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Exact variational dynamics of the multimode Bose-Hubbard model based on SU(M) coherent states
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We propose a variational approach to the dynamics of the Bose-Hubbard model beyond the mean-field
approximation. To develop a numerical scheme, we use a discrete overcomplete set of Glauber coherent states
and its connection to the generalized coherent states studied in depth by Perelomov [Perelomov, Generalized
Coherent States and Their Applications (Springer-Verlag, Berlin, 1986)]. The variational equations of motion
of the generalized coherent state parameters as well as of the coefficients in an expansion of the wave function
in terms of those states are derived and solved for many-particle problems with large particle numbers S and
increasing mode number M. For M = 6, it is revealed that the number of complex-valued parameters that have
to be propagated is more than one order of magnitude less than in an expansion in terms of Fock states.
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I. INTRODUCTION

The mathematical foundation of the phase space formu-
lation of physical systems with Lie group symmetries has
been considerably widened by the works of Brif and Mann
[1,2]. Based on their progress, the description of the Bose-
Hubbard (BH) dynamics in terms of phase space distributions
has received new impetus from the works of Korsch and col-
laborators [3,4]. Therein, equations of motion for the P as well
as the Q function of quantum optics [5,6] have been derived
and solved for small site numbers M. The basis functions that
were found appropriate for the treatment of the particle num-
ber conserving dynamics are so-called SU(M) coherent states
(CS), also referred to as generalized coherent state (GCS) [7].
These have been investigated and favored in the same context
by Buonsante and Penna in their review [8], whose focus is
on variational mean-field methods. A more recent review with
a focus on SU(2) CS, introduced as atomic coherent states in
Ref. [9], is given in Ref. [10]. An extension of the formalism
towards dissipative Lindblad type equations in terms of P
functions has been given in Ref. [11].

In parallel, the use of discrete, complete von Neumann
type sets of the more “standard” Glauber coherent states,
whose position representation are Gaussian wave packets,
has been applied to a flurry of different physical situations,
ranging from electron dynamics in atoms to nuclear dynamics
in molecules as well as to nonadiabatic (combined electron-
nuclear motion), as reviewed in Refs. [12—17]. The equations
of motion of the coherent state parameters as well as of the
coefficients in the expansion of the wave function in terms of
those states are usually derived from a variational principle
and possibly undergo additional approximations. It has turned
out in numerical investigations that the use of a surprisingly
small number of CS basis functions leads to converged results,
e.g., in spin-boson type problems tackled by the so-called
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multi Davydov D2 ansatz [18-20], or in the method called
coupled coherent states for indistinguishable bosons [21].

Furthermore, in Ref. [22], a generalization of the mul-
ticonfiguration time-dependent Hartree method for bosons
(MCTDHB) [23] based on McLachlan’s variational princi-
ple has been given. The time-dependent permanents used
there are based on orthogonal orbitals, however. Previous
approaches that have used Glauber coherent state based semi-
classical propagators for BH dynamics have been restricted
to small mode numbers [24,25], as is also the case for semi-
classical approaches based on SU(M) CS [26,27], whereas
mean-field approaches as the ones discussed in Ref. [8] rely
just on a single basis function (i.e. trivial multiplicity).

It has been worked out in Refs. [28,29], that Gaussian CS
are promising basis functions also for full fledged dynami-
cal calculations for BH dynamics beyond the semiclassical
propagation or the Gross-Pitaevskii level [30]. Similarly,
imaginary time propagation to find the ground state as well
as real-time propagation to extract the excitation spectrum
using Gaussians has been performed recently for BH systems
[31]. In addition, in the two mode case, the use of a single
time-dependent atomic coherent state has been promoted in
Ref. [32]. These successes as well as that of the CS basis
functions alluded to above, leads us to investigate the question
if also for the fixed particle number generalized coherent
states multimode BH dynamics can be treated by a numeri-
cally exact variational approach, based on a multitude of those
GCS.

The presentation is organized as follows. First, in Sec. II,
we review the one-dimensional BH model and the relation
between the Glauber (field) coherent states [33] and the (gen-
eralized) SU(M) coherent states [7]. This latter review is
necessary in order to get a handle on the discretization of the
representation of unity in terms of these states. In Sec. III,
we then derive the variational equations of motion for the
GCS parameters using the Lagrangian of the time-dependent
variational principle. As a proof of principle in Sec. IV, we
finally solve the dynamical problem for several realizations of
the BH model with different (relatively large) mode number

©2021 American Physical Society
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M and particle number S > M and compare to results gained
from an expansion in Fock states where this is still feasible.
Conclusions are given in Sec. V, while in the Appendix some
properties of the GCS that are needed in the main text, as well
as the matrix form of the variational equations and a detailed
convergence study are gathered.

II. BOSE-HUBBARD MODEL AND COMPLETENESS
OF SU(M) COHERENT STATES

In the following, we are constructing a discrete set of GCS
for use in a variational approach to the dynamics of the BH
model, which is going to be reviewed first.

