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Since its key rate can overcome the PLOB bound, sending-or-not-sending twin-field quantum key distribution
(SNS-TF QKD) schemes attract more and more attention in the past three years. However, the inflection

of statistical fluctuations on key rate was not considered quite comprehensively, which blocks the practical
application of SNS-TF QKD. We take into account all the statistical fluctuations on probabilities, propose the
finite-key analysis for SNS-TF QKD without any assumption on the type of attacks, and obtain the lower bound
of key rates by applying an optimizing model. Then the finite-key rates are simulated under the reasonable values

of some observed parameters, which shows that the key rates overcome the PLOB bound when the transmission
distance is far from 350 km, if the number of pulses is fixed as N = 10'*. Compared with other SNS-TF QKD
schemes, we provide concise and tight finite-key bounds since the statistical fluctuations of all parameters are

considered against general attacks.
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I. INTRODUCTION

Quantum key distribution (QKD) is the most practical pro-
tocol in quantum cryptography and is extensively applied for
two-party secure communication. After Bennett and Brassard
[1] proposed the first QKD protocol in 1984, unconditional
security in theory attracted more and more attention [2-6].
However, there are many loopholes due to imperfect devices
[7,8] in practice, and lots of attacks [9,10] on sources and
detectors are found. On the highly lossy channel and non-
single-photon source, photon-number-splitting (PNS) attacks
[9,11] have been launched. Later, on some commercial QKD
systems, quantum hackers exploited time-shift attacks [10],
the phase remapping attack [12], the blinding attack [13], and
wavelength-dependent attacks [14].

To resist the attacks and avoid information leakage, many
researchers explored different solutions. Device-independent
QKD (DI QKD) [15] moves out all the backdoors, and does
not set any assumptions on settings. Its security [15-17] is
based on entanglement between two communication parties,
and the key rate depends on the violation of the Clauser-
Horne-Shimony-Holt inequality. Unfortunately, the secure
key rate of DI QKD is with the order of 107'° bps, and the
transmitted distance is around 5 km [18]. Thus, more effective
QKD protocols should be discussed.

The decoy-state method [19,20] is mostly proposed to re-
sist the PNS attack [9,11], and widely applied in experiments.
The securities of decoy state QKD protocols are analyzed
[21], especially with the finite-length pulses [22-24] under
collective attack. At the same time, to eliminate all the loop-
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holes on detectors, measurement-device-independent QKD
(MDI QKD) [25] has been proposed, which removes all the
assumptions on detectors. Based on the decoy-state method,
MDI QKD [25,26] can resist PNS attack on non-single-photon
sources and all attacks on detectors. Its secure transmission
distance can reach 404 km in experiment [27], the key rate of
which is with the linear order of channel transmittance 1. The
key rate is higher than that achievable with DI-QKD, but it is
still bounded from above by the bound [28], i.e., the repeater-
less bound on the private capacity of a quantum channel.
Recently Lucamarini et al. [29] designed a twin-field QKD
(TF QKD), and claim that the key rate overcomes the PLOB
bound and reaches O(,/7). Later, Wang et al. [30] pointed out
that there is one loophole in the information postprocessing
stage, and modified it to what is known as sending-or-not-
sending TF QKD (SNS-TF QKD) [31]. Some other secure TF
QKDs [32-34] are proposed and demonstrated in experiments
[35,36]. For all TF QKD protocols, the influence of finite data
size on the key rates has to be studied due to the statistical
fluctuations. Up to now, the influence of statistical fluctuation
on the key rates has not been taken into full consideration
[33], where the deviations in source and the probabilities
of k-photon pulses are neglected. Thus, the full statistical
fluctuation analysis on SNS-TF QKD is necessary and crucial
in the practical applications of SNS-TF QKD. We present a
SNS-TF QKD against general attacks with the consideration
of statistical fluctuations on all the possible parameters, and
study the finite data size analysis based on universally com-
posable security definition. And then an optimization model
is applied to solve the lower bound of key rates, where the
lower bound is the objective function and related parameters
are subject to the constraints about observed click rates of
detectors. With the same setting of experimental parameters in

©2021 American Physical Society


https://orcid.org/0000-0003-4088-8641
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.103.042408&domain=pdf&date_stamp=2021-04-07
https://doi.org/10.1103/PhysRevA.103.042408

TINGTING SONG, PEIYA LI, AND JIAN WENG

PHYSICAL REVIEW A 103, 042408 (2021)

Ref. [33], the numerical simulation shows key rates overcome
the PLOB bound when the transmission distance is far from
350 km, if the number of pulses is fixed as N = 1014,

The paper is organized as follows. In Sec. II, we briefly
introduce the SNS-TF QKD. The composable security def-
inition and the corresponding security analysis are given in
Sec. III. The simulation is shown in Sec. IV, and in Sec. V the
conclusion is summarized.

II. SNS-TF QKD SCHEME
The procedure of the SNS-TF QKD scheme is as follows.

A. Preparation stage

Alice (Bob) randomly chooses the X window and Z win-
dow with probabilities p, and p, = 1 — p,, respectively. In
an X window, Alice (Bob) randomly sends out a phase-
randomized coherent state from three intensities ug = 0, uy,
and u, with probabilities p,g, px1, and pyo = 1 — pyo — P,
respectively. In a Z window, Alice (Bob) randomly decides to
send a phase-randomized coherent state | /uz¢") (| /uze'))
with probabilities p,; and records a bit 1 (0), or to send
nothing (a vacuum state |0)) with probability p,o = 1 — p;
and records a bit 0 (1). The X windows are decoy windows,
and the Z windows are signal windows.

