' "¥)DFT],  [from Eq. (A5)]

g=0
m—1
= DFT®" |:®X(p)( JTE /p(ﬂa“"—l—g)))} (DFT})®". (A6)
g=0

Considering the stabilizer generator as i’n;(,B) the syndrome computation operator (I®" ® (DFT YEP)Zg(s, 1) (I?,? ® DFT?” )
based on &’ in Lemma 1 is simplified as

(IS ® (DFT})®*) Z4(s, 1)(15" ® DFT%”)

") (p) T
= (15" ® OFT)®") [ Y~ Z7) (B @ P, (. j) | (5 ® DFTS?),
jeF,

jeF, g=0

m—1
= (1% ® (DFT)®) | > (DFT;‘?’” |:®X(P)( JTep /,,(ﬂa(’"lg)))] (DFT},)@’m) ®PY) (j. j) | (15! ® DFT?),
(s,n)

[from Eq. A6)]

m—1
= (I3 ® (DFT}))®) (DFTy™ @ 1) [ 3 ®X<P>(jTrpm/p<ﬁa("“"‘g>)>] ® P, J)
jeF, ~g=0 (s.m)
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x ((DFT))®™ @ 19°)(I5! ® DFT”), (. DFT,DFT} =1,)

m—1
= (131 ® (DFT))") (DFT;"™ @ 137) | - X(1}) [Z foWP““(m_l_g)’“(m_l_g)} @) (J. )
jE]Fp g=0

x ((DFT))®™ @ 13°) (15" @ DFT%”), (from Eq. (2)]

= (DFT™ @ 12°) (15! ® (DFT))®") | Y X (iP(B) @ PP, (j. /) | (15 ® DFTS?)((DFT))®" @ I27), (A7)
jeF,

where P : Fyw — Fn is a transformation of field element 8 € Fyi to P(B) = Y o Tryn/p (B~ 178)q =178,
Using Lemma 4, we replace (I ® (DFT))®")(¥;p, X(,) (/P(B) ® P, (j, /)) (15! ® DFT$”) with ((DFTE"™)' @
12°)X; (s, 1)(DFTS"™ @ 12°) in Eq. (A7) to obtain

(12" ® (DFT})®") Z4(s, ) (1% ® DFT®?) = (DFT"™  19°) ((DFT"™)" @ 137) X}, 5 (5. 1)
(DFT®" @ 19°) (DFT))® ® 19°), = X, 4 (s, 1). (.- DFT,DFT} =1,,). u

3. Equivalent syndrome computation operator for stabilizer of form S, = ®_, XP(BHZP") ()

As every stabilizer generator is a basis operator, it is of the form §) = ®7=1 X(I’m)(ﬁi)Z(Pm)(y,-). Using Lemmas 4 and 5, we
next prove Eq. (28) for the stabilizer generator of the form S, in Lemma 6, where §;, y; € F,». We note that, we consider the
other (p — 1) stabilizer generators to be identity operators.

m m

Lemma 6. Let Sy = @', XV (BHZP (y;) for Bi, ..oy Bus Vis-wvsVn € Fpu. Let S, = I e (DFT;)‘X”J) (Zje]F,, Sv’ ®

P((ﬁ )p)( J.j ))(I?i,fl ® DFTE”’ ), then the following relations hold true:

@ S, = (U5 ® (DFT))®") [T, Xy (i, y)A5" @ DFTS)) (A5 @ (DFT)®) [T, Z,, (L, y)(I5! ® DFTE?)).
(b) S, = (DFTE™)" @ 17)([T1, X4 (i y)) (DFTS"™ @ 19 )([T1_; Xp,, (L ). |
Proof. Let Sy = @/, X" (B)Z""(y;). We note that the operator S, = (I ® (DFT))®") (¥, S/ ®PL (j. /)

(I?,’f ® DFT%”] ) is equal to the operator S’ in Lemma 1 when the yth stabilizer generator is S, and all other stabilizer generators

S;s are considered to be the identity operator. Thus, to show that Eq. (28) is satisfied when one stabilizer generator is of
the form S, = @', X7 (B,)Z"")(y;) with all other stabilizer generators being identity operators, we need to prove that
8y = (DFT;"™)" @ I )([Ti_; 5 (1 y)OFTR™ @ I )([T)Z; Xpyy (1 3))-

To prove the result, we first simplify S, as follows:

— (1®" T\® j » s ® ®
8= (177 ® OFT)™) | 3-8/ @ P, . ) | (I ® DFTY),
JjeF,

= (IZ' ® (DFT})®) [ > <®X<"””<ﬁi>z<”“><yi>> ® P, (U, j)} (IZ! ® DFT2”),

jeF, \i=1

= (1% ® (DFT})®") < Y T Ix o] [z v @ PE (. j)) (I ® DFT#”), (A8)
=1

jeF, i=1

m m

where the last step is obtained from properties X7 ()X (&) = X¥P")(¢ + £) and Z¥"(£)ZP (&) = ZP (¢ + ).