A. Bose-Hubbard model in one dimension

In this presentation, we are aiming at a treatment in terms
of the variational principle of the dynamics of the one-
dimensional linear chain BH model [34]

M—1 U M
A=-J) [@aj +He)]+ ) > ala;
j=1 j=1
K L 2ata
+5 DG~ Joyaja;, )

Jj=1
written here in normal-ordered form in terms of bosonic
creation and annihilation operators, Ez]'. and a;, which fulfill

the commutation relation [a;, &;] =34 ; and whose action on
number states {|n;)},n; =0, 1, ... is given by

ajlng) = Jjln; = 1), ajlng) = /nj+1lnj+1).  (2)

The hopping matrix element J is determined by the tunneling
probability between nearest neighbors, whereas U denotes
the on-site interaction, and K is due to an external, harmonic
trapping potential (centered around jp), which will, however,
be set to zero for all the numerical results to be presented
below. The above Hamiltonian is a widely studied model for
the dynamics of spinless particles in optical lattices [35]. An
experimental realization of a quantum phase transition has
been reached by varying the model’s parameters [36]. Further-
more, Kolovsky has given a review of the spectral properties
of the BH Hamiltonian in the light of quantum chaology [37].
In Ref. [3], it has been argued that an analysis in terms of
flat space and the use of the corresponding Glauber coherent
states to describe particle number preserving BH dynamics
is inadequate. The reason given, in the case of M sites (or
modes), is that the dynamical group is spanned by the nor-
mally ordered operators
alaj, i, jel{l,2,...M} (3)

and is equivalent to the special unitary group SU(M).
Therefore the corresponding GCS should be employed to
investigate the dynamics. We note in passing that, in terms
of the normally ordered operators from Eq. (3), the operators
&;2&? from Eq. (1) are written as 71;(72; — 1), with the number

operators fi; = &;& e

B. Discrete grid of generalized coherent states

An insightful didactic discussion of the group theoretical
construction of coherent states is given in [5]. Starting by
revisiting the simple case of Glauber field coherent states
as the coherent states of the Heisenberg Weyl group, more
complex situations are discussed, where the group theoretical
approach will be more advantageous for the understanding of
the topological structure of the corresponding coherent states
than in the simple case. An open question remains as to the
completeness of a discrete set of coherent states in the general
case, however.

The Glauber coherent states |z) (single site case) can be
defined via the eigenvalue equation

alz) = zlz) 4)
with the complex eigenvalue

1/2 =172
.= y'tq+iy p )
V2
in terms of position and momentum (phase space) and width
parameter y. These states consist of a Poissonian superposi-
tion of number states [33].
Exactly fifty years ago, two independent contributions have
proven the statement that a discretized version of the unit
operator is given by

D )@ el =1, 6)

k.l

with the overlap matrix 2 with elements

Q= (zlz1), @)

if the requirement
% = B(m +in), ®)

with k = (m, n) where m, n are integers and 0 < 8 < /7, for
the spacing of the grid points is met [38,39]. Physically, this
means that the cells in (p, ¢) phase space that are spanned
by the grid points must have an area less than or equal to
the Planck cell area of 27 in the present units (where 2 = 1).
The limiting case of /7 for the spacing of the grid points has
already been postulated long before by von Neumann [40,41].

As mentioned above, for the BH model, generalized
SU(M) coherent states are the appropriate coherent states,
staying within the particle number conserving subspace of
the dynamics. In order to get a handle on their completeness,
we use the expansion of a Glauber coherent state in terms of
the generalized CS. The representation of the multimode GCS
that is most appropriate to this end is [8]

S
- R
S, €)= — al 0,0,...,0), 9
1S, €) m(;jasa,>| ) )

where |0, 0, ..., 0) denotes the multimode vacuum state and
S is the number of bosons of the GCS. Some properties of the
GCS that will be needed later-on are gathered in Appendix A.
The set of complex numbers {&;} are characteristic parameters
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of the GCS, and they satisfy the normalization condition

M
dolEr=1, (10)
i=1

where M represents the number of different modes present in
the BH model of Eq. (1). Together with the total number of
bosons S (not restricted to, but herein chosen to be larger than
M), this determines the dimension of the Hilbert space

oF _ M+S—1\ (M+S5—1\ M+S—1)!
T\ M-1 ) S -

SI(M — 1)!

(11

spanned by the Fock states [37]. The relation of the above

definition of the GCS to the group theoretical formulation for

M > 2 is obscured by the necessity to disentangle exponen-

tiated operators [8]. It is helpful to write out the definition in

Eq. (9) explicitly for small numbers M = 2 < § to convince

oneself of the fact that the GCS is a superposition of Fock

states with coefficients to be determined from a generalized
binomial formula.

As shown in [8], and as can be proven by Taylor expansion

of the exponential function, the multimode Glauber coherent

state |Z) = ]_[?i | |z}, and the GCS are related by
1Z) = e 1 TP Xihiaa |0, 0, ..., 0)
=e-%2?11'm22 (Zz, >|oo ,0)
S= 5 S
00 &S M z s
N N2 i
—e 2 — ']10,0,...,0)
5 a2 )
. Ni ~
= F Y 1S 8). (12)

Here, N = Zfil |z:|> denotes the average number of bosons in
|Z). We note that the relationship between &; and z; is §; = ﬁ
Thus it is natural to construct a one-to-one map between the
sets {&;} and {zx;} (here the first index denotes the basis
function discretization index and second index denotes the
mode index) to be used in a discretized version of the unit
operator.

To this end, we first generalize the completeness relation
for the single site case from Eq. (6) for multimode Glauber
coherent states: If the complex grid L%Q which lies in the mul-
tidimensional complex Z plane satisfies the multidimensional
Planck cell condition, the multimode coherent states will form
an overcomplete set and they obey the closure relation

Y Az z =1, Zi.Z €LY, (13)
k.l
where
A= Qu=(ZzZ), (14)
with the multidimensional direct product CS |Z;) =
|Zk1, Zk2, - - - Zkm)- A heuristic proof of the closure relation can

be obtained in the following way: Given any two coherent

states |Z,,) and |Z,) and inserting unity in the multi degree
of freedom case yields

M=

(ZnlZn) = ) Axi(Zn|Zi)(Zi1|Zn)

k=1

1
M=

(Zn|Zi) Ak (Z1|Zn). 15)

&

=1

This equation has the matrix form £ = QA 2 with the overlap
matrix £ from Eq. (14) above. With the definition of the
matrix A as the inverse of the overlap matrix, the matrix
equation becomes an identity.