B. Measurement stage

All the pulses are transmitted through the quantum chan-
nel, and sent to Charlie. Charlie is assumed to perform
interferometric measurement on the received pulses and an-
nounces the measurement result to Alice and Bob. If one and
only one detector clicks in the measurement process, Charlie
also announces whether the left detector or right detector
clicks.

C. Sifting stage

According to the clicks, the effective events of Z windows
and X windows are defined. It is an effective event of Z
windows if one and only one detector clicks. It is an effective
event of X windows if one and only one detector clicks, when
one party sends the vacuum state, or when Alice and Bob send
the coherent states with the same intensity u; (i = 0, 1, 2) and
their phases satisfy the following criterion, that is

1 — | cos(Bs — O — Yan)| < Al (1

where 64 and 0p are the phases of coherent states prepared
by Alice and Bob, respectively, and 45 can take an arbitrary
value that can be different from time to time as Alice and
Bob like, so as to obtain a satisfactory key rate for protocol.
The states of the effective events of X windows can be re-
garded as a probabilistic mixture of different photon-number
states, with the two-mode single-photon ingredient |y ) (1],
and |y;) = %E(ei(93+V3)|01) + €/0at710)), where 4 and y;
are the global phases of Alice and Bob, respectively, which
are chosen as arbitrary values and published by the strong
reference pulses. We only need the value y4 — y, and denote
the difference as ¥4 here. The value of A in Eq. (1) depends
on the size of the phase slice A that Alice and Bob choose,

and in terms of A the condition in Eq. (1) is equivalent to

A A
|9A—93—¢AB|§3 V |04 —O0p — Yup — 7| < 2)

2
Note that in X windows, when one party sends the vacuum
state, the event is also an effective event of X windows. The
total number of pulses is N, and the number of instances
where Alice and Bob send pulses of intensities u; and u;,
respectively, in X windows is N;;. Considering Charlie’s an-
nouncements, the set of effective events is Xy; with number
ng; or X;; with number n;;. The set of effective events in Z
windows is denoted as Z.

D. Parameter estimation stage

For the events in Z, Alice records bit O if she sends a
vacuum state and bit 1 if she sends a weak coherent state.
At the same time, Bob records different bits. He records bit
1 if he sends a vacuum state and bit O if he sends a weak
coherent state. Then Alice and Bob choose a random subset
of size n of Z and store the respective bits, as Z; and Z/. The
rest of the bits form set Z;. Next, they compute the average
error e, = 3. Z; ® Z! where the sum takes over the random
subset of size n. If e,,, > Q, the protocol aborts. The threshold
value Q is discussed by Alice and Bob before the protocol
starts.

E. Error correction and verification stage

Alice and Bob operate an information reconciliation
scheme to correct the rest of Bob’s bits Zg in Z, and Bob
obtains an estimate Zg of Zg from Zg. To achieve the goal,
Alice would send Bob at most leakgc bits to correct Zg. Later,
Alice and Bob would operate error verification on Zg and Zs.
By a random universal hash function, Alice computes a hash
of Zg of length [log(1/&¢0r)], and sends the hash function and
hash values to Bob. Bob computes the hash of Zg by using the
same hash function. Note that if Zg and Zs are not the same,
the probability that the two hash values are equal is less than
&cor- If the two hash values are equal, the protocol continues,
otherwise the protocol aborts.

F. Privacy amplification stage

For the sequences Zg and Zs of length n,, Alice and Bob
estimate the number of bits of ny; caused by the single-photon
state |01) or [10) that Alice decides not to send and Bob
decides to send or Alice decides to send and Bob decides not
to send. The phase error rate e{) of the single-photon state
is estimated, according to the events in X; and Xy, as the
decoy state. According to the calculation results, they apply a
privacy amplification scheme based on two-universal hashing
to exact two shorter strings K4 and Kp of length [ from Zg and
Zg, respectively. K4 and Kjp are the secure key strings held by
Alice and Bob.

III. SECURITY ANALYSIS OF THE SNS-TF QKD SCHEME

In this section, we will discuss the finite-key security of
the SNS-TF QKD scheme. Since the number of pulses sent by
each party is finite in practice, the statistical fluctuations due
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to the finite pulses must not be neglected. Due to statistical
fluctuations, the key rate parameters are described by fre-
quencies, instead of probabilities. And the deviation between
actual proportion and probability distribution can be deduced
by the laws of large number in information theory.

For a phase randomized weak coherent source with inten-
sity u,,, the number of photons in a pulse is a discrete random
variable, denoted as x, the probability distribution of which is
Prix =k} = pru, = e u])‘,/k! (k€ Z)and Y ;2 pru, = 1.
A sequence xp, xp, ... s XN, is drawn to be independent iden-
tically distributed according to the distribution Pr{x = k} =
Pklu, - Since the number of pulses sent from a source is finite,
the actual proportion of k-photon pulses can be assumed to be
p;(‘uy , instead of Pklu, - According to the laws of large number
shown in Theorem 11.2.1 and Lemma 11.6.1 of Ref. [37], the
statistical fluctuation is given in the following lemma [26],
tighter than that deduced by Sano er al. [38].