We next show that the sum of products ( Zje]Fp I, Xéii’mn;(jﬂi) IT-, ZEi’:l))(j)/l) ® Pff)/,)(j, j)) in Eq. (A8) can be written as
product of sums.

We first show that [ }_, ZjE]F,, ngzg(jﬂ,-) ® PEiL)(j, j) = Zje]F,, [T, X((f:;;(jﬂi) ® P(()p,,)p)(j, Jj) as follows:

[1X_xUGsr@rl, o= [[XLnGiB) P, (. j).  Ifrom Eq. (20)] (A9)
i=1 jE]F,, Jseens, j,,e]Fl,iil
n n
= Y (HXEZ’;;(J',-/S») ® (]‘[P@)(j,», j,»)) ,
j].,....jy,EIFp i=1 i=1 ,p)
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Jn—1
> (HXE?,,;(]L&‘)) ® <|j1>1_[(jz|jl+l)(jn|> ;
i=1 ».p)

Jtseesin€F) =1
=Y [IxE G @ PL, G ), (A10)
jeF, i=1
where j = j; = --- = j,. Similarly to Eq. (A10),
[1> zi imery, G.n=3" Hzﬁfni(fyz) ®PL (j. ). (Al1)
=1 jeF, jeF, =1

Multiplying Eqgs. (A10) and (A11), we obtain

T3 X70Gi8) @ PP (s ji) (]‘[ Y2 G @ PP (i, m)

i=1j.€F, I=1j.eF,

Z l_[X((an; UxBi) ® P(pp)(]m Jx) ( Z Hzgf}:[;(]zyl) ® P(pp)(]Zv Jz ))

Jx€Fpi=1 Jj€Fpl=1

3 TIXES GO T2 G ® (i) Gl i) Gy -
=1

jeodi€F,i=1
=Y [IXCnGB[ |25 Gr) @ P, G . (Al12)
jeF, i=1 I=1

where j = j, = j,. Substituting Eq. (A12) in Eq. (A8), we obtain

= (13" ® (DFT})®") H Y XD GBY®PL (. j) H oz Gy ® P (. j) | (15 ® DFTE?).  (A13)

i=1 jeF, [=1 jeF,
Let us consider K = (I ® DFTS”), then K™ = (I5)' ® (DFT;)W). We know that KK = 15" @ 197 as DFT,,DFT; = I,.. For
operator 7;s that have the same dlmenswn as K, wherei € {1, ..., [}, we obtain
I
K'Ty..TK =K'T\KK'BK ... K'TiK = ]_[KTT,-K. (Al4)

i=1

Based on Eq. (A14), from Eq. (A13), we obtain

S, = ((1®,,’? (DFT)®") ]_[ > X B @ PG | (15 ®DFT§'°)>

i=1 jeF,

x [(I;?;" ® (DFT})®") ]_[ Z Z7 )Gy, P G i) | (18 ® DFT;?P)}, (from Lemmas 4 and 5)
I=1 jeF,

[(I}’?m" ® (DFT)®") [ [4s G, 0 (150 © DFT%’")} [(If?,:’ ® (OFT)*")[[ 2,0 (% ® DFT;?”):|,

i=1 =1

[]‘[(If}’f ® (DFT)®*) A, (i, ) (157 ® DFT;?"):| []’[(I;?m" ® (DFT)®?) Z,, (1L, ) (15" ® DFTI‘?”):|, (A15)

i=1 =1

where the last step follows from Eq. (A14).
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From Lemmas 4 and 5, we obtain

s [Tl 133000 || TT0rT 129 8 000 |

i=1 =1

= ((DFT®™) @ 1%7) (HXA. (i, y)) (DFTE™ @ 127) (l_[é’({;(y,)(l, y)) : (A16)

i=1 =1

where the last step is obtained from Eq. (A14). ]

4. Equivalent syndrome computation operator for stabilizer generators S;s

m m

Let {S, = ® X >(ﬂy, VZ\P >(yyl)} y=1 be the set of p stabilizer generators of the stabilizer code over qudits. Using Lemma
6, we next prove Eq (28) in Lemma 7 by considering the p stabilizer generators Sy, ..., S,.