From this, we infer that if a set of states is complete
in the whole Hilbert space, these states are also complete
for any subspaces which belong to the Hilbert space. In our
present case, we take the subspace to be the one consisting
of multimode Fock states {|ns) = |ny, ny,...)|ny,ny, ... €
N, (ng|Nng) = S, N = >, i;} with fixed number of bosons
S.

Since the Glauber coherent state can be written as a sum of
SU(M) coherent states, according to

|Zk1s Zh2s - v Zhjs -+ o)
e’} oS
N N2
2 Z |S gkhéka---’ékjs-'-)v (16)
=0
. _ ij .
there is a map z; — &; = —ZM — Unlike the
i=1 1Zki
|Zk1> 22, - - - » Zkj> - --) Where the parameters zxi, Zx2, ...,
Zj, ... are mutually independent, the &, &2, ..., &;, ...
are correlated due to the normalization factor Ml =,
i=1 12kil
i=1
however.
It is obvious that if the zx1, zx2, . . ., Zj, - . - form a complex

grid fulfilling the completeness criterion, then the correspond-
ing &1, &2, - . ., &j, . .. will also form a complete basis

Zkj
S, &1y Exa, - oo s Ekjy - DV NERj = M—I,ij €Ly,
Zi:l |Zki|2
(17)
for the subspace {lns) = |n1,na, ... ) |1, 02, ... €
N, (ng|N|ng) = S,N = Y, i;}.

We now consider the two-mode case as an instructive
example. The two initially independent complex grids for
zx1 and 7z, are shown in Fig. 1. Taking samples from these
two grids for zz; and zi; randomly at the same time, every
produced pair of {z1, zx»} forms a two-mode Glauber co-
herent state |z, zx2). The {zkl,zkz} correspond to a set of
couples of parameters {£;1, &2} = ks

«/I K \2+|2k7|2 lza P +z k2|2}

for the SU(2) coherent states, but due to the mutual corre-
lation between & and &,, they cannot be presented on two
independent complex planes. We are now rewriting the GCS
parameters in the form

O
k1 = cos <3) (18)

0\
& = sin <Ek>e’¢k, (19)
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Im(z) Im(z)
L] L] L ﬂ ol L] L] L] €« ﬂ ] L]
B B
2y Re(z) 02 Re(z)
L] L] L] L] L] L] L] L] L] L]

FIG. 1. The complex grids for z; and z, in the case of two modes.
They are centered around {zo1, Zo2} = {&o1, §02} given by the GCS
parameters of the initial state.

where 0 < 6y < and 0 < ¢ < 27 are the angles and the
relative phases, respectively. Because we have just two angles
for every k and because of the factor of 1/2 that comes
along with the angle 6;, this allows us to represent the GCS
parameters as points on the northern hemisphere of the Bloch
sphere.

For a visualization, we first generated 50 random pairs
of {zx1,zx2}. Using the angles {6, ¢r}, the corre-
sponding 50 pairs of {&, &>} can be expressed via
{cos(6k/2) cos(¢r), cos(bx/2) sin(¢y), sin(6;/2)}, as  dis-
played in Fig. 2.

The procedure just presented can be generalized to more
than just two modes and will allow us to perform numerical
calculations with a finite, presumably small number of GCS
for the BH model. Before we can do so, we have to derive the
relevant equations of motion, however.

FIG. 2. Some of the 50 grid points {£, &} on the surface of the
unit sphere. There are more points on the back, which are invisible
from the present perspective.

III. LAGRANGIAN FORMULATION OF THE
VARIATIONAL DYNAMICS

Generalizing the variational coherent state ansatz reviewed
in Ref. [17] by using the GCS discussed above, we are led to
the expression

N
W) = Y A0S, &) (20)

k=1

for the wave function, where S, é?k @) =
IS, &1 (), Ea(t), ... & () and M is the number of modes
in the BH Hamiltonian of Eq. (1). The initial set of basis
functions {|S, £(0))} is the one constructed in the previous
section. Both the expansion coefficients {A;(¢)} as well as
the basis functions are time-dependent. The multiplicity
parameter N determines the number of interacting, complex
parameters whose dynamics is to be determined. It is given
by (M + 1)N and will have to be compared to the number
of Fock states given in Eq. (11). The N replicas of condition
(10), in principle, reduce the number of independent real
parameters by N but we did not make use of this fact in the
numerics to be presented in the next section [although we
monitored that (10) is fulfilled]. We stress that the Ansatz
above goes beyond mean-field Ansitze a la Gutzwiller, used,
e.g., in Ref. [42].
The time-dependent variational principle can be formu-
lated in terms of the Lagrangian
L= %[(‘I’I‘If) — ()] = (W@IA[Y@), (1)

and is leading to the Euler-Lagrange equations

oL d OL
duf  drdu;

0, 22)

where u; can be any element of {Ag, &1, ... &} [43]. A com-
parison of the different variational principles in this context,
which are McLachlan, time-dependent and Dirac-Frenkel is
performed in Refs. [44] and [22,23] as well as in Ref. [45].
From Eq. (20) it is obvious that the wave-function ansatz does
not contain the complex conjugates of any of the parameters
and that thus the Cauchy-Riemann conditions are fulfilled and
all three variational principles are equivalent, analogous to the
equivalence worked out in Ref. [23] for MCTDHB.