Lemma 1. The actual frequency P?quy has the upper
bound pyj,, = min{py,, +&(N,,n,), 1} and lower bound
Piju, = max{pg, —&§(N,, ny), 0} except with the probabil-

ity epg, where Pklu, is the expected value of p}duy, N,
is the number of samples, n, is the number of val-
ues of random variable x in samples, and &(N,,n,) =
Vn(1/epg) + ny, * In(N,, + D]/(2N,)).

This lemma shows the absolute fluctuation and has no
assumption on the underlying distribution. That is suitable
for estimating the fluctuation of parameters in this paper. In
the following sections, we will give the finite-key analysis of
SNS-TF QKD by applying the notations of the upper bound
and the lower bound of the estimated parameter A’ as A and A,
respectively.

A. Composable security

In this section, we will give the composable security
definition and show the SNS-TF QKD scheme satisfies the
composable security.

A QKD protocol outputs a key K4 on Alice’s side and an
estimate of that key Kz on Bob’s side. This key is usually an
[-bit string, where [ depends on the noise level of the channel,
as well as the security and correctness requirements on the
protocol. The protocol may also abort, in which case we set
K4 = Kp = L. The secrecy criterion is based on the univer-
sally composable security definition. A secure QKD protocol
has to, roughly speaking, satisfy two criteria called “correct-
ness” and “secrecy.” A QKD protocol is called “correct,” if
for any strategy of the adversary, Ky = Kp. It is called gq-
correct, if Pr[Ky # Kg] < ecor- To define the secrecy of a key,
we consider the quantum state pgsg that describes the correla-
tion between Alice’s classical key K, and the eavesdropper E
(for any given attack strategy). A key is called e,-secret [39]
from E if it is €A close to a uniformly distributed key that is
uncorrelated with the eavesdropper, that is, if

1llpse — ok ® pelli < ea, (3)

where wg denotes the fully mixed state on K4 and pg is
the marginal state on Eve’s system [40]. A QKD protocol is
called “secret,” if, for any attack strategy, eo = O whenever
the protocol outputs a key. It is called eq.-secret, if it outputs

a ea-secure key with (1 — pabort)€a < Esec, Where papor 1S the
probability that the protocol aborts.

A QKD protocol is called “secure” if it is correct and
secret. It is called g-secure, if it is g.o-correct and gq..-secret
with &.or + €sec < €. Following the definition, our protocol is
proven that it is both e.;-correct and gg..-secret.

Theorem 1. The protocol is g -correct.

Proof. In the error verification stage, by randomly choos-
ing a hash function F, suppose its length is [log(1/&cor)]-
Then the probability that K, is different from Kp is

Pr[K, # Kg] = Pr[Ky # Kp, F(Zs) = F (Zs)]

< Pr(Zs # Zs, F(Zs) = F(Zs)]

Pr[F (Zs) = F(Zs)|Zs # Zs]
2_|—10g(1/5cor)-| g SCOI" (4)

/

NN

Note that one defines K4 = Kz = L if the protocol aborts.
Thus, if F(Zs) # F(Zs), Ks = Kz = L. [ ]
Theorem 2. The protocol is ggec-secret.
Proof. Let E’ be Eve’s information on Zg after error verifi-
cation. Based on the lemmas in Ref. [40], a e5-secret key Ky
of length / can be extracted from Zg, where

ea = max LV2ITHLGIE) 4 0!, ®)
2

The conditional smooth min-entropy Hrim(ZS|E’ ) quantifies
the amount of uncertainty that the eavesdropper Eve, holding
system E’, has on Zg. Suppose paport iS the probability that
the protocol aborts. According to the composable security
definition, if the protocol outputs a ex-secret key of length
[ satisfying Eq. (5), the protocol is egc-secret with (1 —
Dabort)€A < Esec. Note that the secrecy definition has been
updated in Ref. [40]. This implies that the quantum leftover
hash lemma, as stated in Refs. [41,42], should be corrected to
Eq. (9). |

Based on Theorems 1 and 2, since € = &¢or + Egec, WE know
the protocol is e-secure, if &’-smooth min-entropy H¢: (Zs|E")
satisfies Eq. (5). The first term of the sum in Eq. (5) is the
failure probability of privacy amplification, denoted as epa.
Hence, the length of the final key satisfies

[ > HE, (Zs|E') 4 2log(2epa), (6)

for epy + 26’ < ea.

B. Evaluating H®

minZs|E")

From Eq. (6), the length of the final key depends on
Hjl'in (Zs|E"). To bound Hr‘;;n (Zs|E"), we will use the structure
of system E’ and chain-rule inequalities for smooth entropies.

First, let E be Eve’s information on Alice’s system before
error correction and error verification, and let C be informa-
tion leaked during error correction and error verification, thus
Eve’s information after error correction and error verification
is E’ = EC. Actually the information published during error
correction is denoted as leakgc bits and that leaked during

error verification is [log (1/&¢r)] bits. Using the chain-rule
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inequality, we obtain

in(Zs|E') = Hiyy (Zs|E) — |C|

m1n m1n

1
HE. (Zs|E) — leakgc — ’Vlog —‘
SCOI‘

2
(ZS|E ) — leakgc — log

8C01'

)

/ mm

Second, Zg is the system Alice holds after the parameter
estimation stage, which can de decomposed into Zy, Z;, and
Zmuri corresponding to the bits generated by vacuum, single-
photon, and multiphoton events. Note that Eve knows the
decomposition, so the system E includes the decomposition.
Based on the generalized chain rule [42], we get

in(Zs|E)

mm
(Zl |ZOZmuluE) + HS (ZOZmultl |E) 2 10

mln
2
2log g ®)

/ mm

I

mm (Zl |ZOZmult1E)
where ¢’ =28 + ¢&" + &. Mostly, suppose ¢” = 0. In the sec-
ond inequality, we use H[flm (ZoZnus|E) = 0, since Eve knows
all information from multiphoton events by the photon-
number splitting attack, and vacuum contributions contain no
information about the chosen bit values and generate no key.