Lemma 7. Let Sy = @, X" (B,))Z"")(yy:), where y € {1, ..., p}. The syndrome computation operator S’ has the follow-
ing equivalent form:

i=1 =1

P P
]_[ - ]‘[[ DFT®"”’ ®1%7) (HXﬂ 3, y)) (DFT®"™ @ 127) (HXP(W)(Z y)ﬂ

Proof. From Lemma 6, we compute the product of all S, operators, where y € {1, ..., p}, as follows:

p P
[1s =TT ® OFT)®) | 3° 8 @ P, (o ) | (15 © DFT}?),
=1 y=1 JeF,

[ »

= (1€ @ OFTH®) | TT| D si @ P2 (. ) | | (15" ® DFT?)[from Eq. (A14)]
_y:l jeF,

p .
= (&' @ OFT)®)| > [ ®@PL Gy, jv) | (15" ® DFTE*)[from Eq. (20)]

.o
L1 Jp€F, y=1
= (1@ OFTH®)| > S ...SY@lji.. ool | (1% ® DFT®) = S, Al
Jisendp€Fp

LetS, = Q" X(l’m)(ﬂyi)Z(I’”)(yy,-). Using Lemma 6 and Eq. (A17), we obtain

HS = ]‘[[ DFT®"'") ® 197) (]_[X (i, y)) (DFT®"™" @ 127) (]’_1[2(7,(%,)(1 y))] [}

y=1 i=1 =1

Through Lemma 7, we proved Eq. (28) and the proposed syndrome computation operator performs only few DFT, and
DFT;1 operations on the codeword subqudits and performs rest of the operations on the syndrome subqudits considering the
codeword subqudits as the control subqudits.

APPENDIX B: PROOF OF EQUIVALENT SYNDROME COMPUTATION OPERATOR FOR CSS CODES

Let Ci[n, ki, d1] and Cy[n, k, d>] be two classical codes over IF,,» with parity check matrices H; and H, that satisfy the
dual-containing criteria C IL C G,. Let p; = n — k;, for i = {1, 2}. The check matrix of the CSS code obtained from C; and C; is
given by [17]

— Hl -
CYH]
. 0
Olmi'lHl
H = i, (B1)
o |
| Olm_lH2 |
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Rearranging the rows of the check matrix, we obtain

H ®a
Hsz[ 10

0

wherea =[la ... o™ 1.
Let the Hy = [B;;] and H, = [y;;], then, from (B2), fory € {1, ..., p} and p = m(p; + p»), the stabilizer generator S, is

g {®?1 X7 @t By i) 1<y <mp
AR 2@y mer <y <o
where g(y) = ymodm, [;(y) = (l(y — 1)/m] + 1), L(y) = [(y — 1 —mp;)/m] + 1. Using the stabilizers S,s and the trace-
based symplectic product in Eq. (6), the syndrome computation operator can be obtained from Eq. (31), the syndrome can

be obtained.
Let o = p; + py. Alternatively, we use a series of controlled qudit operations of form B(B,, y) = [T, Zjdgpm i n)( 5L

(B3)

Xg’ p))( JByi) and DFT ,» gates to compute the syndrome as provided in Eq. (32).
We show that we can obtain the syndrome state with respect to one row of the matrix H; using the block of form B(B,, y)
along with DFT » gates. The proof for obtaining the o qudit syndrome based on all stabilizers can be obtained similarly using

the concepts in Appendix A. The syndrome based on the row [8,1 ... B,,] of H is computed as follows:

(OFT5)" @ 157)[ 8}, G ) (DF T @ 157)
i=1

((DFT®)' @ 127) B(B,, y)(DFTE! @ 127)
= [T((DFT%)  ® 197)B,, (i, y)(DFTS! ©157)

P
i=1

= 1"[ > ((DFT) PP (5, ODFT ) @ X (2 i),

i=1¢elFm
_ 1—[ Z Z W~ T e x (" )(r) ® X() U)(CIBW)
i=1 {E]F N rG]F[,m

(@i,n)
[from Eq. (23)]

— 1_[ Z XE[P’n))( )® Z —Trp”’/,r({r)Xx:)({ﬂﬂ ) (B4)

reIF,,m CeFm

We change the variable in the summation from B,; to § = ¢ 8,;. Due to the closure property of IF», the summation over all ¢ in
IF,» changes to the summation over all £ in F». From Eq. (B4), we obtain

. 1 B -
(1) @ 157)5(8,. ) (0P 917) = [ | X X200 @ o X |
i=1relF m EelFym

= ]_[ Y XL () ® (DFTL B r)(By; ' r[DFT,n) ,  [from Eq. (23)]
i=1relF m

=] D_ X, (Byix) ® (DFT}, |k} (i [DFT,n) oy Wheree =B

i=1kelF ym

n

=[]0 ® (OFTL) )| D XU @ PLY) (k. k) | (15 @ DFTS?),
i=1 k€l ym

= [ [(8" ® (DFT},.)®°) By, (i, y) (15 ® DFTSY), (BS)

i=1
which is similar to the syndrome computation operator in Lemma 1. The proof that the operator ]_[;’Zl(lfm" ®

(DFT;”, )®G )Bg . (i, y)(I@lf’ ® DFT?,‘,T ) is the syndrome computation operator for qudit stabilizer code based on IF ,»-linear code has
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also been provided in Ref. [20]. Thus, from Eq. (BS), ((DFT;?@,,,")T ® If" )B(B,, y)(DFTf?m" ® I?") is the syndrome computation
operator to compute the syndrome state based on one row of H;. Similarly, the syndrome computation operator based on all the

rows of H, and H, can be obtained using S’ in Eq. (32).
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