To proceed, we first need to calculate the expression (sup-
pressing the S dependence of the basis states in a short-hand
notation)

%[(Wf) — ()]

. N
i . -
=5 E (AjA; — ARAD(EE))
k,j=1

. N M
i . . .
+ 58 2 AA D ki — EiEDEIE)  (23)
k,j=1 i=1
for the time derivative. Here we have used the expressions for

the right and left time derivatives from Eqgs. (A12) and (A13)
to arrive at the final result.
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Furthermore, from the Hamiltonian for the multimode BH model in Eq. (1), we get the expectation value

= (W()|[H|Y())

N M—1 R K M L
=ZA7;A[ JSZ(sk,s,,+1+sk,+ls,,)<sk|s>+ —5(S — 1)25 |s;f>+S§Z(i—jofs,:f,»sﬁ@,gs;)], (24)
i=1

k,j=1 i=1

where we have again used definitions of the (S — 1) and (S — 2)-boson GCS from Appendix A. Combining Eqgs. (23) and (24),
we arrive at the Lagrangian for the multimode BH model

. N . N M
=3 D0 WA — AADEIE) + 55 D0 ALA; D (ki — B )

k,j=1 k,j=1 i=1
N M—1 . K M .
— Y AjA; [ —JS Y (EE i +EL L EDELIED + S(S—I)Ze (& 1)) + 5= Z(i—jo)ze:isﬁ<sk’|e;>]. (25)
k, j=1 i=1 i=1

This leads to the following derivatives of the Lagrangian with respect to the coefficients A} and their time derivatives:

L i o
dA: - _Z Aj(ElE)) + SZA Z(ékzgn EXEii) (Eklé“) A*’ (26)
Jj=1 j=1 i=1
d 9L P&
di 9Ar ~ Z (Eel8)) = -S ZA Z@k,éﬁék,s,lxsuﬂ 27)
k =

j=1 i=1

o0 N M—1 Lo KM oL
= [JSZ(sk,s,,+1+sk,+ls,,)<§k|s>+ S<S—1)Zs sf,xs,;ws;/)+S§Z(i—jofs:,-sﬁ(skws;)]. (28)
i=1

i=1

From the Euler Lagrange equation (22), the equation of motion for the coefficient A ;

IZA (EIE)) +1SZA Zsk,s,, E/IE)) o (29)

can thus be obtained.
Next we switch to the equations of motion for the parameters &, of the SU(M) coherent states. For the corresponding
derivatives of the Lagrangian, we find

i . N
JEN 1 . .
2s Z(A*A ALADEMEIE) + 58 3 ALAEm(EIE))

aékm Jj=1
* I e oH
+ S(S - l)ZAkA [Z(E}qS]l gk[&jl)éjlﬂ( k |$j >:| - as_*a (30)
i=1 km
d 8L 1 ‘% 1 —»/ —»/ 1 % . —»/ _>/
TR ;(AkA,- +AADEMENE]) — 58 ;AkA,s,m@k@,)
i N Mo . -
= 5SS = DY A D Gk + EiEiEm (E]IE]), 31
j=1 j=1

with
N M—1
v

oH SR -
=) AfA, [—JS(sj,m+l FEm DEEN =TS — 1)) (Efdjint + & E10EmEIEN) + US(S — DES,E7,(E]IE))

*
8";:/(,,, j=1 i=1

T S<S — DS - 2>ZE EiEm &l 1E]) + S<m—Jo>2$]m<ékIS>+ S(S—l)Z(z—m)zsk,sﬂsjm ,Z|§,’f>]'
i=1

(32)
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Again using the Euler-Lagrange equation, we finally arrive at the differential equation

N ' L N . L. N M . o 9H
iS[ZA;Ajsjm@usp + Y ARAEm ELIED + (S — 1)ZAzAjZsz;sﬁsjm@kws;)} 0 (33)

j=1 J=1

for the &,,. Equations (29) and (33) are coupled and nonlinear,
as in the more standard case of Glauber coherent states as ba-
sis functions. There are no exponential function nonlinearities
though, because the GCS overlaps are “simpler” than in the
Glauber case, as can be seen in Appendix A.

In Appendix B, we put the nonlinear, coupled, implicit dif-
ferential equations for the GCS parameters and the expansion
coefficients in matrix form, which allows us to solve them
efficiently numerically.

IV. NUMERICAL RESULTS

As a proof of principle, in the following, we will present
numerical results for the population dynamics of the BH
model with J =1, based on the complex grid for SU(M)
coherent states introduced in Sec. II B for increasing mode
number M < §, leading to an ever increasing size of the Fock
state basis. If possible, numerical results from a calculation
in the full Fock space are compared with the GCS results.
As a guide, in Table I, the different parameters for which
results will be presented are collected, highlighting the di-
mension of the Fock space as well as the number of complex
parameters, (M + 1)N, needed for converged results using the
GCS method. We note that almost converged results can be
gained by using much smaller GCS bases than indicated in the
table. Furthermore, for longer time series more basis functions
will be needed and, as shown in Appendix C, closely spaced
grids help to keep the number of basis functions needed for
convergence small. For minimization of the number of basis
functions, both, randomization of the grid, as well as reduction
of grid spacing should be performed. This has been done only
for the cases M = 4 and M = 6, however.