To bound H;.m(zl |ZoZmusE), we introduce two bases,
the X basis and Z basis. Denote the X basis as
{(J01) + €7[10))/2, (|01) — €[10))/2}, and the Z basis as
{|01), |10)}. The raw keys are denoted as Zg and Zs in the
original protocol. We consider a gedanken experiment [41] in
which Alice and Bob prepare and measure the single-photon
events Z; in the X basis, though they choose the bases ac-
cording to the probabilities p, and p, as usual. Since the X
basis and Z basis are mutually unbiased, the security follows
the fact that, the better Bob is able to estimate Alice’s single-
photon events if she prepared in the X basis, the worse Eve is
able to guess Alice’s single-photon events, if she prepared in
the Z basis. That is, in terms of smooth entropies,

H: (21 ZoZwatiE) + Hiy (X1 1X0) > ny1, )
where ny is the length of Z;, and X; and X}, are the strings of

Alice and Bob in the gedanken experiment, respectively.
Let ¢! be the corresponding phase error rate in Z;, and let

1) be the bit error rate of single-photon pulses in effective
events of X windows. Then we estimate H:, (X;1|X/,) by ey
as HE, (X1X))) < nslh(egg), when the failure probability is
less than &. Furthermore, () can be evaluated by the bit error

rate of single-photon pulses in X windows, e( ), as

el <ep) +8, (10)
with failure probability smaller than ¢,;,, and
(1) (1) (1) (1)
52— In2 (n}) + 3 +na1) € (1 —¢,)
(7 + 1)

x log ( ni+n%y + ny )
2 )
S o 0) () (1= )

(11)

where n( is the number of single-photon effective events in

set X. The calculation of the deviation & follows the conclu-
sion [43] shown in Appendix A, where we correct some minor
errors. Based on Bayes’s theorem, we find that

Pr { (5 eé}c) ~|—8|“pass”} < Pr{ (5 egc) +8}

Ppass
< 8ph/[7pas5v (12)
where Ppass = Pr{e,. < O} =1 — pavorr. Thus, Hriax(Xxl |XSI1)
is bounded above by nslh(e(bi) + &) with failure probability
& > €pn/ Ppass» and e(bi) is evaluated in the next subsection.
Furthermore, the leaked information during the error cor-
rection in Eq. (7) is evaluated by leakgc = fgc n; h(Q), where
fec is the efficiency of the error correction code. Q is the
threshold value which decides whether the protocol aborts or
not. We introduce the robustness &, Which is the probability
that the protocol aborts even though the eavesdropper is in-
active. The value of &, is bounded by the probability that
the measured error rate ej, exceeds Q. From the statistical
fluctuation, we estimate &, as

Pr{epe > Q + (SQ} < &rob, (13)
where

82 . ln2(n+n€) epe (1 —epe)

nng

Xlog2< 2n+ns > 2>. (14)
87 nng e, (1 — epe)*(€rob)

Hence, the SNS-TF QKD protocol outputs a key string of
length

> }’lxl[l - h(eél) + 8)] — 2log g — leakgc

2
— log
cor
with e, correctness and &g secrecy.

+ 2log(2epa), (15)

C. Evaluating n and e(l)

The effective events in the Z basis are one-clicking events
in the Z windows, the number of which is denoted as n,, while
ng is the number of effective events caused by single-photon
states in the Z windows after the parameter estimation stage.
In order to evaluate n,;, we consider the events in X windows.
Let X;; be the set of effective events with number #;;, when
Alice and Bob send pulses from intensities »; and u;, respec-
tively. The set X;(X;o) of ng;(n;9) includes events that one
party sends a pulse with vacuum intensity and the other sends
with intensity u;, if one and only one detector clicks and their
phases satisfy the criterion in Eq. (2). Denote n; as the total
number of k-pulse clicking events in sets X; and X,y and the
effective events of the Z basis. Thus, the number satisfies

Pk\
nogp = njo = Zpul‘knk Px Pro P Z qm N,

k=0 k
_ _ / 2 / pk|“2
ney = Ny = Pu2|k"k = Py Pxo Px2 o
k=0 im0 Ik
22 o0
/ px pr /
n00 = Py,'o = —q’ . = E Pu T (16)
0 _
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where p;il ¢ (i =0, 1, 2)is the actually conditional frequency
of originating intensity u; given that a k-photon pulse is sent.
For convenience, we let ng; = n;y here. Note that they are
unequal in practice, but the key rates will not be affected since
all the related values are in terms of ng; + n;g.

Bayes’s rule is used in the first three equations, since

P/u0|o = ‘L{)ﬁ),
40
pu,|k l%;:)pmp}dm, i=1,2, k=0,1,2,...,
Pk = 2p: 5:0 Pa P, t P’qufﬁ s k=12,
L L L P . ”if’ﬁ’, (a7)
0 0 0

where g, is the actual frequency that k-photon pulses are sent
in effective sets X;(X;o) and Z:

4o = P? P +2 P72 Pro(Pa Pouy + P Poyn)

+2 P2 Plo Ply Pou, + P P23 Pl + P2 Pl
@ =2 D7 PP Pig + P Phr)

+2 p? Pl Py Phgu. + P2 P2 Pl k=1

The key is extracted from the effective events caused by
single-photon states in Z windows after privacy amplification,
since a powerful eavesdropper will obtain all information on
other effective events in Z windows. The lower bound of the
key rate can be reached when the lower bounds of p, |, and
ny are obtained. To estimate the bounds of p,,x, we should
find the number of values of random variable x in Lemma 1,
which depends on the source’s intensity. If a pulse is sent from
a vacuum source, the number of photons must be zero, and the
number of random variables value is 1. If a pulse is sent from
other sources, like u;, u;, or u,, we set the number of random
variable values as 10, since the probability of a pulse with
more than ten photons is negligible. Thus, all the clicks are
divided into 31 classes, according to the intensity of the pulses
and the number of photons. For convenience, the statistical
fluctuation of each p, is the same, so p/, Tk is bounded below
bY Pk = Max{pu i — &(ngo + 2no1 + 2n0z + nz, 31), 0} and
bounded above by p,x = min{p,,x + & (noo + 2no1 + 2ngy +
n,,31), 1}. The main task is to find the lower bound of the
number n,; of the effective events caused by single-photon
states in Z windows and the upper bound of its phase error
rate e(l) Note that bounding ny is equivalent to bounding the
quantlty n; since

ng

Mg = — Py N1, (18)
n, ="

where the first fraction n,/n;, is the residual ratio of set Z after

parameter estimation. To solve the lower bound of n;, we set

up a mathematical model with the minimum n; as objective

function:

min n;

/
s.t. ngy =ny = E Pk s
k=0

/
Ny = nyo = E |

k=0
2 2
P
oo = Plyoho = ——no,
)
Pk F P T P = 1 k> 1,
2
Pejo + D Pup = 1.
=0
Pujo S Pu,o < Pup, 1=0,1,2,z,
Pu,»\kipud SDuks k=21,i=1,2,z (19)

In the convex programming, no;(n;) are experimental data,
and p;i|k is varied in the continuable interval [py, i, Puk]-
Solve the convex programming, and obtain the lower bound
of n; as

ng z
Pu2 102 — P2 101 — (P12 Pial0 — Pual2 Puy(0)70
1= —— ,
- Pu2 Puz|l — Puz|2 Puy|1
(20)
under the conditions u; > upy, nyo = no1, M2 = He2,

Pur2 Puglt — P2 Pyt > 0, and Pui2 Puyj0 — Pusj2 Puyjo > 0,
where 79 = min{ngo/puyi0, 1}, Pux = max{p,x — & (noo +
2ng1 + 2npy + n;, 31),0}, and  p,x = min{p,, + & (neo +
2no1 + 2ngy + n;, 31), 1}. Hence, the lower bound of ny is
bounded below by

ng

st = — Py 1 1. (21)
n, ——
Now solve the bit error rate e ) of single-photon pulses in

effective events of the X basis. We express the number of error
bits in set X;; as

2 )
/ Px0 Pojuguo Pxo
Mmoo = Pygugio ™Mo = ——— Mo = —~ Mo,
uottp| 1)/ 1)/
0 0
[0} [0} /
Px
_ / _n [y
my = E PuyukMk = Py E — my, (22)
k=0 k=0 k
o /
_ / _n Priuyu
mpy = pu2u2|kmk = Px v My,
— k=0 k

where p|, . (i =1, 2) is the actually conditional frequency
of both originating intensities u; given that a bit error of k-
photon pulses is obtained, and m; is the number of bit errors
of k-photon pulses in both sets X;;. We use Bayes’s rule to
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express p/u;u;\ . in the second equations as

P3P
= P00 1012
/ _ p;zl p;clu,-u,v
uiuilk — vl/c ’
i=1,2,k=1,2,..., 23)

where plk\u,u,- is the actual frequency that a k-photon pulse is
sent from the source with intensity 2 u;, the expected value of
p;cluiui is Prluu; = e 2 2 ui)k/k! (po\uouo =1), and

2 2 2
l)(/) = p;cO + p;l pé)\ulul + p;Z pé)\uzuz’
vl/c = pjvzl p;clulul + p;zZ p;c\uzuz (k > O) (24)

Hence, the number of bit errors of single-photon pulses in
X,‘,’ is

_ - puzuz\Om
my < my =

. my1 — Pujuyjo Mo M22
min —
pululll puzuz\l

(25)

where  pyu ik = max{py,,
0,1,2, k=0

per bound of e},j)

— &(moo +my +mp,7),0}(@ =
, 1), and mg = mqo / puyujo- Furthermore, the up-

is given by

M _ m o _ nmy

€ = (l) +n (1)/ Sy = n(1)+ (1)’ (26)
11

since n” +n22 = n v1/q1, where vy = max{v; — & (mqo +

my1 +my, 3), 0} and gy = min{g; + & (noo + 2no1 + 2nez +
n., 10), 1}.