A. The two mode case M = 2

Firstly, for the driven two-mode BH model with a time-
dependent tunneling matrix element studied in Ref. [4], the

j=1 i=1 &5

(

Hamiltonian can be written as

U N
H = —J(t)(aTaz + azal) + 5(a}L2a% + aézag)
+ 23 G- ordla;, (34)
2 = J

where J(t) = Jy + J; cos(wt). The initial state
[W(0)) =1|S =50,& = —+0.7, & = +/0.3) (35)

used for the propagation is the same as in Ref. [4].

By means of the SU(2) coherent states originating from
the complex grid of Glauber coherent with distance /7, we
employ the ansatz

N
W) = ZAk(t)IS =50, &1 (1), &2 (1)) (36)

k=1

for the wave function that contains 3N complex parameters.
The random grid one is constructed such that it contains the
initial state in the “middle,” as indicated in Fig. 1.

Converged results for the population (normalized to the
total number of particles) of the first mode as a function of
time were obtained by using N = 25 basis states and even 15
states lead to almost perfect results as is shown in Fig. 3. These
results agree with the ones shown in Fig. 12(c) in Ref. [4].
We stress that for trivial multiplicity N = 1, the result is only
reasonable for a very short time period and thereafter looses
its predictive power, as can be seen in Fig. 3.

There is no big difference in the number of complex param-
eters that have been used for the converged results, compared
to the size of the Fock space basis, which here is just 51,
however. Therefore let us investigate increasing mode number
in the following.

TABLE I. Collection of parameters of numerical studies presented below. In dependence of mode number M (column index) and particle
number S (line index), the table’s entries give the size of the Fock state basis from Eq. (11), as well as the number of complex parameters
needed for converged GCS results and where in the text the numerical results can be found. For M = 2, § = 200, the underlying grid was
a diagonal grid (see Appendix C). For M = 2, § = 50, the grid in Sec. IV A was random with spacing /7 and the one in Appendix C was
diagonal but with optimized spacing.

2 3 4 6
20 CcF =231 CF =53130
200, Sec. IVB 3500, Sec. IVC
30 CF = 5456
500, Appendix C
50 CcF =51
75, Sec. IV A, Appendix C
200 CcF =201

243, Appendix C
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—N=1 -- N=15

N=25 - N=50
* Exact

>/S

Al .

<N

0.4 : : :

FIG. 3. Dynamics of the population of the first mode of a two
mode BH model with different numbers of SU(2) basis states. The
particle number is S = 50, the hopping parameter is Jy = 1, the
on-site interaction energy is U = 0.1Jy and K = 0. The driving fre-
quency and strength are @ = 2m /J, and J; = 0.5J,. Different lines
are results for different numbers of GCS: solid: N = 1, dashed:
N =15, dotted: N = 25, dash-dotted: N = 50. Stars denote Fock
space results.

B. The three mode case M =3

For three modes occupied by 20 bosons, we first choose the
superposition of Fock states

V2 V2
[W(0)) = |§=20,8 = 7’& = lT,Ea = 0> (37
as the initial state. In this case, our numerical results in
Fig. 4 show that convergence is achieved with 50 basis func-
tions, i.e., 200 complex parameters, a little less than the 231

0.8

0.7

0.6

0.5¢

>/S

~ 04

<N

0.3

0.2

0.1

FIG. 4. Dynamics of the population of the first mode for three
mode case for initial state (37). The on-site interaction energy is U =
0.1J, whereas K = 0. Results for different number of basis functions
(solid: N = 50, dashed N = 100, dash-dotted N = 200) are almost
indistinguishable. Stars denote Fock space results.

1 . : :
s <N >/S -~ <N, >/S

R <N2>/S R <N2>/S
o <N3>/S <N3>/S ]

FIG. 5. Dynamics of the population of all three modes. The ini-
tial state is the Fock state |20, 1,0,0). U = 0.03J and A = 0.6 is
in the Rabi regime. The exact results are displayed by the different
markers (crosses: (N;)/S, triangles: (N,)/S, circles: (N3)/S), while
the corresponding lines without markers are calculated by variational
dynamics using 50 basis functions whose distance is /7.

complex-valued amplitudes one would need for an expansion
in Fock states in the present case.

The parameter combination A = US/J is frequently ap-
plied to distinguish the dynamical features of the BH model.
For A < 1, the dynamics is located in Rabi regime, while
1 < A< S?and A > S? represent the so-called Josephson
and Fock regime, respectively [24,46]. In Figs. 5 and 6, we
show the accuracy of the variational dynamics for the initial
Fock state

[¥(0)) =15 =20,1,0,0) (38)
1 ‘
t - <N >/S- - <N >/S
o <N/ - <N >/S
0.8 w0 KNG>8 o <N>IS |

FIG. 6. Dynamics of the population of all three modes. The ini-
tial state is the Fock state |20, 1,0, 0). U = 0.2J and A = 4 is in the
Josephson regime. The exact results are displayed by the different
markers (crosses: (N;)/S, triangles: (N,)/S, circles: (N3)/S), while
the corresponding lines without markers are calculated by the varia-
tional dynamics using 50 basis functions whose distance is /7.
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0.6 ‘
—N=600, 72
i == N=700, 7% |
| - N800, '
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0.4 ’
e
A
- 0.3
Z.
v
0.2
0.1
0 ‘ ‘ |
. s 10 15 2

Jt

FIG. 7. The dynamics of population of the first mode for the case
of six modes. The initial state is |S =20,& = L2, & = i*2, & =
---& = 0). The on-site interaction energy is U = 0.1/ and K = 0.
Solid line: 600 basis functions, dashed line: 700 basis functions,
dashed-dotted line: 800 basis functions, dotted line: 1000 basis func-

tions. The spacing of the underlying Glauber CS grid was /7.

by comparing with the exact numerical results (gained by an
expansion of the wave funcion in terms of Fock states) for 3
modes and 20 bosons. It turns out that the 50 basis functions
that were found sufficient in Fig. 4 are still sufficient in the
Rabi and Josephson cases. The pure Fock regime case was
too demanding numerically and is therefore not considered. In
the Rabi case displayed in Fig. 5 almost undamped sinusoidal
oscillations are observed. The oscillations become more com-
plex and damped in the Josephson case shown in Fig. 6. In
this case, also the accuracy of ode45 [47] used for the solution
of the differential equations had to be promoted beyond the
default value.