J

Nz = Ngs + Nze,
Mze = 2NP? p?l [(1 = pgark) €™ —

R _ L
Na+; = Np-i

2

R L : 1
mij =N, +05- i =1,2, Ty = (- pdark)z

1 2
SXi = (1 - pdark)Z/ e

_4
2

—2noui(1—sin §) i
9

With all the actual values, we set the failure probability
of statistical fluctuation as x = 1071°, and optimize other
parameters to maximize the ultimate lower bounds of key
rates as functions of transmission distance L. The left figure
in Fig. 1 shows the ultimate key rate as a function of the
distance between Alice and Bob under three different numbers

Nzs = 4Np§ D20 Pz1[(1 — pdarc) e—mmu:/z —

= ——Np pulTxiea + (1 —eq) Sxi — (1 —

IV. SIMULATION OF FINITE-LENGTH KEY RATES
AND DISCUSSION

The length of the final key is

I =ny[1 = h(e) + 8)] - leakgc

2
+21log(2eps) — log —2log

cor

\/T— 27
g
where ny and eb are given in Eqgs. (21) and (26), respec-
tively. Denote the efficiency of the error correction code as
fec, thus the leaked information during the error correc-
tion stage is leakgc = frcns A(Q). If all the stages passed,
the protocol is &qp-correct and &ge.-secret, where ggec > (1 —
Davort)(€pa + 28 + 4 npg epg) + 4 €1, and npg epg is total fail-
ure probability for the estimation of ny; by using Lemma 1 npg
times. According to the composable security definition, it is
g-secure, where & = gcor + Esec. We assume eppy = & = gpg =

Ecor = Erob = Pabort = K. To estimate eéx), we should calculate

statistical fluctuations of parameters seven times, so the failure
probability &, is set to 7«. Similarly, statistical fluctuations
of ten times should be estimated to find n,, then we let
npg = 10. Thus the security coefficient of the SNS-TF QKD
is € = k(72 — 43k). The finite-key rate of SNS-TF QKD is
R = (1 —«)I/N, where N is the total number of pulses sent
from sources.

To visualize the finite-key rate, we simulate the perfor-
mance of our SNS-TF QKD scheme under the reasonable
values of parameters [25,26]: the loss coefficient of the
quantum channel is « = 0.2 dB/km, the detection efficiency
is 7 = 80.0%, the dark count rate is pgu = 1.0 x 10710,
the efficiency of error correction is fgc = 1.1, and the
misalignment-error probability is e; = 0.15. Without loss of
generality, suppose the distance between Alice and Charlie
and that between Bob and Charlie are the same, then the
transmittance of the channel is 7 = 7 x 107519 where
L is the distance between Alice and Bob. Furthermore, the
experimental data are shown as follows:

(1 = paarc)* €7™%],

(1- pdark)2 e “]+ 2NP§ p?o Pdark (1 = Paark),

2, 2o ;o
pdark) 4 77[1”]’ 1= 1727

ol

— . gl 2 .
e Anortt; sin (5/2)’ i=1,2,

>

=1,2. (28)

(

of pulses N = 10'2, 10'4, and 10'3. The key rate drops with
the transmission distance increasing, and the number of pulses
plays an important role in the key’s generation. With the
number increasing, the key rates also increase, especially for
remote position. Furthermore, the finite SNS-TF QKD could
generate the secure key over 600 km. If the number of pulses
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FIG. 1. The lower bounds of key rates for our finite SNS TF-
QKD scheme under different numbers of pulses N. Parameters: o =
0.2dB/km, 1 = 80.0%, paax = 1.0 x 1071, & = 1071, and ¢, =
0.15. Other parameters are optimized to maximize the key rates.

is smaller than 10'°, the protocol could not generate the secure
key. When the number of pulses is larger than N = 10'4, the
key rates overcome the PLOB bound far from 350 km.

Compared with Ref. [33], our statistical bounds are slightly
tighter. The main reason is that the deviation of probability
for a k-photon pulse is introduced in our security analysis. On
the other hand, the robustness of a SNS-TF QKD scheme is
considered. Hence, the successful probability of the scheme
is brought in to evaluate the tighter final key rates. The right
figure in Fig. 1 depicts the corresponding optimal intensity
of u, for different numbers of pulses. From the results, we
know the intensity u, is a monotone decreasing function of
transmission distance when the number N is fixed.

Now we analyze the corresponding optimal values of some
parameters as functions of the distance. The inflection of
¢ on final key rates is shown in Fig. 2. When the num-
ber of pulses is fixed as N = 10'%, the key rates and the
corresponding intensities of u, are simulated under three dif-
ferent values of failure probabilities of statistical fluctuation
x = 10719 1073, and 10~°. From the figure, we find that the
value of failure probability does not much affect the key rates.
Correspondingly, the nonzero intensities of the Z windows
are also not affected by the failure probability related to the
statistical fluctuations, and decrease over long distances. Fur-
thermore, we discuss the change of probability chosen with a
nonzero intensity in a Z window. The value of the probability
P.1, much smaller than p,g, is decreasing with the transmis-
sion distance increasing. The reason is that many effective
events are needed to estimate the error rate and the yield of
single-photon pulses for the high lossy channel. When secure
distance is the same, the optimal value of p.; increases with
N increasing in order to maximize key rate.