C. Beyond M =3

To highlight the power of the proposed method we now
investigate the more complicated situation where 20 bosons
occupy 6 modes. Then the Hilbert space consists of (255) =
53130 Fock states and with a standard desktop computer, it
will be difficult to propagate in this large Hilbert space using
the full Fock state basis.

If we employ the SU(M) states originating from the com-
plex grid with the von Neumann spacing /7, as presented
in Fig. 7, we find that only several hundreds of GCS are
needed for converged results at longer times. This means we
need (M + 1) x 800 = 5600 complex valued parameters in
our ansatz (20), in order to converge the results for all times
shown. Especially at the extrema of the curve, a large number
of basis functions is needed.

However, if we decrease the distance of the complex grid,
the results can be converged faster. In Fig. 8, we show that the
underlying grid with the smaller distance of /7 /32 between
the grid points allows for convergence already with 500 ba-
sis functions, whereas the “standard” grid needed 800 states
to converge the results at specific later times. An in-depth

0.6

——N=500,7"%/32
---'N=600,7"%/32
~=="N=700,7"%/32
------------ N=800,7"2/32

>/S

-

<N

0 5 10 15 20

FIG. 8. Convergence of the results for a distance of f—f of the un-
derlying Glauber CS grid. Other parameters (apart from the number
of basis functions) as in Fig. 7.

study of the usage of denser underlying grids is given in
Appendix C.

These numerical results show that a GCS with only M
complex parameters according to Eq. (9) and a corresponding
variational ansatz (20) with (M + 1)N parameters allows for
a faithful description of the dynamics under the BH Hamilto-
nian. The number of independent complex parameters that we
had to employ is more than one order of magnitude smaller
than the dimension of the complete Fock space.

V. CONCLUSIONS AND OUTLOOK

We have shown that a numerically favorable treatment of
BH dynamics in 1D is possible by using a variational approach
based on GCS. In contrast to established mean-field versions
of the theory, here we have employed a numerically complete
set of SU(M ) GCS as basis states in the expansion of the initial
wave function. We have built an overcomplete set of basis
function by using the expansion of the SU(M) states in terms
of Glauber coherent states for whom it is well-established how
a numerically complete set of basis states has to be chosen.

The equations of motion of the GCS parameters as well as
of the expansion coefficients have been derived from the time-
dependent variational principle in its Lagrangian form. The
central idea is that the number of GCS parameters times the
number of basis functions is much smaller than the number of
basis functions needed in an unbiased expansion of the wave
function in terms of Fock states. In this respect the method
is closely related to the multiconfiguration time-dependent
Hartree method for bosons [23] as well as the variational
approach in Refs. [28,29], which are both, however, not based
on GCS.

That the method indeed works for considerably smaller
numbers of basis functions than in the case of an expansion
in terms of Fock states has shown to be true for large particle
number S and increasing mode number M < S for several
examples in different parameter ranges. Especially for larger
mode number, the use of small spacing (considerably smaller
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than the von Neumann spacing of ./7) in the underlying
Glauber CS grid turned out to be necessary for the use of a
relatively small number of GCS basis functions. In this way
we could report converged results using more than one order
of magnitude less parameters than would have been necessary
for an expansion in terms of Fock states. We stress that we
did not encounter any problems that had to be solved with the
recently introduced apoptosis procedure [19]. Regularization
also used in Ref. [19] and well known from other approaches
like MCTDH [48] was necessary, however.

In the future, we plan to investigate also larger mode
numbers and small particle numbers that are relevant in ther-
malization studies of cold atoms in optical superlattices [49],
as well as other particle number conserving bosonic lattice
systems with the proposed method. If its fortunate scaling
properties persist, new territory in parameter space may be-
come explorable and we are especially interested in the case
where U is much larger than J. Furthermore, the application
of the proposed methodology to BH models in more than 1D
is planned. It is well known that the entanglement entropy of
the ground state in lattice models fulfills so-called area laws
[50]. The entanglement growth in the course of time evolu-
tion poses a serious problem for other numerical propagation
techniques like matrix product state based methods, however
[51]. It remains to be explored how well the method proposed
herein can cope with these problems in higher dimensions.
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APPENDIX A: SOME PROPERTIES OF SU(M)
COHERENT STATES

In this Appendix, we review some computationally helpful
formulas along the lines of [8], which are needed in the main
text. Firstly, the commutation between the annihilation oper-
ator and the collective creation operator which is applied to
generate an SU(M ) coherent state is given by

M S M S—1
i, (Z s,,-a}> = S¢; (Z s@) . (AD
j=1 j=1

Secondly, by defining two collective operators

M
A=Y ka8 =Y nl
i=1

i=1

(A2)

two different SU(M) coherent states can be generated via

&) = L<AT>S|0> i) = L@*)Sw)
NS ’ NS '

The vectorized parameter contains the parameters of all
modes (here we do not consider doubly indexed parameters).

(A3)

The inner product of the above two states is then given by

(AIE) = (Z nia ) (i sjaj)s|0>

1
=0 >

ny+ny+--=S

i) - [(771a1) ](772@2) 2]

> ,m—,[@laT)'"l(sz 2" ---100)

my+my+---=S

_ 1 *ny , kNp =
‘S!< 2 ﬁ” " <”')

nytny =
Y et
p— A

my+my+--=S

M S
_ (z nZ‘&-) |
i=1

S!
T(’ﬁgl)ml (n3&)™ - -

my'm

(A4)
where we have used the general binomial theorem
(o x4+
k' ay a a,
= Z W}CI Xy Xn" . (AS)

aj+ax+--+a,=k

The above result (A4) is quite different from the corre-
sponding property for Glauber coherent states, which involves
exponential functions.

Using Eq. (Al), we can now calculate the action of the
annihilation operator on the SU(M) coherent state via

| M s M 5—1
=75 (Z s,-a}) ai + S& (Z s,-a}) 0)
= VS&IE)

where we have used the action of the annihilation operator on
the ground state, see Eq. (2) as well as the definition

S—1
- 1 Mo
|s'>=—< s-af> |0)

(A6)

(A7)
of the (S — 1)-boson GCS.
Furthermore, for |n) and |&), from Eq. (A6), we get
(ilatalE) = Sni&c(n'IE") (A8)
where the inner product (ﬁ |.§ ) is
I -
(m'€") (Z s,) : (A9)
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In the main text as well as below, we will also refer to the
following two inner products:

u 52
(n"|E") = (Z nf&-) :

5-3
///|§;/// — (Z n; %—l) ,

of the (§ — 2) and the (S — 3) GCS.
Using the chain rule, the matrix element of the right time-
derivative now is

M .
(il Y &de1E)
i=1

M
AN 0)

S -
= ﬁmZ@

(A10)

(Al1)

— o
(Mo 1§) =

S ) M
= (OB 1B Y (Ea)AH*™10)
: i=1
M .
= (71 )_(EBa))IE)
i=1

M
= (| Y_ &} +a[B)E")
i=1

M
=Y EmHTIE) + Z Emy(n'laja,|€)
i=1 i,j=1
M . - =
= > EnHIE) + (S — 1)2&:7,77 £)
i=1 i,j=1

—SZ(s,n, '€, (A12)

In the fifth line of the above equation, we have used the result
of Eq. (Al) for § = 1, and the relation ZZJW=1 Ejnj(n7’|§7’) =

(ﬁ"|§ "y which follows from Egs. (A9) and (A10) is also used
to get the result of the last line.
Similarly, for the left time derivative, we find

M
@18 18) = il D nra 1)
i=1

M
= (| Y (niaA")|E)

i=1

= Z(ﬂ*él Tl

)+ (S—1) Z(nfém £)(n"|E")
i,j=1
—SZ(n,*s, '€, (A13)

Both results will be used in the main text.

APPENDIX B: MATRIX FORM OF THE VARIATIONAL
EQUATIONS

Combining Egs. (29) and (33), we get a compact and scal-
able matrix equation for the vector containing all coefficients
{Ax} and GCS parameters {&,,}

v 2)()=(k) e

analogous to the procedure lined out in the Appendix of
Ref. [19] for Glauber coherent states.
The block matrices are given by

Xy = (ElE), (B2)
Y =SELE, .. E)RAT o (1, @ X)), (B3)
Z=1yu®poF, (B4)

where the vector & is now indexed by the basis function
discretization index and the vector §,,, to be defined below,
is indexed by the mode index. Furthermore,

Fij=S(S—DX"o (& &) # ). (B5)

Fii=SX'+5—1DX"o (& &), (B6)

and where 1,,,, iS an m x n matrix which only consists of
ones, and X}q- = (5,;|§;) and X}gj = (SZ’|§J’/) are overlaps of
(S — 1) and (§ — 2)-boson GCS from the previous Appendix,
respectively, whereas p;; = AjA;. Furthermore, ® denotes
the tensor-product, whereas o denoted the Hadamard-product
(elementwise multiplication) and - denotes the standard scalar

product.
Furthermore, the vectors are defined as
A:l él %-lm
. Ay . & &
A= &= &=
AN §M %_Nm
oH
&
OH oH
AT €3,
OH :
Ri=|™ |, Ri=| oy (B7)
: o3&,
OH oH
AL, a3,
with H = (W |H|W), the expectation of the Hamiltonian given
in Eq. (24).

The vectors on the right hand side of equation Eq. (B1) are
M-1

Ri=—JSY [X' Aok, ) ok +X - (Ack) o]
Ull M
+5SE=DY X" (Aogok)ok ok
. =1
+ 58 D= joPX - (Ack) ok (B8)

i=1
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as well as

9 M—1

H
qek :_JSpOX/ : (ngrl +Em71)_JS(S_ 1)Z[pOXN : (Em Ogi)osj':rl +pOX// : (Em O§i+1)05?]

9E,,

i=1

U M
+USS—DpoX"-(§,08,)08, + 756 - DES—2)) [poX" (50§ 08,) o0& o0&

K K U
+ 5 S0m— joy’poX &, + ZSE =1 I —jo’poX" (&, 0&) o &]

i=1

for use in the vector R;. Please keep in mind that m + 1 <
M, m—12>1.