V. CONCLUSION

In summary, we analyze the finite-key security for SNS-
TF QKD without any assumption on the type of attacks.

102 0.6
— 21070 ) — 21070
: mmm— 2107 | - k=108
10 - - -=106 05t - -1
PLOB bound l‘
102 |
\ 04f\
- 3 \
3 10 N \
F \\ \
2 S =l
3 N \
Z 10 \
\ 0.2 \"'"\
108 \ \
\ ,
\ ‘\
10710 \ 0.1 ooy
\
\
10712 0 \
0 200 400 600 0 200 400 600 800
L(km) L(km)

FIG. 2. The lower bounds of key rates and corresponding values
of u, under different values of failure probabilities of statistical
fluctuation «, when the number of pulses is fixed as N = 104,

The lower bound of key rates is simulated with reasonable
values of the observed parameters. The numerical simulation
shows that the key rates would overcome the PLOB bound,
when the transmission distance is far from 350 km, if the
number of pulses is fixed as N = 10'*. Compared with other
SNS-TF QKD schemes [31,33], our method is with statistical
fluctuations on all possible parameters, and the secure key
bounds are valid against general attacks, so our scheme is
practical and realizable. Though our strategy gives a tight
bound with all statistical fluctuations, the finite-key rates are
a little lower, and it is hard to overcome the PLOB bound in
a short period of time even with a high-speed QKD system.
Thus, other SNS-TF QKD protocols with statistical fluctu-
ations must be designed in the future. Furthermore, in our
protocol, Alice and Bob are supposed to have identical dis-
tances to the untrusted Charlie, while in practical quantum
networks the quantum channels are asymmetric. The phases
of pulses after being transmitted in asymmetric-loss channels
must be changed. Although one can add additional fibers to
each channel to compensate for channel differences, it is not
practical to add fibers and maintain symmetry between each
pair of users all the time in a scalable network with large
numbers of dynamically added or deleted users. Thus, the
asymmetric SNS-TF QKD’s security must be discussed in the
future.
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APPENDIX A: THE CALCULATION OF DEVIATION § BETWEEN eg) AND e;,i)

Suppose the failure probability that e} is bounded above by ell) 4 8 is less than ¢,;,. Then we have

Pr{e(plz) > eéi) + 8} Eph- (AD)

To calculate 8, we rewrite the number of effective events and that of corresponding errors in X windows as

o0 oy [} u;
nj = Z ezﬂ ® mj = Z - (zu ) (k) (A2)

] u ’ ” ’

P k!
where nl(lk) and ml(lk ) are the number of effective events and that of error caused by the k-photon pulses in set X;;. If Bob measures
all the single-photon pulses in set X;; and those of Z windows by the X basis, the number of errors is m; = ebx)(n(l) (1)) +

e(”nu = mgll) + m(l) + e(”nsl The first term can be counted accurately after the error verification. Assume Eve chooses a

1 1 )

distribution of m,, Pr{m, }, before Bob’s detection. In order to link the probability, Pr{e(” > e, + &}, to the quantities, n, ", n,,,

ng1, and m(l) + mglz), we use the security definition of a QKD protocol to show the probablhty that Eve designs a probability

distribution Pr{m;} and Bob obtains m!}’ 4 mS} bits of errors in the effective X windows. That is,

Pr{efvlz) > ezi) + 6, e(l)} = Pr{ () ngp > ezx) ng; + 6 ngy, m11 +m(1)}

D, (1 1 1
= Pr{m1 - egx)( ¢ )~|— { )) > E;,x)ngl + 8 ny1, m11 + m} )}
= Pr{m1 > mﬁll) + m(l) + (e,(]i) + S)nsl, mgll) + m(l)}

m11])+m§17)+n1

< > Pr{m{) + mSy [my Pr{m;}. (A3)

1 (1 1
my=m})+m5Y+ (e +8)ny

Though Eve chooses the distribution Pr{m;,}, Bob chooses to measure with the X basis randomly, thus

Pr{m%ll) +m;12)|m1}

(’15'1) +"“))( N1 )
1 1 (1) (1)
mgl) +mSy) ) \my —m\) —mj,
ngll) + n(l) + ng
mi

(nﬁll)—i-n(l)) “ngplemp ! ((1)+n(1)+n51—m1)'
(o T ) m — ) — )+ G+

( mi )( ngll)“‘n + ngp — my >
(n (1) (€)) (1) (n (1)
my +m, " "‘” —my Ty,

- M (Ad)
(n“ + n + n51>
”511) +n(l)

When m; > (m(]) (l))(n(l) (l) —I—ngl)/(n(l) (l)) it is easy to prove that Pr{m(l) +m(1>|m1} is a strictly decreasing
function on my, so Eq. (A3) is bounded by

(1) (1)
myy +myy +ng

Pr { Sz) > egc) + 4, e(l)} < Z {m&ll) +m(1)|m1}Pr{m1}
m]_m”>+m(212)+(eb) +5)ng;
m|11)+m( +ng
< Z Pr {m(lll) + m(1)|m1 = m(l) + m(l) + (eg) + S)nsl }Pr{ml}

my=n, |>+m(212)+(e§,]k)+6)n$1
1 1 1 1 1
< Pr{my) + my lmy = mi) + miy) + (e, + 8)na )
B (nill) + n(l)) cng ! omy! - (n(lll) + n(l) +ny — ml)'
= 1 1 1 1 1 1 1 1 1 :
(mgl) +m( )) (”5 1) +”( : mﬁ 1) m(zz)) (e;z)"vl)'(”vl - 6572) ) ( W+ ”( )+”Y1)