APPENDIX C: DETAILED CONVERGENCE STUDY
WITH RESPECT TO GRID SPACING

To prove the advantage of small spacings of complex grids
for getting converged results, for most of this Appendix we
choose the diagonal of the combination of the rectangular
grids rather than the random choice of points from the rectan-
gular grids which have been used in the main text. In diagonal
grids, the parameters of the SU(M) coherent state lie in the
exact same positions for every complex subgrid, for example,

Zmn, 1 Zmn,2 }
\/|Zmn,1|2 + |Zmn,2|2 \/|Zmn,1|2 + |Zmn,2|2
(C1)

{émn,l s Emn,Z} = {

in the case of 2 modes, where m, n are the same(!) complex
grid indices. We remind of the fact that in the random choice
of the two-mode grid, a random combination of the points on
the grid of the first mode with the points of the grid of the

J t

FIG. 9. The dynamics of the population of the first mode in the
two-mode case with 50 photons. The driving frequency and strength
are w = 2 /Jy and J;, = 0.5Jy, and the on-site interaction energy
U = 0.1J. The number of SU(M) coherent states is 25. Different
lines are results for different spacings of the complex grid. Solid:
/7, dotted: /7 /3, dash: /7 /4, and dash-dotted: /7 /8.

i=1

(B9)

(

second mode is allowed! Although using the diagonal grids is
less optimal than the random ones (as will become obvious
below), according to our numerical results, it can help us
avoid the influence of randomness and compare the effects of
different spacings directly at the same level. In the following,
we will show some results for normalized population dynam-
ics for different initial states with different photon and mode
numbers.

For the two-mode case, firstly, as in the main text, the initial
state is chosen as |50, —-/0.7, \/W) and the parameters of
the Hamiltonian are also consistent with the ones used in
Sec. IV A. We constructed two identical complex 5 x 5 grids,
and the number of SU(M) we used thus is just N = 25 (and
not 625, as it would be if we would allow all combinations
of the rectangular grid points). Figure 9 reveals that small
spacings allow to arrive at the converged result more quickly.
In the present case, /7 /4 is enough to reproduce the exact
result. Please note that the result with 25 basis functions
and the largest spacing of /7 is much worse than the one
presented in Fig. 3, where a random grid was used. For the
second, more demanding initial state |200, -0, M)
with 200 photons, the number of grid points is increased to 81.

0.9
12
7['
............ 7I']/2/4
1/2
/8
0.85 m I
0.8}
V4
\%
0.75
0.7 : : :
0 2 4 6 8
It

FIG. 10. The dynamics of the population of the first mode in the
two-mode case with 200 photons. The driving frequency and strength
are w = 2m/Jy and J, = 0.5Jy, and the on-site interaction energy
U = 0.1J. The number of SU(M) coherent states is 81. Different
lines are results for different spacings of the complex grid: solid:
/7, dotted: /7 /4, dash: /7 /8, and dash-dotted: /7 /16.
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FIG. 11. The dynamics of the population of the first mode in the
four-mode case with 30 photons. The on-site interaction energy U =
0.1J. The number of SU(M) coherent states used is 169. Different
lines are results for different spacings of the complex grid: solid: /7,
dotted: /7 /4, dash: /7 /16, and dash-dotted: /7 /32. The crosses
display the exact results using the full Fock state basis.

Figure 10 shows that the spacing with /7 /4 does not yet
work well and that for this initial condition /7 /8 is a better
choice.

Next we extend our results to the four-mode case with
a constant in time hopping parameter J = 1. In Fig. 11,
results are shown for the initial state |30, -J/0.7 , V0.3 ,0,0).
Although it has less photons than the in two-mode case above,
the spacing /7 /4 which performs well in Fig. 9 does not give
rise to converged results with 169 basis functions, and this
kind of deviation for /7 /4 also occurs for other states with
larger numbers of photons or other initial state parameters
(not shown). Thus the number of modes seems to be decisive,
when choosing the optimal grid spacing.

In Fig. 12, we present a study of the number of basis
functions which is needed for getting converged results by
optimizing the underlying grid spacing. This time, however,
in order for faster convergence, we go back to the case of

0.8 ‘
— 12 N=350
0.7 N, e 7214 N=200 ||
72/16,N=150
0.6 e 112 _ il
7%/32,N=100
w05l ——x'2/64,N=100| |
* o Exact
Z L
Z 0.4
0.3+
0.2+
0.1+
0 : ‘ ‘
0 2 4 6 8

FIG. 12. Convergence of the population dynamics in the four-
mode case with 30 photons for different spacings and basis size
N. The on-site interaction energy U = 0.1J. The different curves
(solid: /7, dotted: /7 /4, dash: /7 /16, dash-dotted: /7 /32, star:
/7 /64, and circles: exact Fock results) coincide to within line thick-
ness for most of the time interval shown.

random grids employed in the main text. All results initially
coincide to within line thickness and only for longer times
the small spacing turns out to be advantageous. Although
small spacings make the calculation generally more efficient,
decreasing the spacing indefinitely is not an option for im-
provement and we found an optimum value of /7 /32 in the
present case. The even smaller spacing /7 /64 will not lead
to a further promotion compared with /7 /32 (the results
are even slightly worse). Our final conclusion is that large
numbers of photons and modes will increase the dimension
of Hilbert space dramatically [see Eq. (11)] and make the
dynamical process more complicated. As we have shown here,
constructing complex grids with optimal spacings (smaller
than /7) can help speeding up the convergence of numer-
ical calculations, and for more complicated systems smaller
spacing is needed for feasibility of the calculation, but there is
no gain in decreasing the spacing indefinitely.
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