(AS5)
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We will bound the function by the Stirling formula n! = +/ Znn(g) e*, where ﬁ <M < ﬁ Then Eq. (AS) is deduced as

(1) (1) (1
Pr{epz > e, +36, ebx}

< ! (Y )+ E )

Vo D) 3 = = ) ) — ) o 85+ )

1 1 1 1
Jrami (1) + ) () + Sy + na —m)

_ L ennee e, 1— . !
- 1 1 1 1
V2n nY +nl) +ng n 4+ )+ ng D)
nern(l)
11 22

1 1
1 1 ”51) + ”éz) + 1y

(1) (1) 1 1 1 1
\/1 B i \/efvz)(l —ep?) \/ns1 (ny +n3))

M, (1)
nyy +ny,

X

R

< 1 nyy Tty + N 1 =i+l 41,8 ) (A6)

S 22n My eV (1—efl) ’

ni(ny) +nyy) Cor €
where
My )
m n +n n
§06) = H( M <i> )_ M " M n H(eéi)) M Ei) H(egv) +9)
nyy +nyy +ng ny +nyy + ng nyy gy +ng
()
ng1 ny +ny, ) Ms1 (1
=H(e,(,'>+8 )_ H(e,') — —5—qm——Hl(e, +9). (A7)
) T A e ) T )

The last inequality in Eq. (A6) is obtained since function f(x) = 1//x(T — x) is decreasing on (0, 1/2) and 0 < e < ell) <

1/2, where we correct the minor errors in Ref. [43]. }?)ue to the concavity of entropy function H (x), £(8) is positive. If n{}) + S}

and ny are large enough, and § is small enough to ¢, ’, §(3) is expanded by Taylor expansion as
) 2 M (1) )
$) = H (e ns1 H' (e, 5 51 H' (e},) 52 ny tny, H(eD
§06) = (ebx) R R, T\ o o ) - 0) (ehx)
nyy +ny +ns nyy Tty +ns ny +ny +ng

H//(e(l)

Y &L |:H(e§)i)) + H’(egi)) s+ 5

1
ny + ”;2) + ng

(1) (1) (1)

151 (”11 +”22) H (ebx

- ) 82+ 0(8%. (A8)
2 2

Since
, y 1 1 1

H(x) = —xlogy(x) — (1 = x)logy,(1 —x),  H'(x) = —logy(@) +log,(1 —x), H'@)=—15|_-+7—] (A9

we have
(1) (1) 2 ) (1)
ng (ny, +n 1) 1 1 ng (ny, +n
$0)= <1; ( 5 ! oma \ T ) O = M 1((11>1 (1>22) M 787 +0@).
(ny) +ny, +ny)” 210 e 1 —ey 2In2¢, (1 —e,)(m)) +n3) +ns1)

(A10)

Hence, if n(lll) + nélz) and ny; are large enough and § is sufficiently small, egz) is smaller than eéi) + 8§ with failure probability

smaller than

o DD
1 my Ny, + N 1 e T )
2 2In2e; "(1—ep Hnpy +nyy +ng1) . (Al 1)

Eph - = = M M
221 N (nﬁll) + ngz)) €y (1 - ehx)
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Furthermore, if the failure probability is fixed as &, e;? is bounded above by eg‘) + &, where
(1) (1) (1) (1)
52— In2 (ny) +ny) +na) €, (1 — e,

e () + n35)

) A4y
log, D, (DY (N2 (N2 :
87 ng1 (”11 + ”22) (ebx) (1 - ebx) (epn)?

APPENDIX B: THE LOWER BOUND OF n,

(A12)

To solve the convex programming in Eq. (19), we consider a linear combination which eliminates the role of two-photon
pulses and gives a strict bound of n;:

Puy2(n02 +120) — Pz (o1 + 110) < Pl 1o Moz + 120) — P10 (n01 + 110)
o0
=2)  (Plup Piotk = Plup Prgi )t
k2
S 2(Par2 Prgjo = Pusk2 Playjo )10 + 2( Pz Pyt = Pual2 Pl )1
o0
+2 Z (pu, 2 p/u2|k — Puw)2 p;llk )”k
k=3
< 2(Pu2 Paalo — Pusi2 Puyjo )10
+2( P2 Pualt — Puwsl2 Payi1 )11 (B1)
where u; > up, and p,, 2 p/uzlk — D)2 p:mk < 0 for all k£ < 3. Then the lower bound of n; is obtained as
Pui|2 102 — Puy2 101 — (Pu1|2 Puz10 = Puy|2 Puy|0 g

Pui|2 Puz|l — Puy|2 Puy i

ngzn = , (B2)
under the conditions njg =noi, N2 = N02, Du2 Pl — P2 Pyt > 0, and Dy 2 Puyjo0 — Punj2 Puyo > 0, where 7 =
min{noo/pugo, 1}, Pue = max{pyx — &(noo + 2no1 + 2n02 +n;,31),0}, and  p,x = min{p, + &(ngo + 2no1 + 2np2 +
ng, 31), 1}. Hence, the lower bound of the number of clicking single-photon pulses ny; in effective events of Z windows
is

g
ns1 = n_ Pu 1 1. (B3)
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